
Two-color interband and intraband quantum well heterolaser

V. A. Kukushkin*
Institute of Applied Physics of RAS, 46 Ulyanov Street, 603950 Nizhny Novgorod, Russia

�Received 17 June 2008; published 30 September 2008�

A method of mid-infrared �ir� ���50 �m� generation at an intraband transition in interband optical ��
�0.6 �m� semiconductor quantum well �QW� heterolasers is considered. It is based on partial inversion of the
intraband transition due to the electron population of its upper level, stimulated by a strong optical field
simultaneously generated in the same device. In previous studies of the problem, the inhomogeneous broad-
ening of this transition �i.e., its frequency dependence on the electron energies in the subbands that form it� was
not taken into account. As a result, mid-ir generation was possible only under the condition of total �i.e.,
integrated over electron energies� inversion. In the present work it is shown that the inhomogeneous broaden-
ing of the intraband transition allows one to achieve mid-ir generation when it is inverted only in a narrow
spectral range containing the interval where its interaction with the mid-ir mode has resonant character. At the
same time, total inversion at this transition is absent. This circumstance makes it possible to significantly �by
several times in comparison with previous estimates� reduce the threshold pumping current density for the start
of mid-ir generation. As a result, this value proves to be in the experimentally achievable domain even at room
temperature. This allows one to hope for the practical realization of a pulsed two-color optical and mid-ir laser
based on a heterostructure with just one QW, employing simple and cheap injection pumping only, and
working without any cooling.
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I. INTRODUCTION

The generation of powerful coherent mid-to far-infrared
�ir� and terahertz �THz� radiation is an important problem of
modern optics and laser physics due to its continuously
growing employment in fundamental and applied research
and various applications. Although there have been many
different methods proposed so far to produce electromag-
netic emission in this frequency range, low-dimensional
semiconductor heterostructures �such as quantum wells
�QWs� and quantum dots �QDs�� remain among the most
efficient and convenient devices for such a purpose. This is
attributed, primarily to the facts that, first, transition frequen-
cies between their levels of dimensional quantization can be
easily changed by adjusting the structure parameters and
typically correspond to wavelengths from several to hun-
dreds of micrometers and that, second, simple injection
pumping may be employed for them.

Unfortunately, free-carrier absorption and diffraction of
mid-to far-ir or THz radiation in such devices lead to strong
nonresonant losses which rapidly rise with increase in the
wavelength. This circumstance makes lasing in these struc-
tures possible only in the presence of a gain large enough to
overcome losses. However, due to the very short lifetime of
the excited state �which, as a rule, is comparable to or even
shorter than that of the ground state�, the maintenance of
high cw population inversion at low-frequency laser intra-
band transitions in these devices is by no means an easy task.
This problem can be solved, for example, by additional
depletion of the ground state via tunneling in the superlattice
as takes place in quantum cascade lasers �QCLs� �1–3�. But
such devices are based on very complicated multilayer het-
erostructures and, as a rule, work under low temperatures.

Another possibility to achieve high enough population inver-
sion at the intraband transition is, obviously, the increase of
its excited state lifetime. This can be done, for example, by
making the frequency of this transition lower than the longi-
tudinal optical �LO� phonon frequency and thereby suppress-
ing electron transitions from the excited to the ground state
with LO phonon emission. This scheme has been realized in
fountain lasers �FLs� �4�, which, however, like QCLs, work
at low temperatures and, in addition, require complicated and
expensive pumping by a CO2 laser.

Because of these difficulties some researchers’ attention
has been drawn to an inversionless method of mid-to far-ir
and THz field generation. In such schemes the latter is pro-
duced in the process of nonlinear difference-frequency mix-
ing of two optical or near-ir fields with close frequencies,
generated in low-dimensional heterostructure lasers �please
see, for example, �5,6��. Although this method is based on a
simple heterostructure with just one or several QWs and can
work at room temperature, the second-order nonlinear sus-
ceptibility employed in it is rather small, so that the output
mid-to far-ir or THz field power proves to be low.

There is, however, a simple scheme allowing one to ob-
tain a high enough population inversion at an intraband laser
transition �and, therefore, provide large output mid-to far-ir
or THz power�. This scheme, though probably not as effi-
cient as QCLs or FLs, is based on a heterostructure with just
one QW, can work at room temperature, and uses injection
pumping only. In such a device the intraband laser transition
is inverted due to the depletion of its lower-subband electron
population, owing to stimulated electron-hole interband re-
combination in a strong optical or near-ir field. The latter is
generated in the same structure at an interband transition. In
previous studies of this scheme �7�, however, only an intra-
band laser transition with no inhomogeneous broadening was
considered. As a result, to provide mid-to far-ir or THz field
amplification on it one had to ensure total �i.e., integrated
over the electron quasimomenta in the QW plane� inversion*vakuk@appl.sci-nnov.ru
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between corresponding subbands. This led the author of �7�
to the conclusion that the required pumping current density
at room temperature would be too high and cause structural
damage. To reduce it to experimentally reasonable values it
was suggested in �7� to lower the structure temperature. But
this certainly significantly diminished the attractiveness of
such a scheme for applications.

Owing to these difficulties, later researchers’ attention
was directed to QD systems where, due to the phonon bottle-
neck effect, the lifetime of the upper lasing state can be
increased by more than a hundred times in comparison with
QWs even at room temperature �8�, and inversion at the cor-
responding intraband transition can be easily obtained. How-
ever, the creation of samples with the high QD density nec-
essary for fabrication of powerful heterolasers is a much
more technologically difficult task than the production of
QW heterostructures. It was proposed also to use a special
funnel-like QW design �9� which allowed one to reduce the
overlap between the electron wave functions in the upper and
lower subbands. This led to the suppression of LO phonon
emission and increase of the upper-subband lifetime, so that
cw inversion at the intraband laser transition could be cre-
ated. However, the small wave function overlap inevitably
means the reduction of the intraband transition dipole mo-
ment, which results in low power of the output long-
wavelength radiation.

But it is important to note that the intraband laser transi-
tion is, as a rule, inhomogeneously broadened so that its
frequency depends on the electron quasimomenta in the QW
plane. The cause of this inhomogeneous broadening is the
difference in the electron effective masses in the different
subbands forming the intraband transition. This difference
can be as large as several tens of percent for the conduction
band and can even reach several hundred percent for the
valence band �10–12�. Certainly, the inhomogeneous broad-
ening of the intraband transition complicates the theoretical
model of the two-color laser considered, but also it allows
one to amplify the mid-to far-ir or THz field at this transition
when it is inverted only in a narrow range of electron quasi-
momenta comprising the interval where its frequency is reso-
nant with that of the amplified mode. The absence of inver-
sion at other electron quasimomenta does not lead to a
significant long-wavelength field absorption as in this range
the interaction between the amplified mode and transition is
nonresonant and therefore inefficient. Moreover, as shown
below, the amplification of a mid-to far-ir or THz field at the
inhomogeneously broadened intraband transition is possible
when there is no total inversion at it. In turn, this allows one
to reduce significantly �by several times� the required pump-
ing current density for the start of the mid-to far-ir or THz
generation, Jth, in comparison with estimates in �7� where the
existence of total inversion at the intraband transition was
implied. As a result, even at room temperature Jth proves to
be in an experimentally achievable domain. Since it allows
cryogenic cooling to be dispensed with, this fact substan-
tially increases the attractiveness of the present method of
mid-to far-ir or THz generation for various applications, es-
pecially in biology and medicine.

The present paper is devoted to a detailed consideration of
mid-ir generation in optical QW heterolasers with the inho-

mogeneous broadening of the low-frequency laser intraband
transition consistently taken into account. In the next section
a special design for a laser resonator for optical and mid-ir
radiation is proposed and its optimal parameters are found.
In Sec. III the interband generation of the optical modes is
considered. In Sec. IV I study mid-ir intraband generation
and find the corresponding threshold pumping current den-
sity Jth. In the Conclusion the main results of the paper most
interesting for the practical realization of the scheme consid-
ered are outlined.

II. OPTICAL AND MID-IR LASER RESONATOR DESIGN

Consider a slab dielectric waveguide �Fig. 1� consisting of
an active layer �whose structure is specified in the next sec-
tion�, two very thin metallic layers �used for injection pump-
ing� made of Ag,1 and two thick C layers with low absorp-
tion in the optical and mid-ir regions. The thickness of both
metallic layers is �10 nm and is smaller than 20 nm, the
thickness of the skin layer for both the optical �the vacuum
wavelength �O�0.6 �m� and mid-ir ��M �50 �m� fields.
As a result, they penetrate from the active layer to the C
layers. The active and C layers serve as a dielectric wave-
guide for the optical radiation, whereas the C layers and
surrounding air play the role of a dielectric waveguide for the
mid-ir field.

It should be noted here that in Fig. 1 the waveguide is
attached to the substrate by its lateral face. Such an untradi-
tional orientation is employed here to use air as the cladding
layers for the mid-ir field waveguide. The possibility of such
a configuration is provided by the significant thickness of the
C layers �please see below�. But, if this orientation is an
issue, one can use the standard one �i.e., when the structure
growth axis x is orthogonal to the substrate� with teflon clad-

1The deposition of such thin metallic layers on a semiconductor
surface is employed in the fabrication of waveguides for QCLs;
please see, for example, �3,13,14�.
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FIG. 1. Optical and mid-ir resonator for the two-color laser.
Also shown are the coordinate system used in the text and qualita-
tive sketches of the optical �thick solid line� and mid-ir �thin dashed
line� mode intensity distributions along the structure growth direc-
tion x. z is the propagation direction.
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ding layers �with low absorption in the mid-ir region� put
above and below the C layers.

The structure end facets �orthogonal to the z axis� play the
role of output mirrors for the optical radiation, whereas the
mid-ir field is reflected from special Bragg mirrors deposited
on either end facet �15,16�. As the typical value for the struc-
ture width in the y direction is �100 �m and much larger
than its thickness along the x axis, one can neglect the field
variation along the y coordinate and consider this structure as
a simple two-dimensional slab waveguide.

Let me represent the optical electric field EO as a sum of
TE modes

EO �
1

2�
n

Ẽn exp�− i�nt� + c.c., �1�

where

Ẽn = Enen � E��n�e��n� �2�

are the complex amplitudes of different longitudinal and
transverse resonator modes n, and �n their generation fre-
quencies. The mid-ir electric field EM is represented by one
TM mode,

EM �
1

2
ẼM exp�− i�Mt� + c.c., �3�

ẼM = EMeM . �4�

The explicit expressions for en and eM in Eqs. �2� and �4�
describing the mode structures can be found, for example, in
�17�.

Under the parameters indicated in Fig. 1 the waveguiding
structure supports the propagation of the lowest symmetric

optical TE modes only so that all the modes Ẽn in Eq. �1�
have the same type of transverse structure along the x axis.
Their actual number at the high pumping current densities
considered below can be as large as several hundred �18�.
Numerical calculations show that in the proposed waveguide
design the coefficient of their waveguide losses is �O
�840 cm−1. Such a large �O is mainly determined by free-
carrier absorption in the two thin metallic layers where the
electric field of the optical TE modes, parallel to the y axis
En�cos�	�n

2�a��n� /c2−kn
2x�, penetrates. Here c is the light

velocity in vacuum, kn the optical mode wave number along
the propagation direction z, and �a��n� the active layer di-
electric function.

The waveguide losses for the TM mid-ir field are also
chiefly due to absorption in the metallic layers. However, the
x component of the TM mode electric field in these layers
is much smaller than its y component due to the boundary
conditions on the dielectric-metal surface and the fact that at
�M the absolute value of the metal dielectric function is
much larger than that of the active or C layers. So the mid-ir
TM mode waveguide losses are mainly determined by the y

component of its electric field, ẼMy. But, in contrast to the

field of TE optical modes, ẼMy is proportional to
sin�	�M

2 �a��M� /c2−kM
2 x� where kM is the mid-ir wave num-

ber along z. So ẼMy is rather low at small 
x
 where the
metallic layers are placed. The value of kM grows with the
increase of the C layer thickness a, so that the larger the
latter, the lower are the mid-ir mode losses. The actual value
of a is obviously determined by the technological possibility
of growing thick carbon films. So, taking a=14 �m for nu-
merical calculations, it is easy to obtain the result that in
such a case the mid-ir waveguide losses �M �0.02 cm−1.

III. OPTICAL INTERBAND GENERATION

The complex amplitudes of optical modes can be found
from equations obtained in the standard theory of resonator
excitation �19�:

En = −

4�i�n� j̃nendV

��n
2 − �kn

2 � � ���n�en
2dV

. �5�

Here j̃n is the complex amplitude of the exciting current den-
sity at the frequency �n averaged over the QW thickness l
�10 nm, �kn

=�kn
� + i�kn

� the eigenmode frequencies, and
���n� the structure dielectric function �depending on x�. The
use of the averaged current density in Eq. �5� �and in Eq. �25�
below� is valid as the optical and mid-ir mode variations
over l are negligible. To find j̃n it is necessary to specify the
active layer composition.

As was mentioned in the Introduction, the inhomogeneous
broadening of intraband laser transitions in the valence band
can be much larger than in the conduction band. So, for the
present purpose, it is advantageous to use an intraband tran-
sition in the valence band. Such a transition can be formed in
an active layer consisting of one undoped 10-nm-wide
Al0.37Ga0.63As QW surrounded by two 20-nm-thick
Al0.43Ga0.57As barriers �Fig. 2�. The left and right barriers
are, respectively, n and p doped at the same level
�1016 cm−3 except for the parts adjacent to the QW of thick-
ness of the order of the carrier penetration depth, which is
estimated to be �2.3 nm for the present heterostructure.
Such modulation doping is necessary to avoid undesirable

1
2

3
E

x (nm)

0

E
M

-5 -25525

J

n p

FIG. 2. Conduction and valence band edges for an
Al0.37Ga0.63As QW surrounded by symmetric Al0.43Ga0.57As barri-
ers. The optical generation occurs at the interband transition 3→2
�solid arrow� and the mid-ir generation at the intraband transition
2→1 �dashed arrow� with injection pumping providing the neces-
sary inversion. Filled circles denote electrons and empty ones holes.
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carrier scattering with barrier states. Assuming a 60:40 band
offset and using the well-known approximation for the
AlxGa1−xAs �-point direct band gap dependence on the Al
mole fraction x at room temperature �20�, it is easy to show
that in a QW with such parameters only one level of dimen-
sional quantization �level 3 in Fig. 2� is formed in the con-
duction band �21�. Due to electron motion in the QW plane,
each level in Fig. 2 is a subband, i.e., a set of electronic states
with different energies 	i �i=1,2 ,3� depending �in the iso-
tropic effective mass approximation used here� only on the
electron quasimomentum in the QW plane, p� �	py

2+ pz
2: 	i

�	i0+ p�
2 / �2mi�, where mi are the electron effective masses

�Fig. 3�. The frequency �32 of the interband transition 3
→2 at p� =0 corresponds to the vacuum wavelength �
�0.6 �m �optical field�, whereas the frequency �21 of the
intraband transition 2→1 at p� =0 is equivalent to �M
�50 �m �mid-ir field�.

The interaction of such a system with an electromagnetic
field is described by the von Neumann equation �22� for its
density matrix 
ij depending �in the isotropic approximation
employed here� only on p� or, which is the same, on the
detuning � of the frequency of the transition 3→2 from its
value �32 at p� =0: �� p�

2�m2−m3� / �2�m2m3� �m1,20, m3
�0�. Using the standard representation of the nondiagonal
density matrix elements as products of slowly varying am-
plitudes 
̃32n, 
̃31n, and 
̃21 with oscillating exponential fac-
tors with frequencies �n, �n+�M, and �M, respectively, j̃n
can be represented as �21�

j̃n = − i�nd32 sin�knz��
0

+�

N
̃32nd�/l . �6�

Here the identity m0�Ĥ ,r� /�2=� �where m0 is the free-

electron mass, Ĥ is the electron Hamiltonian, and ��� /�r�
is used, d32=ez32 is the dipole moment of transition 3→2,
determined by the elementary charge e and the transition
matrix element z32, and N is the effective QW density of
states for which a simple calculation gives the formula

N � m2m3/�2���m2 − m3�� . �7�

The values 
̃32n, 
̃31n, and 
̃21 are determined from the
system of equations �22�

d
̃32n/dt + �32
̃32n = ienn23 + ie
M
* 
̃31n,

d
̃31n/dt + �31
̃31n = − ien
̃21 + ieM
̃32n,

d
̃21/dt + �21
̃21 = ieMn12 − i�
n

e
n
*
̃31n, �8�

where nij, i , j=1,2 ,3, are the time-independent �and, there-
fore, main� contributions to the population differences 
ii
−
 j j, en=End32ēn�0� / �2�� and eM =EMd21ēM�0� / �2�� are the
optical and mid-ir Rabi frequencies, and ēn�x� and ēM�x� are
the transverse distributions of the optical and mid-ir modes
�17�,

�32 = �32 + i��32 + � − �n� ,

�31 = �31 + i��31 + �1 + ��� − �n − �M� ,

�21 = �21 + i��21 + �� − �M� . �9�

where

� = m3�m2 − m1�/�m1�m3 − m2�� , �10�

�21, �31, and �32 are phenomenological relaxation rates for
the nondiagonal density matrix elements, and, due to the
randomness of the optical mode mutual phases, here and in
what follows all cross terms are dropped in summations over
them. The values � at the QW sheet carrier densities consid-
ered below are determined mainly by emission or absorption
of LO phonons �23� and intrasubband carrier-carrier scatter-
ing �24� and for estimates can be taken even and approxi-
mately equal to ��1013 s−1. In regard to this estimate of �,
it is necessary to note here that Jth rises with the increase of
�, but not very quickly. According to numerical simulations,
the growth of � by two times �from 1013 to 2�1013 s−1�
leads to the enhancement of Jth by 1.45 times only, in com-
parison with the estimate obtained in Sec. IV for �
=1013 s−1. So, even in the case of moderate deviation of the
actual � from the value of 1013 s−1 used here, Jth may still
remain in the experimentally achievable domain. Moreover,
the quite probable increase of the actual intersubband equili-
bration time �21 in comparison with the estimate given for it
�please see the discussion in the footnote after Eq. �20� be-
low� leads to the reduction of Jth below the value obtained in
Sec. IV. This effect can quite well compensate for the mod-
erate increase of Jth due to the growth of � so that the result-
ing Jth will be of the order of or even smaller than the value
quoted in Sec. IV.

The appearance of parameter � in �9� reflects the differ-
ence of the electron effective masses in the second and first
subbands, which leads to its being nonparallel, i.e., to the
dependence of the transition 2→1 frequency on p� �please
see Fig. 2 which is drawn for the AlGaAs heterosystem
where 
m2
� 
m1
 �10,11��.

The stationary solution of �8� for 
̃32n �obtained near the
mid-ir generation threshold where one can neglect small
terms proportional to eM

2 � takes the form

�i

����

p||

0
����

p||0

3

2

1

��������

�������

���

���

FIG. 3. Schematic of subband electron energies as functions of
p� near the � point in the AlxGa1−xAs heterosystem. Subbands 1 and
2 in the valence band are the two highest heavy-hole subbands, and
subband 3 the only electronic subband in the conduction band. Op-
tical generation occurs at the interband transition 3→2 in the inter-
val 0 p�  p�0. Filled circles denote electrons.
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̃32n � ienn23/�32, �11�

where

n23 =
n̄23

1 + 4��/r��n
en
2/
�32
2
�12�

is the stationary solution of the equation �22�

dn23/dt + r�n23 − n̄23� = − 4 Im �
n

e
n
*
̃32n �13�

with r being the relaxation rate of n23 to its equilibrium value
n̄23. Actually, in Eq. �13� only relaxation processes connected
with intrasubband redistribution of carriers owing to intra-
subband carrier-carrier scattering and emission or absorption
of LO phonons are taken into account. As was mentioned
above, the same phenomena determine the nondiagonal den-
sity matrix element relaxation rate � so that r��. Here it is
necessary to note that these intraband processes lead to the
thermalization of carriers in subbands with fixed carrier
number and mean energy in each of them. The intersubband
carrier energy exchange and transitions accounting for the
equilibration between different subbands proceed on a much
longer time scale �25� and therefore can result only in small
corrections to the relaxation term in Eq. �13�. But it is these
processes that determine the stationary carrier sheet density
in each subband under injection pumping and optical genera-
tion and, therefore, the equilibrium differences of subband
populations n̄ij �please see below�.

For the following estimations it is valid to neglect the
small shift of the optical mode generation frequencies from
the real parts of the corresponding resonator eigenfrequen-
cies, i.e., to put �n��kn

� and �M ��kM
� . For a heterolaser

length along the z axis of �2.2 cm �please see Sec. IV� the
spectral spacing between different longitudinal optical modes
is much smaller than the homogeneous 3→2 linewidth �.
All the more, it is much smaller than the scale of 
en
 varia-
tion with �n which, according to the final formula �14�, can-
not be less than the analogous value for n̄23��n−�21�, i.e.,
kBT /��4�, where T�300 is the structure temperature and
kB the Boltzmann constant. As a result, one can replace the
summation over modes in �12� with integration and neglect
the variations of 
en
 and n̄23 over a frequency interval ��.
Then, from Eqs. �5�, �6�, �11�, and �12�, it is easy to obtain an
equation for the optical mode complex amplitudes in the
form


e��n�
2 =
r

4�D��n�
 n̄23���

n23���
− 1� , �14�

where

n23��� = �nN, �  �max,

n̄23��� , � � �max,
� �15�

�max� p�0
2 �m2−m3� / �2�m2m3�, n̄23��max�=nN, D��n��Dn is

the mode spectral density, �n=�32+�, and

nN =

��kn
� Re�� ���n�ēn

2dx�
�2�n
d23en�0�
2N

. �16�

Here �kn
� can be estimated as 0.5�nvn where vn���kn

� /�kn is
the optical group velocity. From �15� it is clear that, accord-
ing to the standard theory of field amplification in active
media with homogeneous broadening �26�, in the whole fre-
quency interval of transition 3→2 where the optical genera-
tion occurs the difference between subband 3 and 2 popula-
tions is approximately equal to its threshold value nN and the
mode intensity is proportional to n̄23��n−�32�−nN.

Now, it is necessary to connect n̄23 in Eq. �14� with the
pumping current density J. This can be done using the fol-
lowing considerations. The equilibrium differences of the
subband populations, n̄ij � 
̄ii− 
̄ j j, are determined by the di-
agonal elements of the equilibrium density matrix 
̄ii, given
by Fermi distributions �where the spin index is omitted for
brevity�


̄ii = 1��exp 	i0 + p�
2/�2mi� − �i

kBT
� + 1� . �17�

Here the chemical potentials �i are functions of the hole
sheet densities in subbands 1 and 2, 
h1 and 
h2, and the
electron sheet density in subband 3, 
e3 �where 
h1+
h2
�
e3 due to quasineutrality�, found from the following equa-
tions:


hi = −
kBT

��2mi ln�1 + exp 	i0 − �i

kBT
�� , �18�

i=1,2, and


e3 =
kBT

��2m3 ln�1 + exp�3 − 	30

kBT
�� , �19�

obtained by the integration of Eq. �17� over 2�p�dp� / �2���2

and summation over hole or electron spin projections.
The values 
h1 and 
h2, in turn, can be expressed through

the total sheet hole density in subbands 1 and 2, 
h�
h1
+
h2. To do so let me note that 
h1 is determined by the
stationary solution of the equation

d
h1/dt = − 
h1/�31 + J/�2e� − �
h1 − 
̄h1�/�21, �20�

where the term −
h1 /�31 �with �31��32���1 ns� is respon-
sible for 
h1 reduction due to spontaneous recombination
with electrons in the third subband, the term J / �2e� for its
increase owing to pumping current �where the factor 1 /2
takes into account the fact that only one-half of J is thanks to
hole motion�, and the term −�
h1− 
̄h1� /�21 �with �21�1 ps
�27,28�� for the process of equilibration between subbands 1
and 2 accompanied by LO phonon emission or absorption.2

Here 
̄h1 is the hole sheet density in the first subband that

2It is necessary to note here that this estimate of �21 does not take
into account effects of Fermi degeneracy and Pauli blocking. These
effects at high QW carrier sheet densities 
h�
e3 considered below
can increase �21 above a value of 1 ps �please see, for example,
�25��. Thus, as Jth decreases with the increase of �21, the estimate of
Jth obtained in Sec. IV for �21=1 ps can somewhat overvalue Jth.
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would occur if complete equilibrium between subbands 1
and 2 took place, i.e., if they were characterized by the same
chemical potential �0, determined by 
h through the equation


h = −
kBT

��2�m1 ln�1 + exp 	10 − �0

kBT
��

+ m2 ln�1 + exp 	20 − �0

kBT
��� , �21�

so that


̄h1 = −
kBT

��2m1 ln�1 + exp 	10 − �0

kBT
�� . �22�

From �20� it is easy to find that


h1 =
��21

�21 + �
�
̄h1/�21 + J/�2e�� , �23�

and 
h2 is given by an obvious formula 
h2=
h−
h1. As,
according to Eqs. �21� and �22�, 
̄h1 is a function of 
h, this
solves the above-mentioned task of expressing 
h1 and 
h2
through 
h.

Then it is easy to show that 
h itself depends on J accord-
ing to the balance equation

2N Re �
0

�max �
�32

�32+�max n23���Dn
en
2

�32
d�nd� − 
h/� + J/�2e�

= 0, �24�

where the first term describes the reduction of 
h due to
recombination of electrons in subband 3 with holes in sub-
band 2 induced by the strong optical field, the second term
the reduction of 
h owing to spontaneous recombination of
holes in the first and second subbands with electrons in the
third subband, and the last term the increase of 
h thanks to
the pumping current. Thus, numerical solution of Eqs.
�17�–�24� allows one to find n̄23 �and n̄12 which will be used
in the next section� as a function of J.

IV. MID-IR INTRABAND GENERATION

The condition for the start of the mid-ir generation can be
found from equations similar to Eqs. �5� and �6�:

EM = −

4�i�M � j̃MeMdV

��M
2 − �kM

2 � � ���M�eM
2 dV

, �25�

j̃M = − i�Md12 sin�kMz��
0

+�

N
̃21d�/l , �26�

where �kM
=�kM

� + i�kM
� is the complex eigenfrequency of the

mid-ir mode. By analogy with the optical field �kM
� can be

estimated as 0.5��M +�MR�vM where �MR is responsible for
the losses connected with the output mirrors ��MR
�0.1 cm−1 for highly reflective mid-ir Bragg mirrors with a
reflection coefficient �80% �15,16� and structure length
�2.2 cm� and vM ���kM

� /�kM is the mid-ir group velocity.

Aiming at determining the threshold of the mid-ir genera-
tion, it is sufficient to find 
̃21 with accuracy up to terms
proportional to the mid-ir field in the first power only. Simple
calculation making use of Eqs. �8� gives �5�


̃21 � ieM n12

�̃21

+
n23

�̃21

�
�32

�32+�max Dn
en
2

�32�31
d�n� , �27�

where

�̃21 = �21 + �
�32

�32+�max

D��n�
e��n�
2d�n/�31. �28�

The first term in �27� describes one-photon absorbtion or
amplification proportional to the population difference n12 at
transition 2→1. The second term is responsible for the para-
metric interaction of the optical modes with the mid-ir mode
and arises from the product e

n
*
̃31n in �8� describing the mix-

ing of the optical field with the polarization at transition 3
→1. The letter is excited due to the two-photon process

̃31n�eM
̃32n�eMenn23.

The population difference n12 entering Eq. �27� can be
found from the following considerations. Writing the equa-
tion for n13 �22�,

dn13/dt + r�n13 − n̄13� = − 2 Im �
n

e
n
*
̃32n �29�

�where it is assumed for estimations that the relaxation rate
of the population difference at transition 3→1 to its equilib-
rium value is the same as at transition 3→2� and combining
it with �13�, it is easy to show that in a stationary situation
n13= n̄13+ �n23− n̄23� /2. From here it follows that

n12 � n13 − n23 � n̄13 −
n23 + n̄23

2
� n̄12 −

n23 − n̄23

2
.

�30�

So n12 is expressed through n23 determined in Eq. �15�.
Substituting Eq. �27� in Eq. �26� and Eq. �26� in Eq. �25�,

it is easy to obtain a condition that has to be satisfied at the
threshold of mid-ir generation:

Re�
0

+�  rn23

4��̃21

�
0

�max n̄23���� − nN

nN�31�32
d�� +

n12

�̃21
�d� = nM ,

�31�

where

nM =

��kM
� Re�� ���M�ēM

2 dx�
��M
d12eM�0�
2N

, �32�

d12=ez12 is the dipole moment of transition 2→1, deter-
mined by the elementary charge e and the transition matrix
element z12, and ēM�x� is the transverse mid-ir mode distri-
bution.

For the parameters cited above and typical z32=1 nm and
z12=5 nm �29,30� nN�−0.75 and nM �−0.25 so that, as fol-
lows from its numerical analysis, Eq. �31� is satisfied at J
=Jth�100 kA /cm2. Although rather high, this pumping cur-
rent density is quite achievable at room temperature in the
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pulsed regime �please see, for example, �18��. The value n12
as a function of � for the parameters used above is depicted
in Fig. 4. From it one can see that inversion at the transition
2→1 exists only for 0�6.5� �or, which is the same, 0
 p� 0.7p�0� due to electron transitions from the third to the
second subband induced by the optical field. But the fre-
quency of this transition, �21+ p�

2�m1−m2� / �2�m1m2���21
+��, also varies with �. According to the results of �10�,
m1�−0.05m0, m2�−0.14m0, and m3�0.07m0 so that �
�0.6 �Eq. �10��. Therefore, the mid-ir field with frequency
�21 interacts with the transition 2→1 efficiently only in the
interval 0��1.5� �or, which is the same, 0 p� 0.4p�0�,
where its frequency exceeds �21 by not more than the homo-
geneous linewidth �. According to what has just been said, in
all this interval the transition 2→1 is inverted so that effi-
cient mid-ir field amplification takes place here. In most of
the remaining interval 1.5�� the transition 2→1 is not
inverted �Fig. 4�, but its frequency here is bigger than �21 by
more than the homogeneous linewidth �. Thus, the mid-ir
field interaction with the transition 2→1 is inefficient here
so that its absorption at 1.5�� is rather weak. Therefore,
upon the whole, the mid-ir field amplification at transition
2→1 should take place. Numerical simulations of Eq. �31�
show that this is indeed the case for the parameters chosen.

It is important to stress here that this amplification occurs
when N�0

+�n12d��1.7�1012 cm−2 is positive so that the
transition 2→1 as a whole is still far away from being in-
verted. The latter conclusion can also be proved by the fol-
lowing simple considerations. From numerical calculations it
follows that under the parameters used the threshold pump-
ing current density for the start of optical generation is J0
�500 A /cm2. Then, the condition of attaining total inver-
sion at the transition 2→1 can be written as �7�

�J0/J  �21, �33�

where �J0 /J is the time of 3→2 electron-hole recombination
induced by the optical field �31�. Thus, for J=Jth
�100 kA /cm2 the condition �33� is not satisfied as its left-
hand side �LHS� is �5 times larger than its RHS, so that, in
accordance with numerical analysis, there is no total inver-
sion at the transition 2→1.

The possibility to amplify the mid-ir field at the transition
2→1 in the absence of total inversion at it, in turn leads to a
significant �by several times� decrease of the estimated

threshold pumping current density for the start of mid-ir gen-
eration, Jth, in comparison with the results of �7�, where the
inhomogeneous broadening of transition 2→1 was not taken
into account. It allows one to put Jth into an experimentally
achievable range even at room temperature and therefore
substantially increase the attractiveness of such a two-color
optical and mid-ir laser for various applications.

It is important to note here that, as �32+�max��31, the
optical modes could in principle cause not only 3→2, but
also 3→1 electron transitions. This effect, however, is unde-
sirable as it would lead to the additional population of the
first subband by the electrons from the third subband and,
therefore, the reduction or even complete disappearance of
partial inversion at the transition 2→1. But in the symmetric
heterostructures �i.e., structures with the same heights and
widths of the left and right barriers around the QW� consid-
ered here �Fig. 2� the 3→1 dipole moment is zero. So stimu-
lated 3→1 electron transitions are strongly suppressed and
can be neglected. Certainly, there is another possibility for
the undesirable population of the first subband: it could be
filled due to the optical field inducing electron transitions
from subbands lying above the third subband. To avoid this
process it is necessary to use a shallow QW where �as was
explained in Sec. III� just one subband �designated here as
the third subband� is formed in the semiconductor conduc-
tion band. In such a structure these transitions are impossible
simply owing to the absence of subbands above the third
subband.

It is worth mentioning also that Eq. �31� takes into ac-
count the mid-ir field amplification not only due to partial
inversion at the transition 2→1 �for which the second term
in Eq. �31� is responsible�, but also due to parametric inter-
action with the optical modes �the first term in Eq. �31��. But
numerical calculations show that the ratio of the first term to
the second is �0.1 so that the inversionless mechanism of
the mid-ir amplification �32� proves to be much weaker than
the inversion mechanism. The cause of this is the small value
of the integral over �� in the first term of Eq. �31�, i.e., the
significant mutual compensation of different optical modes
contributions to the parametric mid-ir radiation amplifica-
tion.

In conclusion of this section it is necessary to note that at
such high Jth�100 kA /cm2 the corresponding carrier sheet
density in the QW, 
h�
e3, proves also to be large and �as
follows from the numerical analysis� approximates to 5
�1012 cm−2. Although this and even larger sheet densities
are quite achievable experimentally �please see, for example,
�18��, the carrier-carrier interaction at this 
h�
e3 can in
principle lead to a noticeable shift of the transition 2→1
frequency due to the depolarization effect �33�. The physical
cause of the latter is that the actual complex amplitude of the
mid-ir field acting on the electrons and holes in the QW

differs from ẼM /2. This difference can be determined as fol-
lows. As the y component of the TM-mode mid-ir electric
field in the QW is zero, only its x component is responsible
for interaction with carriers in the QW. Then, its local value

in the QW, ẼMlx /2, is determined from the formula

�QWẼMlx /2=�a��21�ẼMx /2 following from the boundary con-
dition at the QW-barrier interface. Here �QW is the dielectric

20 40 60 80

-0.2

0.2

0.4

0.6

0.8

n12

��	

FIG. 4. Dependence of n12 on � /�. The optical generation oc-
curs in the interval 0� /��max /��12.
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function inside the QW, which can be expressed as the sum
of the active layer dielectric function �a��21�, and the contri-
bution due to the QW carriers. The latter can be approxi-
mated by a simple formula 4�i�xx /�M, where �xx is the
conductivity due to QW carriers, averaged over the QW
width and �xx�d21x j̃Mx / ��eM�. Then, it is easy to show that

this difference between ẼMlx /2 and ẼMx /2 results in the ap-
pearing of an additional factor

�
�a��21�

�a��21� +

4��21N
d21x
2�
0

+�


̃21d�

��MleM

�
2

�34�

after the function Re in Eq. �31�.
Regarding �M as a free parameter, one can investigate Eq.

�31� numerically both without and with this additional factor.
As a result, it can be shown that in these two cases the
minima of the LHS of Eq. �31� lie at �M ��21+� and differ
from each other by a value ��. So �keeping in mind that the
RHS of Eq. �31� nM 0�, one can conclude that with increas-
ing J the mid-ir generation in these two cases for the first
time will take place at close frequencies separated by a value
��. Thus, as � /�21�0.3�1, the depolarization effect leads
to only a small relative shift of the frequency of transition
2→1. It means that the simple three-level scheme that is
employed here and that neglects many-body effects arising
due to carrier-carrier interaction can give a qualitatively true
description of the physical system investigated.3 The cause

of such a moderate depolarization shift of the mid-ir reso-
nance frequency is the above-mentioned strong inhomoge-
neous broadening of transition 2→1. This leads to a situa-
tion when only a small part of the total number of holes in
subbands 2 and 1 �namely, the holes in the interval of p�

where the frequency of transition 2→1 differs from �M by a
value ��� contributes to j̃M. Therefore, �xx� j̃M proves to be
rather small so that the difference between the dielectric
functions inside and outside the QW turns out to be quite
moderate.

V. CONCLUSION

In conclusion, it is shown that a two-color interband and
intraband QW heterolaser can operate not only under cryo-
genic cooling, but also without any cooling at all. The latter
regime becomes possible if three conditions are satisfied.
First, one has to employ the special waveguide design de-
scribed above, which, though leading to rather strong absorp-
tion of the optical radiation, provides low losses for the
mid-ir field. Second, it is necessary to use a shallow symmet-
ric QW where just one level of dimensional quantization is
realized in the conduction band. And third, the intraband
transition for the mid-ir generation should lie in the valence
band where electron effective masses in different subbands
can significantly vary from each other.

The estimates made show that under these three condi-
tions it is possible to create a pulsed two-color optical and
mid-ir heterolaser based on rather an elementary structure
with just one QW, using simple and cheap injection pumping
only, and working at room temperature.
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