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We consider the decoherence of photons suffering in phase-damping channels. By exploring the evolutions
of single-photon polarization states and two-photon polarization-entangled states, we find that different fre-
quency spectrum envelopes of photons induce different decoherence processes. A white frequency spectrum
can lead the decoherence to an ideal Markovian process. Some color frequency spectrums can induce asymp-
totical decoherence, while, some other color frequency spectrums can make coherence vanish periodically with
variable revival amplitudes. These behaviors result from the non-Markovian effects on the decoherence pro-
cess, which may give rise to a revival of coherence after complete decoherence.
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I. INTRODUCTION

Photons have been widely applied in quantum teleporta-
tion �1�, quantum dense coding �2�, quantum cryptography
�3�, and quantum computing �4�. Among these, information
can be encoded in any of the degrees of freedom �DOF� of
photons, such as polarization, frequency, momentum angular,
path, or energy time. If we only consider the quantum state
in some of the DOF, the other DOF can be regarded as “en-
vironment” �5–14�. In this context, coupling between differ-
ent DOF would destroy the coherence of the quantum state
considered, leading to decoherence effects, which limit the
practical implementation of quantum information processing
�15�.

In this paper, we consider a nondissipative coupling be-
tween photon frequency and polarization in a birefringent
media, resulting in decoherence of polarization due to differ-
ent group velocities for two orthogonal polarization modes.
Coupling between these two DOF has been widely studied in
many optical experiments, especially in the field of polariza-
tion mode dispersion in optical fibers �16,17�. Here we sim-
ply focus on the phase-damping channels composed of bire-
fringent crystals with fixed optic axes. As this decoherence
can be easily controlled by rotating the optic axes or chang-
ing the length of birefringent crystals, it has been widely
utilized in the experimental research on quantum decoher-
ence dynamics of photons, such as verifying decoherence-
free space �5–7�, characterizing entangled mixed states
�8–11�. Therefore, it is intuitive and reasonable to investigate
the dependence of the decoherence process in this model on
the spectrum envelopes of the “environment,” namely, the
frequency spectrum envelopes �FSEs� of photons.

The aim of this paper is to address this point by exploring
the behaviors of normalized linear entropy �18� of single-
and two-photon polarization states, and concurrence �19,20�
of two-photon polarization states. We find that the behaviors

of these quantities against the length of birefringent crystals
depend on the photon spectrum forms. If the FSE is an ideal
white spectrum, the decoherence is Markovian. However,
any color spectrums result in non-Markovian decoherence
processes. In particular, some FSEs lead to asymptotical de-
coherence, while, some FSEs induce coherence to vanish pe-
riodically with variable revival amplitudes.

Recently, much interest has arisen in the roles of non-
Markovian effects played on quantum states evolution
�21–32�. The “memory effects” of the non-Markovian reser-
voir can preserve the coherent information of the quantum
system during its relaxation time. To show this effect, we
obtain the time correlation functions corresponding to differ-
ent spectrum functions. The correlation function gets a �
function form when the wave packet takes the white spec-
trum, namely, the flat spectrum. So in this case, the decoher-
ence is Markovian. If the wave packet takes nonflat spec-
trum, the correlation function is a nontrivial function of time,
and this behavior can lead a typical non-Markovian effect.
Our results then open the door to experimental investigations
of the non-Markovian decoherence processes. Moreover, our
results on the dynamics of two-photon entanglement, present
a possible way to experimental research on entanglement
sudden death �14,33–35� and recovering entanglement after
complete disentanglement.

The rest of our paper is organized as follows. In the next
section, we consider the decoherence of single-polarization
states and show the effects of FSEs on the decoherence pro-
cess by giving several examples of FSEs. In Sec. III, we
investigate the roles of FSEs played on the evolution of two-
photon polarization entangled states, through behaviors of
linear entropy, and concurrence with some examples of
FSEs. In Sec. IV, we conclude and discuss the experimental
feasibility of our results with present photon sources.

II. DECOHERENCE OF SINGLE-PHOTON
POLARIZATION STATES

We first review the evolution of pure single-photon states
in the phase-damping channel based on the calculations in
Ref. �6�. An arbitrary single-photon state characterized by its
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polarization and frequency spectrum can be represented as
�6�

���0�� = ���H� + ��V�� � � d�f������ , �1�

where �H� ��V�� denotes the horizontal �vertical� polarization
state with arbitrary complex amplitudes � and � satisfying

���2 + ���2 = 1, �2�

and f��� is the complex amplitude corresponding to the fre-
quency �, with the normalization condition

� d��f����2 =� d�F��� = 1, �3�

where we use the notation F���= �f����2.
Note that for simplicity, polarization and frequency in the

initial state we considered is not entangled. The phase-
damping channel in our model is composed of a birefringent
crystal with a fixed optic axis. Without loss of generality, we
set the optic axis in horizontal direction and assume the hori-
zontally polarized photons travel faster than vertically polar-
ized photons, i.e., nH�nV. Here nH �nV� is the index of re-
fraction corresponding to horizontal �vertical� polarization.
Then after the photon is transmitted through a birefringent
crystal of length l, the output state can be expressed as �6�

���l�� = ��H� � � d�f���ei�nHl/c���

+ ��V� � � d�f���ei�nVl/c��� . �4�

Then we can see that polarization and frequency become
entangled. To obtain the polarization state, we trace over the
frequency DOF from the density matrix of the output state
above, resulting in the output state described as

��l� = � ���2 ��*F*�l�

�*�F�l� ���2 	 , �5�

where

F�l� =� d�F���ei��nl/c, �6�

and �n=nV−nH. It should be noted that here for simplicity
we neglect the variation of the refraction index with �, since
although nH and nV depend on frequency �, the value of �n
does not vary obviously according to �.

From Eq. �6�, we can see F�l� is the Fourier transform of
F��� up to a constant, which depends on the choice of FSE
of the photon. As in our decoherence model, the crystal
length l is proportional to the time t, the function of F�l�
given by Eq. �6� represents the time correlation function in
the master equation �36�. If the function is a nontrivial func-
tion of length l, the decoherence is non-Markovian, resulting
in non-Markovian effects in the evolution of quantum states.

To characterize the decoherence of a single-photon state
we employ the normalized linear entropy �18� defined as
SL���
2�1−Tr��2�� �for pure states SL=0 and for mixed

states 0�SL	1�. Then for the output polarization state the
linear entropy is given by

SL�l� = 2�1 − Tr��2�� = 4���2���2�1 − �F�l��2� . �7�

We can see that the function of linear entropy versus length
of the birefringent crystal depends on the FSE. It is necessary
to note that if �=0 or �=0, SL�l�=0 independent of l, i.e.,
decoherence does not occur. That is because we set the optic
axis horizontal so that the horizontal and vertical polarization
states are not affected in such a phase-damping channel.

From the density matrix form given by Eq. �5�, we can
see that the behavior of the linear entropy is equivalent to
that of coherence. In the following part we consider some
choices of FSE and present the behaviors of the linear en-
tropy against the crystal length to show the variation of
coherence.

A. White spectrum

We first consider the FSE to be an ideal white spectrum,
where F��� does not depend on the frequency. In this case, it
is meaningless to consider the normalization condition given
by Eq. �3�. Usually, the correlation function is assumed to
take the form of a delta function �36,37�, i.e., F�l����l�.
Therefore, complete decoherence occurs for any nonzero l.
In this context, the decoherence is an ideal Markovian pro-
cess.

B. Gaussian spectrum

Let us then choose the FSE to be a Gaussian form written
as

F��� =
1

���

exp− �� − �0

��
	2� , �8�

where �0 is the central frequency and �� indicates the width
of the Gaussian envelope. With this FSE, the correlation
function is found to be

F�l� = exp− ��n��l

2c
	2�exp� i�0�nl

c
	 �9�

and, therefore, the linear entropy becomes

SL�l� = 4���2���2�1 − exp−
1

2
��n��l

c
	2�� . �10�

We can see that SL increases Gaussianly and approaches to
maximum asymptotically. Combining the form of the density
matrix given by Eq. �5�, we can conclude that coherence
vanishes asymptotically.

C. Lorentzian frequency spectrum

We then consider a Lorentzian frequency spectrum given
by

F��� =
��




1

����2 + �� − �0�2 , �11�

where �0 is the central frequency and �� denotes the width
of the Lorentzian envelope. Then the correlation function can
be expressed as
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F�l� = e−�n��l/cei�n�0l/c. �12�

The linear entropy is therefore

SL�l� = 4���2���2�1 − e−2�n��l/c� . �13�

It is clear that coherence decays exponentially and vanishes
asymptotically.

D. Rectangular spectrum

A rectangular spectrum is assumed to take the form

F��� = � 1

2��
�� − �0� 	 �� ,

0 �� − �0� � �� ,
� �14�

where �0 is the central frequency and �� represents the
width of the rectangular envelope. The correlation function
becomes

F�l� = sinc��n��l

c
	ei�n�0l/c, �15�

where the function sincx
sin x /x. Therefore, the linear en-
tropy can be expressed as

SL�l� = 4���2���21 − �sinc��n��l

c
	�2� . �16�

From the above equation and the behavior of the sincx, we
can infer that SL gets to maximum periodically with a damp-
ing decrease. This behavior shows a different decoherence
process, i.e., coherence vanishes periodically with a damping
of its revival amplitude.

E. Multipeaked spectrum

Let us first consider an ideal multipeaked spectrum, called
as multidelta spectrum, described by

F��� =
1

N
�
j=1

N

��� − � j� , �17�

where � j are the peak frequencies. We can see that each peak
is a delta spectrum and that if N→� it is simply the comb
spectrum. With this FSE, the correlation function is found to
be

F�l� =
1

N
�
j=1

N

ei�n�jl/c, �18�

and the linear entropy is expressed as

SL�l� = 4���2���21 −
1

N2��
j=1

N

ei�n�jl/c�2� . �19�

From the above equation, it is not difficult to infer that SL
can oscillate between 0 and 4���2���2 �there would be some
submaximum if N�2�. For simplify, let us analyze the case
of N=2, and therefore, the linear entropy becomes

SL�l� = 4���2���21 − cos2 �n��1 − �2�l
2c

� . �20�

The above function shows that SL oscillates between 0 and
its maximum. This behavior indicates that coherence can
vanish and revival periodically.

Actually, in practical experiments, there is no such ideal
spectrum, and the spectrum form at each peak is usually
Gaussian, or Lorentzian, or others. Let us first take the
Gaussian form for an example. For simplicity, we again as-
sume that there are two peaks, each of which is Gaussian
with the same width. The spectrum �called as double-
Gaussian spectrum� is written as

F��� =
1

2���

�exp− �� − �1

��
	2� + exp− �� − �2

��
	2�� ,

�21�

where �1 and �2 are the two peak frequencies and we as-
sume ��1−�2 � =5�� so that the two peaks can be considered
absolutely separated. Then we can obtain the correlation
function as

F�l� =
1

2
exp− ��n��l

2c
	2�

exp� i�1�nl

c
	 + exp� i�2�nl

c
	� �22�

and the linear entropy as

SL�l� = 4���2���2�1 − exp−
1

2
��n��l

c
	2�

 cos2 �n��1 − �2�l
2c

� . �23�

The behaviors of SL against l are plotted in Fig. 1, under the
assumption of �n�� /c=500 m−1, in the case of ���2=0.1,
0.5, and 0.8. We can see that coherence vanishes periodically
with damped revival amplitudes.

0.002 0.004 0.006 0.008
l � �m

0.2

0.4

0.6

0.8

1.0

SL

FIG. 1. Linear entropy SL for the polarization state ��H�+��V�
with a double-Gaussian frequency spectrum, as a function of crystal
length l, in the case of ���2=0.1 �dashed line�, ���2=0.5 �solid line�,
and ���2=0.8 �dotted line�. Here �H� ��V�� represents the horizontal
�vertical� polarization state and ���2+ ���2=1.
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Then we consider an example of double-Lorentzian spec-
trum given by

F��� =
��

2

 1

����2 + �� − �1�2 +
1

����2 + �� − �2�2� ,

�24�

where �1 and �2 are the two peak frequencies and we as-
sume ��1−�2 � =30�� so that the two peaks can be consid-
ered absolutely separated. Then the correlation function can
be obtained

F�l� =
1

2
e−�n��l/c�ei�n�1l/c + ei�n�2l/c� . �25�

The linear entropy is therefore

SL�l� = 4���2���21 − e−2�n��l/c cos2 �n��1 − �2�l
2c

� .

�26�

Figure 2 shows the behaviors of SL against l, under the as-
sumption of �n�� /c=500 m−1, in the case of ���2=0.1, 0.5,
and 0.8. We can see that coherence vanishes periodically
with damped revival amplitudes.

III. DECOHERENCE OF TWO-PHOTON POLARIZATION
STATES

Our analysises above are straightforward to generalize to
the decoherence of arbitrary two-photon polarization states.
However, here we shall only restrict our analysis to the initial
two-photon state given by �6�

���0�� = �a�H�1�H�2 + b�V�1�V�2�

� � d�1d�2g��1,�2���1�1��2�2, �27�

where a and b are arbitrary complex amplitudes satisfying

�a�2 + �b�2 = 1, �28�

and g��1 ,�2� is the complex amplitude corresponding to fre-
quencies �1 and �2, with the normalization condition

� d�1d�2�g��1,�2��2 =� d�1d�2G��1,�2� = 1, �29�

where the notation G��1 ,�2�= �g��1 ,�2��2. For simplicity,
we only consider that only the photon in mode 1 is in the
phase-damping channel the same with that in Sec. II with the
other photon in mode 2 free from decoherence. We should
note that analogous analysis can be applied to the case of
both photons suffering in phase-damping channels. There-
fore, after the photon in mode 1 is transmitted through a
birefringent crystal of length l, the state becomes �6�

���l�� = a�H�1�H�2 � � d�1d�2g��1,�2�ei�1nHl/c��1�1��2�2

+ b�V�1�V�2 � � d�1d�2g��1,�2�ei�1nVl/c��1�1��2�2.

�30�

Tracing over the frequency DOF from the density matrix of
the output state above, we can get the output polarization
state described as

���l� =�
�a�2 0 0 ab*G*�l�
0 0 0 0

0 0 0 0

a*bG�l� 0 0 �b�2
� , �31�

where the correlation function is

G�l� =� d�1d�2G��1,�2�ei�1�nl/c. �32�

To quantify the mixedness of the state we use the normal-
ized linear entropy �18� given by

SL�l� =
4

3
�1 − Tr���2�� =

8

3
�a�2�b�2�1 − �G�l��2� . �33�

From the density matrix form of Eq. �31�, we can see that the
behavior of SL can give the variation of coherence.

To measure the entanglement of a two-photon state � we
employ the concurrence �19,20�, given by

C��� = max�0,��1 − ��2 − ��3 − ��4� , �34�

where �i are the eigenvalues of ���y � �y��*��y � �y�, in
nonincreasing order by magnitude and �y = � 0 −i

i 0 �. The case of
C=0 means no entanglement between the two photons and
0�C	1 corresponds to the existence of entanglement be-
tween the two photons. Then for the output state described
by Eq. �31�, the concurrence is found to be

C�l� = 2�a��b��G�l�� . �35�

Comparing the Eqs. �32�, �33�, and �35� with Eqs. �6� and
�7�, we can infer that the effects of FSEs on the decoherence
of two-photon states would be similar to that on the decoher-

0.001 0.002 0.003 0.004 0.005
l �m�

0.2
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0.6

0.8

1.0

SL

FIG. 2. Linear entropy SL for the polarization state ��H�+��V�
with a double-Lorentzian frequency spectrum, as a function of crys-
tal length l, in the case of ���2=0.1 �dashed line�, ���2=0.5 �solid
line�, and ���2=0.8 �dotted line�. Here �H� ��V�� represents the hori-
zontal �vertical� polarization state and ���2+ ���2=1.
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ence of single-photon states. It is straightforward to study the
effects for arbitrary forms of g��1 ,�2�. However, as the pur-
pose of our paper is to show the effects of different types of
FSE on the evolution of the polarization states rather than
analyze a specific FSE in a practical experiment, it is reason-
able to make the following assumptions.

We restrict our analysis to the two-photon polarization
states generated by parametric down-conversion, which is
widely used in optical experiments. The frequency spectrum
takes the form �38�

g��1,�2� = h��1�h��2�ap��p����p,�1 − �2� , �36�

with the frequency-anticorrelated relation �p=�1+�2, where
h��1� �h��2�� represents the transmission function of the op-
tical filter, and ap��p� describes the pump field spectrum cor-
responding to the pump frequency �p, and ���p ,�1−�2� is
the phase-matching function dependent on the size of the
nonlinear crystal. If the nonlinear crystal is thin enough,
���p ,�1−�2� could be neglected. We make a further simpli-
fication by assuming the bandwidth the pump field is very
narrow so that �p could be considered as a constant. We then
have a factorizable spectrum form

g��1,�2� � h��1�h��2� . �37�

For an ideal white spectrum, again we take the correlation
function as a delta-function, i.e., G�l����l�. In this context,
it is clear that both coherence and concurrence vanish for any
nonzero l, showing an ideal Markovian decoherence process.

For color spectrums, by making �h��1��2 ��h��2��2� take
the forms given by Eqs. �8�, �11�, �14�, �21�, and �24� �nor-
malization constants may be needed to satisfy Eq. �29��, we
give some examples as follows. A Gaussian spectrum cen-
tered at �p /2:

G��1,�2� �� 2




1

��
exp− 2��1 − �p/2

��
	2�

���p − �1 − �2� . �38�

A Lorentzian spectrum centered at �p /2:

G��1,�2� �
2




����3���p − �1 − �2�
�����2 + ��1 − �P/2�2�2 . �39�

A rectangular spectrum centered at �p /2:

G��1,�2� � ����p − �1 − �2�
2��

��1 − �p/2� 	 �� ,

0 ��1 − �p/2� � �� .
�

�40�

A double-Gaussian spectrum centered at ��p−5��� /2 and
��p+5��� /2:

G��1,�2� �
1

�2
��
���p − �1 − �2�

�exp− 2��1 − ��p − 5���/2
��

	2�
+ exp− 2��1 − ��p + 5���/2

��
	2�� .

�41�

A double-Lorentzian spectrum centered at ��p−30��� /2
and ��p+30��� /2:

G��1,�2� �
1



����3���p − �1 − �2�

������2 + ��1 − �p/2 + 15���2�−2

+ �����2 + ��1 − �p/2 − 15���2�−2� . �42�

Through the analogous analyzes in Sec. II, we can obtain the
correlation function G�l�, the linear entropy SL�l� and the
concurrence C�l�, and investigate the different decoherence
processes. For simplicity, we plotted the behaviors of linear
entropy �see Fig. 3�a�� and concurrence �see Fig. 3�b�� of the
specific initial polarization state ��HH�+ �VV�� /�2 against the

0.002 0.004 0.006 0.008 0.010 0.012 0.014
l �m�

0.1
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(a)

0.002 0.004 0.006 0.008 0.010 0.012 0.014
l �m�

0.2

0.4

0.6

0.8

1.0

C

(b)

FIG. 3. �a� Linear entropy SL�l�. �b� Concurrence C�l� of the
initial polarization state as a function of crystal length l with a
Gaussian spectrum �dot-dashed line�, a Lorentzian spectrum
�dashed line�, a rectangular spectrum �dotted line�, a double-
Gaussian spectrum �thick solid line�, and a double-Lorentzian spec-
trum �thin solid line�.
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crystal length l in the case of the four FSEs shown above
�again we set �n�� /c=500 m−1�. We can see that coherence
and concurrence vanish asymptotically in the case of the
Gaussian spectrum and the Lorentzian spectrum, while van-
ish periodically with damped revival amplitudes in the case
of the rectangular spectrum, the double-Gaussian spectrum,
and the double-Lorentzian spectrum.

IV. CONCLUSIONS AND DISCUSSIONS

We have considered the effects of photon spectrum forms
on the decoherence process in phase-damping channels. We
have found that the behavior of coherence depends on the
choice of FSE. We have also given some examples of the
forms of FSE to show different behaviors. An ideal white
spectrum gives rise to an ideal Markovian decoherence pro-
cess, while, color spectrums result in non-Markovian corre-
lation functions, inducing non-Markovian effects on the de-
coherence process. Explicitly, among our examples, against
the crystal length, coherence was found to vanish asymptoti-
cally in the case of a Gaussian spectrum and a Lorentzian
spectrum, while periodically with variable revival amplitudes
in the case of a rectangular spectrum and a multipeaked spec-
trum.

We would like to discuss the experimental feasibility of
our results briefly. In our paper, we only gave theoretical
analysises with several ideal choices of FSE, however, analo-
gous analysises can appply to any practical spectrum forms.
Furthermore, photons with various FSEs have been experi-
mentally realized. The spectrum filter usually used may re-
strict the FSE to a Gaussian form �6�. Quantum dot �39,40�
and fluorescence �41–44� based sources may generate pho-
tons with a Lorentzian spectrum. Keller et al. �45� have dem-
onstrated the productions of Gaussian, rectangular, and
double-peaked wave functions of photons emitted from Ra-
man pumped single ions trapped in a cavity by manipulating

the pulse pump. The case of double-Lorentzian functions
may find possible applications to the case of photonic band-
gap. There have been a few experimental reports on shaping
wave packets of entangled photons from parametric down-
conversion �38,46–48�. Moreover, it should be noted that
some of us have ever observed the coherence revivals in the
phase-damping channels by restricting the photon spectrum
using filters with a rectangular transmission function �see the
Appendix in Ref. �49��, and that during our preparation of
this paper, we became aware that, by shaping the spectrum of
photons with a Fabry-Perot cavity, coherence revivals of
single- and two-photon polarization states in the phase-
damping channels had been observed �50�.

In addition to Refs. �38,46–48�, the spectral influences on
the photon correlations or fourth-order interference �51–56�
have been extensively studied. Recently, the decoherence of
photon pairs from parametric down-conversion have been
experimentally studied and characterized in terms of fluctua-
tions of pump laser �57,58�. Our approach would be possible
to find applications with these studies. We hope our work can
stimulate more investigations on the characteristics of photon
spectrum distributions. For instance, further results beyond
the studies on polarization mode dispersion in optical fibers
�59,60� would be obtained if different types of FSE could be
considered.
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