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Here we consider a class of 2®2 ® d density matrices which have positive partial transposes with respect to
all subsystems. The entanglement witness approach is used to investigate the entanglement of these density
matrices. To demonstrate the approach, the three-qubit case is considered in detail. For constructing entangle-
ment witnesses (EWs) detecting these density matrices, we attempt to convert the problem to an exact convex
optimization problem. To this aim, we map the convex set of separable states into a convex region, named
feasible region, and consider the cases in which the exact geometrical shape of the feasible region can be
obtained. In this way, various linear and nonlinear EWs are constructed. The optimality and decomposability of
some of the introduced EWs are also considered. Furthermore, the detection of the density matrices by the
introduced EWs are discussed analytically and numerically.
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I. INTRODUCTION

Bound entangled states, states with positive partial trans-
poses with respect to all subsystems, are of great importance
in quantum information processes [1-5]. One class of bound
entangled states is the three-qubit states considered in [6]
where the authors have used a separability criterion due to
Horodecki to show the boundness of such states. The bound-
ness of these states for some range of parameters is also
investigated in [7] using entanglement witnesses (EWs) and
in [8] from the perspective of convex optimization. Another
class of three-qubit bound entangled states has been dis-
cussed in [9] again by using EWs. The EWs are of special
interest since it has been proved that for any entangled state
there exists at least one EW detecting it. The EWs are Her-
mitian operators which have non-negative expectation values
over all separable states while they have negative expectation
values over, that is, they are able to detect, some entangled
states [10,11].

In this paper, first we consider a generalized form of the
above bound entangled states for the 2®2 ® 2 case and use
EWs approach to analyze their entanglement. As these states
are 8 X 8 matrices like a chessboard, hereafter we will refer
to them as chessboard density matrices. Then we extend
them for the 2®2 ®d case and also refer to them as chess-
board density matrices for simplicity. For constructing the
relevant EWs, we attempt to convert the problem to an exact
convex optimization problem. This method is general and
one can apply it for multiqubits in a similar way. Just with a
few changes in notation, all of the 2®2®?2 witnesses con-
structed in this way are also applicable in the 2®2 ® d case.
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As the dimension d of the third subsystem increases, the
number and categories of EWs increase while the procedure
is the same in general. Convex optimization techniques have
been widely used in quantum information problems recently
[12-23]. In Refs. [24-28] the problem of constructing EWs
was converted to a linear programming problem, a special
case of a convex optimization problem, exactly or approxi-
mately. To this aim, the convex set of separable states was
mapped into a convex region, named feasible region (FR).
The FR may be a polygon by itself or it may not. When FR
was not a polygon, it was approximated by a polygon. In this
way, the problem was converted to a linear programming
problem whose linear constraints came from the exact or
approximated boundary surfaces of FR.

Here we consider the cases that the geometrical shape of
FR can be obtained exactly and hence convert the problem to
an exact convex optimization problem. Any hyperplane tan-
gent to the FR corresponds to a linear EW. According to the
geometrical shape of FR, we can or cannot construct nonlin-
ear EWs. It is shown that when the geometrical shape of FR
is a polygon, all EWs are linear; otherwise it is possible to
construct nonlinear EWs. In the previous works where a non-
polygonal FR was approximated by a polygonal one, the
number of obtained linear EWs was not sufficient for con-
structing nonlinear EWs. However, in the present work
where we consider the exact geometrical shape of a nonpo-
lygonal FR, any hyperplane tangent to the surface of FR is a
linear EW. Therefore, there exist innumerable linear EWs
which are enough for constructing a nonlinear EW as the
envelope of linear functionals arising from them. By con-
struction, a nonlinear EW plays the role of innumerable lin-
ear EWs as a whole and hence it may detect bound entangled
states. Our approach is typical and can be applied in all cases
where the exact geometrical shape of FR is known.

The paper is organized as follows. In Sec. II, we review
the basic notions and definitions of EWs relevant to our
study and describe our approach of constructing EWs. Then
we present a generalized form of a class of three-qubit den-
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sity matrices of [6]. In Sec. III, we consider the construction
of linear and nonlinear EWs that can detect the mentioned
density matrices. Section IV is devoted to an analysis of
optimality of the introduced EWs. It is proved that some of
the introduced EWs are optimal. In Sec. V, we consider the
detection of a mentioned density matrix by introducing EWs
analytically and numerically. Section VI is devoted to the
comparison of our results with those of the other works. In
Sec. VII, we extend the three-qubit case to the 2®2 ®d case
and we show that the method is general and one can also
apply it for multipartite chessboard density matrices. This
extension neither changes the structure of positive partial
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transpose (PPT) conditions nor the structure of EWs. In Sec.
VIII, we analyze the detection ability of the introduced EWs
for 2®2®2 and 2®2®3 chessboard density matrices nu-
merically.

II. PRELIMINARIES

A. A class of three-qubit density matrices with positive partial
transposes

Here we consider a generalized form of a class of three-
qubit density matrices presented in [6],

a 0 0 0 0 0 0 re®
0 b 0 0 0 0 ez 0
0 0 ¢ 0 0 e 0 0
0 0 0 d e 0 0 0
. 1
0 0 0 rge' o = 0 0 0
1 d
p=- , (2.1)
n . 1
0 0 re™s 0 0 - 0 0
¢
_ 1
0 e 0 0 0 0 b 0
» 1
rie 0 0 0 0 0 0 -
a

where a,b,c,d are non-negative parameters, O0<r;<1 for i
=1,2,3,4, and n:(a+b+c+d+i+é+£+;11). It is easy to see
that this density matrix has positive partial transposes with
respect to all subsystems, i.e., it is a PPT state. The density
matrix of [6] is a special case of p where ¢,=0, r;=1, r,
=r3=r,=0, and a=1. We want to show that for some values
of the parameters, p is a PPT entangled state. To this aim, we
will construct various linear and nonlinear nondecomposable
EWs that are able to detect it.
Written in the Pauli matrices basis, p has the form

1
p= §[111+ r3000'ZU+ r030]0'21+ r003110'z+ r3300'z0'Z[

+ 1303010 + 1g33[0,0, + 1333000, + 1(0,0,0,,

+ 711205050y + F1210,0,0, + 12110,0,0, + I'20,0,0,

(2.2)

+ r2120'y0'x0'y + }”2210');0'),0')( + r2220'y0'y0'y],

where the coefficients r;; are given in Appendix B. We will
try to construct our nondecomposable EWs by using Pauli
group operators appearing in the p. But before this, let us
review the basic notions and definitions of EWs relevant to
our study.

B. Entanglement witnesses

Let us first recall the definition of entanglement and sepa-
rability [29]. By definition, an n-partite quantum mixed state
p € B(H) (the Hilbert space of bounded operators acting on
the Hilbert space H=H, ® "'®Hdn) is called fully sepa-
rable if it can be written as a convex combination of pure
product states, that is,

s

p=2pilat"Na!| @ [d?N | @ -+ ® "N al”
i

(2.3)

where |a§7)) are arbitrary but normalized vectors lying in the
H,, and p;=0 with Z,p,=1. Otherwise, p is called en-
tan':gled. Throughout the paper, by separability we mean fully
separable.

An entanglement witness (EW) W is a Hermitian operator
which has non-negative expectation value over all separable
states p, and its expectation value over, at least, one en-
tangled state p, is negative. The existence of an EW for any
entangled state is a direct consequence of the Hahn-Banach
theorem [30] and the fact that the subspace of separable den-
sity operators is convex and closed.
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Based on the notion of partial transpose map, the EWs are
classified into two classes: decomposable (d-EW) and non-
decomposable (nd-EW). An EW W is called decomposable if
there exist positive operators P, Qg such that

W=P+ > Q¥

KCN

(2.4)

where NV:={1,2,3,...,n} and Ty denotes the partial trans-
pose with respect to partite K C N and it is nondecomposable
if it cannot be written in this form [31]. Clearly, d-EWs can-
not detect bound entangled states [entangled states with posi-
tive partial transpose (PPT) with respect to all subsystems]
whereas there are some bound entangled states which can be
detected by an nd-EW.

A nonlinear EW associated to an entangled density matrix
o is simply a nonlinear functional of @ such that it is non-
negative valued over all separable states, but has negative
value over the density matrix @. A nonlinear EW can be
viewed as the envelope of a set of linear functionals Tr(Wp)
that arise from the corresponding linear EWs W.

Usually one is interested in finding EWs W which detect
entangled states in an optimal way. An EW W is called an
optimal EW if there exists no other EW which detects more
entangled states than W. It is shown that the necessary and
sufficient condition for optimality of an EW W is that there
exist no positive operator P and €>0 such that W' =W
—€P be again an EW [32].

C. Constructing EWs via exact convex optimization

Let us consider a set of given Hermitian operators Q;. By
using these operators, we will attempt to construct various
linear and nonlinear EWs. To this aim, for any separable
state p, we introduce the maps

P;=Tr(Q:p,),

which map the convex set of separable states into a convex
region named the feasible region (FR). Any hyperplane tan-
gent to the FR corresponds to a linear EW, since such hyper-
planes separate the FR from entangled states. Hence, we
need to determine the geometrical shape of FR. In general,
determining the geometrical shape of FR is a difficult task.
However, one may choose the Hermitian operators Q; in
such a way that the exact geometrical shape of FR can be
obtained rather simply. By such a choice, when the FR is a
polygon, its surface corresponds to linear EWs which are
linear combinations of the operators Q;; otherwise, linear
EWs come from any hyperplane tangent to the surface of FR.
When the FR is not a polygon, besides the linear EWs it is
possible to obtain nonlinear EWs for the given density ma-
trix.

To obtain the geometrical shape of FR, we note that every
separable mixed state p, can be written as a convex combi-
nation of pure product states, so the subspace of separable
states S can be considered as a convex hull of the set of all
pure product states D. Thus first we specify the geometrical
shape of a region obtained from mapping of D under the
P;’s. If the resulted region is convex by itself, we get the FR,
otherwise we have to take the convex hull of that region as
FR.

(2.5)
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In this paper, the operators Q; are chosen as linear com-
binations of Hermitian operators in the Pauli group G,, a
group consisting of tensor products of the identity /, and the
usual Pauli matrices o,,0, and o, together with an overall
phase =1 or *+i [33-35].

III. CLASS OF THREE-QUBIT EWS

In this section, we want to introduce various nd-EWs for
the density matrix p of Eq. (2.1). To simplify the analysis, let
us classify these EWs according to the shape of relevant FRs:
polygonal, conical, cylindrical, and spherical. Hereafter, we
will use the following notation for the three-qubit Pauli
group operators:

(3.1)

where oy, 0}, 05, and o stand for the 2 X 2 identity matrix /,
and single qubit Pauli matrices o,, o, and o, respectively.
Let us begin with the polygonal case.

Oijkzo-i®0-j®0-k’ i,j,k=O,1,2,3,

A. EWs with polygonal FR
Let us consider the following operators:

01°=0333. 05°=0,;,+ (- 1))y,

05°= 0,5+ (= 1)*10yy),

and try to construct nd-EWs from them for detecting p. To
this end, we define the maps

P;=Tr(Q°| )| B)|y){ (B ¥

for any pure product state |a)|8)|y). In this case, the FR is a
polygon whose boundary planes are as follows:

(= DI'Py+ (= 1Y2Py + (= 1)53Py =1, (j1,ja.j3) € {0,1F°
(3.2)

i=0,1,

), j=1,23

(for a proof, see Appendix A). These planes can be rewritten
as

min  Tr([1 - (= 1108 = (= 1)205° — (= 1)305°]| )| B y)
[a)|B)] )

X{al(BI(¥]) =0.

It is seen that the operators in brackets have non-negative
expectation values over all pure product states, hence they
give rise to the following linear EWs:

Twro

11121314

=1+ (- 1)10333+ (- 1)20, 1, + (- 1)30 5,
+ (= 140y + (= D2H3+at1 0, (3.3)

where (iy,i,,i3,is) €{0,1}*. Besides the above 16 EWs, we
can construct other 16 EWs by using the fact that local uni-
tary operators take an EW to another EW. For this purpose,
we enact the phase-shift gate

n=ly )

locally on the first qubit which takes o, — o, 0y——0, and
o,— o, under conjugation, and get
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Wi, = MW,

fiat3ly iyi i3i4)MlII=III+ (_ 1) |0333 + (_ 1) 20111
+(= 1305+ (= 1)1 0y + (- 1)25%40,,,.
(3.4)

We could replace Qll) ¢ with the operator 0,0/ or any cyclic
permutation of it, but since these lead to d-EWs we do not
consider such cases here. In this way, we have constructed 32
linear EWs with polygonal FR.

B. EWs with conical FR

For this case, we consider the following Hermitian opera-
tors:

Q?O =Opjs ng =0+ (- Uiijl’

ng =O0y;+ (- 1)i0j1k, i=0,1,

where k'j'l" is one of the triples 333, 330, 303, 033, and kj!
is one of the triples 122, 212, 221. Now we try to determine

the exact shape of the FR. The FR is a cone given by
(1+P)=P5+P; (3.5)

(for a proof, see Appendix A), where
P;=Tr(Q5°|a)| B) yXal(BI( A

We assert that any plane tangent to the FR corresponds to an
EW. To show this, we maximize the function

), j=12,3.

f(Pl,Pz,P3):A1P1 +A2P2+A3P3, (36)

where A; are real parameters, under the constraint (3.5). This
is a convex optimization problem since the function and its
constraint are both convex functions. Using the Lagrange
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multiplier method shows that this maximum is £A provided
that A%=A§+A§. It is easy to see that the plane A{P{+A,P,
+A;P3=*A, is tangent to the surface (3.5) at the point
(-A; £1,A,,A5). This plane can be rewritten as

‘ Téil > Tr{[A 1] = A, 0F° = (A,05° + A305°) ]| )| B)] ¥){al
@)|B)| V)

X(Bl{A=0.
Thus the operator
WE = AT+ A,07° * (4,05° +A505°)

has a non-negative expectation value over all pure product
. . . A
states, hence it can be a linear EW. By defining cos ¢/= A—? and
. A . .
sin 1,//=A—‘:, W< is rewritten as
k! Jl/ .
/ kj(l),ii =1l = Okljlll + COos 170[0111 + (— 1)’Okﬂ]
+sin YOy + (= 1)'0yl,

where i=0,1. Now we obtain nonlinear functionals of p,

(3.7)

hence nonlinear EWs, by optimizing T (*/ ,l'Wf;;‘ii)p] with
an appropriate choice of the parameter  as a functional of p.
We note that

Tr[(kj ! ng(;,it)p] =1=* rk’j’l’ + Ccos I,b[rl” + (— l)irkﬂ]

+ sin l,b{r[kj + (— l)irﬂk].

By defining

B rin+ (= Dirgg
cos 7= — —
VI + (= D™ + L + (= D'rjye]

T (¥ ’l’WkCﬁ,it)p] can be rewritten as

Tf[(k s WE_;‘?,;‘:)P] =1 Erjp+ \’/["111 +(= 1)i’”ka]2 + ["zk/"" (- 1)i”j1k]2005(¢— 7),

which takes its minimum value for ¢— n=r.

1! . 1t / Iy n
A Ffﬁ,;t(P) = min Tr[(* /" ng(;,ii)p] =1 % i = N[+ (= Dl + [rgg + (= D

(3.8)

These are the required nonlinear functionals, hence nonlinear EWSs, associated with p. It is seen that the number of such

nonlinear EWs is 48.

We can obtain other 48 linear EWs from /l’ij‘;Ji by conjugating them with M1I. This gives further 48 nonlinear EWs

of the conical case as follows:

SIS0 (p) = min T MU "W )M TIp] =1 % ryjy — VIrpgs + (= Dirg P+ [ + (= Dy 2.

Here kjl is one of the triples 211, 121, and 112.

(3.9)

In this way, we have constructed 96 nonlinear EWs with conical FR.

C. EWs with cylindrical FR

The second type of nonlinear EWs for p can be derived by considering the following operators:

O =0pjip, 05 =01+(=1)0y,
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0§ = Ouj+(=D™0j, i=0,1,

where k'j'l’ is one of the triples 300,030,003, and kjl is one of the triples 122,212,221. It can be shown that the FR has the
cylindrical shape

P2+ (Py+Py)?=1. (3.10)

The maximum value of the function (3.6) under the constraint (3.10) is \rA%+A% provided that A,=A; and this leads to the
linear EWs

CITW = I+ (cos ) Oprjryp +sin Y1011 + (= 1)10,+ (= 1)20,+ (= 1251041 (3.11)

kjliiyiy

gt
where cos ¢=A,/VAT+A3 and i;,i,=0, 1. Similar arguments as above show that /" Wfﬁ;il i, give rise to nonlinear EWs for p

as follows:

e ng}llgiliz(p) = min Tr[ (/" Wfﬁ;iliz)p] =1- \/ri'j'l’ +[rypp+ (= D+ (= 1) 2+ (= D)2y 12 (3.12)

The number of these nonlinear EWs is 36. We obtain other 36 nonlinear EWs of this type by conjugating Ki'l /W,Sﬁ i with M11
as follows:

k'l gCy

i i, (P) = min TIMI( T Wi, M TIp) =1 - \/ri'j’l’ + [y + (= Dt + (= D2+ (= D24y 120 (3.13)

Here kjl is one of the triples 211, 121, and 112, and i,,i,=0,1. In this way, we have constructed 72 nonlinear EWs with
cylindrical FR.

D. EWs with spherical FR

The third type of nonlinear EWs for p follows from the operators

oY= O jrrrs 0’=0+ (- DO,

0P =0y + (- 10y, i=0,1,

where k'j'l" is one of the triples 300, 030, 003, and kj! is one of the triples 122, 212, 221. In this case, the FR is of spherical
shape

Pi+P5+P3=1. (3.14)
The maximum value of the function (3.6) under the constraint (3.14) is VA]+A3+A3 and this leads to the linear EWs
ki W,fﬁ)i =111 + (sin 7 cos {)Oprjrp + sin 7sin LLO}; + (= 1)'Oy ] + cos 7Oy + (- 1)'0j], (3.15)
where

. Ay . . Ay A
sin 7cos { = —=——=, Sinysin{= ——7=—=, C0S = TFT—F—7=.
VAT + A3+ A3 VAT + A2+ A3 VAT + A2+ A3

The 18 nonlinear EWs which correspond to * /" W,fjp,,i are

CITESD (p) = min TIL(*T W )p) = 1=\ + [riny + (= Dl + [y + (= Dirg P (3.16)

We obtain other 18 nonlinear EWs of this type by conjugating K ’I’Wlfjp[’i with MII as follows:

KBS (p) = min T MII*T "W )M TIp) = 1 =1+ [rams + (= D P+ [+ (= Dy, (3.17)
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Here kjl is one of the triples 211, 121, and 112. In this way,
we have constructed 36 nonlinear EWs with spherical FR.

IV. OPTIMALITY OF THE EWS

In this section we discuss the optimality of the EWs in-
troduced so far. Let us recall that if there exist €>0 and a
positive operator P such that W =W—€P be again an EW,
the EW W is not optimal, otherwise it is. Every positive
operator can be expressed as a sum of pure projection opera-
tors with positive coefficients, i.e., P=2\|¢){¢;] with all
N;=0, so we can take P as pure projection operator P
=|y)(y]. If W’ is to be an EW, then |¢) must be orthogonal to
all pure product states that the expectation value of W over
them is zero. The eigenstates of each three-qubit Pauli group
operator can be chosen as pure product states, half with ei-
genvalue +1 and the other half with eigenvalue —1. In EWs
introduced so far, there exists no pair of locally commuting
Pauli group operators, so the expectation value of such Pauli
group operators vanishes over the pure product eigenstates of
one of them. Regarding the above facts, we are now ready to
discuss the optimality of introduced EWS.

A. Optimality of EWs with polygonal FR

Let us begin with EWs of Eq. (3.3). We discuss two cases
i;=0 and i;=1 separately. For the case i;=0, note that we
can take the pure product states

Z’_>

Z;_>9

-

as eigenstates of the operator o
the following ones:

z3-)

0,0, with eigenvalue +1 and

Z;- 4.1)

-

5=, (4.2)

z3=)z5=)
as eigenstates with eigenvalue —1. The EWs Wg;;gi have

zero expectation values over the states of Eq. (4.2), so if
there exists a pure projection operator |¢){(y| that can be
subtracted from EWs Wr° . . | the state |/) ought to be of the

0iyiziy>
form

—>Z
=)z=)

=)

Z;—)+a

+a_,_
(4.3)

Expectation values of W001 i, Over pure product eigenstates of

the operator 0,00, W1th elgenvalue —1 are zero, so |¢)
should be orthogonal to these eigenstates. Applying the or-
thogonality constraints gives the following equations:

b+ [+ =l = a_,_+a_,)=0,

/_(a+++ ay _—

(x; + |<x - |<x + ||¢_ ’—(a+++ a, _+a_, —a_,)=0,
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= [+ [ + [y = _—a_,)=0,

/—(a+++ ta,_—a_y

(x; _|<x _|<x _H'M_ /_(a++++a+——+a _+a__,)=0.

The solution of this system of four linear equations is a,,
=a,_=a_,_=a_,=0. Thus |¢)=0; that is, there exists no pure
projection operator |¢/)(i], hence no positive operator P,
which can be subtracted from WOOl i, and leave them EWs
again. So the EWs Woo” are optlmal Similar argument
proves the optimality of EWs Wg‘l’l iy

As for EWs W | the state |z,/f> (1f it exists) ought to be

Liyisiy?

of the form
|¢>=a++— 5 Z,_>
+a s=zs=)lz-).

(4.4)

The same argument as above shows the impossibility of the
existence of such |i). Therefore, the EWs W' . are also

Liyiziy
optimal.

B. Optimality of EWs with conical FR

The optimality of EWs *°W{3, ., has been proved in [36],
so we talk about the optimality of EWs 333WC2°21+ Let us
first find pure product states that the expectation value of
333 W(I:;Zit over them vanishes. For this purpose, we consider

a pure product state as follows:
3
0, 0,
® =L [;)si _i) = ’
lv) = 2 {cos( 2) )sm( 5 Iz )}
(4.5)

and attempt to choose parameters 6, and ¢; such that
Tr{ (P W, . [v)(2]1=0. By direct calculatlon this trace is

T P WSy 2.i=)|[¥X{(¥[]=1 = cos 6; cos 6, cos b

+ sin 6, sin 6, sin 6,

X {cos cos @ cos[ @, + (= 1)+ 5]
+sin ¢rsin @; sin[@, + (- 1)'¢3]}.
(4.6)

It is easy to see that the following four choices of parameters
0; and @; lead to zero value for the trace of 333W%)2,0t5

T 37 T
|V1+> 02_03_5’ 61=77 Qo =, (,02=§D3=Z,
T 37 T
|V2+> 01—93—5’ 92—77 o=, <P2=¢’3=Z,

Pr=P3=—

&3
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T 37 T
|V4+>1 91:03:5, ‘92=7, e ==, <P2=(,D3=—Z.
For 3 122,04» the state |y (if it exists) must be of the form

(4.3) and be orthogonal to the above four states, i.e.,

o)
Vi —2\5 — Qg tia,__+exp|—il g+ 1

X(a_+_+a__+)} =0,

ool
2L = —a,,, —ia, _—exp|—i (/1+4

X (a—+— - Cl__+)} =0,

SORTRINR
V3| Y -y, —ia,__+exp|i 1//+4

><(a_+_+a__+)} =0,

3o vinmsol v )
<V4+|¢>— 2\5 = Ay tia,__—exp|i| Y+ 4
><(a_+_—a__+)} =0.

The above system of four equations has the trivial solution
a,,=a, =a_, =a_,=0 provided that ¢+ * 7, i%”. This
proves the optimality of 333W1C2°2,0 , for all but =7, = 37” val-
ues of . Similarly, the optimality of 333W?§2’0_ is proved for

the same values of .
V. DETECTION OF p BY EWS
In this section, we consider the problem of detection of p

by the introduced EWs.

A. Detection of p by the EWs with polygonal FR
First we begin with 16 EWs IWf](?zau of Eq. (3.3). For
these EWs we have .
Tr(lwaz@uP) =1+ (= Dltrgg+ (= D2rypy + (= 1)y
+ (= Dfary o+ (= D)2¥5He ey o (500)

It is seen that p is detectable by IWPI

i . if the parameters of
2°3%4
p satisfy the following conditions:

1 1 1 1
btc+—+—-< *drjcosg;, a+d+-+—
a d b ¢

< *4rjcos ¢, j=1,2,3,4. (5.2)

For the 16 EWs 2Wl.’f2

iyigisi

2 of Eq. (3.4), we have
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Tr(Pwr,

iy P) = 1+ (= D733+ (= 12y + (= 1)5ryp

+ (= D)+ (= 1)2¥5%ap (5.3)

The detection condition imposes the following constraints on
the parameters:

1 1 ) I 1
btc+—+—-< *dr;sing;, a+d+_+—
a d : c

< :drsing, j=1,23,4.  (5.4)

B. Detection of p by the EWs with conical FR
The detection conditions obtained from 48 nonlinear EWs
ki "'F’,fﬁ;ii(p) of Eq. (3.8) together with 48 nonlinear EWs
KITECS . (p) of Eq. (3.9) are

1 1\? 1\?
a+—+b+—| <4w, a+—+c+—| <4w,
a b a c
1\? 1 1\?
a+—+d+—| <4w, b+—+c+—| <4w,
a d b c
1 1\? 1\?
b+—-—+d+—| <4w, c+—+d+—| <4w,
b d d
1\? 1\?
(a+—+d+—> < 4w, <b+—+c+—> < 4w,
c a d
(5.5)

where w=u,u,,u3;0,0,,03 and

uy = (ry cos @y = r3c08 ©3)% + (1 COS @) F 74 COS @4)°,
Uy = (ry oS @; * 13 cos @3)% + (1, cOS @y F 14 COS @4)°,
uy=(ry cos @; * 15 cos @)% + (13 cos @3 F ry cos @4),
vy = (rysin @y * rysin @3)* + (r; sin @ F ry sin @y)?,
v, = (r sin @ * rysin @3)* + (r, sin @, F ry sin @y)?,

vy =(r sin @ * ry sin @,)% + (r3 sin @3 F ry sin @;)°.
(5.6)

C. Detection of p by the EWs with cylindrical FR
The detection conditions obtained from 36 nonlinear EW's
K ’I,Ffﬁ;il iz(p) of Eq. (3.12) together with 36 nonlinear EWs
k,j,l,Ffﬁ;iliz(p) of Eq. (3.13) are
5 < 16r; cos” @, ;< 1677 sin” @, i=1,2,3:j=12,3.4,
(5.7)

where
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=(a+b+ +d)<l+l+l+l)
a=d ¢ a b ¢ d)

1 1 1 1
z2=<a+b+—+—><c+d+—+—),
c d a b

1 1 11
z;=<a+c+—+—>(b+d+—+—).
; b d a c

(5.8)

Unfortunately, as the following argument shows, the condi-
tions (5.7) are not held for p. We can write

(a b) (a c) (a d) (b c)
=4+ -+ |+|{—+—)+| -+ |+ -+
b a c a d a c b

(b d) (c d)
+| =+ /+| -+
d b d c¢

The two terms in each set of parentheses are the inverse of
each other, so the value of each expression in parentheses is
greater than or equal to 2, and hence z; = 16, while according
to Eq. (5.7) z; < 16. Similar arguments show that z,,z3=16,
but according to Eq. (5.7) they are smaller than 16.

D. Detection of p by the EWs with spherical FR

Finally, the detection conditions obtained from 18 nonlin-
ear EWs ¥/ F,fjpl;i(p) of Eq. (3.16) together with 36 nonlin-
ear EWs */'! F,fjp,;i(p) of Eq. (3.17) are

Zi<4uj, Z,-<4vj, i,j=1,2,3,

where z;, u;, and v; are defined as in Egs. (5.8) and (5.6).

VI. COMPARISON WITH OTHER WORKS

If we put a=b=c=d=1, ri;=ry=1, and ¢;=¢,=0, the de-
tection conditions (5.5) give

4 <4+ (ry cos @3 — 14 cOS @;)>.

Hence, this case is detected by our EWs unless r3 cos @3
=r4 cos ¢4. Further inspection shows that if in addition, ¢;
=¢,=0,, then p is separable. So for the choice of param-
eters as a=b=c=d=1, ri=r=1, ¢=¢,=0, and @3=¢,
=0, m, the p is separable if and only if r;=r,, in agreement
with Ref. [9].

For the case a=1, 0<b,c,$<l, ri=1, ¢,=0, and r,

=r3=r4=0, we have
1
2(b+c+——3>
d
T

1
24b+c+d+—+—+—
b ¢ d

Te('Wi5,p) =

This trace attains its minimum value —0.3371 at b=c=
=0.3798 and hence improves the result —0.1069 at b=c=
=0.3460 of Ref. [7].

For the case a=1, 0<
=r3=r,=0, we have

U=

11

b’c’d<l’ rlzl, (,D]ZO, and }”2

PHYSICAL REVIEW A 78, 032313 (2008)

1 1
2<—+—+d—3)
b ¢

1 1 1
24b+c+d+—+—+—
b ¢ d

Tr(' Woioip) =

=d

This trace attains its minimum value —0.3371 at i=%

=0.3460.

VIL 2®2®d CHESSBOARD DENSITY MATRICES

In this section, we generalize previous three-qubit chess-
board density matrices to the 2®2 ®d case such that they
satisfy PPT conditions. As a result of this extension, the form
of EWs remains the same. It is enough to change the notation
slightly. The approach can be applied even for higher dimen-
sions and for multiqubits although the number and classifi-
cations of EWs increase. Using some new algebraic notation
for the 2®2 ®d case, we can write the relevant chessboard
density matrices as follows:

1 d
Piapy= 2 (2 alil0jk)0jk| + 550X 18] + Zi5|17B)
Jj=0 \k=1 ‘ '

X(0jal + Z40jB)(1ja] + 220|170 | + 22]0j»)
_ i — 1 1
X(Ljyl + 2| 1jyX0jy + I LjaXLjal + —5]1j8)
7 g ajg

. [P
x(1;p] +7y|1n><1n|>~ (7.1)
a’.

i
Here j=0 if j=1 and vice versa and

a#B=0,....d-1, O<sa<p<d-1, 0<y<d-1,

& explicl).

v . jv
= jn n = r;_M exp(—i¢7,).
For a given « and g, if r;—.;$1 for every j,u,v then these
density matrices have positive partial transposes with respect
to all subsystems, i.e., they are PPT states. All of the three-
qubit EWs discussed previously are also EWs for these den-
sity matrices if we make the replacements

L1, o=\l 0,—\2\os 0. Ega—Epgp
(7.2)

in the operators acting on the third subsystem (see Appendix
C). In the following subsections, we will use the replace-
ments (7.2) to discuss the similar categories of EWs for the
2®2®d case. Note that in all categories

a#pB=0,....d-1 and O0sa<pB=sd-1.

A. Polygonal EWs

Usin§ the above notations, for the polygonal case we have
32(“{‘12_1 ) EWs. In analogy with Eq. (3.3), the 16(4%1) of
these EWs are

032313-8



INVESTIGATING A CLASS OF 2®2®d ...

'WeP =L+ (— 1)10.0.(E 0 — Egp)

11121314

+12(- D200\ 5+ V2(- 1)530,0,M 5

+ \JE(— 1)i40'y0'x)\;ﬁ+ \E(— 1)i2+i3+i4+10),qv)\zﬁ,
(7.3)

where (iy,i,,i3,iy) €{0,1}*. The remaining 16(4%2) po-
lygonal EWs can be obtained by applying the phase-shift
gate M locally on the first qubit. The result is

Wib i, = hhla+ (- 1)10.0.(E e~ Egp)

Hipl3ly
+ \5(— 1)i20x0-x)\2ﬁ+ \E(— 1)i30x0'y)\;ﬁ
— . _ Iy . . .
+V2(- 1)l4+10-y0-x)\a,8+ V2(- 1)’2+’3+’4q,,0}4)\zﬂ.

(7.4)

B. Conical EWs

We can expand the density matrices (7.1) in terms of ten-
sor products of Pauli matrices and the Lie algebra Su(d)
generators (see Appendix C). In the following relations, r;j
are coefficients of relevant operators appearing in the density
matrices expansions, e.g., r;; is the coefficient of V’Ecr,-crj)\zﬁ,
rijp is the coefficient of \«"20@& and r;j3 is the coefficient
of 0,0/(E,.~Egg). The 96(=5—) conical EWs [in analogy
with Egs. (3.8) and (3.9)] are

k! .Vl' . k/ -/1/
T Fix(p) =min T [ (U T Wi )p] = 1% r e

[ + (- D+ [y + (= Dirj?,
(7.5)
where k'j'l" is one of the triples 333, 330, 303, 033, and kj!

is one of the triples 122, 212, 221. The remaining of the
conical EWs are

KITESS (p) = min T M1 (T WES M Ip]

= 1 + rk,j,,,

[+ (- D+ [ryg + (= Dirj]
(7.6)

Here kjl is one of the triples 211, 121, and 112. Cylindrical
and spherical EWs for 2®2 ®d chessboard density matrices
can be constructed by this procedure and are in full analogy
with Egs. (3.12), (3.13), (3.16), and (3.17). Hence the overall

number of EWs are 236@%2

C. 2®2®3 Chessboard density matrices: An example

Now let us study the density matrix for d=3, a=0, 8=2,
and y=1 in some detail. In this case, we can expand this
density matrix in terms of tensor products of Pauli matrices
and Gell-Mann matrices A,,...,Ag (see Appendix D), and
all of the previous EWs for three-qubit case are also valid
here if we make the replacements

L—L o.— \6)\52 =Ny oy— \57\62 =As,

PHYSICAL REVIEW A 78, 032313 (2008)

TABLE 1. The percent of detection for introduced 2®2®3
EWs. R indicates mean ratios and o is standard deviation.

EWs Percent of detection

All 236 EWs R+ 0=85.45+3.336

1
o, — Eq—Exn= 5(A3 +\3Ay) (7.7)
in the operators acting on the third subsystem. For example,
using the above prescription, the polygonal EWs in Eq. (3.3)
can be written as

H1ial3ly

. 1
IWPO . :121213+(— 1)I]UZO-Z|:E(A3+ \’EAS):|

+(= D20 Ay + (- 1)i30'X0'},A5 + (= 1)i40j\,0'xA5
+ (- 1)i2+i3+i4+10'y0),A4. (7.8)

By similar substitution, all of 236 EWs can be constructed.
The detection ratio (the ratio of entangled density matrices
detected by all of our EWs to all randomly selected density
matrices) is listed in Table 1.

VIII. NUMERICAL ANALYSIS OF ENTANGLEMENT
PROPERTY OF p

In this section we deal with some numerical analysis re-
garding the detection ability of introduced EWs for 2®2
®2 and 2®2®3 chessboard density matrices. Numerical
calculation is done on a random set of relevant PPT chess-
board density matrices. Those density matrices detected by
introduced EWs are counted and then the ratio is calculated.
The percent of the volume of phase space that can be de-
tected by introduced EWs is as listed in the Table II.

IX. CONCLUSION

In this paper, we have considered a class of three-partite
PPT chessboard density matrices and via an exact convex
optimization method, have constructed various linear and

TABLE II. The percent of detection for introduced EWs. “Not
polygonal but conical” means the percent of the three-qubit PPT
density matrices p that the polygonal EWs cannot detect but the
conical ones can detect.

EWs Percent of detection
Polygonal 28.3
Conical 18.3
Spherical 0.047

All EWs 28.62

Not polygonal but conical 0.44

Not polygonal but spherical 0.0275
Polygonal and spherical 0.0176
Conical and spherical 0.031
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nonlinear EWs detecting them. The operators participating in
constructing the EWs have been chosen in such a way that
the geometrical shape of the corresponding feasible regions
have been obtained exactly. The EWs have been classified
according to the geometrical shape of relevant feasible re-
gions. When the feasible region was not a polygon, nonlinear
EWs were obtained. The optimality of the EWs with polygo-
nal and conical feasible regions have been shown. The intro-
duced EWs were all nondecomposable, since they were able
to detect PPT entangled states. Even so, we have mainly
discussed these methods for 2®2®?2 and 2®2®d chess-
board density matrices, but they are general and one can
apply them for d; ® d, ® d; via some minor changes in nota-
tions and calculations. It was shown that the detection ability
of the introduced EWs is often comparable with one of the
EWs introduced elsewhere. In some cases, the detection abil-
ity of the EWs introduced here is better. Finally, the prescrip-
tion of this work is applicable for multipartite PPT chess-
board density matrices, which is under investigation.

APPENDIX A

Proving the inequalities
In the following proofs, we use the abbreviations

Tr(a\"|a)a]) = a;,
Tr(o'®|BXB]) = b;,

Tr(a |y o) = ;. (A1)

Since a?+a3+a3=1 and also the similar relations hold for
b;’s and ¢;’s, so the points a,b,c lie on a unit sphere and we
can paramterize their coordinates by using spherical coordi-
nates 6 and ¢ as follows:

a;=sin 6 cos ¢, a,=sin 6, sin ¢;, az=cos b,
by =sin 6, cos ¢,, b,=sin 6, sin ¢,, b3z =cos b6,,
cy=sin B3 cos @3, C,=sin B5sin 3, c3=cos b5.

Envelope of a family of curves

The envelope of a one-parameter family of plane curves
described implicitly by F(x,y,c)=0, or in parametric form
by (f(¢,c),g(t,c)), is a curve in which each point of it
touches one member of the family [38,39]. In the case of
implicit representation, the envelope is given by simulta-
neously solving

oF
F(x,y,c)=0 and —=0.
dc

In the case of parametric representation, the envelope is
found by solving

PHYSICAL REVIEW A 78, 032313 (2008)

g g _

atdc dcdt

Proof of Eq. (3.2)
To prove this equality, we note that

P =azbzcz=cos 6 cos 6, cos 6,

P2=Cll(b1C1 x szz)

=sin 6, sin 6, sin 65 cos ¢; cos(@; F ¢,),

Py=ay(bic; F bycy)
=sin 6, sin 6, sin 65 sin ¢, sin(@s; + ¢,).
First we take 6, 6,, and 65 to be constant and define
a=sin 0 sin 6,sin 63, t=¢, c=@3+ @y,
to get
P,(t,c)=acostcosc, Ps(t,c)=asintsinc.

Then we find the envelope of a family of curves represented
parametrically by

(PZ(I,C)’PB(LC))'
For this purpose, we solve

= a*(-sin® 1 cos® ¢ + cos® t sin® ¢) =0,
at de dc ot
and obtain
sin(t+*¢)=0 or c= *t+nm,

where 7 is an integer. Substituting this back into P,(z,c¢) and
P5(t,¢), gives

Py(1)=(=1)"acos’t, Ps(t)= * (= 1)"asin’t.
By using sin’ t+cos® t=1, we get the envelope

P2+P3: *Ta= __'_Sinel sin 02511103,

P,—P;= *a= =*sin 0, sin 6, sin 6;.
2— I3 1 ) 3

In the next step, we take 6; to be constant and find the
envelope of a family of curves given by

(P1(01’02)7(P2 * P3)(01’02)),
with
P(6,,0,) =cos 65 cos 6, cos 6,
P, = P3= *sin 65 sin 0, sin 6,.

A similar argument as above, gives

P,(6,) = (= 1)"cos? 6, cos 65,

(P, = P3)(6,) = = (= 1)"sin’ 6, sin 6.
3 3

Noting that sin? 6, +cos? §;=1, we obtain the envelope
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-1 w
-1 -0.5 0 0.5 p11

FIG. 1. The boundaries of feasible region for pure product states
(dotted curves) which form an astroid and for mixed separable
states (line segments) which form a rhombus, for EWs of relation
(3.8). The P;’s are dimensionless.

Py +(P2iP3)
cos 65 sin 6,

F(P],Pzip3,03)= i1=0

Py (Py* Py
cos 6

G(Pl,PziP3,03)= i1=0

sin 65
(A2)
These are the implicit forms of a one-parameter family of
curves with parameter 6.
Finally, to obtain the feasible region of pure product

states, we find the envelope of the family of curves (A2). To
this aim, we solve

oF G
—=0 and —=0
d6, d6;
for 6;, which yields
Py L Py Py

cos’ 6,

sin’ 6,
Substituting these back into F' and G, gives
sin® f3= * (P, + P;), cos’ 3= * P,.

By using the identity sin® 63+cos” 6;=1, we get the envelope
PP +(Py £ Py)*P=1,

which is an astroid (dotted curves in Fig. 1). But, as Fig. 1
shows, this is a concave region. Since the feasible region of
mixed separable states is the convex hull of the feasible re-
gion of pure product states, the boundaries of FR are the
planes of Eq. (3.7), i.e., the edges of the rhombus in Fig. 1.

Proof of Eq. (3.5)

The proofs are similar, so we give the proof for the case
0$°=043; and kjl=122. We note that

Py =asbzc3=cos 6, cos 6, cos 65,

PHYSICAL REVIEW A 78, 032313 (2008)

Py=a,(bc; * bycy)

=sin 6, sin 6, sin 65 cos ¢, cos(@; + @3),

P3=a,(bic;, * bycy)
=sin 6, sin 6, sin 65 sin ¢, sin(@, * @3).

As we want to obtain the boundaries of the feasible region,

first we maximize the absolute values of P, and P5 by taking
s 3w T . N .

@r=@3=7 or ;=7 and ¢;3=1. This choice gives

P, =sin 6, sin 6, sin 65 cos ¢y,

P5 =sin 6, sin 6, sin 6 sin @;.
From these, we obtain
(P} + P3)V? =sin 6, sin 6, sin 6.

Now we take 65 to be constant, rename P:(P%+P§)”2, and
try to find the envelope of a family of curves represented
parametrically by

(P1(6,,6,),P(6,,6,)),
in which

P(6,,6,) =cos 6, cos 6, cos 0,

P(@l, 02) =sin 01 sin 02 sin 03.
To this aim, we solve

&Pl 0P (;Pl &P . 2 -2
———— — ———— =sin 65 cos 6(— cos” 6, sin” 6,
36, 96, 96, 96, : :
+sin” 6, cos® 6,) =0,
which yields
Sin(@l + 02)=O or 02= + 01+n77,

where n is an integer. Substituting this back into P,(6;, 6,)
and P(6,,0,), gives

P(6,) =(=1)"cos® 6, cos 65,

P(6,) = *+ (- 1)"sin’ 6, sin 6.
From sin® 6,+cos” 6;=1, we get the envelope
L B B P

- *1=0,
sin 6,

*1=0.

cos 6, cos @y sin @y

Finally, taking the derivative with respect to #; and using the
identity sin? f;+cos” 6;=1, gives the feasible region of pure
product states

PPy Py,

which is again an astroid (dotted curves in Fig. 1). But, as
Fig. 1 shows, this is a concave curve in terms of variables P,
and P=(P3+P3)"2. Since the mixed separable states are con-
vex combinations of pure product states, the relations be-
tween these two variables are given by the lines (i.e., the
edges of the rhombus in Fig. 1)
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P+ (P2+P)2=+1, P —(Pi+P)"?= = 1.

So the relations between P, P,, and P; are as in relation
(3.10).

If we take Q§°= 035, the proof of Eq. (3.5) proceeds as
follows. We note that in this case

Py =asb;=cos 6, cos 6,

but P, and P; are as before. To maximize the absolute values
of P% and P, we set 63=3 and @,=¢@3=7, or cpz=3f and
¢3=7. This gives

P, =sin 6, sin 6, cos ¢, P;=sin 6 sin 6, sin @;.

From these, we obtain
(P% + P%)l/2 =sin 91 sin 02.

Now we rename P=(P3+P3)"? and try to find the envelope
of a family of curves represented parametrically by

(P,(6,,6,),P(6,,6,)).
A similar argument as above again leads to the relation (3.5).

APPENDIX B

Coefficients of Pauli operators appearing in p

111 Z_(r] COS ¢ +r2COS (P2+V3 COS (,D3+V4COS (P4),
n
r112=—(r1 Sin Q=1 Sin (,02+r3 Sin Q3 =TIy Sin @4),
n
rip1 =~ (ry sin @y + ry sin @y = 73 sin @3 — 1y sin @y),
n
7211:;(—’”1 sin @ — r, sin @, — 5 sin @3 — ry sin @),
Fioa=—(=1r| COS @| + ry COS @y + I3 COS 3 — Iy COS @y),
n
2
r12= —(r| COS @1 =1, COS @) + '3 COS 3 = 74 COS @),
n
2
oo = —(r] COS @) + 1y COS @y — 3 COS 3 — Iy COS @),
n

ran=—(r sin @; — ry sin @y — r3 sin @3 + r, Sin @),
n

1 1 1 1
<a+b+c+d————————>,
a b ¢ d

S | =

300 =

Mavpmea-t L1
r030—na ¢ a b ¢ d)’
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1( b d 1+1 1+1)
Foz=—|a-— —d-——+—-—=—+—,
0037 “ ¢ a b ¢ d
1 1 1
r330:; a+b—c—d+—+g———g .
1( ) p 1 1 1)
=—\|la-b+c—-d+———+—-—],
7303 n “ ¢ a b ¢ d
1( ) p 11 1)
=—\|la-b-c+d+————-—+—,
7033 n “ ¢ a b ¢ d
—1< b +d —+—+l l)
r333_n “ ¢ a b ¢ d)

APPENDIX C

Every d-dimensional square matrix can be written in
terms of square matrices Ej;, which show the value 1 at the
position (i,j) and zeros elsewhere. Now one can define the
Hermitian traceless basis for d-dimensional matrices as fol-
lows (see [37]).

The off-diagonal bases are

1
:{ﬁ: E(Eaﬂ+ E,Ba)’

1
Nag= T (Eap—Epa),
BT 1 BT

and diagonal bases are

1 0
-1
)\0= 0 5
0 0
1 0
1
1
)\1=? -2 s ,
V3
0 0
1 0
1
N
27N dd-1) X
0 -d+1

In order to generalize the witnesses, we must write E,, in
terms of I; (d X d identity matrix) and \,’s. Some calculation
shows that
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E.=F \/ i+2 A \/ i N
=F o+ .- 1,
#= L] 2i+1) " 200+1) !

(recursion relation) and

1 d-1
Ey1.4-1 =31d_ o Ngoo-

Proving the inequalities for 2®2®d

The proof is almost the same as one explained in Appen-
dix A. We use the abbreviations

Tr(o\"|a)a]) = a;,
Tr(a?|BXB)) = by,
Tr(V2N €0 =)

Tr(\2A,XE) = 3.

TT[(Eaa—Eﬁﬁ)|§><§|]=C3, (Cn
where
i6,
roe 0
1 v
\’r0+ e +rd_l rd—leigd_l
‘We have
a%+a§+a§= 1, b%+b§+b§= 1,

and

PHYSICAL REVIEW A 78, 032313 (2008)

(ri + rzg)2

2, 2., 2
i+ +c3="— 5 =
(rg+ == +r_y)

If we set g=1 without loss of generality, then the points
a,b,c lie on a unit sphere and we can parametrize their co-
ordinates by using spherical coordinates 6 and ¢ as follows:

a;=sin 0 cos ¢;, a,=sin O sin ¢;, az=cos b,
b, =sin 6, cos ¢,, by=sin 6,sin ¢,, bz=cos b,,
cy=sin B3 cos @3, c,=sin B5sin 3, c3=cos b5.

APPENDIX D

Gell-Mann matrices

The analog of the Pauli matrices for su(3) are Gell-Mann
matrices defined as

010 0 -i 0 1 0 0
A=[1 00 A,=[i 0 0] As=|0 -1 0],
000 00 0 0 0 0
00 1 00 —i 000
Ay={0 0 0, As=[0 0 0] Ag=|00 1],
100 i 00 010
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