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Omnidirectional zero-n̄ gaps in one-dimensional photonic crystals with a Fibonacci basis containing fre-
quency dependent metamaterials are examined. In this study, the band structure and band gaps are determined
by an explicit band-edge equation rather than by a traditional dispersion equation. We find that the present
method has better numerical stability than traditional methods, especially for calculating the zero-n̄ gap in the
photonic crystals with metamaterials. We observe that the change in the width and location of the omnidirec-
tional zero-n̄ gap is limited for the Fibonacci photonic crystals with different generation orders. However, the
width of the omnidirectional gap in the Fibonacci photonic crystals is significantly affected by the filling factor
of the metamaterials. We also find that the width of the gap will be maximum at an optimum filling factor. The
gap will vanish if the filling factor is greater than a critical value. Moreover, for a given filling factor and a
metamaterial, it is interesting that the gap will be enlarged as the refractive index of the traditional layer
increases.
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I. INTRODUCTION

Metamaterials and left-handed materials have received
much attention during the last few years. Although natural
materials with negative permeability and permittivity have
not been found, artificially composite materials made by pe-
riodical array of metallic split ring resonators and wires have
been shown to have effective negative permeability and per-
mittivity, simultaneously �1–9�. Due to the unusual proper-
ties of the metamaterials, optical wave propagating in one-
dimensional �1D� photonic crystals consisting of
metamaterials and conventional right-hand material layers
have different results from conventional photonic crystals.
For periodical structures, the band gaps and band structure
are fundamental to noting the characteristics of optical wave
propagating in the media. Moreover, the band structure may
offer a major reference for studying light transmission and
reflection in finite periodic structures �10–13�.

One of the major interesting applications of the photonic
crystals is the property of omnidirectional reflection, by
which lights with some frequency from all of the incident
angles are totally reflected for both the TE and TM polariza-
tions �14–16�. As photonic crystals are made of traditional
material, omnidirectional reflection is induced by interfer-
ence of Bragg scattering. However, for the photonic crystal
containing metamaterials, omnidirectional reflection may be
not induced by Bragg scattering, especially if it occurs in the
zero-n̄ gap, in which the frequency at center is near the zero
average refractive index. The zero-n̄ gaps and omnidirec-
tional reflection in the gap of 1D photonic crystals composed
of alternative layers of conventional material and metamate-
rial have been proposed in several studies �10–13,17–20�.

Recently, 1D photonic crystals with quasiperiodic struc-
tures, especially for Fibonacci sequence, have received a
great deal of interest �21–23�. Light transmission and reflec-

tion from Fibonacci photonic crystals differ from binary
ones. Moreover, omnidirectional reflection and band gaps of
Fibonacci photonic crystals containing traditional or
metamaterials with frequency independent refractive index
have been researched �24–27�. According to measured data
from the experiment, the electric permittivity and magnetic
permeability of metamaterials are usually frequency depen-
dent �1–9�. Use of frequency independent parameters, the
band gaps and omnidirectional reflection of Fibonacci pho-
tonic crystals have been presented �28,29�. Most of the stud-
ies address the effect induced by different generation orders
for a set of a widths of traditional and metamaterial layers
and a refractive index of a traditional layer. However, these
optical properties are dependent not only on the generation
order but also on the width and materials in the structure. In
fact, we will present in the paper that zero-n̄ gaps are more
significantly affected by layer widths and materials than by
different generation orders. To the best of our knowledge, the
effects of layer widths and materials on zero-n̄ gaps and om-
nidirectional reflection for TE and TM polarizations in Fi-
bonacci basis photonic crystal containing frequency depen-
dent metamaterial have rarely been proposed.

The band structure of 1D photonic crystals can be deter-
mined by the dispersion equation, which is formulated by the
determinant of the system. For the case with binary basis, the
dispersion relation can expressed by the analytical expres-
sion, which has been applied to photonic crystals containing
conventional material or metamaterial �10–13,17�. However,
for the complex basis systems, such as the Fibonacci basis
with generation greater than three, since analytical and
closed forms of the dispersion relation becomes complex and
difficult to formulate, the problem has commonly been ex-
plored by numerical methods, including the matrix method.
However, in this study, we show that use of the traditional
method to find the band gaps and the band structure leads to
a numerical instability problem.

In the paper, band structure and band gaps in one-
dimensional photonic crystals with a Fibonacci basis con-*hsuehwj@ntu.edu.tw
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taining traditional material and frequency dependent
metamaterial are investigated. The band structure is calcu-
lated by a band-edge equation, which is derived by topology
theory based on a graph model of electromagnetic waves
propagating in the photonic crystal. Topology theory with a
graph model has been applied to solving networks and some
special systems �30–32�, but use of the method to solve the
band gaps and band structure in planar photonic crystals con-
taining metamaterials has not been proposed. Comparing the
present method and the traditional method for the numerical
stability of band structure calculation of the planar photonic
crystal containing metamaterials is studied. Moreover, omni-
directional zero-n̄ gaps in the Fibonacci photonic crystals are
investigated not only for different generation orders but also
for various widths of each layer and refractive index of the
traditional layer.

II. FORMULATION AND THEORY

We consider a one-dimensional periodic photonic crystal
with the structure in each cell following the Fibonacci se-
quence with order j, Sj, by a recurrent relation �21–24�

Sj+1 = Sj−1Sj for j � 1, �1�

with S0=B and S1=A. Elements A and B are considered as
two layers with thickness dA and dB, respectively. In this
study, layer B is made of traditional material with frequency
independent permittivity �B and constant permeability �B
=1. Thus the refractive index nB is frequency independent.
Layer A is made of metamaterial with frequency dependent
permittivity and permeability. Based on the proposed nu-
merical analysis and experiments for artificial metamaterials
�3–7,11,28,29�, layer A is assumed to be isotopic; lossless
and frequency dependent permittivity and permeability are
given by

�A��� = ae −
�e

2

�2 , �2�

�A��� = ap −
�p

2

�2 , �3�

where � is the operation frequency with unit of GHz. �e and
�m are, respectively, the electronic and magnetic plasma fre-
quencies, both of which are considered as 10 GHz in the
study.

Let us assume both of materials to be optical isotropic.
The electromagnetic waves with TE and TM polarizations
propagating in the structure are uncoupled. Thus, the electro-
magnetic fields, including electric and magnetic fields, with
each polarization can be examined separately. For the TE
polarization, the electric fields propagating in the photonic
crystals are governed by Maxwell’s equations. In the jth

layer of a cell, the electric field, Ê�j ,x ,y ,z�, can be described
by

Ê�j,x,y,z� = ŷEy�j,x�exp�i�t − i�z� , �4�

where Ey is the amplitude of the electric field, ŷ is the unit
vector in the y direction, � is the propagation constant. Since

the medium within each layer is homogeneous and isotropic,
the amplitude of the electric field is governed by the wave
equation and expressed by summation of forward and back-
ward traveling waves as

Ey�j,x� = aj exp�− ikj�x − xj−1�� + bj exp�ikj�x − xj−1�� ,

�5�

where kj represent the wave vectors, ��ko
2� j� j −�2�1/2. � j and

� j are, respectively, the relative permittivity and relative per-
meability of the media in layer j. According to Maxwell’s

curl equations, �� Ê=−j�� jĤ, the magnetic field in the

layer can be expressed by Ĥ�j ,x ,y ,z�= �ẑHz�j ,x�
+ x̂Hx�j ,x��exp�i�t− i�z�, in which the magnetic tangential
field Hz is

Hz�j,x� =
kj

�� j
�aj exp�− ikj�x − xj−1�� − bj exp�ikj�x − xj−1��� .

�6�

The parameters aj and bj can be represented by the electric
and magnetic tangential fields at the boundary of the layer
according to Eqs. �4� and �5�. Thus, we can express the re-
lations between the electric and the magnetic tangential
fields at the boundary of the layer as �30,31�

Ej = f jEj−1 + hjH̄j , �7�

H̄j−1 = f jH̄j + gjEj−1, �8�

where f j =sec kjdj, gj = �kjd1 /� j�tan kjdj, hj

= �� j /kjd1�tan kjdj, Ej =Ey�j ,xj� and H̄j =−i�d1Hz�j ,xj�.
From Eqs. �7� and �8�, we can depict the relations of the
amplitudes of the electric and the magnetic tangential fields
at the boundary of the layer by a two-way graph model.
According to the continuity of the tangential fields in the
interface of layers, we can construct the graph model for the
cell as shown in Fig. 1.

By topology method, the relations of the amplitudes at the
boundary of the cell layer can be expressed by

EN = fE0 + hH̄N, �9�

1f

1f

1g
1h Ng

0,nA

0,nB
Nf

Nf

Nh

layer 1 layer N

1,nB

1,nA

1, −NnB NnB ,

NnA ,1, −NnA

FIG. 1. Graph model for a cell of the Fibonacci photonic
crystals.
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H̄0 = fH̄N + gE0, �10�

where f =� j=1
N f j /S1,N, g= 1

S1,N �p=1
N Sp,Ngp� j=1

p−1f j
2, h

= 1
S1,N �p=1

N S1,php� j=p+1
N f j

2. Sp,q is the determinant of a part of
the graph model for the structure from layers p to q given by
�30,31�

Sp,q = �
s=0

q−p

�
i2s=p+s

q

�
i2s−1=p+s−1

i2s−1

�
i2s−1=p+s−1

i2s−1

�
i2s−2=p+s−2

i2s−1−1

· ¯

� �
i2=p+1

i3

�
i1=p

i2−1

�
u=1

s

�− Li2u−1,i2u
� , �11�

where Lp,q=hpgq� j=p
q f j

2.
Since wave function propagating in an infinite periodic

structure must obey the Bloch waves, the relations between
the amplitudes of the electric and the magnetic tangential
fields at the ends of a cell are expressed by EN

=E0 exp�iqD� and H̄N= H̄0 exp�iqD�, where D is the thick-
ness of the basis and q is the Bloch wave vector. Substituting
the relations into Eqs. �9� and �10� yields

f2 − 2f cos�qD� − gh + 1 = 0. �12�

As the magnitude of the cosine of the Bloch phase is
greater than 1, the Bloch wave is evanescent. The region
corresponding to the evanescent wave is called the forbidden
gap. If the cosine of Bloch phase is less than 1, the Bloch
wave is allowed to propagate through the structure. The re-
gion corresponding to the allowed wave is called the allowed
band. Thus, the band structure and band gaps that can be
determined by the edges of the forbidden gaps, which oc-
curred in the condition of cos�qD�=1 or −1. Here, we define
a function �v as �v= f2−2vf +1−gh. The edges of band gaps
are satisfied by

�v = 0, �13�

where v=1 and −1. The center of the allowed minibands
corresponds to v=0, which can be used to check the region
for the allowed bands and the forbidden gap.

Equation �13� is called the band-edge equation, which is
the major equation of this paper. Using the band-edge equa-
tion, it is not required to find the band structure and band
edges by calculating the cosine of Bloch phase, which is
usually used in traditional methods. Unfortunately, calculat-
ing the cosine of the Bloch phase may have numerical over-
flow, especially for the range including the zero-n̄ gap as
presented in a numerical example in the following section.
However, using the present method to find the band structure
and band gaps does not have the problem of numerical in-
stability.

For TM polarizations, the dispersion equation can be de-
rived using the same procedures for TE polarizations. If we
define Hy�j ,xj� and i�d1Ez�j ,xj� for layer j as variables Hj

and Ēj, respectively, the dispersion equation for TM eigen-
modes can be represented by the same form as the TE ones,

in which the variables Ej and H̄j are replaced by the variables

Hj and Ēj. Moreover, the parameters f j, gj, and hj are rede-
fined by sec kjdj, kjd1 tan kjdj /� j, and �� j tan kjdj� /kjd1, re-

spectively. Note, each of the parameters f j, gj, and hj for both
TE and TM polarizations does not change as either positive
or negative signs for kj are selected. In other words, both the
positive and negative signs for kj are acceptable for the band
gap and band structure analysis by the present method.

III. APPLICATIONS AND DISCUSSIONS OF THE RESULTS

In this section, the band gaps and band structure of the
photonic crystal with a Fibonacci basis for TE and TM po-
larizations are calculated by the present method. The zero-n̄
gap and omnidirectional reflection for the photonic crystal
are examined. Based on the previous studies �3–7,11�, ae and
am are chosen by 1.21 and 1.00 in the following examples. It
is of special interest in the condition of negative values of
both �A and �A, which are with the operation frequencies in
the region of �	�e /	ae and �	�p /	ap.

First, we consider a case of photonic crystal with an S4
basis, by which the structure of the basis is ABAAB. The
band structure in the photonic crystal with �B=4, dA
=12 mm dB=24 mm is calculated by the present method and
shown in Fig. 2�a�, in which the right and left hand sides are
for the TE and TM polarizations, respectively. Note that the
permittivity and permeability of layer A are zero at the re-
duced frequencies, 
=0.190 and 
=0.173, in which 

=�D / �2�c� and k
 =�D / �2�� are dimensionless. The re-
duced frequency corresponding to the zero average refractive
index is 
=0.0978. Near the frequency corresponding to
zero of the average refractive index, there is a significant
band gap, called the zero-n̄ gap. If the photonic crystal is
used as a reflector for a light incident from vacuum, the band
structure within the light cone corresponds to the reflection
of light with a different incident angle. The band structure for
k
 =0, the center of the light cone, corresponds to the reflec-
tion of light incident with 0 deg from vacuum. For k
 =0, the
zero-n̄ gap in the structure is in the range of 

=0.0786–0.1217. In the figure, the gap in the light cone will
differ for different incident angles. As the incident angle of
light increases from 0 to 90 deg, the center of the gap almost
remains at the same frequency for both the TE and TM po-
larizations. The edges of light cones, as shown by dotted
lines in the figure, for the TE and TM polarizations present
the light line of vacuum, corresponding to a 90 deg incident
angle from vacuum. The bandgap at the light line of vacuum
for the TE and TM polarizations are in the range of 

=0.0844–0.1222 and 
=0.0788–0.1158. We find that the
bandgap for all incident angles is identical to the overlap of
the gap at k
 =0 and that at the light line for the TE and TM
polarizations. As shown in the gray region of the figure, the
omnidirectional reflection of light from the vacuum for the
zero-n̄ gap exists in the range of 
=0.0844–0.1158. The
phenomenon of the existence of an additional band gap
lower than the Bragg gaps may also occur in acoustic waves
for phononic crystals or superlattices �33,34�.

In Fig. 2�a�, we also find a band gap located in the range
for positive values of both permittivity and permeability of
layer A, called the Bragg gaps, which have been commonly
noted in conventional photonic crystals. The gap shifts up in
frequency as the incident angle increases from 0 to 90 deg.
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For the TM polarizations, a Brewster point may occur in the
Bragg gap of the higher incident angle. As seen in the upper
gray region of Fig. 2�a�, the Bragg gap with center frequency

=0.315 has unidirectional reflection of light from the
vacuum for TE polarization. As the parameters of the photo-
nic crystal is changed to �B=4, dA:dB=1:2, and D
=36 mm, the band structure is shown in Fig. 2�b�. It is inter-
esting that the Bragg gap vanishes but the zero-n̄ gap re-
mains in almost the same location and region.

The band gaps and band structure shown in the figure are
determined by the present method, which uses the band-edge
equations and band center equation as given in Eq. �13� with
v=1 and −1 rather than the function cos�qD� used in tradi-
tional methods. The band gap is the region between two band
edges, both of which simultaneously correspond to one of
�1=0 and �−1=0. If the calculation range of frequency for
the band structure is selected as 0	
	0.5, we plot the
maximum absolute value of �1, �−1, and �0 and that of
cos�qD� versus the range of k
 as shown in Fig. 3. We see
that the maximum absolute values of �1, �−1, and �0, used in
this method, almost have the same order for different values
of k
. However, the maximum absolute value of cos�qD�

used in the traditional method is increased exponentially as
the value of k
 is increased.

It is interesting to see the effect of the filling factor of
layer A �metamaterial�, defined by F=dA / �dA+dB�, on the
omnigap of vacuum near zero n̄ in the photonic structure. Let
us consider the photonic crystal with S4 basis as studied in
the first case with a different filling factor. Figure 4 present
the edges of zero-n̄ gap for k
 =0 and incident angle 90 deg
in the TE and TM polarizations, respectively, by solid, dot-
ted, and dashed lines, versus a different filling factor for
layer A. We find the width and the center frequency of the
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FIG. 2. �Color online� Bragg and zero-n̄ gaps of the photonic
crystal with S4 Fibonacci basis. The solid and dashed lines mark the
edge of the zero-n̄ and Bragg gaps, respectively. The parameters of
the photonic crystals are �a� �B=4, dA=12 mm, dB=24 mm; �b�
�B=4, dA:dB=1:2, D=36 mm. The dotted line corresponds to the
light lines of the vacuum. The lower gray region marks the omni-
directional reflection from the vacuum. The upper gray region in �a�
corresponds to the unidirectional reflection for TE polarization.
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FIG. 3. �Color online� The maximum absolute values in the

calculation of zero-n̄ gap and band structure by the present method
and the traditional methods. The region in 0	
	0.5 and 0k


	k
,R for the photonic crystal with S4 Fibonacci basis is considered
in the calculation. �1, �−1, and �0 are used in the calculation by the
present method, but cos�qD� is used by the traditional methods.

0 0.2 0.4 0.6 0.8 1
0

0.05
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Ω

F
FIG. 4. �Color online� Zero-n̄ gap for TE and TM polarizations

in the S4 Fibonacci basis photonic crystal versus the filling factor F
of the metamaterials, F=dA / �dA+dB�. The dotted, dashed, and solid
lines mark the edges of the zero-n̄ gap, respectively, crossing the
light line of vacuum for TE polarization, light line of vacuum for
TM polarization, and perpendicular incident, k
 =0. The dashed-
dotted line points out the frequency corresponding to the zero n̄.
The gray region presents the omnidirectional zero-n̄ gap for the
incidence from the vacuum.
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gap are increased from F=0 to F=1.0 for an incident angle
of 90 deg in the TE polarization. However, for an incident
angle of 90 deg in the TM polarization, the width of the gap
is increased from F=0 to F=0.25 and decreased from F
=0.25 to F=0.73. The omnigap of the photonic crystals has
the maximum value for the filling factor F=0.25 and with
zero for F greater than 0.73. It is interesting to note the
frequencies of zero n̄ do not locate within the omnigap if the
filling factor of layer A is greater than 0.52.

As the basis of the photonic crystal is replaced by the
Fibonacci sequence with a different generation, the omnigap
versus the generation order is shown in Fig. 5. We see that
the frequencies corresponding to n̄=0 for the different Fi-
bonacci basis with F	0.4 are almost within the omnigaps
and near the center of the omnigaps. The omnigaps in the
photonic crystal with different Fibonacci basis have almost
the same range for m�3. However, these results are quite
different from the ones in traditional photonic crystals. If the
metamaterial of the photonic crystal are replaced by tradi-
tional material with a positive refractive index, the omnigaps
may occur in the Fibonacci basis system. However, the om-
nigaps will have different ranges for a different generation
order of the Fibonacci basis in the traditional photonic crys-
tal.

We turn our attention to the effect of the refractive index
of material B on the region of the zero-n̄ gap. Figure 6 shows
the zero-n̄ gap in the photonic crystal versus the refractive
index of layer B, nB, from 1.0 to 5.0 for the photonic crystal
with S4 basis, in which �B=1, dA:dB=1:2, D=36 mm. We
find that the zero-n̄ gap vanishes if nB is less than 1.10. The
zero-n̄ gap is gradually enlarged as the value of nB increases.
Moreover, the center of the zero-n̄ gap is decreased for in-
creasing nB. The greatest omnigap is from 
=0.037 to 

=0.111, occurring at nB=5.0. It is interesting that as nB is
less than 1.4, the frequency corresponding to zero n̄ is not
within the omnigap.

The omnigap for the photonic crystal with nB=1.5, 2.5,
3.5, and 4.5 versus the generation order is shown in Fig. 7.
The parameters for the photonic crystal are �B=1, dA:dB
=1:2, D=36 mm. We also note the omnigaps almost have

the same range for the case of m�3. These results are dif-
ferent from the ones in traditional photonic crystals. The om-
nigaps in the Fibonacci basis photonic crystal made of tradi-
tional material will have different ranges for a different
generation order.

IV. CONCLUSIONS

We have studied the band gaps and band structure of the
planar photonic crystal with Fibonacci basis, which consist
of conventional materials and frequency dependent metama-
terials. In this study, the band gaps are calculated by a band-
edge equation rather than a traditional dispersion equation.
Compared with traditional methods, we find using the
present method in the calculation has no problems of numeri-
cal instability, especially in the region near zero n̄ for the
photonic crystal containing metamaterial. According to the
numerical results, the omnidirectional gap in the Fibonacci

2 3 4 5 6
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0.08

0.1

0.12

0.14

0.16

m

Ω

FIG. 5. �Color online� The omnidirectional zero-n̄ gap in the Sm

Fibonacci basis photonic crystal for the filling factor F=0.2, 0.4,
and 0.6 versus the generation order m. The dotted, dashed, and solid
lines mark the omnigap for the filling factor F=0.2, 0.4, and 0.6,
respectively. “�” represents the frequency for zero n̄. The param-
eters for the photonic crystals are �B=4, dA;dB=1:2, D=36 mm.
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FIG. 6. �Color online� Zero-n̄ gap for TE and TM polarizations
in the S4 Fibonacci basis photonic crystal versus refractive index of
the layers of traditional material, nB. The dotted, dashed, and solid
lines point to the edges of zero-n̄ gap at the edges of the light cone
for TE and TM polarization, and the center of the light cone, re-
spectively. The dashed-dotted line marks the frequency correspond-
ing to zero n̄. The gray region corresponds to the omnidirectional
zero-n̄ gap for the incidence from air.
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FIG. 7. �Color online� The omnidirectional zero-n̄ gap in the Sm

Fibonacci basis photonic crystal for nB=1.5, 2.5, 3.5, and 4.5 versus
generation order m. The dotted, dashed, dashed-dotted, and solid
lines correspond to the omnigap for nB=1.5, 2.5, 3.5, and 4.5, re-
spectively. “�” represents the frequency for zero n̄.
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basis photonic crystals exists near zero n̄. We find that the
change in the width and location of the omnidirectional
zero-n̄ gap is limited when the generation order of the Fi-
bonacci photonic crystals is changed. However, the width of
the omnidirectional zero-n̄ gap is significantly affected by
the filling factor of the metamaterials and approaching a
maximum gap for an optimum filling factor. Moreover, as the
filling factor is greater than a critical value, the gap becomes
zero. For a given metamaterial layer and the filling factor, it

is interesting that the gap will be enlarged if the refractive
index of the traditional layer is increased.
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