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The dielectronic recombination of high-Z hydrogenlike ions is studied within the framework of the density
matrix theory. Emphasis is placed on the alignment of the doubly excited ions and the non-electric-dipole �E1�
contributions to the subsequent characteristic x-ray emission. Multiconfiguration Dirac-Fock calculations have
been carried out in order to investigate the multipole mixing effects on the radiative decay of the doubly
excited resonances of heliumlike uranium, following the K-LL dielectronic recombination of hydrogenlike
U91+ ions. In particular, the angular distribution of the K�1 hypersatellites is notably modified by the interfer-
ence between the leading E1 and the magnetic-quadrupole �M2� transitions. The results are compared with
measurements and previous computations available.
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I. INTRODUCTION

Dielectronic recombination �DR� is a resonant process in
which a free electron is captured into an ion under the simul-
taneous excitation of one or several bound electrons, and
where the multiply excited ion is stabilized afterwards by
photon emission. During the last decades, this resonant cap-
ture process has found considerable interest, both by experi-
ment and theory, because it occurs frequently in astrophysi-
cal and laboratory plasmas �1–3�. However, DR plays an
important role also in studying the electronic and hyperfine
structure of ions �4� as well as the relativistic effects on the
electron-electron interaction in high-Z ions �5,6�. Therefore,
a large number of DR experiments have been carried out at
storage rings and electron-beam ion traps during recent years
�see Ref. �7� for a detailed discussion and further references�.

While experiments with mid- and high-Z elements have
been carried out at electron coolers of various storage rings
worldwide and provided us with a great deal of high-
precision data on the level structure and resonance strengthes
of doubly and inner-shell excited ions �7–9�, carbon �10,11�
and gas-jet targets �12� were employed in studying the angu-
lar distribution of the characteristic x-ray emission following
the DR or radiative capture of electrons by fast projectiles
�13,14�. In all these ion-electron or ion-atom collisions, the
ion beam presents a preferred direction for the collision sys-
tem and, hence, provides conditions for an alignment of the
multiply excited ions, i.e., an unequal population of the ionic
sublevels with different modulus �MJ� of the magnetic quan-
tum number. In the subsequent radiative stabilization of the

ions, this alignment is partially transferred to the lower-lying
levels of the recombined ion and also affects the emitted
radiation, leading in many cases to an anisotropic angular
distribution and linear polarization of the characteristic pho-
tons �15–17�. From the detailed analysis of these photons,
therefore, valuable information can be obtained about the
capture process and the magnetic sublevel population of the
doubly excited states.

For the DR of high-Z ions, the angular distribution of the
characteristic x-ray emission has been studied at the ESR
storage ring in Darmstadt �12�. In these experiments, hydro-
genlike U91+ projectiles were scattered by a molecular H2
target in order to form the doubly excited LL resonances of
the heliumlike ions. Instead of a free electron, hereby a
weakly bound �quasifree� target electron with a given mo-
mentum distribution �Compton profile� was captured, a pro-
cess that is known from the literature also as resonant trans-
fer and excitation �RTE�. Owing to the large projectile
energy of about 100 MeV /u, that is needed to form the K-LL
resonances with heavy hydrogenlike ions, the Compton pro-
file of the H2 target electrons is not so important, and the
RTE and DR processes result practically in the same photon
spectra. For the capture into high-Z hydrogenlike ions, more-
over, the doubly excited LL resonances stabilize predomi-
nantly via the subsequent emission of two K� photons which
are often referred to as the hypersatellite �HS� and satellite
photons �18�. In the experiments by Ma and co-workers �12�,
the angular distributions of the K�1,2 lines have been mea-
sured and compared with theoretical predictions �19,20�. Al-
though a reasonable agreement between experiment and
theory was found for most groups of lines, a rather remark-
able discrepancy remained for the angular distribution of the
K�1 HS lines that arise from the decay of the L1/2L3/2 reso-*s.fritzsche@gsi.de
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nances. For this line group, the theoretically predicted aniso-
tropy of the K�1 HS underestimates the observations by
more than a factor of 2 �12,19�, a discrepancy that has not
been resolved until now.

In all previous theoretical investigations, however, only
the electric-dipole �E1� radiation has been taken into account
in analyzing the angular distribution of the K�1 HS lines. As
pointed out already in Ref. �12�, a rather strong anisotropy of
some of the lines could be caused also by higher multipoles
in the expansion of the electron-photon interaction, and es-
pecially by their interference with the E1 radiation. Such
strong interference effects between the E1 and M2 �magnetic
quadrupole� transitions have been found recently for the
Ly-� decay of hydrogenlike uranium, following the radiative
electron capture �REC� into the 2p3/2 level of initially bare
ions �21�. For the Ly-�1 radiation, this multipole mixing in-
creased the calculated anisotropy by almost 30%, in very
good agreement with experiment �13�. Therefore, a similar
effect of the multipole mixing can be expected also for the
characteristic emission from few-electron ions. In the present
work, we apply the density matrix theory to describe the K�
HS radiation of high-Z, heliumlike ions, following the DR
into initially hydrogenlike ions. Combined with the multi-
configuration Dirac-Fock method, this treatment enables us
to account for the dominant relativistic, many-body and
multipole-mixing effects consistently within the same frame-
work.

In the next section, we provide the basic formulas to de-
scribe the DR of few-electron ions as a two-step process that
includes �i� the resonant capture and �ii� the subsequent ra-
diative stabilization. In particular, here we discuss the statis-
tical tensors of the doubly excited resonances which help
characterize their magnetic sublevel population �Sec. II A�.
The relation between these tensors and the angular distribu-
tion of the subsequent radiation is discussed in Sec. II B,
keeping the formalism general enough to deal with different
�many-electron� configurations of the ions. Apart from the
alignment of the doubly excited resonances, however, the
angular distribution depends also on the so-called structure
function that accounts for the multipole-mixing effects in the
course of the radiative stabilization. All computations, as
briefly summarized in Sec. III, are based on either the mul-
ticonfiguration Dirac-Fock �MCDF� method or an
independent-particle model �IPM�. The latter model has been
utilized to explore some basic features of the structure func-
tion. In Sec. IV detailed computations are presented for vari-
ous nuclear charges, 2�Z�92, but with emphasis on the
angular distribution of the K�1 HS line following the DR
into the L1/2L3/2 resonances of initially hydrogenlike U91+

ions. For these ions, the multipole-mixing effects are found
to enhance the anisotropy of this line by about 30%. Finally,
a brief summary of our results and their implication for
forthcoming angle-resolved DR studies are given in Sec. V.

II. THEORY

To describe the DR of few-electron ions, we consider the
two-step process

An+��0J0� + e−��lj� → A�n−1�+**��dJd� → A�n−1�+*�� fJf� + � ,

�1�

where the first step is the resonant capture of an electron with
energy �, total angular momentum j, and orbital angular mo-
mentum l into the ion An+, and the second step is given by its
radiative stabilization. In the notation �1�, the ion is supposed
to be initially n-times ionized and in a state ��0J0� with well-
defined total angular momentum J0. When the electron is
captured, the ion charge is reduced by one, and the resonance
state ��dJd� is formed which decays by the emission of a
photon � into one of the final states �� fJf�. In Eq. �1�, �0, �d,
and � f hereby denote all of the additional quantum numbers
that are needed to describe the ionic states uniquely. Typi-
cally, the final state �� fJf� of the DR process �1� will decay
further by photon emission until the ground state of the ion is
reached; especially in the K-LL dielectronic recombination
of hydrogenlike ions, the first emitted photon is a HS photon
while the second photon is a satellite photon �18�. In the
present work, we shall restrict ourselves to the angular dis-
tribution of the first HS photon for which the analysis and
comparison with experiment is much simpler than for the
subsequent satellite emission because the ��dJd� doubly ex-
cited states are populated only by the K-LL DR process. In
contrast, the satellites may arise also from excitation and
REC processes, including possible cascades �12�. These ad-
ditional processes aggravate the analysis for the satellites and
often requires to average over the photon distributions from
different decay mechanisms.

A. Dielectronic recombination cross sections
and alignment parameters

To describe the process �1� quantum mechanically, it is
convenient to utilize the density matrix theory �16,22� and to
express the DR cross sections and alignment of the interme-
diate doubly excited states in terms of their statistical ten-
sors, �k0��dJd� with rank k and its projection q=0 upon the
quantization axis �23,24�. Using the standard techniques for
the recoupling of angular momenta, the evaluation of these
tensors can be traced back to the reduced amplitudes
��dJd�V��0J0 , lj :Jd� which describe the formation of the
resonance ��dJd� due to the electron-electron �e-e� interac-
tion between the bound electrons in the initial state ��0J0�
and the free electron �lj�. This reduced matrix element for
the resonant capture of an electron coincides, up to a phase
factor, with the amplitude for the time-reversed process of
the Auger decay. Following Ref. �24� �Sec. 2.1.2�, the statis-
tical tensors of the resonance can be written as

�k0��dJd� =
c

8��2J0 + 1� 	
ll�j j�

�− 1�Jd+J0−1/2

	 �l,l�, j, j��1/2�l0l�0�k0�
 j l 1/2
l� j� k

�
	 
 j Jd J0

Jd j� k
���dJd�V��0J0,lj:Jd�

	 ��dJd�V��0J0,l�j�:Jd�*, �2�
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where the z axis �quantization axis� is chosen along the di-
rection of the beam, and where it is supposed that neither the
ion nor the electron are initially polarized. In expression �2�,
moreover, c is a normalization constant, �l0l�0 �k0� a
Clebsch-Gordan coefficient, �a ,b , . . . ���2a+1��2b+1�. . ..,
and the standard notation for the Wigner 6j symbols has been
utilized.

In practice, it is convenient to choose the normalization
constant in Eq. �2� in such a way that the zero-rank statistical
tensor is proportional to the DR capture rate,
�Jd�1/2�00��dJd�= Pcap�0→d�; with this convention in mind,
we find c=8�2 and

Pcap�0 → d� =
2�

2�2J0 + 1�	lj ���dJd�V��0J0,lj:Jd��2

=
�2Jd + 1�

2�2J0 + 1�
PA�d → 0� , �3�

where PA�d→0� denotes the corresponding Auger rate for
the time-reversed transition �16�. The DR capture rate deter-
mines the initial population of the doubly excited states and,
thus, affects also the intensity of the corresponding �hyper�
satellite lines in the photon spectra.

It is often more appropriate to describe the sublevel popu-
lation of the excited ions in terms of the reduced statistical
tensors or the so-called alignment parameters Ak0��dJd�
=�k0��dJd� /�00��dJd�, which define the angular distribution
and polarization of the subsequent photon emission �24,25�.
Making use of Eq. �2�, the alignment parameters of the ex-
cited ion can be expressed as

Ak0��dJd� = N−1�Jd�1/2 	
ll�j j�

�− 1�Jd+J0−1/2

	 �l,l�, j, j��1/2�l0l�0�k0�
 j l 1/2
l� j� k

�
	 
 j Jd J0

Jd j� k
���dJd�V��0J0,lj:Jd�

	 ��dJd�V��0J0,l�j�:Jd�*, �4�

with N=	lj���dJd�V��0J0 , lj :Jd��2, and by including a sum-
mation over all partial waves �lj� of the free electron that
fulfill the angular-momentum coupling condition,

�J0 , j ,Jd�=1.

For an aligned ion, the tensor Ak0��dJd� is nonzero only if
the rank k is even and k�2Jd. Therefore, the magnetic sub-
level population of the doubly excited states with Jd=1 can
be described by the single parameter A20��dJd=1�, while
two parameters A20��dJd=2� and A40��dJd=2� are needed
for the case of Jd=2.

B. Angular distribution of the subsequent radiative decay

Owing to the alignment of the excited ion, the subsequent
photon emission is in general anisotropic and linearly polar-
ized. In fact, the angular and polarization properties of the
emitted photons are closely related to the alignment param-
eters Ak0. For example, the angular distribution of the HS

photons in the second step of the DR process �1�, ��dJd�
→ �� fJf�+�HS, is given by �25,26�

Wdec��� =
�df

4� 
1 + 	
k=2,4,. . .


kPk�cos ��� , �5�

where


k � 
k��dJd,� fJf� = fk��dJd,� fJf�Ak0��dJd� �6�

denotes the anisotropy parameter, �df ���dJd→�fJf
the decay

rate of this HS transition, Pk�cos �� is the Legendre polyno-
mial, and the angle � refers to the propagation direction of
the emitted photons with regard to the ion beam.

Apart from the reduced statistical tensors Ak0��dJd�, the
photon angular distribution also depends on the so-called
structure functions fk��dJd ,� fJf� of the HS transition, as seen
from Eq. �6�. These structure functions merely reflect the
electronic structure of the ion and characterize a given radia-
tive transition. They are independent of how the initial reso-
nance was created, i.e., independent of the resonant electron
capture in the present case. These functions contain the ma-
trix elements of different multipole components, that arise
from the expansion of the electron-photon interaction opera-
tor and that are allowed for a given transition. Following
Ref. �26�, the structure function of rank k is given by

fk��dJd,� fJf� =
�2Jd + 1

2 	
LpL�p�

iL�+p�−L−p

	 �− 1�Jf+Jd+k+1�L,L��1/2�L1L� − 1�k0�

	 �1 + �− 1�L+p+L�+p�−k�
 L L� k

Jd Jd Jf
�

	 ��dJd�H��pL��� fJf���dJd�H��p�L���� fJf�*

	 
	
Lp

���dJd�H��pL��� fJf��2�−1
, �7�

where ��dJd�H��pL��� fJf� denotes the reduced matrix ele-
ment for the multipole transition �pL�. In this notation, p
=0 refers to the magnetic and p=1 to the electric multipoles
of order L �27,28�. Equations �5�–�7� represent the most gen-
eral form of the angular distribution of the characteristic ra-
diation following the resonant electron capture of unpolar-
ized electrons by an unpolarized ion beam; they include the
summation over all the multipoles �pL� of the radiation field
that are allowed owing to the parity and angular-momentum
selection rules.

Equations �5� and �7� simplify considerably if only one
multipole component is allowed for a given initial and final
state. For the—often dominant—electric-dipole �E1� emis-
sion, for example, the angular distribution is given by the
well-known formula �24,25�

WE1
dec��� =

�df

4�
�1 + f2��dJd,� fJf ;E1�A20��dJd�P2�cos ��� ,

�8�

where the structure function
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f2��dJd,� fJf ;E1� = �− 1�1+Jd+Jf�3�2Jd + 1�
2


 1 1 2

Jd Jd Jf
�
�9�

coincides in this case with the anisotropy parameter �2
ph of

Refs. �25,24�: f2��dJd ,� fJf ;E1���2
ph. For a pure electric-

dipole emission, obviously, the structure function does not
depend on the amplitude of the bound-bound transition and,
hence, reduces to a geometrical factor that is independent of
the nuclear charge Z for any transition along some given
isoelectronic sequence.

Finally, let us note that the angular distributions �5� and
�8� are written in the rest frame of the ion. For the DR into a
fast-moving heavy ion, these distributions should be trans-
formed into the laboratory frame in order to become compa-
rable with observations. This transformation often leads to an
asymmetry of the angular emission pattern with respect to
the plane perpendicular to the beam.

III. COMPUTATIONS

For the further analysis of the statistical tensors of the
doubly excited states and for studying the angular distribu-
tion of the subsequent photon emission, we need to calculate
the reduced matrix elements ��dJd�V��0J0 , lj :Jd� and
��dJd�H��pL��� fJf� for the resonant electron capture and the
multipole transitions, respectively. Since these matrix ele-
ments occur frequently in the computation of a large variety
of atomic properties �27,29,30�, they have been considered in
many different approximations. For highly charged ions es-
pecially, the multiconfiguration Dirac-Fock �MCDF� method
has been found a versatile tool to account for the relativistic
and many-body effects on the same footings, while the
independent-particle model �IPM� allows for a simplification
in the formalism that often gives rise to a better insight into
the underlying mechanisms.

A. Multiconfiguration Dirac-Fock approach

The MCDF method has been described in detail in the
literature �31–33�. In this method, an atomic state wave func-
tion is approximated by a linear combination of configura-
tion state functions �CSFs� of the same symmetry

���PJM� = 	
r=1

nc

cr�����rPJM� , �10�

where nc is the number of CSFs and �cr���� denotes the
representation of the atomic state in this basis. In most stan-
dard computations, the CSFs ��rPJM� are constructed as an-
tisymmetrized products of a common set of orthonormal or-
bitals and are optimized together on the basis of the Dirac-
Coulomb Hamiltonian. Relativistic effects due to the Breit
interaction are then added to the representation �cr���� by
diagonalizing the Dirac-Coulomb-Breit Hamiltonian matrix
�34,35�. The dominant QED corrections due to the self-
energy of the bound electrons and the polarization of the
vacuum were also estimated. They shift the level energies
but do not affect the wave functions in the computation of

the transition amplitudes for the resonant electron capture
and the multipole transitions. For these computations,
we used the ANCO �36�, AUGER �37� and REOS �29� compo-
nents which have been developed within the framework
of the RATIP program �33,38�. For the amplitudes
��dJd�V��0J0 , lj :Jd� of the resonant electron capture, more-
over, both the Coulumb as well as the Breit interaction, V
=VCoulomb+VBreit were taken into account in order to obtain a
proper relative population of the LL resonances �39�.

B. Independent-particle model with hydrogenic orbitals

While the proper treatment of the e-e interaction is essen-
tial for the resonant capture of an electron, i.e., the first step
of the DR process �1�, correlation effects play only a minor
role in the second step, the radiative stabilization of high-Z,
heliumlike ions. Therefore, in order to provide better insight
into the mixing of different multipole transition, we calcu-
lated the structure functions �7� of the HS transition not only
within the MCDF but also the IPM model in which the wave
function of the atomic states is represented by a single Slater
determinant, built from hydrogenic orbitals. In this simple
model, the amplitudes for the multipole transitions can be
easily expressed in terms of the single-particles amplitudes
for the active electron, a reduction that reads for a two-
electron system as �40,41�

��dJd�H��pL��� fJf� = ��nsjs,ndjd�Jd�H��pL���nsjs,nf jf�Jf�

= �− 1� j f−Jd+L+js
 js j f Jf

L Jd jd
�

	 �Jd,Jf�1/2�ndjd�H��pL��nf jf� , �11�

and where the second electron is assumed to be kept frozen
during the radiative stabilization.

Equation �11� has been utilized to compute the structure
function in the effective one-particle model �42�. In these
computations, the nuclear screening effect was taken into
account by adjusting the nuclear charge Zeff so that the cor-
rect ��dJd�→ �� fJf� transition energy was obtained. When
compared with the MCDF calculations from Sec. III A, the
structure function from the IPM model agrees within about
2% along the whole helium isoelectronic sequence, except
for the singlet-triplet intercombination transitions at the
low-Z end of the isoelectronic sequence which require a
proper superposition of the J=1 configuration states. Such a
linear combination of different symmetry-adapted CSFs can-
not be accounted for in the IPM model.

IV. RESULTS AND DISCUSSION

A. Anisotropy of the fine-structure components of the K�1,2

hypersatellite lines

We focus on the question of how the multipole mixing
affects the angular distribution of K� radiation from aligned
heavy ions. For hydrogenlike high-Z projectiles, the K-LL
DR leads to 10 doubly excited �2lj ,2l�j��J�� resonances
�briefly referred to as LL resonances�, cf. Table I. From these
10 resonance levels, six have a total angular momentum Jd
�0 and, hence, can give rise to an anisotropic photon emis-
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sion. The degree of the anisotropy is determined both, by the
initial alignment of the resonances and by the structure func-
tion of a particular transition, which includes the interference
between different allowed multipole channels.

To understand how the multipole mixing influences the
anisotropy parameters �6�, let us consider the two K�1 fine-
structure transitions: 2s1/22p3/2�J=2�→1s1/22s1/2�J=1� and
2p1/22p3/2�J=1�→1s1/22p1/2�J=1�. For these two transitions,
Fig. 1 displays the second-rank structure function from Eq.
�7� for different nuclear charges Z along the helium isoelec-
tronic sequence. While the E1 approximation �dotted line�
always leads to a constant value �cf. expression �9��, a strong
variation of the structure function is seen if the M2 �or even
the E3, i.e., the electric-octupole� component is taken into
account. Note, however, the different behavior of the struc-

ture function for the two transitions. For the 2s1/22p3/2�J
=2�→1s1/22s1/2�J=1� line, the structure function increases
with nuclear charge, leading to larger anisotropy, whereas it
decrease in its absolute value for the 2p1/22p3/2�J=1�
→1s1/22p1/2�J=1� transition. In the latter case, therefore, the
anisotropy of the corresponding K� is strongly suppressed
by more than a factor of 6 if, apart from the E1 radiation, the
much weaker M2 decay is taken into account, cf. the right-
hand panel of Fig. 1. This large effect arises mainly from the
interference of the E1 and M2 multipoles, while the M2
contribution to the decay rate �2p1/22p3/2�J=1�→1s1/22p1/2�J=1� re-
mains with less than 1% small.

Figure 1 also shows a good agreement for the structure
function as obtained within two different gauges for the elec-
tron coupling to the radiation field; in the computations be-

TABLE I. Hypersatellite transitions from the LL resonances of heliumlike ions. Beside the initial and final
state dominant configurations of the transitions, their classification into K�1 �2p3/2→2s1/2� and K�2 �2p1/2
→2s1/2� lines as well as the allowed multipole components are listed.

Resonance group
Doubly excited

initial state Transition
Singly excited

final state
Allowed

multipoles

L1/2L1/2 2s1/22p1/2 �J=0� K�2 1s1/22s1/2 �J=1� E1

K�2 1s1/22p1/2 �J=1� M1

L1/2L1/2 2s1/22s1/2 �J=0� K�2 1s1/22s1/2 �J=1� M1

L1/2L1/2 2s1/22p1/2 �J=1� K�2 1s1/22s1/2 �J=1� E1, M2

K�2 1s1/22p1/2 �J=1� M1, E2

K�2 1s1/22s1/2 �J=2� E1, M2, E3

K�2 1s1/22p1/2 �J=0� M1

L1/2L1/2 2p1/22p1/2 �J=0� K�2 1s1/22p1/2 �J=1� E1

L1/2L3/2 2s1/22p3/2 �J=2� K�1 1s1/22s1/2 �J=1� E1, M2, E3

K�1 1s1/22s1/2 �J=0� M2

K�2 1s1/22p3/2 �J=2� M1, E2, M3, E4

K�2 1s1/22p3/2 �J=1� M1, E2, M3

L1/2L3/2 2p1/22p3/2 �J=1� K�1 1s1/22p1/2 �J=1� E1, M2

K�1 1s1/22p1/2 �J=0� E1

K�2 1s1/22p3/2 �J=2� E1, M2, E3

K�2 1s1/22p3/2 �J=1� E1, M2

L1/2L3/2 2p1/22p3/2 �J=2� K�1 1s1/22p1/2 �J=1� E1, M2, E3

K�1 1s1/22p1/2 �J=0� M2

K�2 1s1/22p3/2 �J=2� E1, M2, E3, M4

K�2 1s1/22p3/2 �J=1� E1, M2, E3

L1/2L3/2 2s1/22p3/2 �J=1� K�1 1s1/22s1/2 �J=1� E1, M2

K�1 1s1/22s1/2 �J=0� E1

K�2 1s1/22p3/2 �J=2� M1, E2, M3

K�2 1s1/22p3/2 �J=1� M1, E2

L3/2L3/2 2p3/22p3/2 �J=2� K�1 1s1/22p3/2 �J=2� E1, M2

K�1 1s1/22p3/2 �J=1� E1, M2

L3/2L3/2 2p3/22p3/2 �J=0� K�1 1s1/22p3/2 �J=2� M2

K�1 1s1/22p3/2 �J=1� E1
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low, we applied the Babushkin and Coulomb gauges which,
within the nonrelativistic limit, are equivalent to the length
and velocity form of the corresponding transition amplitudes.
In the Babushkin gauge, in particular, some �multiple of a�
longitudinal vector potential is added to those as obtained for
the Coulomb gauge in order to test for the gauge invariance
of the computations �27�. Over the whole range of nuclear
charges, the structure functions f2 differ by less than �8%
from each other if only transition within the singlet or triplet
system of helium are considered and, for Z�36, the gauge
differences even become negligible for the present investiga-
tions.

A similar strong effect of the multipole mixing on the
structure function and the anisotropy of the HS emission is
found also for other fine-structure transitions. For example,
Fig. 2 displays the f2 functions for the 2p3/22p3/2�J=2�
→1s1/22p3/2�J=1� and 2p3/22p3/2�J=2�→1s1/22p3/2�J=2�
lines. For these two K�1 subtransitions, the shape of the
angular anisotropy is quite different in the E1 approximation;
while, for the 2p3/22p3/2�J=2�→1s1/22p3/2�J=1� transition,
the x rays are emitted predominantly perpendicular to the ion
beam, the photons leave the ion mainly parallel to the beam
for the 2p3/22p3/2�J=2�→1s1/22p3/2�J=2� line. In this case,
we have the modulus �f2��0.42 for both HS lines but with a
different sign for the two transitions. If the higher multipoles
are included, this value for the modulus of the structure func-
tion is reduced equally to �f2��0.28 due to the M2 contribu-

tions, giving rise to a much less pronounced angular distri-
bution of the emitted HS photons.

For the LL resonances with total angular momentum Jd
=1, the second-rank structure function f2 contains all of the
information about the anisotropy of a line as caused by its
electronic structure. A second structure parameter f4 is
needed only for Jd�2. In order to explore also the influence
of the multipole mixing on the angular distribution of the
Jd=2 decay lines, let us note that f4�0 in the E1 approxi-
mation as seen, for example, from the 6j symbol in expres-
sion �7�. Therefore, a nondipole decay mode is required to
have a nonvanishing f4 value, and this fact suggests already
that the fourth-rank structure function f4 is expected to be
small. This is confirmed by Fig. 3 in which this function is
shown for the 2s1/22p3/2�J=2�→1s1/22s1/2�J=1� line. The f4
parameter does not exceed the value 0.003 even for helium-
like uranium. In the following discussion of the K�1 HS, we
shall therefore neglect the contribution of f4 to the anisotropy
of these lines.

So far, we have discussed the effects of the multipole
mixing on the K�1 HS transitions for three LL resonances of
heliumlike ions, namely 2s1/22p3/2�J=2�, 2p1/22p3/2�J=1�,
and 2p3/22p3/2�J=2�, respectively. As seen from Table I,
however, there are two other LL resonances, 2p1/22p3/2�J
=2� and 2s1/22p3/2�J=1�, which can contribute to the K�1
radiation and might be influenced by the multipole mixing.
For these transitions, the structure functions f2 show indeed a
very similar behavior as discussed above, cf. Figs. 1 and 2
For example, the second-rank structure function f2 from the
MCDF computations for the transition 2p1/22p3/2�J=2�
→1s1/22p1/2�J=1� agrees with that for the transition
2s1/22p3/2�J=2�→1s1/22s1/2�J=1� �Fig. 1, left-hand panel�
within 1% for all nuclear charges. This agreement can be
easily understood within the IPM model if we describe the
K�1 HS lines simply as the 2p3/2→1s1/2 one-electron transi-
tion, with the second electron being just a spectator in either
the 2p1/2 or 2s1/2 subshell. Since the total angular momentum
of the spectator electron is the same in both cases, js=1 /2,
the structure function must be also identical in the IPM
model according to Eq. �11�. Similarly, the structure function
f2 practically coincides for the transition 2s1/22p3/2�J=1�
→1s1/22s1/2�J=1� with that for the 2s1/22p3/2�J=2�
→1s1/22s1/2�J=1� line �Fig. 1 right-hand panel�. Moreover, a
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FIG. 1. Second-rank structure function f2��dJd ,� fJf� from Eq.
�7� for the 2s1/22p3/2�J=2�→1s1/22s1/2�J=1� �left-hand panel� and
2p1/22p3/2�J=1�→1s1/22p1/2�J=1� �right-hand panel� transitions of
heliumlike ions as a function of nuclear charge Z. Calculations
within the electric-dipole approximation �dotted line� are compared
with the full account of all of the allowed multipoles. Results from
MCDF calculations are shown in Coulomb �solid line� and Babush-
kin gauge �dashed line�.
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FIG. 3. Fourth-rank structure function f4��dJd ,� fJf� from Eq.
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tion of heliumlike ions as a function of the nuclear charge Z. Nota-
tions are the same as in Fig. 1.
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similar analysis for the K�2�2p1/2→1s1/2� transitions shows
that all multipoles with L�1 are forbidden within the IPM
model. Therefore, the mixing of different multipoles are
likely to be small also within the MCDF approach for all
K�2 lines, even if these higher-order contributions are not
forbidden explicitly by the selection rules for the total angu-
lar momenta of the intermediate and final states.

Apart from the structure functions fk, the angular distri-
bution of a given HS line depends also on the alignment of
the doubly excited states as produced by the resonant elec-
tron capture. To calculate the alignment parameter A20,
MCDF wave functions were applied for the initial and inter-
mediate states, and both the static Coulomb repulsion as well
as the relativistic Breit interaction were incorporated into the
capture amplitudes ��dJd�V��0J0 , lj :Jd�, i.e., all computa-
tions were carried out with V=VCoulomb+VBreit. With the so
obtained alignment parameters and the structure function cal-
culated in the dipole approximation, the anisotropy param-
eters 
2 were found to be in very good agreement with the
previous computations by Chen and Scofield �16�, except for
the 2p1/22p3/2�J=1� resonance for which a factor of 4 differ-
ence was found; the reason of this discrepancy is unclear.

Figure 4 displays the angular distribution of the two HS
lines 2s1/22p3/2�J=2�→1s1/22s1/2�J=1� �left-hand panel� and
2s1/22p3/2�J=1�→1s1/22s1/2�J=1� �right-hand panel� for he-
liumlike uranium following the DR into the hydrogenlike
U91+�1s1/2� ions. Note that the angular distribution �5� is
transformed from the ion frame of the projectile into
the laboratory frame. For these LL resonances, a
strong alignment of A20�2s1/22p3/2J=2�=−0.890 and
A20�2s1/22p3/2J=1�=−0.918 was obtained. Within the E1
approximation �dashed lines�, this results in an anisotropy
of 
2�2s1/22p3/2J=2→1s1/22s1/2J=1�=−0.373 and

2�2s1/22p3/2J=1→1s1/22s1/2J=1�=0.324, respectively. If
higher multipoles are taken into account in the structure
function, the anisotropy becomes 
2�2s1/22p3/2J=2
→1s1/22s1/2J=1�=−0.479, i.e., it increases by �30%, while

2�2s1/22p3/2J=1→1s1/22s1/2J=1�=0.046 decreases even by
a factor of 7. For the latter transition, we therefore expect an
almost isotropic emission despite of the strong alignment of
the 2s1/22p3/2�J=1� resonance. It is obvious that such a
strong change of the anisotropy due to the M2 and higher
multipole contributions might affect also the overall emis-
sion pattern of the HS radiation.

B. Anisotropy of the K�1 hypersatellite radiation in U90+:
Comparison with experiment

A direct comparison of the calculated angular distribution
with measured data is difficult to be carried out for the K�1,2
�fine-structure� HS lines because of several experimental re-
strictions. In present-day collision experiments of relativistic
projectiles with gas-jet targets, difficulties may arise espe-
cially from uncertainties in the energy �profile� of the ion
beam, the still rather low resolution in the angle-resolved
x-ray detection as well as from statistics. In the measure-
ments by Ma and co-workers �12�, therefore only three rather
broad peaks were observed for the K�1, and similarly for the
K�2, HS radiation, and these peaks were assigned to the
emission from the L1/2L1/2, L1/2L3/2, and the L3/2L3/2 groups
of resonances �cf. Table I�. The �relative� population of the
individual resonances within these groups remained unclear,
in contrast, because of the incomplete knowledge of the ve-
locity distribution of the ions, the Compton profile �momen-
tum distribution� of the target electrons as well as the width
of the individual resonances �that differs by about a factor 2
between 30 and 60 eV�. In the computations, therefore, only
an equal electron distribution can be assumed at best for all
the resonances of a given group, e.g., by simply choosing the
initial population of the resonances due to their capture prob-
abilities �3�.

For the further analysis of the K� angular distribution, we
restrict ourselves to the x-ray emission that arises from the
four L1/2L3/2 resonances with J=1,2. For each of these reso-
nances, there occur several fine-structure transitions to dif-
ferent 1s1/22ljJf final states of the HS emission, and these
transitions have been summed incoherently by using the cal-
culated branching ratios. Such an incoherent summation ne-
glects possible interferences between neighbored resonances
but these effects are expected to be small for heliumlike ura-
nium. For the four resonances of the L1/2L3/2 group, Fig. 5
displays the calculated K�1 /K�2 intensity ratio for U90+ ions.
Again, two approximations are shown for only the E1 radia-
tion �dotted lines� as well as with full account of all allowed
multipoles �solid lines�. As seen from this figure, the multi-
pole mixing leads to an enhancement of the K�1 /K�2 ratio
by about 30% in all four cases. For the radiative decay of the
2p1/22p3/2�J=2� level, for example, the anisotropy parameter
increases from 
2=−0.499 in the E1 approximation to al-
most 
2=−0.637, if the higher multipoles are taken into ac-
count.

As argued above, a further assumption concerning the
�initial� population of the individual resonances need to be
made in order to compare the K�1 /K�2 intensity ratio with
previous computations and experiment. In the following,
here we simply apply the theoretical DR capture rates �i.e., a
constant probability distribution for the electrons which is
spread over all resonances of interest� in order to define their
relative population. In Fig. 6, the angular distribution of the
K�1 /K�2 ration is shown, averaged over the four reso-
nances, and compared with the measurements by Ma et al.
�12�. A very strong anisotropy of about −0.75 was found in
the experiment which is not reproduced by our theory, even
if higher multipoles are taken into account. Nevertheless, a
clear enhancement of the anisotropy is obtained for this ratio
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FIG. 4. Angular distribution of the 2s1/22p3/2�J=2�
→1s1/22s1/2�J=1� �left-hand panel� and 2s1/22p3/2�J=1�
→1s1/22s1/2�J=1� �right-hand panel� transitions of heliumlike ura-
nium ions following the K-LL DR. Calculations are performed
within the electric-dipole approximation �dotted line� and by taking
into account all of the allowed multipoles �solid line�. Results are
presented in the laboratory frame.
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from 
2
eff�K�1�=−0.398 in the E1 approximation to −0.509

with the full account of all multipoles. The E1 value also
compares well with the previous computations by Zakowicz
an co-workers �19� who obtained 
2

eff�K�1�=−0.384 in the
same approximation. While the experimental value could
nearly be obtained for a predominant population of the
2p1/22p3/2�J=2� resonance, the largest possible value in the
E1 approximation is just −0.499.

V. SUMMARY AND OUTLOOK

We have investigated the K� HS radiation of high-Z he-
liumlike ions following the DR of hydrogenlike projectiles.
In this study, emphasis was placed on the alignment of the
doubly excited ions and on the effects of the higher multi-
poles on the angular distribution of the subsequent K� emis-

sion. Within the density matrix theory, the anisotropy of a
given line is determined by the product of the alignment of
the intermediate LL resonances with a structure function that
purely depends on the electronic properties of the ions and
that includes the multipole mixing. Computations are per-
formed for the DR of initially hydrogenlike uranium with the
subsequent emission of the K� HS lines. We have shown that
the interference between the multipole components can ei-
ther decrease or enhance the anisotropy of individual fine-
structure transitions, and that this effect can be as large as a
factor of 6. A quite sizeable change occurs also for the effec-
tive anisotropy of the K�1 /K�2 ratio �when averaged over all
four resonances from the L1/2L3/2 group� which increases by
about 30%, in good agreement with experiment. Experiments
with higher resolution in the x-ray spectra and with the ex-
citation of just one of the K-LL resonances would therefore
be desirable in order to understand better the effects of
higher multipoles and relativity on the �DR� population and
decay mechanisms of high-Z ions.
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