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We present an analytic calculation for linear susceptibility in pump-probe spectroscopy for a Doppler
broadened atomic vapor. The analytic form of the population of each magnetic sublevel of a 87Rb atom,
illuminated by a weak circularly polarized pump beam, was calculated for the lowest order of laser intensity
and used in the calculation for the susceptibility of a counterpropagating �copropagating� probe beam. The
obtained analytic results for the susceptibility can be used for calculating the absorption or the refractive index
of the probe beam as functions of pump beam diameter and intensity.
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I. INTRODUCTION

In high resolution laser spectroscopy for a Doppler broad-
ened atomic vapor, such as saturated absorption spectroscopy
�SAS� �1–3� or polarization spectroscopy �PS� �1,4,5�, sub-
Doppler resolution originated from the fact that atoms be-
longing to a specific velocity group could interact with coun-
terpropagating pump and probe beams simultaneously. Since
these spectroscopic techniques are very simple and efficient,
although sub-Doppler resolution can be obtained from laser
cooled atoms �6�, these are still widely used in many labora-
tories for locking of laser frequency �7�. In the case of ele-
ments possessing complicated level structures such as alkali-
metal atoms, SAS or PS spectra are significantly influenced
by velocity selective optical pumping �VSOP� �3,8,9�. When
two different laser fields are employed unlike SAS or PS
where the pump and probe lasers are derived from a laser, as
well as VSOP, new interesting phenomena such as electro-
magnetically induced transparency �EIT� �10,11� or coherent
population trapping �CPT� �12� are observed. There are ex-
cellent studies on these subjects for developing applications
such as lasing without inversion �13�, enhancement of the
refractive index �14�, light storage �15�, and quantum-
information processing �16�.

Besides the phenomena which necessitate atomic coher-
ence such as EIT or CPT, the use of two independent lasers
enables us to observe interesting spectra such as elimination
of crossover resonances by using two copropagating pump
and probe beams �17�. Recently, there have been many re-
ports on VSOP spectra observed in dilute atomic vapor
�18–27�. Ghosh et al. reported experimental observation of
velocity-selective resonance dips for the 85Rb D2 transition
line �21� and explained VSOP spectra by simulation for a
five-level system �25–27�. They also reported observation of
EIT signal superposed on VSOP spectra of the 85Rb D2 line
�22�. In addition, the coherence effects observed in VSOP
spectra were reported for Na �20�, Li �23�, and 85Rb �24�
atoms. Although the measured spectra were well understood
by simple calculation, to our knowledge, there have been no
reports on studies of nonstationary phenomena, systematic

study on the dependence of polarization of the used laser
beams, or accurate analytic solutions for the spectra.

Recently, we reported on analytic calculations of the spec-
tra of SAS �28� and PS �29�. Extending the previous reports
further, in this paper, we present a theoretical study on ana-
lytic calculations for the susceptibility ��� in pump-probe
spectroscopy for a Doppler broadened vapor cell. Once � is
known, the birefringence �refractive index, n� and dichroism
�absorption coefficient, �� can be obtained by the following
equations �30�:

n � 1 + 1
2 Re �, � � k Im � ,

where k is the wave vector. Using the methods developed in
our study described in this paper, as far as weak pump beam
intensity is concerned, the analytic VSOP spectra depending
on various polarization configurations ��� or � polarization
for the pump and arbitrary polarization for the probe beam�,
pump beam intensity, and the diameter of the pump beam,
i.e., a nonstationary effect can be obtained. Since we are
interested in the situation of weak pump beam intensity, non-
linear phenomena such as EIT or four-wave mixing are not
shown �18,20�.

This paper is organized as follows. In Sec. II, we present
a method for calculation of the susceptibility for 87Rb atoms.
In Sec. III, we present the results of the calculation and the
explicit form of the analytic results for a specific experimen-
tal scheme. In the final section, we summarize the results.

II. THEORY

We consider the D2 transition of 87Rb atoms. As shown in
Fig. 1, the pump ��+ polarized� and probe beams overlap in
a vapor cell in counterpropagating or copropagating
schemes. Because the pump and probe beams are tuned at
the transition line from the lower or upper ground states, we
consider four schemes as depicted in Fig. 1. We define the
angular momentum quantum number of the ground state
where the pump �probe� beam is tuned as Fp �F�. As dis-
cussed in previous reports, we assume that the energy spac-
ings of the excited state are much larger than the natural
linewidth so that the off-resonant transition might be ne-
glected �28,29�.*hrnoh@chonnam.ac.kr
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When an atom interacts with pump and probe beams, the
internal dynamics of the atom is described by the following
density matrix equation:

�̇ = −
i

�
�H0 + Vpu + Vpr,�� + ��̇�sp, �1�

where � is the density operator, H0 and Vpu �Vpr� are the bare
atomic and interaction Hamiltonians with the pump �probe�
beam, respectively. ��̇�sp represents the spontaneous decay
terms. To obtain the induced polarizability, we decompose a
density matrix element �eg between the magnetic sublevels
�e� and �g� belonging to the excited and ground states, re-
spectively, as follows:

�eg = �eg
�pu�e−i	put + �eg

�pr�e−i	prt. �2�

In Eq. �2�, 	pu=	p�kpv and 	pr=	−kv are the frequencies
of the pump and probe beams experienced by an atom mov-
ing with a velocity v where the sign 
 ��� implies the coun-
terpropagating �copropagating� scheme, and kp and 	p �k and
	� are the wave vector and the angular frequency of the
pump �probe� beam, respectively. Then, we have the follow-
ing results:

�eg
�pr� = −

�e�D�g�Epr

i�� + 2��	pr − �Ee − Eg��
��gg − �ee� , �3�

where D is the dipole operator and Epr is the amplitude of the
electric field of the probe beam, � is the decay rate of the

excited state, and Eg�Ee� is the energy of the ground �ex-
cited� state. Since the intensity of the probe beam is much
weaker than that of the pump beam, the probe beam is ne-
glected in the calculation of �ee or �gg in Eq. �3�. The sus-
ceptibility is calculated from the polarizability P�pr�

=N Tr��D� averaged over the Maxwell-Boltzmann velocity
distribution, and is given by

� = − 	
−�

�

dv
33

4�2

N

�u

e−�v/u�2

� �
Fe=F−1

F+1

�
m=−F

F RF,m
Fe,m+1�PF

m − QFe

m+q�

i + 2�� − kv + �Fe

F+1�/�
, �4�

where N is the atomic density, u= �2kBT /M�1/2 is the most
probable velocity with M the mass of a 87Rb atom,  is the
resonance wavelength, � is the detuning of the probe beam
with respect to the transition Fg=F→Fe=F+1, q represents
the polarization of the probe beam, ��Fe1

Fe2 =EFe2
−EFe1

is the

hyperfine energy spacing of the excited states, and PFg

mg�QFe

me�
is the population of the ground �excited� state
�Fg ,mg���Fe ,me��. In Eq. �4�, the normalized transition
strength is given by �31�

RFg,mg

Fe,me = �2Le + 1��2Je + 1��2Jg + 1��2Fe + 1��2Fg + 1�

� �Le Je S

Jg Lg 1
� Je Fe I

Fg Jg 1
�

��Fg 1 Fe

mg me − mg − me
��2

,

where L, S, and I denote the orbital, electron spin, and
nuclear spin angular momenta, respectively. �¯� and �¯�
represent the 6J and 3J symbols, respectively.

To calculate the susceptibility in Eq. �4�, we must know
the analytic forms of the populations. We refer to Refs.
�28,29� for the detailed calculation of the populations. The
population of the ground state is decomposed as

PF
m = PFp→Fp+1

�F,m� ��p � kpv� + PFp→Fp

�F,m� ��p + �Fp

Fp+1 � kpv�

+ PFp→Fp−1
�F,m� ��p + �Fp−1

Fp+1 � kpv� −
2

2�2I + 1�
, �5�

where PFp→�
�F,m� ��� is the population of the ground state �F ,m�

when the frequency of the pump beam is tuned near the
transition Fp→�, and �p is the detuning of the pump beam
relative to the transition Fg=Fp→Fe=Fp+1. In the calcula-
tion of Eq. �4�, all of the excited-state populations are ne-
glected except for Q3

3 of the 87Rb atoms �28,29�. Then, Eq.
�4� becomes the following equation:
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FIG. 1. �Color online� The energy level diagram of the 87Rb
atom �top�. The thick �thin� lines denote the pump �probe� laser
beam. The frequencies are shown in units of MHz. A schematic for
velocity-selective optical pumping spectroscopy �bottom�. The
pump beam is �+ polarized and propagates along or opposite to the
probe beam’s propagation direction.
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� = − �
m=−F

F 	
−�

�

dv
33

4�2

N

�u

e−�v/u�2� RF,m
F+1,m+q

i + 2�� − kv�/�

+
RF,m

F,m+q

i + 2�� + �F
F+1 − kv�/�

+
RF,m

F−1,m+q

i + 2�� + �F−1
F+1 − kv�/�

�
� �PFp→Fp+1

�F,m� ��p � kpv� + PFp→Fp

�F,m� ��p + �Fp

Fp+1 � kpv�

+ PFp→Fp−1
�F,m� ��p + �Fp−1

Fp+1 � kpv� −
2

2�2I + 1�� . �6�

In calculating Eq. �6�, we must calculate the integration as
given by

I0 = − 	
−�

�

dv
33

4�2

N

�u

e−�v/u�2 PF→�
m �C2 � kpv�

i + 2�C1 − kv�/�
, �7�

where C1 and C2 are constants composed of various detun-
ings. As presented in Refs. �28,29�, PFp→�

�F,m� ��� is composed
of four types of elements such as �i� k1, �ii�
k1 exp�−k2s����t�, �iii� k1s����t exp�−k2s����t�, and �iv�
�p3+ p4s���� / �p1+ p2s����, where s���=s0 / �1+4�2 /�2�
with s0=2�� /��2 and � is the Rabi frequency of the pump
beam. The terms k1, k2, p1, p2, p3, and p4 are constants.

�i� When PF→�
m ���=k1, Eq. �7� is given by

I0 = ik1C0 exp�− �C1/ku�2� ,

C0 =
33

4�2

N

�u

��

2k
. �8�

�ii� When PF→�
m ���=k1 exp�−k2s����t�, Eq. �7� becomes

I0 = −
33

4�2

N

�u

exp�− �C1/ku�2�

� 	
−�

�

dv
k1

i + 2�C1 − kv�/�
exp�−

k2s0�t

1 +
4

�2 �C2 � kpv�2�
= C0 exp�− �C1

ku
�2�k1�i + L� �kp/k�C1 � C2

�
,k2s0�t�� ,

�9�

where

L�a,b� = − i −
2

�
	

−�

� 1

i + 2y
exp�−

b

1 + 4�a −
kp

k
y�2�dy .

�10�

In Eq. �9�, we have used the fact that ku��. As was vali-
dated in Refs. �28,29�, using an approximation given by

exp�−
b

1 + 4�a −
kp

k
y�2� � 1 −

b

1 + b + 4�a −
kp

k
y�2 ,

we have

L�a,b� �
b


b + 1

1

2a + i� kp

k
+ 
b + 1� . �11�

Since k�kp, we set kp /k�1 in Eqs. �9� and �11�, and in what
follows.

�iii� When PF→�
m ���=k1s����t exp�−k2s����t�, we have

I0 = − C0 exp�− �C1/ku�2�
k1

k2
L�C1 � C2

�
,k2s0�t� . �12�

�iv� Finally, when PF→�
m ���= �p3+ p4s���� / �p1+ p2s����,

I0 = −
33

4�2

N

�u

exp�− �C1/ku�2�	
−�

�

dv� k1

i + 2�C1 − kv�/�

�
p3 + p4s0�1 + 4�C2 � kv�2/�2�−1

p1 + p2s0�1 + 4�C2 � kv�2/�2�−1�
= C0 exp�− �C1

ku
�2�

� �i
p3

p1
− � p4

p2
−

p3

p1
�L�C1 � C2

�
,
p2

p1
s0�� . �13�

Using the results of Eqs. �8�, �9�, �12�, and �13�, Eq. �6�
becomes the following equation:

� = �BG + C0 �
�=F−1

F+1

D�
F+1 �

�=Fp−1

Fp+1

�
m=−F

F

RF,m
�,m+q

� MFp→�
�F,m� �� + ��

F+1 � ��p + ��
Fp+1�� , �14�

where the values MFp→�
�F,m� ��� for all possible transitions are

presented in the Appendix, and the Doppler factor is given
by

Dn
m = exp�− �� + �n

m

ku
�2� . �15�

In Eq. �14�, �BG represents the background susceptibility ex-
plicitly given by

�BG =
i

8
C0�k1DF+1

F+1 + k2DF
F+1 + k3DF−1

F+1� , �16�

where k1= 5
6 � 7

3 �, k2= 5
6 � 5

6 �, k3= 1
3 � 1

6 � for F=1�2� for the 87Rb
atoms. In Eq. �16�, the effect of the probe beam intensity was
neglected.

III. RESULTS

The locations of the resonance signals in the spectra are
determined by the following equation as can be known from
Eq. �14�,

� = � �p � ��
Fp+1 − ��

F+1, �17�

where the upper �lower� sign denotes the counterpropagating
�copropagating� scheme, �=Fp+1,Fp ,Fp−1, and �=F
+1,F ,F−1. Easy identification can be made graphically as
depicted in Fig. 2. Figures 2�a� and 2�b� show the results for
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the counterpropagating and copropagating schemes, respec-
tively, where the integers in circles denote �. In Fig. 2, the
circles lying in a specific vertical line contribute to the signal
with the same detuning of the probe beam.

In Fig. 2�a�, the displacements of the frequencies relative
to �=−�p are given by the following:

A0 = 0, A1 = − �1
2, A2 = − �0

2, A3 = − �2
3,

A4 = − 2�1
2, A5 = − �2�1

2 + �0
1�, A6 = − �1

3,

A7 = − 2�0
2, A8 = − �0

3, A9 = − 2�2
3,

A10 = − ��1
3 + �1

2�, A11 = − ��1
3 + �0

2� ,

A12 = − �2�2
3 + �1

2�, A13 = − 2�1
3.

The positions of the frequencies with respect to �=�p for the
copropagating scheme in Fig. 2�b� are given as

B0 = 0, B1 = �2
3 − �0

2, B2 = �0
1,

B3 = �2
3 − �1

2, B4 = �1
2, B5 = �2

3 − �0
1,

B6 = �0
2, B7 = �2

3, B8 = �1
3,

and Cn=−Bn for n=2, . . . ,8 with C5 missing.
We can obtain the susceptibility spectra for all possible

transition schemes using Eq. �14�. For instance, we present
the explicit analytic form of the calculated susceptibility for

Fp=2 and F=1 in a copropagating scheme where both the
pump and probe beams are �+ polarized as follows:

���� = �BG + C0�D2
2S1�� − �p − �1

3� + D2
2S2a�� − �p − �2

3�

+ D1
2S2b�� − �p − �2

3� + D0
2S3�� − �p − �2

3 + �0
1�

+ D1
2S4�� − �p − �2

3 + �1
2� + D0

2S5�� − �p − �2
3 + �0

2�� ,

�18�

where

S1��� = −
2145

47 488
L��

�
,

59

7200
�� −

275

8064
L��

�
,

19

800
��

−
295

17 172
L��

�
,

9

200
�� ,

S2a��� = −
103

784
L��

�
,

5

72
�� +

149

21 168
L��

�
,

3

32
�� ,

S2b��� = −
3575

142 464
L��

�
,

59

7200
�� −

375

15 232
L��

�
,

19

800
��

−
54 575

1 167 696
L��

�
,

9

200
�� ,

S3��� = −
25

1224
L��

�
,

19

800
�� −

25

1377
L��

�
,

9

200
�� ,

S4��� = −
1

16
L��

�
,

5

72
�� −

5

216
L��

�
,

3

32
�� ,

S5��� = −
1

70
L��

�
,

5

72
�� −

5

1512
L��

�
,

3

32
�� , �19�

where �=s0�t.
The result of Eq. �18� is shown in Fig. 3, where �p

=−�2
3− 1

2�1
2 and �=0.3�. The average time t= �
� /2�d /u

was used, where d�=3 mm� is the pump beam diameter and u
is the most probable velocity �32�. In Fig. 3�a�, the black �A�,
red �B�, and green �C� curves denote the real, imaginary, and
background-subtracted imaginary part of the susceptibility,
respectively. In Fig. 3, we can see that the signals are located
at the position expected from the calculation. The positions
of the five signals are �=�1

2 /2, −�1
2 /2, −�1

2 /2−�0
1, −�1

2 /2
−�1

2, and −�1
2 /2−�0

2 corresponding to S1, S2a�S2b�, S3, S4,
and S5, respectively. Figure 3�b� shows the transition scheme
for each resonance signal. In Fig. 3�b�, the thick �thin� ar-
rows denote the pump �probe� beam. The small red arrows
represent the frequency shift due to the Doppler effect,
kv= ��1

2 /2. We can see that the velocity group of v
= + �−��1

2 / �2k� contributes to the signals S2a, S4, and S5 �S1,
S2b, and S3�. At the condition for S2a and S2b, the pump and
probe beams constitute a �-type EIT configuration. How-
ever, the intensity of the pump and probe beams in our sys-
tem are too weak to exhibit an EIT signal. If the intensity of
both beams increases, a sharp dip occurs at S2a and S2b �22�.

Figure 4 shows spectra of the imaginary part of the sus-
ceptibility for some typical experimental schemes. Panels
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FIG. 2. The location of the resonance signals in �a� counter-
propagating and �b� copropagating schemes. The circles lying in a
specific vertical line represent the velocity groups contributing to
the equal signal.
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�a1�, �a2�, �a3�, and �a4� ��b1�, �b2�, �b3�, and �b4�� in Fig. 4
show the results for the scheme �i�, �ii�, �iii�, and �iv�, respec-
tively, in the counterpropagating �copropagating� scheme.
The frequency of the pump beam was tuned resonantly at

Fg=1→Fe=2 �Fg=2→Fe=3� for the schemes �i� and �ii�
��iii� and �iv��, i.e., �p=0, and that of the probe beam was
scanned. The Rabi frequency of the pump beam was �
=0.3�. We can see that the signals are located at the detun-
ings expected from Eq. �14�. If �p varies, the resonance sig-
nals shift in accordance with Eq. �17�.

IV. SUMMARY AND CONCLUSIONS

The spectra of the susceptibility for velocity-selective op-
tical pumping in a counterpropagating �copropagating�
scheme was analytically calculated �Eq. �14��. We assumed
that the intensity of the pump beam was much smaller than
the saturation intensity, the pump beam was �+ polarized,
and the polarization of the probe beam was arbitrary. It is
also possible to obtain the results for other polarizations of
the pump beam such as �− or �. Since the susceptibility was
obtained as a function of time, which is equivalent to the
beam size, we can obtain the spectra depending on the pump
beam size. The signals for the real �imaginary� part consist of
a finite number of dispersive �Lorentzian� functions with dif-
ferent amplitudes and widths. Each resonance signal results
from specific velocity groups. To the best of our knowledge,
accurate analytic results for the susceptibility of VSOP spec-
tra have not been reported previously. In the calculation of
the spectra, the effect of light pressure from a pump laser
beam was not taken into account, resulting in a slight modi-
fication of the signals �33,34�. The obtained analytic results
of the susceptibility can be used for easy prediction of the
spectra in many experimental situations.

-150 -100 -50 0 50 100 150

-0.05

0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

C

B

A

S
5

S
4

S
3

S
2a

+S
2b

S
1 Copropagating

F
p
=2, F=1

�
p
= -�

2

3
-(1/2)�

1

2

�/
C

0

(�-�
p
)/�

A Re[�]
B Im[�]
C Im[�-�

BG
]

(a)

S1S2bS3S4S5

F =2e

F =1e

F =0e

F =2g

F =1g

S2a(b)

FIG. 3. �Color online� �a� The calculated susceptibility for Fp

=2 and F=1 in a copropagating scheme where both the pump and
probe beams are �+ polarized. �b� The transition scheme respon-
sible for each resonance signal.

0.0

0.1

0.2

A
7

A
5

A
4

A
2
A

1

A
0

Counterpropagating
F

p
=1, F=1

0.0

0.1

0.2

0.3

0.4

0.5

A
10 A

6

A
3

A
1

A
0

Counterpropagating
F

p
=1, F=2

0.0

0.1

0.2

0.3

0.4

A
13

A
12

A
9

A
6

A
3

A
0

Counterpropagating
F

p
=2, F=2

-100 -50 0 50 100
0.0

0.1

0.2

A
11

A
10

A
8

A
6

Counterpropagating
F

p
=2, F=1A

3

( )/��� �p

C
6

C
2

C
4

B
0

B
2

B
4

B
6

Copropagating
F

p
=1, F=1

C
8

C
7

C
3

B
0 B

4

Copropagating
F

p
=1, F=2

C
8

C
7

C
4

B
0 B

4

B
7

B
8

Copropagating
F

p
=2, F=2

-100 -50 0 50 100

B
1B

3

B
5

B
7 B

8

Copropagating
F

p
=2, F=1

( )/��� �p

(a1)

(a2)

(a3)

(a4)

(b1)

(b2)

(b3)

(b4)

Im
(

)/
C

�
0

�p=0 �p=0

FIG. 4. The imaginary part of the susceptibility where �p=0. Panels �a1�, �a2�, �a3�, and �a4� ��b1�, �b2�, �b3�, and �b4�� represent the
results for the schemes �i�, �ii�, �iii�, and �iv�, respectively, in the counterpropagating �copropagating� scheme.

ANALYTIC CALCULATION OF LINEAR SUSCEPTIBILITY… PHYSICAL REVIEW A 78, 032506 �2008�

032506-5



ACKNOWLEDGMENT

This work was supported by the Ministry of Commerce,
Industry and Energy of Korea through the Industrial Tech-
nology Infrastructure Building Program.

APPENDIX

MFp→�
�F,m� ��� are presented as follows. MFp→�

�F,m� and L�b� are

the simple notations for MFp→�
�F,m� ��� and L� �

� ,b� with �

=s0�t, respectively. In Eq. �A3�, K�1,q denotes the Kronecker
� symbol with q representing the polarization of the probe
beam.
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