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Separable operations on pure states
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We show that the possible ensembles produced when a separable operation acts on a single pure bipartite
entangled state are completely characterized by a majorization condition, a collection of inequalities for
Schmidt coefficients, which is identical to that already known for the particular case of local operations and
classical communication (LOCC). As a consequence, various known results for LOCC, including some involv-
ing monotonicity of entanglement, can be extended to the class of all separable operations.
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I. INTRODUCTION

A separable operation A on a bipartite quantum system is
a transformation of the form

N

p'=Ap) =2 (A, ® BYp(A, ® By, (1)
k=1

where p is an initial density operator on the Hilbert space
H,® Hp. The Kraus operators A, ® B, are arbitrary product
operators satisfying the closure condition

N

D AJA, ® BB =1, ® I, (2)
k=1

with I, and Iy the identity operators. The extension to mul-
tipartite systems is obvious, but here we will consider only
the bipartite case. To avoid technical issues the sums in (1)
and (2) as well as the dimensions D4 and Dy of H, and Hp
are assumed to be finite.

Local operations with classical communication (LOCC)
form a subset of separable operations in which the Kraus
operators A, ® By, are restricted by the requirement that they
be generated in the following fashion. Alice carries out an
operation {AV}, S ADTAN=1, in the usual way with the
help of an ancilla, the measurement of which yields the value
of i, which is then transmitted to Bob. He uses i to choose an
operation {Bj(»z”')}, the result j of which is transmitted back to
Alice, whose next operation can depend on j as well as i, and
so forth. While it is (fairly) easy to see that the end result
after an arbitrary number of rounds is of the form (1), it is
difficult to characterize in simple mathematical or physical
terms precisely what it is that distinguishes LOCC from
more general separable operations. Examples show that sepa-
rable operations can be more effective than LOCC in distin-
guishing certain sets of orthogonal states [1], even in a sys-
tem as simple as two qubits [2], but apart from this little is
known about the difference.

What we demonstrate in Sec. II of this paper is that the
ensemble {p;,|d)} produced by a separable operation acting
on a pure state 1) [see (5)], satisfies a majorization condition
(7), which is already known to be a necessary and sufficient
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condition for producing the same ensemble from the same
|1y by LOCC. Among the consequences discussed in Sec. 1T
are the following. A separable operation acting on a pure
state can be “simulated” by LOCC; a necessary condition for
a deterministic transformation |¢)— |¢) given in [3] can be
replaced by a necessary and sufficient majorization condi-
tion; and certain entanglement measures are nonincreasing
under separable operations. Section IV summarizes our main
result and indicates some open questions.

II. ENSEMBLES PRODUCED BY SEPARABLE
OPERATIONS ON PURE BIPARTITE STATES

A. Majorization conditions

Let {A,®B,})_, be a separable operation on H,® Hp,
specified by N Kraus operators satisfying the closure condi-
tion (2). Let |¢) be a normalized entangled state on H,
® Hp with Schmidt form

D
iy =, I\ fa)lb)), 3)
j=1

where D=Dyp, and we assume without loss of generality that
D, =Dy. Here {|a;)} and {|b,)} are orthonormal bases chosen
so that the Schmidt weights (coefficients) A ; are in increasing
order, i.e.,

0<)\1$)\2S"'S)\D. (4)

The separable operation acting on [¢) will produce an
ensemble {p,|p)}L.,, where

(Ac ® B = \pil ) (5)
and
pi={WAA, ® B{B,|). (6)

In [4] it was shown that such an ensemble {p;, ¢k>}kN=1 can
be produced from |#) by a suitable LOCC if and only if the
majorization inequalities

N
> BB < E (1) )
k=1

hold for 1 <n=<D, where
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E, (1)) = x(Tra| ) = 2\, (8)
j=1

and similarly for the |¢;). Here Tr,(|y)(i}]) is the reduced
density operator of |/)(¢/] on Bob’s side, and y,,(+) is defined
to be the sum of the first n smallest eigenvalues of its argu-
ment. Note that we are assuming that D=Dg=< D, because if
Dy were greater than D, the extra zero eigenvalues in
Tr4|4){(1)| would cause confusion when using x,,.

Our main result is the following.

Theorem 1. The ensemble {p;,|$)}i, can be produced by
a bipartite separable operation acting on the normalized state
|y if and only if the majorization condition defined by the
collection of inequalities in (7) is satisfied.

Proof. To simplify the proof we assume that Dy=Dg=D.
If D, is larger, one always modifies each A; by following it
with a suitable local unitary which has the result that as long
as the Kraus operators are acting on a fixed |¢) the action on
the A side takes place in a subspace of H, of dimension D.
These local unitaries do not change the Schmidt weights of
the |¢) or alter the closure condition (2). For more details
about this “decoupling,” see [3].

When the majorization condition (7) holds, the result in
[4] guarantees the existence of a LOCC (hence separable
operation) which will produce the ensemble out of |). The
reverse inference, that the ensemble {p;,|#)}i., defined in
(5) and (6) satisfies (7), follows from noting that

PiE(0) = Xl Tra(A, @ BlyX( AL @ BD],  (9)

and applying Theorem 2 below with R=1, ® I, correspond-
ing to (2), so |R||=1. [ |

B. A majorization theorem

Theorem 2. Let H, and Hp have the same dimension D,
let |44) be some pure state on H, ® H, and let {A,® B,}}., be
any collection of product operators on H, ® Hpg. Then for
every lsn<D

N

> X[ Tra(Ay ® Bilu)(lA] @ BT < |R|x,.(Tral )y
k=1

),

(10)
where ||R||=sup,=i[|R|w)| is the largest eigenvalue of the
positive operator

N
R=2 AjA, ® B]B,. (11)

k=1
Proof. By map-state duality [3,5,6], using the Schmidt

bases of |¢), we transform the state A;® B,|#) to a map
AuB,, where

D
= N ja)b) (12)
Jj=1

denotes an operator mapping Hjy to H,, and l_?sz,{ is the
transpose of B;. The matrix of ¢ using the Schmidt bases of
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|4 is diagonal, with the entries on the diagonal in increasing
order. (See Sec. II of [3] for more details on map-state dual-
ity.) Upon writing the partial traces as

Trs| )l = g’

(13)
Try(Ax @ By)WIAL ® BY) = AB Bl AL,
the inequalities (10) become
N
2 X ABBLYAD = R|xa (). (14)

k=1

For some n between 1 and D, write the diagonal matrix ¢
as

U=+ s (15)
where i, is the same matrix but with \,,;,\,;,,... set equal

to zero, while :z/,, is obtained by setting \;,\,, ... ,\, equal to
zero. Lemma 1, below, tells us that for each k,

Xl AUBBLYA]) < Tr(Ah BBIUAD.  (16)
By map-state duality,

Tr(AklﬁnEkéchw:Alt) = <¢n|A1tAk ® B;Bk| lﬂn>a (17)

where |¢,), the counterpart of ¢,, is given by (3) with D
replaced by n. Inserting (17) in (16) and summing over k [see
(11)], we obtain

N
> X ABBLYAY) < (0, R < R
k=1

= [IRllx. (). (18)

This establishes (14), which is equivalent to (10). |

Lemma 1. Let A, B, and ¢ be D X D matrices, where ¢ is
diagonal with nonnegative diagonal elements in increasing
order, and for some 1<n<D let ¢, be obtained from ¢ by
setting all but the n smallest diagonal elements equal to 0, as
in (15). Then

X(AYBB Y AT) < Tr(Ay, BB YA"). (19)
Proof. The inequality
Xa(AYBB'§A") < Te(P,AYBB'/A'P,),  (20)

where P, is a projector (orthogonal projection operator) of
rank at least n, follows from the fact that for any Hermitian
operator T the sum of its n smallest eigenvalues is the mini-
mum of Tr(P,TP,) over such P, (see p. 24 of [7]). Choose
P, to be the projector onto the orthogonal complement of the

range of Ag,, where s, =—if;,, as in (15). The rank of A,
is no larger than the rank of lZn, which is smaller than or

equal to D—n. Thus the dimension of the range of A(?fn can-
not exceed D—n, so the rank of P, is at least n. By construc-

tion, P,A,=0, so

P,AY=PA(, + i) = PAY,. (21)
Thus, with this choice of P, the right side of (20) is
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Tr(P,A4,BB yATP,), (22)

and this implies (19), since P,<I and Ay,BB'YA" is
positive. |

III. CONSEQUENCES

The following are some consequences of Theorem 1.

(i) An ensemble {p;,|®;)} can be produced by a separable
operation acting on a bipartite entangled state |¢) if and only
if it can be produced by some LOCC acting on the same state
).

(ii) For a given bipartite |¢)) and separable operation
{A,®B}),, there is another operation of the form

{A,® UM, where the U, are unitary operators (and the clo-

sure condition is E%IA;AFI '4), which produces the same en-
semble when applied to |). Here M could be different from
N, as two Kraus operators might yield the same |¢;). For
more details about the relation between the {A;,B,_, set
and the {A,® URL, set, see [8].

(iii) A deterministic transformation |¢) — |¢) by a sepa-
rable operation is possible if and only if E,(|¢)) <E,(|)) for
every n between 1 and D, with E,(-) defined in (8). This is
often written as )\w< A4, Where )\w and )\¢ are vectors of the
corresponding Schmidt weights. (This extends Theorem 1 in
[31)

(iv) The maximum probability of success for the transfor-
mation |i)— | ) by a separable operation is given by

A
Py — |¢)) = min :
‘ nel1.0] E,(|¢))
where E,(-) was defined in (8).
(v) An entanglement measure E defined on pure bipartite
states is nonincreasing on average under separable opera-
tions, which is to say that

(23)

N
E([) = 2 piE( ) (24)
k=1

if and only if it is similarly nonincreasing under LOCC.
(vi) Let

E(p) = inf 2 pE(4)). (25)

with the infimum over all ensembles {p;,|¢)} yielding the
density operator p=2p;|1:){1|, be the convex roof extension
of a pure state entanglement measure E that is monotone on

pure states in the sense of (24). Then E is monotone on
mixed states in the sense that

N

E(p) = X piE(oy) (26)
k=1

for any ensemble {p;,o;} produced from p by separable
operations.
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The result (i) is an immediate consequence of Theorem 1,
as the same majorization condition applies for both separable
and LOCC. Then (ii), (iii), and (iv) are immediate conse-
quences of known results, in [8—10], respectively, for LOCC.
The result (v) is an obvious consequence of (i), whereas (vi)
follows from general arguments about convex roof exten-
sions; see Sec. XV.C.2 of [11].

IV. CONCLUSION

We have shown that possible ensembles of states pro-
duced by applying a separable operation to a bipartite en-
tangled pure state can be exactly characterized through a
majorization condition, the collection of inequalities (7) for
different n. These have long been known to be necessary and
sufficient conditions for producing such an ensemble using
LOCC, so their extension to the full class of separable op-
erations is not altogether surprising, even if our proof is not
altogether straightforward.

Connecting the full set of separable operations with the
more specialized LOCC class immediately yields several sig-
nificant consequences for the former, as indicated in the list
in Sec. III, because much is already known about the latter.
Of particular significance is that various entanglement mea-
sures are monotone, meaning they cannot increase, under
separable operations—something expected on intuitive
grounds, but now rigorously proved. Since such monotonic-
ity under LOCC has long been considered a necessary, or at
least a very desirable, condition for any “reasonable” en-
tanglement measure on mixed states (see Sec. XV.B of [11]),
one wonders whether monotonicity under separable opera-
tions, in principle a stronger condition, might be an equally
good or even superior desideratum.

Our results apply only to bipartite states, but separable
operations and the LOCC subclass can both be defined for
multipartite systems. Might it be that in the multipartite case
the ensemble produced by applying a separable operation to
a pure entangled state could also be produced by some
LOCC applied to the same state? It might be, but proving it
would require very different methods than used here. There
are no simple multipartite analogs of the Schmidt represen-
tation (3), the majorization condition (7), or map-state
duality.

Even in the bipartite case we still know very little about
separable operations which are not LOCC, aside from the
fact that they exist and can be used to distinguish certain
collections of orthogonal states more effectively than LOCC.
The results in this paper contribute only indirectly to a better
understanding of this matter: looking at what a separable
operation does when applied to a single entangled state will
not help; one must ask what it does to several different states.
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