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Rates of above-threshold detachment �ATD� of H− �s-electron� and F− �p-electron� ions, calculated using the
Sturmian-Floquet quasienergy approach, are investigated as a function of intensity for the case that the laser
field intensity passes across ponderomotively shifted detachment thresholds. Pronounced enhancements of both
detached electron angular distributions and fixed-angle ATD spectra in the low- and mid-energy plateau region
are found at near-threshold laser intensities. These enhancements are sensitive to the initial state symmetry
�i.e., the s or p symmetry� of the valence electron and occur in a narrow angular interval that is far from the
polarization axis at electron energies near the onset of the plateau and moves toward the polarization axis with
increasing electron energy. Although enhancements in detached electron energy distributions have not been
observed for energies near the cutoff of the ATD plateau, the corresponding electron angular distributions are
found to change shape dramatically as a function of intensity near the closing of ponderomotively shifted
detachment thresholds. A comparison of our quantum-mechanically calculated angular distributions and those
predicted classically in the high-energy region of the ATD plateau is presented and discussed.
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I. INTRODUCTION

A key feature of the interaction of an intense laser field
with an atomic system is the so-called “plateau” in above-
threshold ionization �ATI� and above-threshold detachment
�ATD� spectra, i.e., a weak dependence of the ionization �or
detachment� rates on the number, n, of photons absorbed,
over a large range of n �for a recent review, see �1��. The
plateau feature is known to originate from rescattering of the
active electron from the remaining atomic core under the
influence of the driving laser field. It extends over a range of
ionized or detached electron energies, from approximately
2Up to approximately 10Up, where Up is the ponderomotive
energy corresponding to the quiver motion of an electron in a
laser field.

Several experiments have demonstrated significant en-
hancements of the strong field plateaus, i.e., that small
changes in laser intensity can result in an order of magnitude
increase of ATI electrons having a range of energies at the
lower end of the ATI plateau. These enhancements are still
not completely understood theoretically. The experimental
measurements �2–7� have been carried out for neutral atoms.
The theoretical interpretations identify different possible ori-
gins of the phenomenon �4–6,8–20�. Moreover, many of the
theoretical investigations �10–12,15–17,19,20� are actually
for the process of above-threshold detachment, since the the-
oretical results for ATD predict the same kind of enhance-
ment of ATD plateau electrons with small changes of laser
intensity as is found experimentally for ATI plateau elec-
trons.

In this paper we focus on the ATD energy spectra at fixed
electron detachment angle and on the angular distributions of
ATD electrons as functions of laser intensity in the vicinity
of ATD plateau enhancements. We find that near the onset of

the plateau, enhancements of the ATD rates occur over a
narrow angular interval that is far from the laser polarization
axis. With increasing electron detachment angle, this angular
interval moves closer to the laser polarization axis. At even
higher energies, near the plateau cutoff, although there is no
longer any enhancement of the ATD rates, the angular distri-
butions change shape in the vicinity of those laser intensities
that result in ATD enhancements at lower energies. Since the
subjects of ATI and ATD plateau enhancements as well as of
ATI and ATD angular distributions have been studied by
many authors, we review briefly in what follows the main
works relevant to the results presented in this paper.

A. Experimental and theoretical investigations of
ATI and ATD plateau enhancements

Enhancements of the high-energy plateau in both ATI and
ATD have been studied in a number of experimental and
theoretical papers �2–20�. Experimental measurements for
rare gas atoms �2–7� have shown that the low- to mid-energy
portion of the ATI plateau can be raised significantly �up to
an order of magnitude� when the laser field intensity changes
by only a few percent. A number of distinct theoretical inter-
pretations of such intensity-selective enhancement of the
yield of plateau electrons have been put forward.

The various theoretical interpretations may be divided
into two main groups. It has been suggested in Refs.
�4,5,8,9,13,14,18� that the experimentally observed enhance-
ments may be related to multiphoton resonances with pon-
deromotively shifted Rydberg �4,5,8,9,18� or light-induced
states �13,14�. However, the same plateau enhancements
have been found theoretically for model systems that have
only one bound state �and thus no excited states�, such as the
zero-range potential model system �6,10–12�, which is ap-
propriate for describing negative ions having a valence elec-
tron in an s state. On the basis of such model calculations
�6,10–12�, the plateau enhancements are found to coincide*Katarzyna.Krajewska@fuw.edu.pl
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with the ponderomotive potential-induced closing of a mul-
tiphoton channel. This channel-closing �CC� scenario has
both quasiclassical and quantum explanations of the calcu-
lated plateau enhancements. The quasiclassical explanation
�6,10,12� relates the plateau enhancement to the coherent su-
perposition of the amplitudes for a large number of electron
trajectories when a channel closing occurs. The quantum ex-
planation �11� relates the plateau enhancements to well-
known threshold phenomena in multichannel problems at the
closing of a particular channel: Specifically, the singular be-
havior of the cross section in a channel that is closing �21� is
transmitted by multichannel interactions to other open chan-
nels �22�, with the largest enhancements occurring in those
open channels having the strongest interaction with the chan-
nel that is closing �17�. �The fact that the observed and cal-
culated enhancements occur only on the ATI or ATD plateau
is consistent with this quantum interpretation owing to the
fact that plateau electrons originate from rescattering from
the core and thus have the opportunity to have strong multi-
channel interactions with the channel that is closing.� Very
recently, the channel-closing scenario for ATD plateau en-
hancements has drawn further support from calculations for
multiphoton detachment of a negative ion having a valence
electron in a p-state �15–17,19�. It has been shown that the
ATD plateau enhancements are sensitive to the initial state
symmetry, with the most pronounced enhancements occur-
ring for an initial state having s or p symmetry in the case of
even- or odd-photon channel closings, respectively. These
results of quantum-mechanical studies have been confirmed
recently by a detailed semiclassical, quantum orbit theory
analysis �20�. In the context of these recent findings in sup-
port of a channel-closing scenario for ATD plateau enhance-
ments �6,10–12,15–17,19,20�, it is of interest to investigate
the behavior of the detached electron angular distributions as
well as the fixed-angle ATD energy distributions in the vicin-
ity of the thresholds for multiphoton transitions. This is the
focus of the present work. First, however, we review very
briefly prior work concerning ATD electron angular distribu-
tions.

B. Experimental and theoretical investigations of
ATD electron angular distributions

A fruitful way to gain insight into the dynamics of atomic
systems interacting with a strong laser field is to investigate
the angular distributions �ADs� of the decay products. For
the case of ATD, experiments have been particularly difficult
owing to the small binding energy of the negative ion targets
and the high laser intensities required to observe ATD, i.e.,
the detachment transition may reach saturation before the
laser pulse intensity becomes sufficient to produce ATD pla-
teau electrons. For this reason, the experiments on ATD pho-
toelectron angular distributions of H− for the case of linearly
polarized laser light �23–27� as well as corresponding theo-
retical studies �see, e.g., Refs. �28–30�� have focused mainly
on low-order processes. Experimental investigations of ATD
photoelectron angular distributions for the F− ion, which has
a much larger electron affinity, were able to observe ATD
electrons over a much larger range in energy �31–33�, includ-

ing for the case of circularly polarized light �32�. The corre-
sponding theoretical analyses of ATD for the F− ion �34–36�
showed that the experimental ATD data �25� extended up to
the beginning of the ATD plateau �see, e.g., Fig. 1 of Ref.
�35� and, especially, the inset figure in Fig. 2�a� of Ref. �36��.

The lowest-energy peaks in the ATD electron energy spec-
trum correspond to electrons that are directly detached and
that do not rescatter from the atomic core. For these elec-
trons, the angular distributions have been described well
within a model that ignores final state interaction of the ac-
tive electron with the atomic core �37,38�. Results of such a
theoretical model were found to compare reasonably well
with the recent �relative� experimental data for both H− de-
tachment �25–27� and F− detachment �31–33�. For the case
of two-photon detachment of H−, Telnov and Chu �29� com-
pared their nonperturbative Floquet results for the detached
electron angular distributions with the Keldysh-type results
of Ref. �38�. Although the ADs agreed qualitatively in shape,
there were significant quantitative differences �29�.

In order to describe the ATD electron distribution in both
energy and angle over a large range of energies, including in
the region of the ATD plateau, the theoretical description
must include final-state interaction of the active electron with
the atomic core. In order to describe the experimental mea-
surements for multiphoton detachment of F− �31�, Frolov
et al. �34,36� generalized the well-known effective-range
theory for a weakly bound electron in a short-range potential
to include the nonperturbative interaction of the active elec-
tron with both the short-range potential and a time-
dependent, harmonically varying field �e.g., the field of a
laser�. By comparison of the ATD spectrum for a negative
ion having a valence p electron �F−� with that for a negative
ion having a valence s electron �H−�, it was shown that the
ADs for a p electron are more localized around the laser field
polarization direction and, also, have a more pronounced
side-lobe structure near the onset of the ATD plateau �34,36�.

Regarding the intensity dependence of a low-energy elec-
tron AD in the vicinity of the closure of its particular ATD
channel, for the case of linearly polarized light it has been
found that the angular distribution changes dramatically as
the detached electron energy tends to zero, e.g., from being
peaked along the polarization direction of the laser field to
being isotropic just before the channel closure �17,19,29�.
For H− �which has an s-state valence electron, �=0�, such
dramatic changes occur in the detached electron AD at the
closure of an even-photon channel, while for F− �which has a
p-state valence electron, �=1� similar dramatic changes oc-
cur at the closure of an odd-photon channel. These results
may be understood on the basis of electric dipole selection
rules �which specify the allowed electron partial waves� and
the Wigner threshold law �21� �which specifies the near-
threshold energy dependence of each allowed partial wave
amplitude�. For the case of elliptically polarized light, we
note that the behavior of the low-energy detached electron
ADs near ATD channel closings is even more dramatic �39�;
our considerations in this paper, however, are confined to the
case of linearly polarized light.

C. Focus and organization of this paper

The focus of this paper is on the intensity dependence �in
both electron energy and angle� of ATD rates for both H− and
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F− for the case of linear laser polarization. That is, we inves-
tigate how ATD electron energy and angular distributions
vary with laser intensity as low-energy detached electron
channels become closed. In contrast to the prior work de-
scribed above, we investigate primarily the effect of channel
closings on ADs for electrons on the ATD plateau, i.e., hav-
ing energies greater than approximately 2Up.

In Sec. II we present briefly the theoretical formulation
upon which our fully nonperturbative, quantum results are
based. We also review briefly some results of a classical
analysis �40,41� that are used in the interpretation of our
results. In Sec. III we present and discuss in detail the angu-
lar distributions of high-energy plateau electrons, including
angle-fixed ATD electron spectra in the vicinity of channel
closings. Also, comparisons between some of our exact re-
sults and those predicted classically are presented. In Sec. IV
we summarize our results and present some conclusions.

II. THEORETICAL FORMULATION

As in Refs. �17,19�, we treat the problem of intense laser
detachment of the H− and F− negative ions by solving a
single-active-electron �SAE� model essentially exactly. The
active electron is assumed to be bound in a Yukawa potential
and the laser field is assumed to be monochromatic. The
time-dependent Schrödinger equation is solved using the
Floquet approach for the complex quasienergy of the system.
In Sec. II A we introduce key notations and parameters. In
Sec. II B we review the basic equations of the Floquet ap-
proach. Finally, in Sec. II C we review briefly some basic
expressions arising from a classical analysis of laser ioniza-
tion �40,41� that we employ in Sec. III in the interpretation of
our quantum numerical results. Throughout this paper,
atomic units �a.u.� are used unless otherwise specified.

A. Key notation and parameters

The laser field is described by a linearly polarized plane
wave whose polarization vector, �̂, defines the z axis, �̂� ẑ.
The electric field and the vector potential are F
=F0�̂ cos �t and A=A0�̂ sin �t, respectively, where � is
the frequency and F0 is the amplitude of the electric field,
and where A0=−cF0 /�.

In our model of a negative ion, the single active electron
moves in the field of a Yukawa potential,

W�r� = W0
e−�r

r
. �1�

For both H− and F−, the parameter describing the range of
the electron-atom interaction is taken to be �=1.0 a.u. The
strength parameter is taken to be W0=−1.1 a.u. for H− and
W0=−5.0745 a.u. for F−. With such a choice of parameters
the initial �bound� energy of the valence s electron in H− is
E0=−0.027 5654 a.u. and that for the valence p electron in
F− is E0=−0.124 98 a.u., so that they practically coincide
with the experimental values reported in Refs. �42,43�. For
further details concerning these model potentials, see Refs.
�17,19,44,45�. For a discussion of the sensitivity of ATD

spectra to the particular choice of potential parameters, see
the Appendix.

B. Floquet approach

The Hamiltonian, H�t�, of an effective one-electron ionic
system interacting with a laser field described by the vector
potential, A, has the following form in the dipole velocity
gauge:

H�t� = H0 +
1

c
A�t� · p , �2�

where H0 is the field-free Hamiltonian of the model ion,

H0 =
p2

2
+ W . �3�

In Eq. �3�, p is the canonical momentum of the valence elec-
tron and W is the effective electron-atom interaction defined
in Eq. �1�. Owing to the time periodicity of the Hamiltonian
�2�, we can represent the quasistationary state of the system
by the so-called Floquet ansatz �for a review, see Ref. �46��,

���t�� = e−iEt�
n

e−in�t��n
�E�� , �4�

where the index n describes the net number of photons ab-
sorbed by the ion. The harmonic components ��n

�E�� associ-
ated with the quasienergy E are solutions of the infinite set of
coupled equations that originate from the time-dependent
Schrödinger equation, i�t���t��=H�t����t��, after substitution
of Eqs. �2� and �4�,

�E + n� − Up − H0���n
�E�� = V+��n−1

�E� � + V−��n+1
�E� � , �5�

where V+ and V− are the Fourier components of the dipole
operator,

V+e−i�t + V−ei�t =
1

c
A�t� · p . �6�

The set of equations �5� constitute the eigenvalue problem
for the quasienergy E and the harmonic components ��n

�E��,
which must be solved with appropriate boundary conditions.
Since the initially bound electron is detached by the intense
laser field with absorption of n laser photons, the harmonic
components must be regular at the origin and represented at
large distances by spherical waves,

��n
�E�� 	

eiknr

r
, r → � , �7�

where kn=
2�E+n�−Up� is the wave number �with Up
=F0

2 /4�2 being the ponderomotive energy�. These boundary
conditions result in a complex quasienergy E,

E = E0 + � −
i

2
� , �8�

where E0 is the initial state energy of the active electron, � is
its ac Stark shift, and � is its total detachment rate �for more
details, see, e.g., �18,44–49��. When the number of absorbed
laser photons, n, is such that Re E+n�−Up	0, the n-photon
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detachment channel is open; otherwise, the detachment chan-
nel is closed. Thus, the minimum number of absorbed laser
photons, n0, necessary to detach an electron from the state
with quasienergy E may be defined by n0=1+ �X�, where X
= �Up−ReE� /�	0, unless �X�=X, in which case n0=X. The
infinite set of coupled equations �5�, with boundary condi-
tions �7�, can only be solved by truncation at some point.
One may then represent the harmonic components in terms
of a discrete basis of complex radial Sturmian functions and
spherical harmonics. Numerical results are obtained by solv-
ing the resulting eigenvalue problem for the quasienergies
and the coefficients of the Sturmian expansion; for details of
the numerical methods used, see Ref. �50�. Once the eigen-
value problem is solved, the photoelectron angular distribu-
tions can be calculated. Since the theoretical formulation is
given in great detail elsewhere �44–48�, we present here only
the main formulas employed in our calculations. For a lin-
early polarized laser field, the differential detachment rate,
d��n� /d
, for n-photon detachment of photoelectrons with
kinetic energy Ef into the solid angle d
 about the direction
of the electron momentum k f �where Ef =Re E+n�−Up and
kf =
2Ef� is defined by

d��n�

d

= 2�kf�Mn�k f��2, �9�

where Mn�k f� is the n-photon detachment amplitude,

Mn�k f� = �
N

ei�N−n��JN−n�− ��k f�W��E
�N�� , �10�

where  and � are real constants defined by

 cos��t − �� = �t

d�k f · A��� . �11�

Integration of the angular distribution �9� over all photoelec-
tron momentum directions gives the partial rate, ��n�, for
n-photon detachment,

��n� =� d��n�

d

dk̂ f . �12�

Since the sum of the partial rates equals the total detachment
rate �, where �=−2 Im E, the relation,

�
n�n0

��n� = − 2 Im E , �13�

provides a test of the numerical accuracy of our approach.

C. Classical analysis

Even though photodetachment and ionization are essen-
tially quantum-mechanical phenomena, classical analyses
have been successfully used to describe a number of features
of ATI or ATD energy and angular distributions �see, e.g.,
Refs. �40,41,51–54��. For example, the experimental obser-
vation �55,56� of pronounced side lobes in the angular dis-
tributions of highly energetic ATI electrons around 30° and
45° with respect to the laser-field polarization direction have
been interpreted using a classical analysis �40�. As the com-

parison of our quantum-mechanical results and the related
classical predictions for highly energetic electrons is in-
tended to be purely qualitative, we shall consider only those
angular distributions that result from rescattered electrons. In
principle, one should also take into account the contributions
of high-energy detached electrons that do not rescatter from
the atom. However, for the energies of interest �i.e., higher
than 2Up�, the contributions of such electrons are negligible.

1. Rescattering model

Employing the classical model of Refs. �40,41�, we con-
sider here an electron that is detached at time t0 �at the ori-
gin, with an initial velocity of zero� by a monochromatic,
linearly polarized laser field. For times t� t0, the electron is
assumed to interact only with the laser field, which is de-
scribed by the vector potential A=A0�̂ sin �t. That is, we
neglect the interaction of the electron with the short-range
potential of the parent atom. The kinetic energy of the elec-
tron, Ef, averaged over the period of the laser field, 2� /�,
and expressed in units of 2Up, is �cf. Refs. �40,41��

Ef

2Up
���2� = sin2 �t0 − 2 sin �t1�sin �t0 − sin �t1�

��1 � cos �0� , �14�

where �0 is the angle �measured with respect to the negative
z axis� at which the electron rescatters from the atom at the
time t1, the time at which the electron returns to its parent
atom for the first time,

cos �t1 − cos �t0 + ��t1 − t0�sin �t0 = 0. �15�

In Eq. �14�, the signs � correspond to the cases sin �t0
�sin �t1, which depend on the direction along the z axis
along which the electron is initially detached. The angle � at
which a rescattered electron with energy Ef �14� is detected
asymptotically �having been rescattered at the angle �0� is
given by the relation

sin�� − �0� = sin �
sin �t1

�sin �t0 − sin �t1�
, �16�

where �, as usual, is measured with respect to the z axis.
The differential angular distribution for electrons of en-

ergy Ef �14� that are ejected within a solid angle d

�2� sin �d� following detachment by the laser field at time
t0 and rescattered at time t1 by the parent atom is

dP

d

=

�

4�2 sin �
 d�

dt0
�−1

, �17�

where the calculation of the derivative of the detection angle,
�, with respect to the detachment time, t0, requires use of
Eqs. �14�–�16�. In calculating this derivative, we assume that
just before recolliding with its parent ion the electron moves
along the negative z direction, which implies the condition
sin �t0	sin �t1. The result for the differential angular dis-
tribution in Eq. �17� is thus,

KRAJEWSKA, FABRIKANT, AND STARACE PHYSICAL REVIEW A 78, 023407 �2008�

023407-4



dP

d

=

� sin �t1�sin �t1 − sin �t0�
4�2 cos �t0

��sin �t0 − sin �t1�2

+ ��t1 − t0�cos �t1�� cos � + sin �t0��−1, �18�

where

sin �t1 =
sin2 �t0 − �2

2�� cos � + sin �t0�
, �19�

and with restrictions imposed on the values of t0 and � stem-
ming from the fact that �sin �t1��1. The results in Eqs. �18�
and �19� apply for detached electrons in the angular range
90° ���180°. Results for 0° ���90° may be obtained by
mirror reflection with respect to �=90° �40,41�.

2. Angle-dependence of the ATD plateau cutoff energy

Here we derive the cutoff law for the high-energy ATD
plateau electrons detected at an arbitrary angle � in order to
compare the classical predictions with our quantum-
mechanical results. The maximum of the kinetic energy �14�
determines the cutoff of the high-energy ATD plateau elec-
trons that have been rescattered at the angle �0 from the
parent atom. The problem reduces to solving the equation
dEf /dt0=0 subject to the condition �15�. Introducing the new
variables �=��t1− t0� /2 and �=��t1+ t0� /2, the result is

1 + �1 � cos �0���� cot � − 1��4� cot � − 1�

− �23 +
� cot �

� cot � − 1
�� = 0, �20�

where � is given by

cot � = cot � − 1/� . �21�

Thus, for fixed rescattering angle, �0, Eqs. �20� and �21�
determine the variables � and �, which in turn determine t1
and t0. Equation �16� then gives the angle � at which the
electron is detected and Eq. �14� gives the cutoff energy at
that angle.

Let us note that for backscattering �i.e., either �0=0° and
�=0° for sin �t0	sin �t1 or �0=180° and �=180° for
sin �t0�sin �t1�, which is the most studied case in the lit-
erature, one obtains from �14� the well-known 10Up energy
cutoff. An interesting question is whether the classical pre-
dictions for the energy cutoff of the ATD plateau agrees with
results of quantum-mechanical calculations for intensities
near multiphoton channel closings, since such channel clos-
ings are purely quantum phenomena. In the following sec-
tion, we compare the classical predictions with the results of
our quantum-mechanical numerical investigations for ATD
energy and angular distributions at intensities in the vicinity
of multiphoton channel closings, for two different ionic tar-
gets, H− and F−.

III. RESULTS AND DISCUSSION

In this section, we present our numerical results based on
the Sturmian-Floquet theory described in Sec. II B. In Secs.

III A and III B we analyze the fixed-angle ATD spectra near
channel closings: In Sec. III A we focus on the enhance-
ments in the mid-plateau energy region, while in Sec. III B
we discuss the direct detachment part of the ATD spectrum,
which complements the non-CC analysis �57� for this region
for electrons detached along the laser polarization axis. An-
gular distributions of detached electrons on the ATD plateau
for intensities near the multiphoton CCs are presented in
detail in Secs. III C and III D for plateau electrons in the
mid- and high-energy plateau regions, respectively. Even
though our focus is on the CC-induced enhancements of the
electron angular distributions �cf. Sec. III C�, we present also
evidence for a new type of AD threshold behavior character-
istic for highly energetic electrons �cf. Sec. III D�.

Before presenting our results, we make two comments
regarding the possibility of comparing our predictions with
experiment. First, we note that although no focal averaging
of our calculated angular distributions over the spatiotempo-
ral intensity distribution of the electric field in the laser focus
has been done, our predicted enhancements and AD struc-
tures are expected to survive such averaging. This has been
shown to be the case for the AD structures in rare gas ATI
spectra �58�, and we fully expect this to be the case also for
the ATD results we present here for H− and F−. Second, we
note that owing to difficulties in the experimental determina-
tion of the laser intensity in the laser focus, flexibility is
required in any comparison of theoretical results with experi-
ment. For example, as a test of our codes and procedures we
have compared our focal-averaged, fixed-angle ATD rates for
F− with the experimental data of Kiyan and Helm �31� using
the experimentally reported value of the peak intensity.
These results �which are not shown, since they do not in-
volve CC effects� agree qualitatively with those obtained in
the experiment �31�, but are considerably lower in magni-
tude, as was also found in other theoretical investigations by
other methods �35,36�. Only when a significantly higher
value of the peak intensity was employed did these other
investigations �35,36� obtain results that agreed better quan-
titatively with the experimental results.

In what follows results are presented in all cases for
a linearly polarized laser field having frequency �
=0.0043 a.u. �wavelength �=10.6 �m� in the case of H− and
frequency �=0.0253 a.u. �wavelength �=1.8 �m� in the
case of F−.

A. ATD enhancement vs detachment angle

In Figs. 1 and 2 we present fixed-angle ATD electron
spectra for the hydrogen and fluorine negative ions at laser
intensities below, above, and at the intensity at which the 10-
and nine-photon detachment channels become closed for H−

and F−, respectively. In general, the enhancement of the
high-energy ATD plateau manifests itself most strongly at the
closing of even or odd multiphoton channels for target atoms
or ions having valence s or p electrons, respectively
�15–17,20�. This is why we exhibit results for the 10-photon
channel closing for H− and the nine-photon channel closing
for F−. These channel closings occur for intensities
of approximately 3.99�1010 W /cm2 for H− and 9.3
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�1012 W /cm2 for F−. At these intensities, pronounced en-
hancements �up to an order of magnitude� of groups of ATD
peaks can be observed in Figs. 1 and 2. For H− �respectively,
F−�, these regions of enhanced detachment rates range ap-
proximately from n=30–39 �respectively, n=34–42� for �
=0°, from n=27–36 �respectively, n=31–38� for �=20°,
and from n=20–29 �respectively n=22–29� for �=40°,
where n is the number of photons absorbed by the detached
electron and � is the detachment angle. The enhancement of
the ATD rates clearly occurs in the low- and mid-energy part
of the rescattering plateau. �The three colored arrows in each
panel mark the classically predicted high-energy cutoff for
each of the three plateaus; cf. Sec. II C 2.�

What is interesting in the results shown in Figs. 1 and 2 is
that the enhancements are of comparable magnitude both on
axis �i.e., �=0°� and off axis �i.e., �=20° ,40°�, although the
higher the detachment angle the lower the energy range of
the enhancement. This shift of the enhancement to lower
energies with increasing detachment angle is consistent with
the fact that rescattering, which gives rise to the ATD pla-
teau, occurs predominantly for electrons having small de-
tachment angles and vanishes for large angles �see, e.g.,
Refs. �54,57��. Comparing the different panels in each figure,
one may also conclude that plateau enhancements at lower
energies for large detachment angles will be obscured by
direct electron detachment at smaller angles in the angle-
integrated detachment rates. As presented in Figs. 1 and 2,
this remark refers specifically to the plateau enhancement in
the ATD spectrum for �=40°, and only marginally to that for
�=20°.

We note finally that very recently an investigation of ATI
for He, Ar, Kr, and Xe plateau electrons in the vicinity of
channel closings has appeared �58�. In that work, an im-
proved strong field approximation has been employed to cal-
culate the ATI energy spectrum for Kr for various fixed elec-
tron ejection angles and for different laser intensities,
including those at low-energy channel closings. A main find-
ing for Kr is that the plateau enhancements are found to
appear at somewhat lower energies as the electron ejection
angle �measured from the laser polarization axis� increases
�58�. This result is consistent with our findings for H− and F−

shown in Figs. 1 and 2.

B. Direct detachment near channel closings

In Fig. 3 we present fixed-angle ATD rates for both H−

and F− by a laser field having an intensity corresponding to
closure of the 10-photon detachment channel in the case of
H− and of the nine-photon detachment channel in the case of
F−. �See the figure caption for the laser parameters used.�
The ATD rates are plotted versus electron energy for three
different detachment angles. Two different sets of results are
compared: Our essentially exact Sturmian-Floquet theory re-
sults, which include interaction of the active electron with
the atomic core, and Keldysh theory results �obtained using
Eq. �33� of Ref. �38��, which ignore interactions of the active
electron with the atomic core. One observes that for each
ejection angle and each ionic target, very good agreement of
our numerical results with predictions based on the Keldysh
approximation is found in the low-energy parts of the spec-
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FIG. 1. �Color online� Fixed-angle ATD spectra for H− detach-
ment by a linearly polarized laser field of frequency �
=0.0043 a.u. for three laser field intensities in the vicinity of the
closure of the 10-photon detachment threshold. Results for intensi-
ties I=3.79, 3.99, and 4.19 �1010 W /cm2 are denoted by blue
squares, black circles, and red triangles, respectively, and are con-
nected to guide the eye. The three arrows of the corresponding color
each mark the classical energy cutoff, calculated as discussed in
Sec. II C 2.
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FIG. 2. �Color online� Fixed-angle ATD spectra for F− detach-
ment by a linearly polarized laser field of frequency �
=0.0253 a.u. for three laser field intensities in the vicinity of the
closure of the nine-photon detachment threshold: I=8.9 �blue
squares�, 9.3 �black circles�, and 9.7 �red triangles�
��1012� W /cm2. The rates have been averaged over the projections
of the initial angular momentum, �=1. The arrows are defined as in
Fig. 1.
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tra. This agreement is expected since, in the energy region
below the ATD plateau, rescattering effects that are ignored
in Keldysh-type treatments are not significant.

As the angle with respect to the laser polarization axis
increases, we observe that all structures in the ATD spectrum
move to lower detached electron energies. As shown in Fig.
3, this is true of the energy location of the last local maxi-
mum before the onset of the ATD plateau, it is true of the
onset of the ATD plateau, and it is true of the high-energy
cutoff of the ATD plateau. This finding is consistent with
similar findings by others �e.g., see Refs. �54,57�� for laser
intensities not corresponding to the closing of a multiphoton
detachment channel.

An interesting feature of Fig. 3 is that for electrons
ejected along the polarization axis �cf. the curves for �=0°�,
the directly detached electrons for both H− and F− have a
local maximum at approximately 2.5Up and then decrease
rapidly until the onset of the plateau �at which point our
Sturmian-Floquet results oscillate with increasing energy,
thereby forming the ATD plateau, while the Keldysh ap-
proximation results continue to decrease sharply�. This find-
ing of a common energy for the last local maximum in the
spectrum of directly detached electrons is a coincidence for
the particular laser parameters used. In Fig. 4 it is shown that
for directly detached electrons ejected along the polarization

axis, the last local maximum before the onset of the ATD
plateau shifts toward lower energies as the laser intensity
increases. For intensities corresponding to the closures of the
nine-, 10-, and 11-photon detachment channels of H− and to
the closures of the eight-, nine-, and 10-photon detachment
channels of F−, the energy location of this local maximum
shifts from somewhat less than 3Up to somewhat more than
2Up in both cases. These results apparently disagree with the
conclusions of other researchers regarding their results for
different laser parameters �cf. Fig. 2 of Ref. �31� and
Sec. III B of Ref. �57��. Specifically, the results of Ref. �57�
indicate that the last local maximum in the detachment rates
for H− and F− occur at electron energies of 2Up and 3Up,
respectively, for detachment along �=0°. This difference is
attributed by the authors of Ref. �57� to an angular-
momentum-sensitive interference of two different contribu-
tions to the detachment amplitude in each case. A similar
argument was presented earlier in Ref. �31� based on their
Eq. �1�, which is derived from Eq. �33� of Ref. �38� for the
special case when the kinetic energy, Ef, of the active elec-
tron satisfies Ef � �E0� and Ef �Up �i.e., is much larger than
the initial binding energy, −E0, of the active electron as well
as the ponderomotive potential energy�. The authors of Ref.
�57� note that their results agree with the theoretical results
of Ref. �31�. In contrast to these predictions of an initial state
symmetry dependence of the energy location of the last local
maximum before the onset of the plateau, our results in Figs.
3 and 4 show that, regardless of the initial state symmetry,

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

-14

-12

-10

-8

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Photoelectron Energy (units of Up)

-12

-10

-8

-6

L
o

g
10

[D
et

ac
h

m
en

t
R

at
e

(a
.u

.)
]

(a)

(b)

FIG. 3. �Color online� Comparison of the present Sturmian-
Floquet detachment rates �filled symbols� with results based on
Keldysh theory �38� �open symbols� as a function of the detached
electron energy in units of the ponderomotive potential energy, Up.
Panel �a� shows ATD spectra for H− for a linearly polarized laser
field of frequency �=0.0043 a.u. and intensity I=3.99
�1010 W /cm2 just before closure of the ponderomotively shifted
10-photon detachment channel. Panel �b� shows ATD spectra for F−

for a linearly polarized laser field of frequency �=0.0253 a.u. and
intensity I=9.3�1012 W /cm2 just before closure of the nine-
photon detachment threshold. In each panel, different curves corre-
spond to different ejection angles of the detached electron: �=0°
�filled and open black circles�, 20° �filled and open red triangles�,
and 40° �filled and open blue squares�. The vertical dashed lines
indicate the classical ATD high energy plateau cutoffs, calculated as
discussed in Sec. II C 2.
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FIG. 4. �Color online� ATD spectra for detached electrons de-
tected along the direction of linear laser polarization for intensities
corresponding to the closure of multiphoton detachment channels.
�a� ATD for H− for a laser field of frequency �=0.0043 a.u. and
intensity I=2.87,3.99, and 5.12�1010 W /cm2, corresponding, re-
spectively, to closure of the nine-, 10-, and 11-photon detachment
channels �black dots, blue triangles, and blue squares, respectively�;
�b� ATD for F− for a laser field of frequency �=0.0253 a.u. and
intensity I=6.97, 9.3, and 11.72�1012 W /cm2, corresponding, re-
spectively, to closure of the eight-, nine-, and 10-photon detachment
channels �black dots, blue triangles, and blue squares, respectively�.
The rates in panel �b� have been averaged over the projections of
the initial angular momentum, �=1.
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the energy location of this maximum shifts to lower energies
with increasing laser intensities corresponding to similar
multiphoton channel closings in both H− and F−.

A possible resolution of the difference between our results
and those presented in Fig. 2 of Ref. �31� and in Figs. 3, 4
and 5 of Ref. �57� may be that the conditions upon which Eq.
�1� of Ref. �31� was derived do not apply in our case. In our
results shown in Fig. 3, for example, the laser intensities are
such that the 10-photon detachment channel in the case of H−

and the nine-photon detachment channel in the case of F− are
just becoming closed. Close to the m-photon detachment
threshold, a detached electron that has absorbed n laser pho-
tons �n	m� has kinetic energy Ef = �n−m��. In order for this
electron to have a kinetic energy much greater than its effec-
tive binding energy, one must therefore have n�2m. For the
intensities in our results, therefore, this would mean n�20
for H− and n�18 for F−. As shown in our Figs. 1 and 2, the
energies at which such conditions are satisfied are well be-
yond the region of direct detachment. It appears therefore
that the analysis developed in �31,57� cannot be rigorously
applied to a description of the low-energy ATD spectra for
intensities near the multiphoton detachment channel closings
considered in this work.

C. Electron angular distributions in the low- to intermediate-
energy region of the ATD plateau

In Fig. 5, we present color mappings of the angular dis-
tributions for electrons detached from F− by absorption of
n=34 linearly polarized photons �of frequency 0.0253 a.u.�
as a function of laser intensity. The laser intensities span the

region over which the ponderomotive potential closes the
eight- and nine-photon detachment channels �indicated by
the arrows�. Owing to the axial symmetry of the problem, the
angular distributions are only shown for angles in the range
of 0–90°. The panels �a� and �b� correspond, respectively, to
initial state electron magnetic quantum numbers, m=0 and
m= �1. �Note that the magnitudes of the m= �1 results are
three orders of magnitude smaller than those for m=0, as
also shown later.� Whereas one observes a pronounced in-
crease of the detachment rate for m=0 at the nine-photon CC
over a very narrow range of laser field intensities, only a very
subtle, barely visible change in the rate may be seen at the
eight-photon CC. This is an illustration of a general law that
governs the dynamics of detachment at the thresholds of
multiphoton transitions. At such thresholds, the Wigner
threshold law �21� predicts that the energy dependence of the
partial detachment rates depends strongly on the initial state
symmetry �i.e., on the orbital angular momentum of the va-
lence electron� and on the number of absorbed photons. As
has been described in Refs. �15–17,19,20�, for a linearly po-
larized laser field, this leads to the enhancement of the rates
for electron detachment on the ATD plateau whenever the
laser intensity leads to the closing of an even- or odd-
multiphoton detachment channel for an s �as in H−� or p �as
in F−� valence electron, respectively. The angular distribu-
tions follow the same threshold law as the partial rates do.
Because the behaviors of the ADs for H− in the vicinity of
even- and odd-multiphoton CCs are similar to those for the
m=0 valence state of F− in the vicinity of odd- and even-
multiphoton CCs, respectively, we do not present here the
corresponding color mappings of the angular distributions
for H− detachment.

The large increase in the magnitudes of the angular dis-
tributions for electrons on the ATD plateau at laser intensities
corresponding to the closure of a particular multiphoton de-
tachment channel is shown more quantitatively in Fig. 6. In
this figure, we compare the ADs for an s electron �H−� �pan-
els �a� and �b�� and a p electron �F−� �panels �c� and �d��. In
both cases the electron kinetic energy is the same: Either 6Up
�panels �a� and �c�� or 7Up �panels �b� and �d��. For F−, the
rates shown are averaged over the projections of the initial
orbital angular momentum, �=1. As specified in the caption
to Fig. 6, the four laser intensities for which results are
shown span the closure of the nine- and 10-photon �H−� and
the eight- and nine-photon �F−� detachment channels. What
is most striking in Fig. 6 is that at the intensities that close
the 10-photon detachment channel in the case of H− and the
nine-photon detachment channel in the case of F−, the angu-
lar distributions for ATD plateau electrons �represented by
the solid black curves� exhibit very large maxima in a finite
angular interval. These maxima are about an order of mag-
nitude larger than those in the ADs corresponding to intensi-
ties higher or lower than that for the solid black curve in each
panel. We thus see that the ATD plateau enhancements at
multiphoton CCs are not only confined to the lower energy
portion of the ATD plateau, but also that for particular ener-
gies in this region the ATD electron ADs are enhanced only
within a finite angular range. At higher angles there is almost
no significant increase at laser intensities corresponding to
multiphoton CCs. On the other hand, at the closing of the

FIG. 5. �Color online� ATD angular distributions for F− detach-
ment by 34 linearly polarized 1.8 �m laser photons over a range of
laser intensities that includes the closure of the eight- and nine-
photon detachment thresholds �at 6.97�1012 W /cm2 and 9.3
�1012 W /cm2, respectively, as marked by arrows�. Panels �a� and
�b� correspond to results for electron orbital angular-momentum
projection quantum numbers m=0 and m= �1, respectively. The
scale on the right-hand side of each panel indicates the magnitudes
�in a.u.� of the angular distributions.
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nine-photon channel in the case of H− and the eight-photon
detachment channel in the case of F−, the angular distribu-
tions for ATD plateau electrons �represented by the dashed
red curves� do not exhibit any enhancement. This illustrates
the symmetry dependence of the ATD enhancements, stem-
ming from the Wigner threshold law �21�.

The variation of F− ATD plateau enhancements with de-
tached electron kinetic energy, electron emission angle, and
laser intensity is shown in Fig. 7. The results in this figure
are similar to the results for n=34 shown in Fig. 5, but are
presented for a much narrower range of laser intensities in

the region of the closure of the nine-photon detachment
channel �at approximately 9.3�1012 W /cm2�. Each panel
corresponds to a different ATD plateau peak �varying from
n=27–41�. Since the m= �1 ADs are smaller �by three or-
ders of magnitude� than the corresponding m=0 ADs and
since, as shown in Fig. 5, the m= �1 ADs show no evident
enhancements in the region of intensity at which the nine-
photon channel closing occurs, only the m=0 data are pre-
sented. The most interesting feature of the ADs presented in
Fig. 7 is the abrupt increase in magnitude over a finite angu-
lar interval in the AD beginning at laser intensities just be-
fore the nine-photon CC. As we have already discussed with
regard to the results in Fig. 2, but which is illustrated better
in Fig. 7, the enhancement of high-order ADs is not re-
stricted to only those electrons that move along the laser field
polarization direction. For lower ATD peaks, n, the enhance-
ment is observed far from the polarization axis, in the region
of �=30°. However, with increasing n the angular interval
over which enhancement occurs shifts toward lower angles,
i.e., closer to the polarization axis. To reiterate, at the low
energy end of the ATD plateau, evidence of CC enhance-
ments of the ATD rates appears first at large angles and only
at higher energies does it appear along the laser polarization
axis at �=0°.

The variations of the detached electron ADs with changes
in laser intensity in the vicinity of multiphoton CCs is exam-
ined in more quantitative detail for F− in Figs. 8–10. In Fig.
8 we present the ADs for electrons for three laser intensities
that are below, at, and above the intensity corresponding to
the closing of the nine-photon detachment threshold. The
three panels in this figure show the ADs for detached elec-
trons that have absorbed n=30, 34, and 38 laser photons, all
of which lie in the low- to intermediate-energy region of the
ATD plateau �cf. Fig. 2�. The respective rates have been
averaged over the projections of the initial orbital angular
momentum of the outer electron, �=1. One clearly sees in
this figure that the pronounced enhancement of one of the
maxima in the ADs corresponding to the multiphoton CC
intensity �cf. the solid black curves� shifts from significantly
off axis to smaller angles with increasing electron kinetic
energy. For n=30 the enhanced maximum is located about
the angle �=30°, while for n=34 the enhanced maximum
peaks at approximately �=17°, and for n=38 the peak is at
�=0°. Note that in Fig. 8 the changes in laser intensity span
a range of only about 6.5%. Nevertheless these small
changes produce large enhancements of the detached elec-
tron ADs.

For comparison, we show in Fig. 9 the ADs for detached
electrons located below �n=15, Ef �2Up� and above �n=55,
Ef 	10Up� the ATD plateau for the same laser parameters as
in Fig. 8. In contrast to the nonmonotonic behavior of the
plateau electron ADs with variations of intensity in the vi-
cinity of the nine-photon CC �cf. Fig. 8�, one observes in Fig.
9 that the ADs for electrons both below and above the ATD
plateau change monotonically with increasing laser field in-
tensity.

It should be emphasized that the large enhancements in
the ADs for ATD plateau electrons shown for F− in Fig. 8
occur only for intensities in the vicinity of odd multiphoton
channel closures owing to the p-state symmetry of the va-
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FIG. 6. �Color online� Intensity dependence of electron angular
distributions on the ATD plateau for electron kinetic energies of
6Up and 7Up. Results are shown for both H− and F− ATD by lin-
early polarized laser fields having frequencies �=0.0043 a.u. and
�=0.0253 a.u., respectively. In each panel, results are presented for
four values of intensity, I, that span the closing of the nine- and
10-photon detachment channels in the case of H− and the eight- and
nine-photon detachment channels in the case of F−. �a� H− detach-
ment with intensity in units of 1010 W /cm2, I=2.87 �dashed red
curve, n=24, nine-photon channel closing�, I=3.3 �dashed-dotted
blue curve, n=27�, I=3.99 �solid black curve, n=31, 10-photon
channel closing�, and I=4.24 �dashed-dashed-dotted green curve,
n=33�, where n is the number of photons absorbed by electrons
having kinetic energy 6Up; �b� same as in panel �a� except that the
electron kinetic energy of 7Up involves absorption of n=28, 30, 35,
and 39 photons, respectively; �c� F− detachment with intensity in
units of 1012 W /cm2, I=6.97 �dashed red curve, n=26, eight-
photon channel closing�, I=8.1 �dashed-dotted blue curve, n=30�,
I=9.3 �solid black curve, n=34, nine-photon channel closing�, and
I=9.8 �dashed-dashed-dotted green curve, n=35�, where n is the
number of photons absorbed by electrons having kinetic energy
6Up; �d� same as in panel �c� except that the electron kinetic energy
of 7Up involves absorption of n=29, 33, 38, and 40 photons, re-
spectively. The rates for F− have been averaged over the projections
of the initial orbital angular momentum, �=1.
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lence electron. �For H−, owing to the s-state symmetry of the
valence electron, the enhancements in the ADs for ATD pla-
teau electrons occur only for intensities in the vicinity of
even multiphoton channel closures.� We demonstrate this ini-
tial state symmetry rule in Fig. 10, which shows the variation
of the ADs for F− detachment for laser intensities in the
vicinity of the eight-photon CC. In contrast to the odd-
channel closing results shown in Fig. 8, for laser intensities
at the eight-photon �even� channel closing, the detached elec-
tron ADs along the ATD plateau �i.e., for n=30, 33, and 36�
show almost monotonic changes with increases in laser in-
tensity. In particular, there are no dramatic changes in either
the shapes or in the magnitudes of the ADs.

D. Angular distributions near the high-energy cutoff
of the ATD plateau

Although ATI �ATD� plateau enhancements of the ioniza-
tion �detachment� rates integrated over all ionized �detached�
electron angles have only been predicted or observed for
electron energies in the low- to intermediate-energy region of
the ATI �ATD� plateau, we show here that the ADs for pla-
teau electrons having energies near the plateau cutoffs show
characteristic changes in shape with changes in laser inten-
sity in the vicinity of multiphoton CCs. Also, these changes
in shape of the ADs have a quantum-mechanical origin, as

FIG. 7. �Color online� Intensity dependence of electron angular distributions on the ATD plateau for F− detachment by n photons �where
n is indicated in each panel� having linear polarization and frequency �=0.0253 a.u. The laser intensities span the region over which the
nine-photon detachment channel becomes closed. Results are shown only for electrons having orbital angular-momentum projection, m
=0, as those for m= �1 are negligible and show no evident enhancement at the CC. The scale on the right-hand side of each panel indicates
the magnitudes of the detachment rates �given in units of 10−8 a.u.�.

0 20 40 60 80
0.0

0.5

1.0

1.5

2.0

2.5

D
et

ac
h

m
en

t
R

at
e

(1
0-9

a.
u

.)

0 20 40 60 80

Angle (deg)

0.0

0.8

1.6

2.4

3.2

4.0

0 20 40 60 80
0.0

1.5

3.0

4.5

6.0

7.5

n = 30 n = 34 n = 38

FIG. 8. �Color online� Variation with intensity of detached elec-
tron angular distributions for ATD of F− by n linearly polarized
laser photons of frequency �=0.0253 a.u., where n=30, 34, and 38.
In each panel, results are given for three laser field intensities �in
units of 1012 W /cm2� that lie, respectively, just below, at, and just
above the intensity corresponding to the closure of the nine-photon
detachment channel: I=8.9 �dashed red curves�; I=9.3 �solid black
curves�; and I=9.5 �dashed-dotted blue curves�. Results are aver-
aged over the projections of the initial orbital angular momentum,
�=1.
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comparison with classical predictions for the ADs shows. A
classical analysis has been successfully applied to the de-
scription of the related ATI angular distributions having pro-
nounced off-axis maxima at angles between 30° and 45° with
respect to the laser field direction �40�. This behavior of the
ADs has been associated with the ATI peaks in the energy
region around 8–9Up. �For the corresponding experimental
works, see Refs. �53,55�.� In this energy region, which cor-
responds to the end of the plateau, the ATI �ATD� energy
spectra no longer exhibit intensity-sensitive enhancements.
In Fig. 11 we present a comparison of the classical ADs
�right-hand panel�, calculated as described in Sec. II C 1,
with the results of our quantum-mechanical investigations of
H− detachment �left-hand panel�. In both cases, the detached
electron has a kinetic energy Ef =8Up. Different curves in the
left-hand panel correspond to different laser intensities and to
different numbers of absorbed laser photons.

The most remarkable feature of the quantum-mechanical
ATD results in the left-hand panel of Fig. 11 is the distinct
change in the shape of the AD for a laser intensity corre-
sponding to the closure of the 10-photon channel �cf. the
solid black curve�. One sees that in contrast to the ADs for
the other laser intensities �including that corresponding to the
nine-photon CC�, the AD for the 10-photon CC intensity
develops a large new maximum that peaks at �=0°. Whereas
a typical AD for an electron having a kinetic energy of 8Up
is characterized by only one off-axis maximum, at the 10-
photon CC intensity the shape of the AD becomes similar to
that for a plateau electron having a kinetic energy of 7Up �cf.
Fig. 6�d��. Our calculations �not shown here� predict that
similar changes in the shape of the ADs occur also for higher
energies on the ATD plateau �i.e., up to about 10Up�, with the
magnitude of the change in shape diminishing with increas-
ing electron energy.

The change in shape of the ADs for electrons detached
from H− with kinetic energies near the cutoff of the ATD
plateau �for a laser intensity at an even multiphoton detach-
ment CC� occur also in the ADs for electrons detached from
F− �for a laser intensity at an odd multiphoton detachment
CC�. In Fig. 12 we present the ADs for detachment of F− for
detached electrons having the same kinetic energy, Ef =8Up,
as in Fig. 11 for H−. Results are presented separately for the
ADs of valence electrons having magnetic quantum number
m=0 �left-hand panel� and m= �1 �right-hand panel�. One
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FIG. 9. �Color online� Same as in Fig. 8 but for ATD of F− by,
respectively, 15 and 55 photons.
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FIG. 10. �Color online� Same as in Fig. 8 but for ATD of F− by
30, 33, and 36 photons, and for three different laser field intensities
�in units of 1012 W /cm2� that lie, respectively, just below, at, and
just above the intensity corresponding to the closure of the eight-
photon detachment channel: I=6.8 �dashed red curves�; I=6.97
�solid black curves�; and I=7.2 �dashed-dotted blue curves�.
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FIG. 11. �Color online� Comparison of quantum-mechanical
�left-hand panel, present results� and classical �right-hand panel, cf.
Sec. II C 1� predictions for the angular distributions of electrons
detached from H− with kinetic energy Ef =8Up by a linearly polar-
ized laser field of frequency �=0.0043 a.u. The quantum results are
presented for four different laser intensities �in units of
1010 W /cm2� that span the closing of the nine- and 10-photon de-
tachment channels: I=2.87 �dashed red curve, n=30, nine-photon
CC�, I=3.3 �dashed-dotted blue curve, n=33�, I=3.99 �solid black
curve, n=39, 10-photon CC�, and I=4.24 �dashed-dashed-dotted
green curve, n=41�, where n is the number of photons absorbed by
electrons having kinetic energy 8Up. All results are relative, with
the quantum results for I=3.99�1010 W /cm2 �solid black curve�
set equal to unity at the angle 0°; the maximum in the classical
Ef =8Up results is normalized to the maximum just above 30° in the
same quantum results �solid black curve�.
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observes the remarkable fact that for a laser intensity corre-
sponding to the closure of the nine-photon detachment chan-
nel �cf. the solid black curves�, only the AD for a detached
electron having m=0 changes its shape. Specifically, this
curve develops a significant maximum that peaks at �=0°.
This maximum at �=0° is absent in the m=0 ADs for other
laser intensities as well as in the m= �1 curves �even at the
nine-photon CC intensity�. One observes also in Fig. 12 that
the rates for m= �1 are about three orders of magnitude
smaller than those for m=0. Hence, averaging the detach-
ment rates over the projections of the initial angular momen-
tum is essentially unnecessary owing to the dominant contri-
bution of the m=0 results.

The classical analysis, derived for the case of only one
laser-driven rescattering event of the active electron, predicts
the appearance of a single, off-axis maximum in the detached
electron AD, as shown in the right-hand panel of Fig. 11.
Except for laser intensities corresponding to an even or odd
multiphoton CC �depending on the symmetry of the valence
electron�, this classical prediction agrees qualitatively with
the quantum-mechanical predictions �cf. Figs. 11, left-hand
panel, and 12�. More precisely, for the 8Up electrons the
classical AD, which does not depend on the electron’s initial
angular momentum, shows a pronounced, very narrow maxi-
mum at around 30°, as measured with respect to the laser
field polarization direction. Also, at �=0° the classical AD
has a nonzero value. Both of these classical predictions agree
approximately with the quantum mechanical results for laser
intensities away from those corresponding to a multiphoton
CC at which enhancement occurs. Note also that the
quantum-mechanical AD results in the case m= �1 have,

owing to the angular momentum barrier, a zero value at �
=0° �cf. Fig. 12, right-hand panel�.

With regard to the ATD plateau cutoff energies, the clas-
sical analysis presented in Sec. II C 2 gives values for these
energies of 10.007Up, 9.065Up, and 6.678Up for detachment
angles of �=0°, �=20°, and 40°, respectively. These classi-
cal cutoff energies are denoted in Figs. 1 and 2 by arrows and
in Fig. 3 by vertical dashed lines. One observes that these
classical predictions for the dependence of the ATD plateau
cutoff energies on the angle � coincide with our quantum-
mechanical results. Recall that the results in Figs 1, 2, and 3
are for laser intensities close to those which close particular
multiphoton detachment channels, resulting in enhancements
of ATD rates in the low- and mid-energy regions of the ATD
plateau. As already discussed, the magnitudes of the angle-
integrated ATD rates at the high-energy end of the ATD pla-
teau, in the vicinity of the plateau cutoff, do not experience
similar large enhancements with small changes of laser in-
tensity. The present ATD rates for fixed electron detachment
angle show, in addition, that the ATD plateau cutoff energy
also does not change significantly with intensity in the vicin-
ity of multiphoton transition thresholds and is explained well
by a classical analysis.

IV. CONCLUSIONS

A considerable amount of experimental and theoretical
work �2–20� has been devoted to enhancements of the ATI
and ATD plateau rates. As we have shown recently �17,19�,
valuable information on the enhancement of angle-integrated
ATD rates can be obtained from analyzing their variation
with laser intensity over a broad range of detached electron
energies. More precise information on the dynamics of ATD
may be gained, however, when the angular distributions at
fixed energies and the energy distributions at fixed angles are
investigated. In the present paper, results of both of these
kinds of investigations have been presented and discussed in
detail.

Our nonperturbative Floquet study of ATD angular and
energy distributions at fixed electron detachment angles
�measured with respect to the direction of linear laser field
polarization� for two different ionic targets, H− �s-electron�
and F− �p-electron�, has confirmed the sensitivity of these
processes to the initial state symmetry of the valence elec-
tron. Under conditions for which even- or odd-multiphoton
channels become closed in ATD of H− or F− respectively, we
have found pronounced enhancements of the fixed-angle
ATD rates over an energy region extending from the low- to
the intermediate-energy region of the ATD plateau. In par-
ticular, the CC-induced enhancement is experienced even by
those electrons that are detected with nonzero transverse mo-
menta. The energy domain over which the enhancement oc-
curs moves towards lower energies �and thus occurs over a
smaller energy range� with increasing detachment angle. For
large enough detachment angle, no enhancement of the ATD
rates occurs. In the case of fixed electron energy, the rate
enhancement occurs over only a limited angular region,
which shifts towards the polarization axis with increasing
number of absorbed photons. We find also that the pro-
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FIG. 12. �Color online� Dependence of F− ATD electron angular
distributions on the initial state magnetic quantum numbers, m=0
and m= �1. Results shown are for a linearly polarized laser field of
frequency �=0.0253 a.u. and four values of intensity, I �in units of
1012 W /cm2�, that span the closing of the eight- and nine-photon
detachment channels: I=6.97 �dashed red curve, n=33, eight-
photon CC�, I=8.1 �dashed-dotted blue curve, n=37�, I=9.3 �solid
black curve, n=42, nine-photon CC�, and I=9.8 �dashed-dashed-
dotted green curve, n=45�, where n is the number of absorbed
photons needed to give the detached electrons the same final kinetic
energy, 8Up. Note the three orders of magnitude difference in the
rates for m=0 and m= �1.
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nounced enhancements appear only for detachment from an
initial state having orbital angular-momentum projection, m
=0. In the case of F−, initial states having m= �1 not only
have rates that are about three orders of magnitude smaller
than those for m=0 �for the laser parameters considered in
this paper�, but also the rates for electrons having m= �1
show no evidence of enhancement at laser intensities corre-
sponding to multiphoton CCs.

For detached electron energies at the high-energy end of
the ATD plateau, where no enhancement of the angle-
integrated ATD rates occurs at laser intensity-induced multi-
photon CCs, we have found nevertheless that the angular
distributions for electrons having m=0 change their shape at
symmetry-appropriate CCs. Specifically, for 8Up electrons,
away from a multiphoton CC, the quantum-mechanical ADs
in the vicinity of the plateau cutoffs exhibit a single maxi-
mum at a finite nonzero angle, in agreement with the results
of classical simulations of the ADs �performed similarly to
the simulations of Refs. �40,41��. On the other hand, for laser
intensities corresponding to a symmetry-appropriate, multi-
photon CC, our quantum-mechanical ADs for electrons hav-
ing m=0 develop a second maximum, closer to the laser
polarization axis. This change in shape of the ATD ADs for
energies close to the plateau cutoff therefore is concrete evi-
dence that CC effects extend over a wider range of energies
on the ATD plateau than expected heretofore. Moreover, this
change in shape is a completely quantum-mechanical effect;
it does not occur in our classical simulations. On the other
hand, our classical analysis of the energy cutoff for the fixed-
angle ATD plateau gives predictions for these cutoffs that are
in accord with our numerical quantum-mechanical results.

We note in concluding that our Yukawa-potential model
calculations, although accurate �within the single-active-
electron approximation� for the description of above-
threshold detachment from negative ions, cannot account for
any effects that are due to the long-range Coulomb potential
that exists following ionization of neutral atoms. Also, the
threshold features of multiphoton ionization channels in the
presence of a Coulomb field are rather different from those in
the presence of a short-range potential. Investigations of such
channel-closing effects in ATI of neutral atoms is currently
under investigation.

ACKNOWLEDGMENTS

This work was supported in part by the Polish Ministry of
Science and Higher Education under Grant No. 1 P03B 006
28 �K.K.�, and by the U.S. National Science Foundation un-
der Grants No. PHY-0652866 �I.I.F.� and No. PHY-0601196
�A.F.S�.

APPENDIX: ON THE USE OF A MODEL POTENTIAL

Our choice of the model potential �cf. Sec. II A�, although
physically reasonable �e.g., the screening constant � is of the
order of 1 /r0, where r0 is the size of the atom�, is not unique.
First, we can choose different combinations of � and W0 �cf.
Eq. �1�� which give the same value of the binding energy for
an s �H−� or p electron �F−�. Second, the effective electron-

atom interaction is different for different partial waves. In
particular, for F− the potential should be much less attractive
in the s wave, since an s electron cannot be bound by the F
atom. Strictly speaking, an l-dependent pseudopotential
should be employed, if we use the single active electron
approximation. However, our present formalism does not al-
low us to work with pseudopotentials.

To investigate the first effect, we have performed calcula-
tions of the detachment rates for a model potential describing
F−, choosing �=1.1 a.u. and W0=−5.502 85 a.u. With such a
choice of parameters the binding energy of the negative ion
remains the same as in Sec. II A with our original choice of
� and W0. Comparing the results obtained for these two po-
tentials, we have found in both cases the same qualitative
behavior of the detachment rate as a function of the laser
field intensity and the photoelectron energy, including also
pronounced enhancements of the ATD plateau at the closing
of symmetry-appropriate multiphoton channels. As expected
�and confirmed by our model potential calculations�, the low-
est part of the ATD spectrum is practically model indepen-
dent; it is determined by the binding energy and asymptotic
form of the bound state wave function, which results also in
very good agreement between the model potential calcula-
tions and the theory of Ref. �38� �cf. Sec. III B�. Good agree-
ment of the detachment rates calculated for the two different
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FIG. 13. �Color online� ATD spectra for F− detachment by a
linearly polarized laser field of frequency �=0.0253 a.u. for four
different laser intensities, denoted in each panel, that span the nine-
photon CC. Results are compared for two model Yukawa potentials:
the model potential introduced in Sec. II A �black filled circles� and
the potential introduced in the Appendix �red stars�. While for the
model potential of Sec. II A the nine-photon CC is approximately at
the laser intensity I=9.3�1012 W /cm2, in the other case the same
channel becomes closed at approximately I=9.24�1012 W /cm2.
All rates are averaged over the projections of the initial angular
momentum, �=1. The blue dashed lines are drawn to help visualize
the changing magnitudes of the detachment rates on the plateau as
the laser intensity increases.
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model potentials is observed also at higher intensities and
lower electron energies, where the details of the potential are
similarly unimportant. However, at lower intensities and
higher electron energies we observe certain differences, thus
indicating the limitations of even an accurate model poten-
tial.

Concerning the main focus of this paper, we compare in
Fig. 13 the threshold behavior of the F− detachment rates for
two model Yukawa potentials, Eq. �1�: �a� With the param-
eters given in Sec. II A �filled black circles�; and �b� with the
new parameters given above �red stars�. Results are shown
for laser intensities that sweep across the nine-photon pon-
deromotively shifted channel closing. This CC occurs ap-
proximately at the laser intensity 9.3�1012 W /cm2 in case
�a� and approximately at the intensity 9.24�1012 W /cm2 in
case �b�, with the difference caused by a potential-dependent
Stark shift of the energy levels in the laser field. For fixed
laser intensity, one observes excellent agreement of the two
detachment rates in the low-energy part of the ATD spectra;
this agreement however deteriorates with increasing electron
energy �or, the number of absorbed laser photons� for laser
intensities that bring the respective channel to its closure �the
second and third panels�. One can see in Fig. 13 almost an
order of magnitude increase of the detachment rates in the
low- and mid-energy part of the ATD plateau that in both
cases occurs before the nine-photon CC. While the detach-
ment rates at the lower-energy end of the plateau increase,
those at the higher-energy end of the plateau decrease. Most
importantly however, the magnitude of the CC enhancement
appears to be far larger than the variations in the detachment
rates due to changes in the parameters of the model potential.
The threshold-related enhancements are observed for any

reasonable choice of model potential at only very slightly
different laser field intensities. These enhancements domi-
nate the potential dependence of the detachment rates, as
shown in Fig. 13. This fact is confirmed also by our calcu-
lations with other sets of parameters �not shown� giving the
same binding energy for the e-F system.

To see how realistically s-wave electrons are rescattered
in our model, we must compare with ab initio calculations of
e-F scattering. We are aware of only one paper on this sub-
ject �59�, which investigates 1Po scattering at very low ener-
gies �below 0.027 eV�, and so, practically, only gives the
scattering length, which can be estimated as 0.38 a.u. To get
a better idea about low-energy e-F scattering we compare it
with e-O and e-Ne scattering, since basic features of electron
scattering by atoms with nearly the same atomic numbers are
often similar. �See, e.g., Ref. �60� concerning low-energy
electron scattering by S, Cl, and Ar atoms.� From such a
comparison, we conclude that the e-F scattering length
should have a positive sign, since there is no Ramsauer-
Townsend minimum in e-O and e-Ne scattering, and the cor-
responding scattering lengths �for 2Pe and 1Se scattering in O
and Ne� are 0.28 a.u. and 0.214 a.u., respectively �60,61�.
Calculations with our model potential gives an s-wave scat-
tering length of 1.8 a.u., i.e., significantly higher than the
above estimates. This means that s-wave rescattering at low
energies is overestimated in our model. On the other hand,
our s-wave scattering phase shift decreases with energy sig-
nificantly slower than for Ne �61� resulting in the factor 4.5
difference with Ne for the cross sections at E=2.2 eV �as
compared to the factor �1.8 /0.214�2=71 for E=0�. There-
fore, for higher-energy electrons our description of s-wave
rescattering becomes more realistic.
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