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Hitting time for the continuous quantum walk
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We define the hitting (or absorbing) time for the case of continuous quantum walks by measuring the walk
at random times, according to a Poisson process with measurement rate . From this definition we derive an
explicit formula for the hitting time, and explore its dependence on the measurement rate. As the measurement
rate goes to either O or infinity the hitting time diverges; the first divergence reflects the weakness of the
measurement, while the second limit results from the quantum zeno effect. Continuous-time quantum walks,
like discrete-time quantum walks but unlike classical random walks, can have infinite hitting times. We present
several conditions for existence of infinite hitting times, and discuss the connection between infinite hitting

times and graph symmetry.
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I. INTRODUCTION

There are two main types of quantum walks: continuous-
time and discrete-time quantum walks. Discrete-time quan-
tum walks evolve by the application of a unitary evolution
operator at discrete time intervals, and continuous-time
walks evolve under a (usually time-independent) Hamil-
tonian. Continuous-time quantum walks have been defined
by Farhi and Gutmann in [1] as a quantized version of
continuous-time classical random walks. Classical random
walks are used in computer science to design probabilistic
algorithms for computational problems most notably for
3-satisfiability (3-SAT) [2]. In a similar vein, quantum walks
provide a framework for the design of quantum algorithms.
Quantum walks have been used in many quantum algorithms
such as element distinctness [3], matrix product verification
[4], triangle finding [5], and group commutativity testing [6].
Recently, a quantum algorithm for evaluating NAND trees has
been proposed which uses a quantum walk as a part of the
algorithm [7]. To better understand how to use quantum
walks for algorithms we need to study the properties of these
walks. Many papers have studied the behavior of quantum
walks for particular graphs. For example, quantum walks on
the line have been examined for the continuous-time case in
Refs. [1,8,9] and for the discrete-time case in [10-14]. The N
cycle is treated in [15,16], and the hypercube in [17-21].
Quantum walks on general undirected graphs are defined in
[22,23], and on directed graphs in [24]. Kendon [25] has a
recent review of the work done in this field so far, focusing
mainly on decoherence. Other reviews include an introduc-
tory review by Kempe in [26], and a review from the per-
spective of algorithms by Ambainis in [23].
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Different quantitative characterizations of quantum walks
have been defined by analogy to classical walks, such as
mixing times, hitting (or absorbing) times, correlation times,
etc. [15]. Often for this purpose the evolution of the quantum
walk must be modified to include not only the unitary evo-
lution, but also a measurement process to extract information
about the current state of the walk. There is a natural way to
introduce such a measurement process in the discrete case:
Namely, a measurement is made after each step of unitary
evolution. The interval between measurements is the same as
the characteristic time scale for the walk in question. In the
case of the continuous-time walk, such a natural definition of
a measured walk does not exist. There is no intrinsic time
step after which we can perform the measurement. Classi-
cally this is not a difficulty, because measurements do not
disturb the state of the system. The quantum case is quite
different. If we choose the measurement times arbitrarily,
they can either be too long or too short with respect to the
unitary evolution of the quantum walk. We can either miss
important details in the evolution by measuring too infre-
quently, or overly distort the unitary evolution by measuring
too often. In the limiting case, we can completely freeze the
evolution by the quantum zeno effect [27].

Hitting times for discrete-time quantum walks have been
defined and analyzed in [19,20]. The effect of making ran-
dom measurements on mixing times, and its possible algo-
rithmic applications, has been studied in [28-30]. In this pa-
per, we introduce a measurement process for the continuous-
time quantum walk which gives rise to a definition and an
analytical formula for the hitting time as a function of the
measurement rate (or equivalently, measurement strength).
We explore the limits of measuring too weakly or too
strongly, and show that the hitting time diverges in either
case. This suggests the existence of an optimum rate of mea-
surement, which depends on the unitary dynamics of the par-
ticular walk.
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We also show another difference from hitting times for
classical random walks. In the classical case, a random walk
on a finite connected graph always leads to finite hitting time
for any vertex. This is not true for the quantum case. The
existence of infinite hitting times has been argued for
discrete-time and continuous-time quantum walks in [20]; in
this paper we show this explicitly for the continuous-time
quantum walks based on the definition of hitting time that we
give, and derive conditions for the existence of infinite hit-
ting times. Another sufficient condition that we prove is that
if the complementary graph is not connected, this automati-
cally leads to infinite hitting times for the continuous-time
quantum walk on the original graph.

The paper is organized as follows. In Sec. II, we describe
how to introduce the measurement process, and derive for-
mulas for the hitting time and probability. In Sec. III, we give
a condition for existence of infinite hitting times and prove
that the hitting time diverges when the measurement rate
goes to zero or infinity. In Sec. IV, we give examples for the
hitting times for certain graphs as a function of the measure-
ment rate. In Sec. V, we give another sufficient condition for
infinite hitting times. A discussion follows in Sec. VI.

II. DEFINITION OF THE HITTING TIME FOR THE
CONTINUOUS-TIME QUANTUM WALK

A. Continuous-time measured walks

We want to define hitting time for the continuous unitary
evolution on undirected graph I'(V,E), where V is the set of
vertices and E is the set of edges. Two vertices v;,v, € V are
connected if there exists an edge e={v,v,} € E (here {v,,v,}
should be taken as the unordered pair or set of the two ver-
tices v; and v,). Corresponding to the graph I', we assign the
Hilbert space Hp=¢>(V). The vertex states in that Hilbert
space are just labeled by the vertices of the graph—for v
eV, |v) e H. They form an orthonormal basis for Hr,
<vn | Um> = 5nm'

The hitting time for classical random walks is defined
naturally as the average time to find the walk in a specific
vertex. When we turn to the quantum case, the walk on the
graph is defined not as a stochastic process on the vertices of
the graph but as the unitary evolution of a closed quantum
system with the Hilbert space H defined above. To deter-
mine when the quantum walk has reached a vertex, we need
to measure the system to gain information about its current
state. There are several reasonable ways to do that in the
continuous-time case. We could perform strong measure-
ments periodically with some fixed but arbitrary period 7.
This is not unlike the discrete case, in which the period 7T is
given naturally by the walk itself: A measurement is per-
formed after each unitary evolution step. This way to per-
form a measurement is not satisfactory in our case. We have
no general way to know how to choose 7 just from the graph.
If we choose it too small we could introduce too much de-
coherence, effectively masking the unitary evolution of the
walk, or even worse, freezing it. If T is too large then we can
miss the moment when the walk actually reaches the final
vertex. And in general, the unitary transformation between
measurements can be complicated and difficult to work out
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(unlike the discrete-time case), which makes performance
harder to analyze.

Another way to measure the system is through strong
measurements performed at random times. The measurement
times are chosen according to a probability distribution with
some measurement rate. The advantage is that we do not
introduce an artificial periodicity into the dynamics, and it
allows one to calculate averaged effects over different mea-
surement patterns. The disadvantage is that it is still neces-
sary to introduce a time scale for the measurements, this time
given by the rate at which measurements are performed. The
simplest and most natural way to distribute these measure-
ments is as a Poisson process; this is equivalent to having a
small constant rate A to do a measurement. We will see that
using a Poisson process allows us to find an exact analytical
expression for the hitting time and hitting probability.

A third way to measure the system is using “weak” mea-
surements (analogous to the way photodetection is de-
scribed). In a small time period &, we perform a measure-
ment which either allows the system to evolve unitarily with
a probability 1-¢€, or performs a measurement to determine
whether it has reached the final state with a probability €. In
this case, the evolution is unitary for most of the time, with
“jumps” at the random times when a measurement is per-
formed. This case and the previous one are actually
equivalent—the values of &t and e determine the measure-
ment rate \—but they give a somewhat different intuition
about how to look at the measurement procedure.

In [30], it was argued that the qualitative and even quan-
titative behavior of the system is not too sensitive to the
exact details of the measurement scheme. This suggests that
the first choice above (periodic measurement) might be as
good as the other two in practice, but it still introduces a
discrete structure which is not desirable in dealing with con-
tinuous evolution. For this reason, in the following we ex-
plore the measurement scheme described by the second and
third cases.

B. Poisson-distributed measurements

We perform a measurement to check whether the system
is in the final state |v ), given by the measurement operators
{P;,O where Pi=[v)(vd, Q;=I-P; We measure the sys-
tem at random times, distributed according to a Poisson pro-
cess X, with rate N> 0. Each time we observe a jump in the
Poisson process we measure the system. Between the mo-
ments at which we perform the measurements the system
evolves unitarily with a Hamiltonian H=—vyL, where L is the
discrete version of the continuous Laplacian V. In our case
it is given by L=A-D, where D is a diagonal matrix in the
basis spanned by the vertex states with the degree of each
vertex along the diagonal, and A is the adjacency matrix of
the graph [1,31]. In this paper we take y=1. If the degree of
the vertex v, is d,, then we have the following representation
of D and A:

D=2 d,v)v,l (1)
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A= E anm|vn><vm 5 (2)
where
1 if{v,v,} € E,
Apym = . (3)
0 if{v,v,} ¢E.

is the adjacency matrix of the graph I'(V,E).

This choice of Hamiltonian is not special—any similar
Hamiltonian will lead to qualitatively similar behavior. As
we see below, the important property is that the symmetries
of the graph be reflected in the Hamiltonian; automorphisms
of the graph produce permutations of the basis vectors |v),
which should in turn be symmetries of the Hamiltonian.

Let w=(t;,1,,...) be a sequence of random times when
the jumps of the Poisson process are observed, with (¢, € R,
0<1t;<ty,<--). For convenience we will take 7,=0. The se-
quences w belong to a probability space ({2,F,I°) on which
the Poisson process X, is defined,

X:RxQ—-{0,1,2,...},

Xl(w) =n lf re [tnstn+1)' (4)

Here () is the set of all sequences of random times w, § is
the o-algebra, generated by the Poisson process. The prob-
ability measure P on () is the one induced by the Poisson
process. (For reference, see [32,33].)

For each sequence w € () we define the hitting time as

©

To= 2 bl (5)

n=1

where p,, is the probability to find the system in the final state
at time 7, given that the system was not measured to be in the
final state in any of the previous times f,_;,...,#,. (For ref-
erence, see [20,34].) Define the intervals between jumps 7;_
and t; as t;=t;—1;_;. We want to average 7,, over all possible
trajectories w of the Poisson process, and take this as our
definition for the hitting time,

= ]E“)(Tw) = f de]P(w) . (6)
Q

We would like to find an analytical formula for 7,. From
the definition of p,, we have

n—1
Pn= Tr( PfH (e_i(rm+]_tm)HQf)e_italieit]H

m=1

=y
X H (Qfei(tmﬂ_tm)H)) .

m=1 (7)
The arrow above the products signify whether the operators
entering the products are ordered from left to right or vice

i — —

versa, in other words II)_U;=U,U,_,---U; and 1I;_,U;
= U 1 U 27" U ne

We now introduce superoperators U; and Q, defined by
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UAX) = ety pitH (8)

QAX)=0/XQy, 9)
and use them to rewrite (7) as
DPn= Tr{PfZ,{?n o Qfou?n—l o Qfo e ou?l(pi)}_ (10)

We want to express the sum in Eq. (5), as a function of the
{t,}. We do that by adding, subtracting, and rearranging terms
in the sum. We discuss convergence issues of the series in the
equations below in the Appendix.

To=0P1+ 0Py + 3P+ Iypy+ -
=Lpythpy—Lpy 1Pyt 13ps — Dhps + hps — L1p3 + 1P3
+igpy—
=ti(p1+pr+p3+ )+ (L =1)(pr+ps+ ) +(3-1)
X(p3+pat =)+ = 252 P, (11)
k=1 n=k

Because the {z,} are the event times of a Poisson process, the
interval times {7,} are independent and identical random vari-
ables, exponentially distributed with parameter A and a prob-
ability density function given by

e ™M, 7=0,

()= 12
ftn(—) O, ?< 0- ( )
Knowing that, we reexpress formula (6),
7= (H a't‘,xe‘“l>(~rw). (13)
=170

Then

=2 (H f dﬁxe‘*ﬂ)(fkpn). (14)
k=1 n=k \I=1 Y0

In the above expression there are two types of integrals,

A(X) = f i dine™NUAX), (15)
0

B(X) = J ’ dine ™ NTUAX). (16)
0

Integrating by parts we obtain the following equations for the
operators A and B,

A+ i[H,A] =X, (17)

i 1
B+X[H’B]: XA(X)’ (18)

where A(X) is the solution to the first equation. (We will
prove that this solution exists below.) Defining the superop-
erator
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L) =X+ i[H,X],

we rewrite these equations as

L)(A) =X, (19)

L,(B)=\"T"A(X). (20)

We want to prove that the superoperator L, is invertible
when \ is a real number. For this we need to know how the
adjoint of a superoperator is defined with respect to the
Hilbert-Schmidt inner product for operators,

(X,Y)ys = Tr(XTY). (21)

Using this inner product, we see that if

C(X)= >, ¢,C,XD},

the adjoint of C(X) is given by

C'(X)=2, ¢ CIXD,.

From that it follows that £ is a normal superoperator,
LioLy—LyoL] =0. (22)

This means that £, is diagonalizable. If X, is an eigenvector
of L,, then X, is an eigenvector of the Hermitian and anti-
Hermitian parts of £, separately, which are given by

1
L300 = S (Ly+ L)) =T(X) =X
and
1 i
L300 =Ly = L)) = [H.X],
respectively. Let us denote the eigenvalue of EQ correspond-
ing to X, by ix, (x, € R because £; is anti-Hermitian). Then
L£,(X,)=(1+ix,)X,# 0. This proves that each eigenvalue of

L, is nonzero, and that £, is invertible.
The solutions to Egs (17) and (18) are

A=L7N(X), (23)
B=\""L7%(X). (24)
Substituting these in (14) we obtain
7= 2 DN THPALY 0 Q) ko £320(Qp0 L) (py)]
k=1 n=k
=2 DN PLY 0 (Qpo £31) R o £ 0 ()
k=1 n=k
o LN (p)]= 2 2N THPLY 0 (Qpe L3 e £
k=0 [=0
°(Qro LN (p)]. (25)
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Note that the eigenvalues of £, are always greater than or
equal to 1 in absolute value, from which it follows that the
eigenvalues of QfOLXI are all less than or equal to 1 in
absolute value. If all the eigenvalues are strictly less than 1 in
absolute value, the following sum exists:

2 Qo LN = (T~ Qpo L3

k=0
Substituting this into (25) and denoting N} =L, — Qf, we ob-
tain the following formula for the hitting time:

7= N T PN (p)]. (26)

This formula is closely analogous to the formula for the hit-
ting time derived in [21,20] for the case of a discrete-time
quantum walk. If Q° L;l has any eigenvalues equal to 1, the
inverse in the above formula should be thought of as a
pseudoinverse.

Another quantity that may be defined is the total probabil-
ity to ever hit the final vertex [21,34],

Pr= 2 Pa- (27)

n=1

We can derive a formula similar to (26) for p,,

Pn= TY[P/N{](PI‘)] (28)

If this quantity is not unity, then it means that there is a
nonzero probability for the particle to never reach the final
vertex. This is when the quantum walk is said to have an
infinite hitting time [21]. It is shown in the next section that
this happens when the superoperator £y —Q; is not invert-
ible, then the walk will have an infinite hitting time for some
starting vertex (or superposition of vertices). In this case, we
can replace the inverse with a pseudoinverse. When the hit-
ting time is not infinite, or equivalently when the superop-
erator £, —Qy is invertible, p,=1.

C. Jumplike weak measurements

There is another way to derive formulas (26) and (28): By
looking at this procedure as an iterated weak measurement
(case 3 that we discussed above). Weak measurements have
been considered in the literature [35,36] and one can think of
them as measurements that disturb the state of the system by
a small amount on average, and thus give little information
on average about the state of the system. There are two types
of weak measurement. The first one leaves the system in a
state close to the initial one no matter what outcome is ob-
served. The second type could change the state of system
dramatically for some outcomes but these outcomes are ob-
served with a very small probability. Below we consider a
measurement of the second type. Instead of summing over
all trajectories of the Poisson process at each time period 6,
we perform a generalized measurement with measurement
operators,

5 _.
Alo — Vl —'826 l&fﬁ

M1:8Pf,
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M2=8Qf. (29)

These operators form a complete measurement as
EfzoMj'M ;=I. The measurement is weak (in the sense of giv-
ing little information on average, as noted above) when &
< 1. Let us define a positive matrix p° describing the state of
the system at time ¢ conditioned on the assumption that out-
come “2” has not occurred up to this time. We measure the
system repeatedly at intervals of time &, using the same
measurement operators, and if we do not observe outcome
“2” the state of the system is described by the following
matrix:

1

p(t+ 81) = > Mip“()M]. (30)
i=0

We expand in powers of the small parameter € and take the
limit e —0 and &r— 0, keeping the ratio €2/ 8t constant, and
obtain a master equation for p°(¢). This gives the connection
between the strength of the measurement & and the measure-
ment rate A=limg,_,, &2/ 8. After we expand to second order
of & we obtain

pc(t+ 8t)=(1—e)(1 —idtH)p(1 + iStH) + sfo-chf
+0(e) = p°(1) — i H.p] - X[ p(1) - Qyp° Q)]
+0(Y). (31)

Taking the limit 6r— 0 and using the fact that

. pt+ o) —p°(r) dp°
Iim ————=—,
ot—0 ot dt

2
lim — =A\,
ot—0 5t

we arrive at the master equation for p¢,

C

dp
dt

=—i[H,p]=Np° = Qsp°Qp) == AN,\(p%).  (32)

Note that p° is positive but not normalized; Tr{p} is the
probability that measurement result “2” has not been seen up
until time ¢. The total probability to hit the final vertex p;, and
the hitting time 7, are given by

Pn= Kf Ti[ P,pe(1)]dt, (33)
0

T, = )\fm t Tt Ppp(1)]dt. (34)
0

Substituting the solution of (32),

p(1) = e [p(0)],

in (33) and (34) and integrating by parts, we obtain formulas
(26) and (28) for the total probability to hit and the hitting
time.
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D. Physical implementation

The above discussion has been made very abstractly,
without reference to the physical system which embodies the
quantum walk in question, or how the measurements are
done. This abstraction is deliberate, since our conclusions are
largely independent of the details of physical implementa-
tion.

For relatively small graphs it is possible to build a quan-
tum walk from, e.g., a network of mirrors and beam splitters
[37]. This type of construction can demonstrate qualitative
features of quantum walks. Quantum walks can also be used
to describe the evolution of solid-state systems with “hop-
ping” Hamiltonians, at least for small planar graphs [38].
Measurements in this case will most easily be done at par-
ticular points in space, to detect the presence or absence of
the walker.

For algorithmic purposes this type of implementation is
too limited. Graphs representing computationally challeng-
ing problems will typically include an exponentially large
number of vertices. They will also in general not be possible
to lay out neatly in three-dimensional space. For quantum
walks on these more general graphs the most likely imple-
mentation is simulation by a quantum computer—either a
general purpose computer [39] or one specifically designed
to simulate quantum walks. Because the Hilbert space grows
exponentially with the number of qubits of the quantum
computer, it can efficiently simulate exponentially large
graphs. Such a simulation also allows more general kinds of
measurements, not necessarily localized at particular vertices
of the graph, though such localized measurements may still
be the most useful.

The physical realization of the quantum walk is not im-
portant for the properties described in this paper. However, it
can make a significant difference in understanding the type
of noise or decoherence that can arise in the system. We do
not address decoherence in this paper, but in general it will
tend to erode the interference effects that give quantum
walks their distinctive properties.

III. CONDITIONS FOR EXISTENCE OF INFINITE
HITTING TIMES

In [20,21], it was shown that quantum walks on some
graphs have infinite hitting times for some initial states. This
occurs when, starting from the initial state, the total probabil-
ity to ever find the walk at the final vertex is less than 1. It
was shown in [20,21] that infinite hitting times occur when
the unitary evolution operator (for the discrete-time case) or
the Hamiltonian (for the continuous-time case) has nontrivial
symmetry. Since the Hamiltonian is obtained from the graph,
if the graph has symmetry (i.e., a nontrivial automorphism
group), then the Hamiltonian will inherit this symmetry
group. This symmetry causes the Hamiltonian to be confined
to certain invariant subspaces of the Hilbert space, assuming
it begins in the subspace. This means that if the final vertex
is not in this subspace, then the walk will never reach it and
will have an infinite hitting time.

Infinite hitting times are also related to the spectrum (or
more precisely, the degeneracy) of the Hamiltonian. If the
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Hamiltonian is degenerate, then one can construct an invari-
ant subspace that will confine the walk. This can be related to
the symmetry group through the use of irreducible represen-
tations. Every irreducible representation of the symmetry
group must lie inside an eigenspace of the Hamiltonian. If
the symmetry group has an irreducible representation of di-
mension greater than one, then the Hamiltonian is degener-
ate. Therefore, for the continuous-time quantum walk a suf-
ficient condition for the existence of infinite hitting times is
the presence of an irreducible representation in the symmetry
group of the graph with dimension larger than one.

As Abelian groups have only one-dimensional representa-
tions, we might expect that a symmetry group must be non-
Abelian to have infinite hitting times. However, this is not
always true: Having a non-Abelian symmetry group is a suf-
ficient, but not a necessary condition. In the next section we
provide examples where graphs with Abelian symmetry
groups have infinite hitting times (though in these examples
symmetry still plays a crucial role).

In this section, we will prove that the existence of infinite
hitting times is equivalent to the noninvertibility of the su-
peroperator £, — Q. We will need the following definitions
[40,41].

Definition 1. A matrix pencil A+uB (where A and B are
nXn matrices and u is a complex number) is said to be
regular if there exists at least one complex u for which the
pencil is nonsingular.

Definition 2. A complex number x is a finite eigenvalue of
the regular matrix pencil A+ B if det(A+ uB)=0.

Definition 3. The regular matrix pencil A+ uB is said to
have an infinite eigenvalue if B is a singular matrix.

Consider all operators X such that [H,X]=0 and P/X
=XP,=0, and denote the projector on the linear subspace of
all such operators by P. We will prove that P+ 0 if and only

if N\=L\—Q; is not regular. If P#0 then choose X such
that P(X)=X# 0. Then [H,X]=0 and from PX=XP,=0 fol-
lows that Qf()?)=)_(. Thus N, (X)=0 which means that , is

singular for every \ and thus not regular. If V) is not regular
then it is noninvertible for any A. Let us fix A to be real and

different from 0. There exists X # 0 such that J\&()?):O. We
have already proved that £, is invertible for real A. Then

ME) =L, (T-Ly"°Q)(X)=0 (35)
and thus
Lo QiX)=X. (36)

Taking into account that all eigenvalues of L, are greater or
equal to 1 in absolute value the above equality is true only if

L£7'(X) =X, (37)

Q4X) =X, (38)

which are equivalent to

[H,X]=0, (39)
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PX=XP;=0. (40)

This means that P is nonzero.

Let us explicitly give the form of the projective superop-
erator P in terms of the projectors on the eigenspaces of the
Hamiltonian H. For this purpose we define the intersection
operation N for orthogonal projections. For any two orthogo-
nal projection operators P; and P,, P, P, will denote the
orthogonal projector on the subspace which is the intersec-
tion of the subspaces onto which P, and P, project. Let the
Hamiltonian H have the following decomposition:

r

H= 2 E;P;,
i=1

where E; are the eigenvalues of H (E;# E; for i # j), P; are
the projectors onto the eigenspaces of H corresponding to
eigenvalues E; Since H is Hermitian, P;P;=6;P; and
Tr P;=d, is the multiplicity of the E; eigenvalue. The projec-
tor P is then

PX) =2 (P,N QYX(P;N Q). (41)
i=1

From this form it is easy to see that P is a completely posi-
tive superoperator. As such, if it is different from 0, then
there must exist a density matrix p such that P(p)=p. If the
walk begins in such a state p, it will never arrive at the final
vertex.

Now we will prove that if V) is regular as a matrix pencil
then all its eigenvalues lie on the imaginary axis. Let us
assume that N, is invertible for some A\ # 0 and N’\o is non-
invertible for some A\y#0, Ag# \. Then N,(X)#0 for all
X#0 and there exists X,#0 such that ./\/;\O(XO)=O. Then
(NX—J\/KO)(XO):i(l/)\—I/AO)[H,XO] #0 and therefore
[H,X,]#0. Analogously ()\N)\_)\ON)\O)(XO):()\_)\O)(I
- Q) (Xy) #0 therefore (Z-Q/)(X,) #0. As IT-Q, is a pro-
jector, it follows that

Xo.(Z - Q)(Xo))us # 0. (42)

Taking into account that 7—Q, and H(-)=[H, -] are both
Hermitian ~ superoperators, — (X,,(Z-Q/)(Xp))ys  and

(Xo,H(Xy))us are both real numbers. Denoting A\j
=Re(1/\,) and Xé:lm(l/)\o) we have

(X0, (T = Q= NgH) (Xo))us + iN(Xo, H(Xo) s = 0.
(43)

This equality is only possible if both the real and imaginary
parts vanish, implying that A;=0 and hence Re(\)=0.
Using this result, we will now prove that if ) is a regular
matrix pencil, and thus does not have infinite eigenvalues,
then the hitting time 7;, behaves regularly as a function of A
on the real line: it does not diverge for any real N except
when A\ goes to O or infinity. Physically, this means that when
we measure either very weakly or very strongly we never
find the particle in the final vertex. The first limit is easy to
understand since it expresses the fact that if we never mea-
sure, we will never find the particle anywhere. The second
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limit, N — o0, corresponds to the quantum zeno effect: The
evolution of the system is restricted to a subspace orthogonal
to the final vertex.

To prove this conclusion, we represent superoperators as
matrices using the following isomorphism:

¢:C(-) =2 ¢,C,()D} — ¢(C)=C= 2 ¢,C, @ D

(44)

Now we represent the superoperator pencil N, by the matrix
pencil

Ny=dpN)=1®@1-0;® Qj-i(H@I-I@H*).

(45)

By assumption this matrix pencil is regular. Every regular
matrix pencil A+ B has the following canonical form:

A+ uB= Tdiag[N(ml), ,N(mp),](”l)(,unl), ,]<”q)(ﬂnq)]5,
(46)

where T and § are invertible matrices, constant with respect
to w, and diag(N"™V, ... N Jo) 79y is a block-
diagonal matrix with the matrices
N(’"l), ,N(”‘P),J(”l), ,J("q) on the diagonal and zeros ev-
erywhere else. The blocks N and J™ are square matrices
of order m and n, respectively, of the form

I w0 - 00
01 w-- 00
001 --00
N = A (47)
0 0 0 - 1w
000 - 01
M+ 1 0 0
0 I 1 0
0 0 M+ 0
J(n)(MZ)= : : >
0 0 0 Mm+ 1
0 0 0 0 M+
(48)

or more succinctly N™=1®4 K™ and  JP(ue)=(u
+ o)™+ K™, where I is the identity matrix of order m
and K™ is a m X m matrix with “1” immediately above the
diagonal and “0” everywhere else. The N blocks are
present when the matrix pencil has infinite eigenvalues and
the J™ blocks correspond to finite eigenvalues.

We want to examine the behavior of the inverse of a regu-
lar matrix pencil when u approaches one of its eigenvalues.
Assume that u, is a finite eigenvalue of the pencil and the
corresponding n X n block to that eigenvalue is J(ug). The
inverse of this block is given by
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n—1 :
—1 _ (_ K)j
T (ko) z,) ey (49)
In the above K°=1 and K=K". The inverses of all blocks
that do not correspond to the eigenvalue u, will have regular
behavior when u approaches —u,. We similarly examine the
behavior of N when u goes to infinity. The inverse of this
block is given by

n—1

N'=2 (- uk). (50)
j=0

The inverses of the blocks corresponding to finite eigenval-
ues will have regular behavior when w approaches infinity.
As the matrix pencil

Ny=Ny,=1®1-0;® Q[ +in(H® [-1® H)
(51)

is regular and has both finite (x=0) and infinite eigenvalues
[because both matrices /®[-Q;® QF and i(H®I-1® H*)
are singular], both types of blocks N(kg and J® are present in
its normal form. If we express formula (26) in terms of ma-
trices and vectors with u=1/N we obtain an analogous ex-
pression

7= uPy - N;zp?, (52)

where Py and pj are the vectorized versions of the matrices
P f and Pi-

When u goes to 0 we can see from formula (49) with
1o=0 that the asymptotic behavior of 7, is given by

1 1
7= Ty() + ;P;(S_lporl)ng + 0(E>, (53)

where 7,(u) is a function which is regular in a neighborhood
of u=0, T and S are the invertible matrices in the canonical

form (46) of the matrix pencil N «» and Py is the projector on
the eigenspace with eigenvalue w=0. Now as long as
Pj‘ﬁ(S‘lPoT‘l)zpf #0, 7, will go to infinity when u goes to 0
(N going to infinity) no matter whether terms of higher order,
0(-), are present or not.

Analogously, when u goes to infinity, 7, has the
asymptotic behavior
7= wPY(ST P+ O(u?), (54)

where P, is the projector on the eigenspace with infinite
eigenvalue. Here again as long as PJY-(S‘lPOCT‘I)Zp?#O, 7,
will go to infinity when u goes to infinity (A going to 0) no
matter whether terms of higher order, 0(,u2), are present or
not.

As we shall see in the next section, the hitting time in the
examples that we will give below has the following form as
a function of \:
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FIG. 1. Graph examples (with assigned vertex labels).

T-1)
= 7'(1))\+T, (55)

where the constants 7(;) and 7_;) depend on the particular
graph. The divergence as A — 0 and A — o are thus immedi-
ately apparent.

IV. EXAMPLES

In this section, we will consider as examples the graphs in
Fig. 1, using the labeling of the vertices given in the figure
when necessary. Infinite hitting times (p, # 0) exist for the
graphs L3, K3, Ly, KL ;, and S, for certain choices of initial
and final vertices.

We can describe the probability to hit p;, and the hitting
time 7, in another way, by specifying two operators
Pr(I',vy) and H,(I",v/), and calculating their expectations in
the initial state,

Pn= Tr[%(ﬂvf)p,-], (56)
7 = Ti[9\ (I, vp)pil, (57)
where
Pr(vp) =[(L) - Qf)_l]T(P_f)’ (58)
0u(T0)) = 1Ly~ Q) TPy, (59)

Here p; is the density matrix describing the initial state of the
system, and P is the projector onto the final vertex. These
equations follow from formulas (26) and (28), respectively,
by using the definition of the Hilbert-Schmidt inner product.

In the following, we will show the operators 3, (I",v,)
and $,(I",v)) in the vertex state basis for the graphs in Fig.
1 and briefly discuss properties of quantum walks on each
graph. It is useful to describe the hitting probability and time
in terms of these matrices, because they give the result for
any starting state.

A. Example 1

The graph K, has the reflection symmetry group C,. As
this group is Abelian, the Hamiltonian of K, is nondegener-
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ate. The two eigenvectors have nonzero overlap with both
vertex states, and therefore there can be no infinite hitting
times. We can see this from the matrices ‘3 and §),

10
m)\(KzsUO:(O ]>, (60)

2

> |~

I(Kpvy) = (61)

2 A

AN 2

The dependence of the hitting time for vertex v; can include
two terms: The 2/N term diverges as A—0, which simply
represents the increasing time it takes to find the particle as
the measurement rate goes to zero; if the system starts at
vertex v, there is also a A/2 term, which diverges as N\ —
because of the quantum zeno effect: As the measurement rate
increases, we can “freeze” the system’s evolution.

B. Example 2

The situation is different in the case of the L3 graph. The
graph again has symmetry group C,, and the Hamiltonian
has no degeneracies. Despite that, however, one of the three
energy eigenstates has zero overlap with the v, vertex,
(1/42,0,-1/+2). This means that even without degeneracy,
there is an infinite hitting time if the final vertex is v,. This is
not accidental—the symmetry of the graph is still respon-
sible for the existence of this infinite hitting time. Under the
action of C, each energy eigenstate |e;) will have to be either
symmetric or antisymmetric. The Hilbert space thus splits
into symmetric and antisymmetric subspaces which are or-
thogonal to each other. As the vertex state |v,) is obviously
symmetric under the action of the group, it will be orthogo-
nal to the antisymmetric subspace, leading to an infinite hit-
ting time for v, starting from either v, or vs. This is a general
observation for any graph that has C, as a symmetry group:
Any vertices that are left invariant under the action of the
group will have infinite hitting times. By contrast, there are
no infinite hitting times to reach vertices v; and v;. We can
see all of these properties by examining the matrices ‘I3, and

fj)\s

100
Pr(Lszv)={0 1 0], (62)
00 1
3 | I i
3 L, A_i
N 2\ N2
S N S S
= _—— + — P
ME3 Ul ! N2 22
1 i AN 1 i 3\ 3
W2 2T 2 2
(63)

The existence of infinite hitting time for reaching v, can
easily be seen from the 3 matrix for v,;
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1 1
— 0 —
2 2
PalLs,v))=| 0 1 0 [, (64)
1 1
—_ O —
2 2
A9 1 i N9
A2 L A2
8 8N 4N 4 8 8\
MERUIEL TS N a4
A9 1 i N9
A2 A2
8 8N 4N 4 8 8\

As By(Lz,v,) is not the identity, there must be initial states
that will result in a probability less than 1 to hit v,. For
example, this will be true for any initial state which is a
superposition of states [v;) and |v3).

C. Example 3

The graph K5 has symmetry group Dj, and its Hamil-
tonian is degenerate. It has infinite hitting times to hit any
vertex. If we calculate 3 and $) for this graph, we discover a
new property of these matrices. The graph K5 is not isomor-
phic to L;, but its P8 and $ matrices for any vertex of K5 are
also given by (64) and (65) (or their appropriate cyclic per-
mutations), the same as for L. This is because the Hamilto-
nians of the L; and K5 graphs commute. We will observe
similar behavior below for other graphs with commuting
Hamiltonians.

D. Example 4

The quantum walk on the graph L, has the same qualita-
tive behavior as the walk on L,. They both have the same
symmetry group, C,, as does the L3 graph. But in the case of
L,, as in the case of L,, there are no infinite hitting times.

E. Examples 5 and 6

We will examine the graphs KL;; and S, together, be-
cause it turns out that their behavior is closely related. The
graph KL; again has C, for its symmetry group, this time
representing reflection about the horizontal axis. The Hamil-
tonian is nondegenerate, but there are infinite hitting times
for the vertices v, and v,, due to the existence of an
eigenvector which vanishes on those two vertices:
(0,0,1/v2,=1/42). This is quite analogous to the case of the
graph L;—graphs with C, symmetry have infinite hitting
times for vertices that are fixed points under the action of the
symmetry group.

The graph S, has D; as a symmetry group. Its Hamil-
tonian is degenerate, and it has infinite hitting times to hit
any vertex. It turns out that the matrices ‘3 and § for hitting
vertices v, and v, in S, coincide with the same matrices for
KL;

PHYSICAL REVIEW A 78, 022324 (2008)

100 0
01 0 O
1 1
mx(KLs,l’UQ:(B)\(SmW): 00 5 E ,  (66)
1 1
00 - —
2 2
ﬁ}\(KL&l’Ul)
=9\(Spvy)
3 1 3 3
N ——+i — 4+ — - -
A N 4N 2 4N 2
1 13 N1 N1
———=i AN+— ———4—- ———+-
A AN 2 N 4 2 N 4
N T A N R 15 15 [
——— ——-"-= A+ AN+ ——
4 2 2 N 4 8\ 8\
3 @i N 1 i 15 1
— = ———=— N+ AN+ —
4 2 2 N 4 8\ 8\
(67)
1 1 1
— O — —
3 3 3
01 0 O
PBAKL3 1,02) = P(S4.02) = 1 0 11, (68)
3 33
1 1 1
— 0 — —
3 3 3
I(KL; 1,05) = 9,(S4,02)
N 8 1 i N 8 A 8
—+— — == —+— — 4+ —
18 ON 3N 6 18 9N 18 9
1 i 2 1 [ 1 i
—+— — —+=  — 4+
3 6 A 3 6 3N 6
I 8 1 i N 8 x 8
—+— — == —+— —4+—
18 9N 3N 6 18 ON 18 9
N 8 1 i A 8 A 8
—+— — == —+— —4+—
18 9N 3N 6 18 9N 18 9
(69)

Just as with graphs L; and K3, KL; |, and S, have the same
matrices because the Hamiltonians of the graphs commute;
and, as we can see from the above, this produces similar
dynamics when we measure the walk in the corresponding
final vertices v; and v,.
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This is not the case, however, when the final vertex is
v; or vy for these graphs. For Sy, the ‘B and $ matrices
for v;3 and v, can be obtained from those above by inter-
changing v, with v; or vy. For KL; |, however the matrices
are

ONKL;,03) =

The matrices B\ (KLs,v4) and $\(KL;;,v4) can be found
by interchanging v; and v, in the matrices above.

The infinite hitting times for the L3 and KL; ; graphs can
be understood to arise because the Hamiltonian of those
graphs commutes with the Hamiltonian of a more symmetric
graph. As we shall see in the next section, this fact can lead
to infinite hitting times under certain circumstances.

V. INFINITE HITTING TIMES FOR GRAPHS WITH
NONCONNECTED COMPLEMENTARY GRAPH

We will now look in a little more detail at infinite hitting
times, which are one of the most surprising differences be-
tween classical random walks and quantum walks. In the
classical case, if the graph is finite and connected, the prob-
ability to reach any vertex starting from any other is always
1. That is not the case for quantum walks. A sufficient con-
dition for infinite hitting times was given in [42]: If the
graph’s Hamiltonian is sufficiently degenerate, infinite hit-
ting times will always exist. For continuous-time walks, any
degeneracy at all is sufficient. (This is a sufficient but not a
necessary condition because, as we have shown above, even
graphs with nondegenerate Hamiltonians may have infinite
hitting times.) We will now show that another sufficient con-
dition for a continuous-time quantum walk to have an infinite
hitting time is the nonconnectedness of the complementary
graph. Consider a graph I" with n vertices and Hamiltonian
Hy given by the usual expressions, Eq. (1) and Eq. (2). The
complete graph K, with n vertices has the following Hamil-

tonian (in the basis spanned by the vertex states):
-1 -1

-1

n—1
(72)

n-—1

This can be rewritten more succinctly as
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1 000
(KL )= 0100 10)
B 3,1.U3) = 0010l
0001
1 N
- _ L 0 _A
A2 2
7 1 3i 1
N -————= —-A—-T"+=
\ N2 .
3i i l
2 A\ A
i 1
T N AN+
2 A
I
HK,[ =n(l- |¢0><¢o|) = nﬁo, (73)

where [ijo)= 2|k} and Po=1~ 40Xk

The complementary graph I'“ of a graph I' is obtained by
connecting vertices that are not connected in the original
graph I', and removing the edges that are present in the origi-
nal graph. Then it is easy to see that the Hamiltonian of I'“ is

HF":HKH_HF' (74)

Another observation is that the Hamiltonian of every graph I
commutes with the Hamiltonian of the complete graph with
the same number of vertices,

[HF’HKH] =0. (75)

This follows from the observation that |¢) is always an ei-
genvector of H with eigenvalue 0. As

Hp = PyHpPy, (76)

(75) is obvious. We can see from (74) that [Hp, Hyc]=0.

Let us assume that the graph I' is connected but the
complementary graph I'“ is not, and consider the quantum
walk on I'“. Because 1'“ is not connected, there are initial
states that never reach a particular final vertex if the initial
state includes only vertices which are not connected to the
final vertex. Let us consider an initial state |;) that contains
only vertex states that belong to one of the connected com-
ponents of I'“. Let us further assume that

<¢o|¢i>:%2<klwi>:o,
V7 k=1
which is always possible if the connected component has
more than one vertex. Since |¢;) is orthogonal to i), it
immediately follows that it is an eigenstate of Hy with ei-
genvalue n.
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If the final state |1,Df> contains only vertices belonging to a
different connected component of I'“, the probability to ever
reach the final state is O,

G

Setting all of this together, we can see now that

CWle™ 1) = e, ) = e

Py=0 VY 1. (77)

¢i> =0.
(78)

This proves the existence of infinite hitting time for the origi-
nal graph T'.

We note that similar considerations may apply in some
cases if the complete graph is replaced by a symmetric graph
whose Hamiltonian commutes with Hy. An example of this
is the similarity of the dynamics of the KL; | and S, graphs.

Finally, we note that this sufficient condition for infinite
hitting times is not particularly strong. For a graph with a
large number of vertices, the complementary graph is almost
always connected. This condition may prove useful for par-
ticular cases, however.

VI. DISCUSSION

We have examined continuous-time quantum walks and
studied natural definitions for the hitting time. After consid-
ering different possibilities for introducing a measurement
scheme, one of them emerges as a natural one for the con-
tinuous case: Measuring the presence or absence of the par-
ticle at the final vertex at Poisson-distributed random times,
with an adjustable rate N. This is exactly equivalent to per-
forming a particular type of weak measurement at frequent
intervals, in the limit yielding continuous monitoring with
time resolution 1/\. Using this measurement scheme, we
derived an analytical formula for the hitting time which
closely resembles the formula for the discrete-time case.

This formula enables us to find a necessary and sufficient
condition for the existence of quantum walks with infinite
hitting times, namely that a certain superoperator pencil is
not regular. In the case of finite hitting times, the dependance
of the hitting time on the rate of the measurement was stud-
ied, and the intuitive expectation for its behavior in the limits
of weak and strong measurement rate was confirmed. In par-
ticular, as the measurement rate goes to infinity, the hitting
time can diverge due to the quantum zeno effect.

As in the discrete case, the symmetry of the graph plays a
very strong role in the emergence of infinite hitting times.
The graph symmetry group, if large enough, causes degen-
eracies in the eigenspectrum of the Hamiltonian which in
turn leads to the emergence of infinite hitting times for cer-
tain vertices. But this is not the only way in which symmetry
can lead to infinite hitting times. Even when no degeneracy
is present, symmetry can cause some eigenvectors of the
Hamiltonian to have zero overlap with some vertex states, as
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in the case of the L; and KL ; graphs examined in Sec. IV.
This can be attributed to the fact that under the action of the
group C,, the Hilbert space splits into symmetric and anti-
symmetric subspaces, and some eigenvectors from the anti-
symmetric subspace could have zero overlap with certain
vertex states. Further study exploring this idea is needed to
see if similar effects occur for other symmetry groups in the
absence of degeneracy.

Finally, in Sec. V we show another condition for infinite
hitting times. The quantum walk on a connected graph can
have infinite hitting times if the complementary graph is dis-
connected. This is in sharp contrast with the classical case,
where every random walk on a connected graph will hit any
vertex with probability 1 at long times. While this new con-
dition is rather specific, it is possible that it can be general-
ized by replacing the completely connected graph with some
other highly symmetric graph, such that the Hamiltonian still
commutes with the Hamiltonian of the original graph. It may
be possible to explain any infinite hitting times on any graph
in this way, giving a unifying view of the whole subject. It is
clear that many questions remain, and that hitting times for
continuous-time quantum walks are a very fruitful area of
research.
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APPENDIX

We will prove that Eq. (11) is valid in the absence of
infinite hitting times. If there are no infinite hitting times,
then formulas (26) and (28) give the values of the hitting
time and probability to hit, respectively, and they are finite
numbers. We used (14) and (13) to derive them, so they need
to converge as well. The integral over the probability space
of the Poisson process will converge only if the integrand
To=2pe 2 Pn converges for almost all sequences w e ().
Thus we can consider only sequences w for which the cor-
responding series converges. In this case the series is abso-
lutely convergent because it consists of positive terms only.
This permits us to rearrange them to get the series on the
second line of Eq. (11). Canceling terms in that series (we
can do this without endangering its convergence or the value
to which it sums), we obtain the same series as in the first
line of (11) but with zeros inserted between its terms. More
precisely, we have one zero between the second and third
term, two zeros between the third and fourth term, and so on.
Obviously, if this series is convergent then the one in the first
line of (11) is convergent too, and they both have the same
value. This concludes the proof.

022324-11



VARBANOV, KROVI, AND BRUN

[1] E. Farhi and S. Gutmann, Phys. Rev. A 58, 915 (1998).

[2] R. Motwani and P. Raghavan, Randomized Algorithms (Cam-
bridge University Press, Cambridge, 1995), p. 476.

[3] A. Ambainis, in Proceedings of the 45th Annual IEEE Sympo-
sium on Foundations of Computer Science (IEEE Computer
Society, Washington, DC, 2004).

[4] H. Buhrman and R. Spalek, in Proceedings of the 17th ACM-
SIAM SODA (ACM, Miami, FL, 2006), p. 830.

[5] F. Magniez, M. Santha, and M. Szegedy, in Proceedings of the
16th ACM-SIAM SODA (ACM, Vancouver, 2005), p. 1109.

[6] F. F. Magniez and A. Nayak, Lect. Notes Comput. Sci. 1770,
1312 (2005).

[7] E. Farhi, J. Goldstone, and S. Gutmann, e-print arXiv:quant-
ph/0702144v2.

[8] A. M. Childs, R. Cleve, E. Deotto, E. Farhi, S. Gutmann, and
D. A. Spielman, Proceedings of the 35th ACM symposium on
theory of computing, 2003 (Assoc for Comp. Machinery, New
York, 2001), p. 59.

[9] A. M. Childs, E. Farhi, and S. Gutmann, Quantum Inf. Pro-
cess. 1, 35 (2002).

[10] A. Nayak and A. Vishwanath, e-print arXiv: quant-ph/
0010117.

[11] E. Bach, S. Coppersmith, M. Goldschen, R. Joynt, and J. Wa-
trous, J. Comput. Syst. Sci. 69, 562 (2004).

[12] T. A. Brun, H. A. Carteret, and A. Ambainis, Phys. Rev. Lett.
91, 130602 (2003).

[13] T. A. Brun, H. A. Carteret, and A. Ambainis, Phys. Rev. A 67,
032304 (2003).

[14] T. A. Brun, H. A. Carteret, and A. Ambainis, Phys. Rev. A 67,
052317 (2003).

[15] D. Aharanov, A. Ambainis, J. Kempe, and U. Vazirani, Pro-
ceedings of the 33rd Annual ACM Symposium on Theory of
Computing (STOC 2001) (Assoc. for Comp. Machinery, New
York, 2001), pp. 50-59.

[16] B. Tregenna, W. Flanagan, R. Maile, and V. Kendon, New J.
Phys. 5, 83 (2003).

[17] N. Shenvi, J. Kempe, and K. Birgitta Whaley, Phys. Rev. A
67, 052307 (2003).

[18] C. Moore and A. Russell, Proceedings of 6th International
workshop on randomization and approximation techniques in
computer sciences (RANDOM 2002), of Lect. Notes Comput.

PHYSICAL REVIEW A 78, 022324 (2008)

Sci., edited by J. D. P. Rolim and S. P. Vadhan (Springer,
London, 2002), p. 164.

[19]J. Kempe, in Proceedings of 7th International Workshop on
Randomization and Approximation Techniques in Computer
Sciences (RANDOM 2003), edited by S. Arora, K. Jansen, J. D.
P. Rolim, and A. Sahai (Springer, Berlin, 2003), p. 354.

[20] H. Krovi and T. A. Brun, Phys. Rev. A 73, 032341 (2006).

[21] H. Krovi and T. A. Brun, Phys. Rev. A 74, 042334 (2006).

[22] V. Kendon, Int. J. Quantum Inf. 4, 791 (2006).

[23] A. Ambainis, Int. J. Quantum Inf. 1, 507 (2003).

[24] A. Montanaro, Quantum Inf. Comput. 7, 1 (2007).

[25] V. Kendon, Math. Struct. Comp. Sci. 17, 1169 (2006).

[26] J. Kempe, Contemp. Phys. 44, 307 (2003).

[27] B. Misra and E. C. G. Sudarshan, J. Math. Phys. 18, 756
(1977).

[28] V. Kendon and B. C. Sanders, Phys. Rev. A 71, 022307
(2005).

[29] P. C. Richter, New J. Phys. 9, 72 (2007).

[30] P. C. Richter, Phys. Rev. A 76, 042306 (2007).

[31] A. M. Childs and J. Goldstone, Phys. Rev. A 70, 022314
(2004).

[32] M. Gutd, L. Bouten, and H. Maassen, J. Phys. A 37, 3189
(2004).

[33] A. Guichardet, Symmetric Hilbert Spaces and Related Topics,
Lect. Notes Math. Vol. 261 (Springer, New York, 1972).

[34] T. Yamasaki, H. Kobayashi, and H. Imai, Phys. Rev. A 68,
012302 (2003).

[35] Y. Aharonov, D. Z. Albert, and L. Vaidman, Phys. Rev. Lett.
60, 1351 (1983).

[36] T. A. Brun, Am. J. Phys. 70, 719 (2002).

[37] M. Hillery, J. Bergou, and E. Feldman, Phys. Rev. A 68,
032314 (2003).

[38] A. P. Hines and P. C. E. Stamp, Phys. Rev. A 75, 062321
(2007).

[39] S. Lloyd, Science 273, 1073 (1996).

[40] F. R. Gantmakher, The Theory of Matrices (Chelsea, New
York, 1959), Vols. I, II.

[41] S. K. Godunov, Modern Aspects of Linear Algebra (American
Mathematical Society, Providence, RI, 1998).

[42] H. Krovi and T. A. Brun, Phys. Rev. A 75, 062332 (2007).

022324-12



