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Transfer functions are of fundamental importance in analyzing the image formation in optical imaging
systems. For the recently proposed lensless ghost-imaging systems, when a pointlike or bucket detector is used
in the measurement, the corresponding amplitude transfer functions or optical transfer functions are derived.
Defocusing effects are also investigated. With the help of these transfer functions, we can quantitatively study
the imaging ability of lensless ghost-imaging systems.
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I. INTRODUCTION

Recently, a new kind of imaging technique, ghost imaging
�GI�, has attracted much interest from investigators and prac-
titioners in the field of quantum optics �1�. GI is a kind of
nonlocal imaging method. By correlating the intensity fluc-
tuations of two spatially correlated beams that travel through
two different imaging systems, an unknown object in the test
imaging system can be nonlocally retrieved on the detector
of the other reference imaging system. Both quantum en-
tangled and classically correlated incoherent light sources
can be used to realize GI �2–9�. A very interesting advantage
of the use of incoherent sources is that they can be used to
generate images without the use of lenses. Lensless imaging
is very useful in many applications. Cheng and Han first
discussed the possibility of realizing lensless Fourier trans-
form imaging and its applicability in x-ray diffraction �4,10�.
Soon after, it was shown that true images also can be pro-
duced from a lensless ghost-imaging �LGI� system �11,12�.

In optical imaging theory, the concept of the transfer func-
tion is of fundamental importance and has been widely used
to describe image formation in an optical imaging system
�13�. Depending on whether the imaging system is coherent
or incoherent, either the amplitude transfer function �ATF,
also known as the coherent transfer function� or the optical
transfer function �OTF� can be used to analyze the imaging
process. It is well known that a ghost-imaging system can be
used to realize both coherent and incoherent imaging func-
tions when a pointlike or bucket detector is used. To our
knowledge, there have been no studies on the ATF and OTF
in LGI systems. The purpose of this paper is to derive the
ATF and OTF in LGI systems, and use them to discuss the
imaging quality.

The paper is organized as follows. In Sec. II, we study the
ATF in a LGI system with a pointlike test detector. When a
bucket detector is used, the LGI system is effectively an
incoherent imaging system; the corresponding OTF is de-
rived in Sec. III. In Sec. IV, we discuss defocusing effects;
the defocused ATF and OTF are given. Numerical simula-
tions are given in Sec. V. Finally, conclusions are presented
in Sec. VI.

II. AMPLITUDE TRANSFER FUNCTION IN A LGI
SYSTEM WITH A POINTLIKE DETECTOR

A schematic diagram of a LGI system is shown in Fig. 1.
An incoherent source is split into two beams by the beam

splitter �BS�. One is transmitted through a test path in which
an object is located, and the other is transmitted through a
reference path which is a path of free space. Two detectors
Dt and Dr record the intensity distribution. A correlator is
used to measure the correlation function of the intensity fluc-
tuations. Here, t�v� denotes the amplitude transmittance of
the object, with v the transverse coordinate at the object
plane. For simplicity, we only explicitly write a single trans-
verse variable, but inclusion of the other variable is straight-
forward.

Based on classical optical coherence theory �14�, the
ghost image is proportional to the correlation between the
intensity fluctuations �1�:

g2�u,u�� = �It�u��Ir�u�� − �It�u����Ir�u�� = ���u,u���2, �1�

where � is the second-order cross-correlation function be-
tween the fields in the two detectors. From the propagation
of the second-order correlation function �14�,

��u,u�� =� dx dv Is�x�exp	−
i�

�z1
�x − v�2
t�v�

�exp	−
i�

�z0
�v − u��2
exp	 i�

�z2
�x − u�2
 , �2�

where Is�x� is the intensity distribution of the source. Substi-
tuting Eq. �2� into Eq. �1�, we have
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FIG. 1. Geometry of a LGI system. An incoherent source is split
into two beams by the beam splitter �BS�. z1, z2, and z0 are the
distances from the source to the unknown object, from the source to
the reference detector Dr, and from the object to the test detector Dt,
respectively. x, v, u, and u� are the coordinates at the source plane,
object plane, reference detector plane, and test detector plane.
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g2�u,u�� = �� dv t�v�exp	−
i�

�z0
�v − u��2 −

i�v2

�z1
+

i�u2

�z2



�� dx Is�x�e−�i�/���1/z1−1/z2�x2
e�i2�/���v/z1−u/z2�x�2

.

�3�

Neglecting the unrelated phase factors, and introducing a
kernel function h�u ,v�, we have

g2�u,u�� = �� dv t�v�e−�i�/���1/z0+1/z1�v2
e�i2�/�z0�u�vh�u,v��2

,

�4�

where

h�u,v� =� dx Is�x�e−�i�/���1/z1−1/z2�x2
e�i2�/���v/z1−u/z2�x. �5�

Equations �4� and �5� comprise the starting point of our
analysis in this paper. When the imaging condition z1=z2 is
satisfied, and a pointlike detector Dt located at u�=0 is used,
the ghost image will be

I�u� = g2�u� = 0,u�

= �� dv t�v�e−�i�/���1/z0+1/z1�v2
Is̃	u − v

�z1

�2

, �6�

where Is̃�k� is the Fourier transform of Is�x�. As in the imag-
ing theory of a lens �13�, the quadratic phase term in Eq. �6�
can be removed if Is̃�k� falls off quickly as long as k is not
equal to zero. Then the imaging formula in a LGI system
with a pointlike Dt is

I�u� = �t�u� � Is̃	 u

�z1

�2

, �7�

where � denotes the convolution operation. This equation
has the same formula as in a coherent lens imaging system;
thus we obtain the ATF of a LGI system with a pointlike Dt,

which is the Fourier transform of Is̃�u /�z1�:

Hc�f� = Is�− �z1f� , �8�

where f is the spatial frequency related to the coordinates in
the real spaces. With the help of the ATF and the convolution
theorem, denoting T�f� as the Fourier transform of t�v�, Eq.
�7� can be represented as

I�u� = �� T�f�Hc�f�ei2�ufdf�2

, �9�

which clearly describes the image formation as a kind of
filtering process in the frequency domain. To generate high-
quality images, the ATF Hc�f� should have a large bandwidth
to allow the frequency components of the object to have
small distortions.

For example, if Is�x�� is uniformly distributed and has a
circle shape with a radius of a0, the corresponding ATF is the
same as in a coherent thin lens imaging system �13�. So we
can effectively realize coherent imaging by using an incoher-

ent source and without using lenses. This result obviously
may be very useful in cases where neither coherent sources
nor optical lenses are accessible, as in x-ray optics. Increas-
ing a0 will increase the bandwidth, leading to improvement
of the imaging quality.

Since in experiments Is�x� always has some distribution,
let us consider a more realistic example. Suppose the inco-
herent source is a Gaussian function, i.e., Is�x�
=exp�−x2 /a0

2�, in which all transverse coordinates are in-

cluded, then Is̃�u�=e−�2a0
2u2

, and we find that the ATF is

Hc�f� = exp	−
�2z1

2f2

a0
2 
 .

Hc�f� falls quickly at large f . So we can determine a cutoff
frequency fc= �3 /�2�a0 / ��z1�, which is defined as three
times the standard deviation of �Hc�f��. Increasing the size of
the source can increase the cutoff frequency. From the trans-
fer function analysis, detailed structures of the object corre-
sponding to frequencies larger than fc cannot be imaged
through the LGI system.

III. OPTICAL TRANSFER FUNCTION IN A LGI SYSTEM
WITH A BUCKET DETECTOR

In the previous section, our analysis was based on the use
of a pointlike detector Dt. Actually, there are some experi-
ments in which Dt is pointlike, as in Ref. �10�. However, in
many other experiments, Dt is a bucket detector. So another
kind of transfer function is needed to study these schemes.

We introduce a detector function d�x� to describe the
bucket detector; d�x�=1 if x is inside Dt while d�x�=0 if x is
outside Dt. Then the measured ghost image will be propor-
tional to

I�u� =� du�d�u��g2�u,u�� . �10�

Substituting Eqs. �4� and �5� and suppose the imaging con-
dition is satisfied �z1=z2�, we have

I�u� =� du�d�u�� � dv1t�v1�e�i2�/�z0�u�v1Is̃	u − v1

�z1



�� dv2t*�v2�e−�i2�/�z0�u�v2Is̃*	u − v2

�z1



=� dv1dv2t�v1�t*�v2�Is̃	u − v1

�z1



�Is̃*	u − v2

�z1

D	v2 − v1

�z0

 , �11�

where D�f� is the Fourier transform of d�x�. Equation �11� is
very similar to the imaging formula of a partially coherent
imaging system; thus we conclude that a LGI system with a
bucket Dt can be regarded as a partially coherent imaging
system. In particular, if the size of Dt is very large, we can
take d�x�=1 everywhere; then D�f�=��f�, so Eq. �11� is re-
duced to

JING CHENG PHYSICAL REVIEW A 78, 043823 �2008�

043823-2



I�u� =� dv�t�v��2�Is̃	u − v
�z1


�2

= �t�v��2 � �Is̃	u − v
�z1


�2

.

�12�

This equation describes the image formation in an incoherent
imaging system. As in the ordinary imaging theory �13�, an
OTF can be derived:

Ho�f� =� df�Is„− �z1�f + f��…Is
*�− �z1f�� . �13�

From these results, we see that when Dt changes from a
pointlike detector to a very large bucket detector, the LGI
system behavior changes from that of a coherent imaging
system to that of a partially coherent imaging system, and
finally to that of a fully incoherent imaging system. Also,
since it is very easy to shape the distribution of the source
intensity Is�x�, both the ATF and OTF can be engineered
according to experimental requirements. Thus, a LGI system
provides a convenient method to optimally image an object.

For the Gaussian source considered in Sec. II, the OTF is

Ho�f�� = exp	−
�2z1

2f2

2a0
2 
 .

Now the cutoff frequency is fo=3a0 / ��z1�, a little larger than
in the case with a pointlike Dt.

IV. DEFOCUSING EFFECTS

When the imaging condition is not exactly satisfied, i.e.,
z1�z2, there are defocusing effects in the image formation.
Suppose z2−z1 is small, then another length l, defined as

1

l
=

1

z2
−

1

z1
, �14�

is very large. Thus Eq. �5� will be

h�u,v� =� dx Is�x�e�i�/�l�x2
e−�i2�/���u/z2−v/z1�x = P̃	Mu − v

�z1

 ,

�15�

where P̃�f� is the Fourier transform of the defocused pupil
function P�x�= Is�x�e�i�/�l�x2

, and M =z1 /z2 is the amplified
factor.

With the help of Eq. �15�, the imaging formula of a defo-
cused LGI system with a bucket Dt will be

I�u� =� dv1dv2t�v1�t*�v2�P̃	Mu − v1

�z1



�P̃*	Mu − v2

�z1

D	v2 − v1

�z0

 . �16�

Compared with Eq. �11�, we see that the effect of defocusing

is obtained by using P̃ to instead Is̃.
Now, for a pointlike Dt, d�x�=��x�, so D�f�=1, and the

defocused ATF is

Hc�f� = P�− �z1f� . �17�

On the other hand, for a very large bucket Dt, d�x�=1, so
D�f�=��f�, and the defocused OTF has the form

Ho�f� =� df�P„− �z1�f + f��…P*�− �z1f�� . �18�

For the previously studied Gaussian source, the defocused
pupil function is

P�x� = exp
− 	 1

a0
2 −

i�

�l

x2� ,

leading to

Hc�f� = exp
− 	 1

a0
2 −

i�

�l

��z1f�2� ,

Ho�f� = exp
− 	 1

2a0
2 +

�2a0
2

2�2l2
��z1f�2� .

For the ATF, compared with Sec. II, fc and the bandwidth
will not be changed. The effect of defocusing is the introduc-
tion of phase distortions within the passband. The phase dis-
tortions still may have a severe effect on the quality of the
LGI system.

On the other hand, for a LGI system with a large bucket
Dt, the defocusing effects are very significant. Both the am-
plitude and phase of the OTF may be greatly changed. The
cutoff frequency will be decreased,

fo =
3a0

�z1
	1 +

�2a0
4

�2l2 
−1/2

.

Compared with the result in Sec. III, in addition to the phase
distortions, the passband is also narrowed; thus the image
will be greatly blurred. When the imaging condition severely
deviates, l will be small, leading to a very small fo, and the
LGI system may not produce an image of the object.

Currently, there are two defocused LGI experiments
�11,12�. In Ref. �12�, a0=1.58 mm, �=632 nm, and z1
=484 mm. Since a large bucket detector is used, we can use
the OTF to analyze the experiment. When the imaging
condition is satisfied, fo=15.47 mm−1. In the defocused case,
z2=534 mm, the cutoff frequency is reduced to fo
=5.96 mm−1. Since the object is a double slit with width of
300 �m, the minimum spatial frequency of the object is
around 3.33 mm−1. This value is less than both the in-focus
and defocused fo, so the test object can be well imaged, just
as reported in Ref. �12�. Also, our theory can be used to
analyze the experiment in Ref. �11� if the needed parameter
a0 is known.

V. NUMERICAL SIMULATIONS

Now, we use numerical simulations to give some quanti-
tative discussions on our theoretical results. For the LGI sys-
tem, we choose a0=1.58 mm, �=632 nm, z1=484 mm, and
z0=200 mm. In all figures, the intensities are normalized to
the maximum values.
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In the first example, the object is a double slit, with slit
width 0.3 mm and slit distance 1.0 mm. When the imaging
condition is satisfied, z2=z1, in Fig. 2, we plot the simulated
images with three different kinds of detector Dt. The differ-
ences of these curves are small, but it is still very clear to see
how the LGI system is transformed from a coherent imaging
system to a partially coherent imaging system, and finally to
a fully incoherent imaging system, when the size of Dt is
increased. Because the OTF is wider than the ATF �Fig.
2�b��, using a bucket Dt improves the imaging quality.

The defocusing effects are clearly seen in Fig. 3, in which
simulated images with three different z2 are compared. When
z2 changes from 484 to 584 and to 684 mm, the images are
degraded. The deviations are more significant for a bucket Dt
compared with a pointlike Dt. When there is defocusing, the
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FIG. 2. �Color online� �a� Simulated images for a double-slit
object. The thick solid line is the original object. The dash-dotted
blue line is the image obtained with a pointlike detector. The thin
solid black line is the image obtained with a finite size �1.5 mm�
detector. The dashed red line is the image with a very large bucket
detector. �b� The solid red line is the spectrum of the object. The
dashed blue line is Hc�f� when a pointlike Dt is used. The dash-
dotted black line is Ho�f� when a bucket Dt is used.
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FIG. 3. �Color online� Defocus effects in a LGI system for a
double-slit object. �a� A pointlike Dt is used to realize coherent
imaging function. Dash-dotted blue line: z2=z1, no defocus. Solid
black line: z2=584 mm. Dashed red line: z2=684 mm. �b� The same
as �a�, but a bucket Dt is used to realize the incoherent imaging
function.
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FIG. 4. �Color online� Simulated images for two sinusoidally
modulated objects; one is t1�v�=cos��v /0.1� �a�, �b�, and the other
is t2�v�=cos2��v /0.1� �c�,�d�. �a�,�c� The dash-dotted blue line is
the image with a pointlike detector; the solid black line is the image
with a finite size �1.0 mm� detector; the dashed red line is the image
with a very large bucket detector. �b�,�d� The solid red line is the
spectrum of the object; the dashed blue line is Hc�f� when a point-
like Dt is used; the dash-dotted black line is Ho�f� when a bucket Dt

is used.
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FIG. 5. �Color online� Defocusing effects in a LGI system for
two sinusoidally modulated objects. Bucket Dt’s are used in �a� and
�c� to realize the incoherent imaging function. Pointlike Dt’s are
used in �b� and �d� to realize the coherent imaging function. �a� and
�b� are images of the object t1, �c� and �d� are images of t2. Solid
blue lines, z2=z1, no defocusing; dashed red line, z2=534 mm.
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images with a pointlike Dt are a little better than the images
with a bucket Dt, as was discussed in the end of last section.

To see the effects of the detector and defocusing more
clearly, two other objects are used in numerical simulation.
The transmittance of the objects is considered to be sinusoi-
dally modulated, t1�v�=cos��v /0.1�, t2�v�=cos2��v /0.1�,
and the size of these two objects is 0.5 mm. t1�v��0 means
there is a � phase change at position v, so t1�v� represents an
object with phase sensitivity, while t2�v� is phase insensitive.
Because phase information about the object will be lost in
the incoherent imaging, we find a pointlike Dt is superior to
imaging t1, while a bucket Dt is good to image t2, as shown
in Fig. 4. The transition from coherent to incoherent imaging
is clearly demonstrated in these figures.

The defocusing effects with these two objects are given in
Fig. 5. For bucket Dt, from Figs. 5�a� and 5�c�, we find that
the oscillating structures are totally smoothed when z2
=534 mm. For pointlike Dt �Figs. 5�b� and 5�d��, the images
are broaden, and some structures are distorted. We can see
that a pointlike Dt can image an object with phase changes
very well even under defocusing conditions.

VI. CONCLUSION

In conclusion, we have studied the transfer functions in
lensless ghost-imaging systems. We found that the LGI sys-

tem can be transformed from a coherent imaging system to a
partially coherent imaging system, and finally to a fully in-
coherent imaging system by changing the test detector from
a pointlike detector to a finite bucket detector, and finally to
a very large bucket detector. We obtain the amplitude transfer
function or optical transfer function in LGI systems with a
pointlike or bucket detector. When the imaging conditions
are not exactly satisfied, we derived the defocused ATF and
defocusing OTF, which can be used to investigate the defo-
cusing effects. With the help of these transfer functions, we
can quantitatively study the imaging ability of lensless ghost-
imaging systems. Our results are demonstrated for a
Gaussian-type source. Increasing the size of the source will
increase the cutoff frequency of the LGI system, and enhance
the imaging quality. From numerical simulations, we find
that a pointlike Dt is superior for imaging an object with
phase information, while a bucket Dt is good to image an
object with only amplitude changes.
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