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Three-boson problem at low energy and implications for dilute Bose-Einstein condensates
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It is shown that the effective interaction strength of three bosons at small collision energies can be extracted
from their wave function at zero energy. Asymptotic expansions of this wave function at large interparticle
distances are derived, from which is defined a quantity D named three-body scattering hypervolume, which is
an analog of the two-body scattering length. Given any finite-range interactions, one can thus predict the
effective three-body force from a numerical solution of the Schrodinger equation. In this way, the constant D
for hard-sphere bosons is computed, leading to the first complete result for the ground-state energy per particle
of a dilute Bose-Einstein condensate (BEC) of hard spheres to order p?, where p is the number density. Effects
of D are also demonstrated in the three-body energy in a finite box of size L, which is expanded to the order
L77, and in the three-body scattering amplitude in vacuum. The three-body scattering amplitude calculated in
this paper disagrees with an earlier calculation in the literature, because of the omission of the two-body
effective range in that earlier work. Another key prediction is the condensate fractions of dilute BECs, which
also disagree with an earlier work in the literature based on the effective field theory (EFT), as a result of

short-range physics. An EFT prediction of the BEC ground-state energy, however, is corroborated.
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I. INTRODUCTION

It has been known for many years that the ground-state
energy per particle of a dilute Bose-Einstein condensate
(BEC) is

4ah’pa 128
P =(pa®)"? + 8wpa® In(pa’) + pa35§]
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2mboson 15V7

(1)

plus higher-order terms in nu@er density p, where a is the
scattering length, w=4/3-3=2.4567---, and 5§ is a con-
stant. The first three terms in this expansion were discovered,
respectively, in 1947 [1], 1957 [2-4], and 1959 [5-7].

The &; term has remained the least understood. It was
known to Wu [5] that &; is given by a parameter &; for the
ground-state energy of three bosons in a periodic cubic vol-
ume [5], plus many-body corrections. Braaten and Nieto
fully determined these many-body corrections using the ef-
fective field theory (EFT) [8] but, like Wu, they left undeter-
mined a parameter g;(«) for the three-body effective interac-
tion near the scattering threshold [8], which is related to
Wu’s parameter & [5]. [The difference, gi(k)—gs(k’), is
known for any momentum scales x and ' [8].]

For bosons with large scattering length, gs;(x) was re-
cently computed using the EFT [9]. For other model interac-
tions, Braaten et al. [10] used the Monte Carlo results of the
energy density [11] to extract £ but, because of statistical
uncertainties of the Monte Carlo data, they did not obtain
satisfying results [10]. In summary, g;(«) (and thus &) re-
mains unknown for almost al/l bosonic systems.

In this paper, this effective three-body force [12] and a
few related properties of the N-body system are studied. Im-
plications for dilute Bose-Einstein condensates are also ex-
plored.

We know that the interaction of two bosons at small col-
lision energies (E<h?/mygonr> and  E<A?/myoeona?,
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r.=range of interaction) is dominated by the two-body scat-
tering length a, while a is present in the small-momentum
expansion of the two-body wave function at zero collision
energy and zero orbital angular momentum,

b= (2m)38(q) - dmalg* + ug+ O(¢%). (2)

Analogously, the effective interaction strength of three iden-
tical bosons at low energy should be present in the small-g
expansion of the wave function of the same three bosons at
zero collision energy and zero orbital angular momentum,
¢{(31)|(sz (=) k;=0). It is shown in this paper that this is
indeed the case. It is found that

(7255131)(]2(13 = (277)65((]1)5(‘12) + Gﬂhqz‘l.%
3
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at small g;~ ¢, where quq2q352/(qf+q§+q§), and that D,
named three-body scattering hypervolume (with dimension
[length*]), is a suitable parameter for the three-boson effec-
tive interaction [13].

The definition of the three-body parameter in Eq. (3) per-
mits one to determine this parameter in an elementary way,
namely by solving the three-body Schrdédinger equation in
vacuum and matching the solution to Eq. (3) at small mo-
menta or its Fourier transform at large interparticle distances.

In Sec. II of the present paper, ¢£131)q2q3 is expanded to the
order ql at small momenta [Egs. (40)] and, correspondingly,
its Fourier transform is expanded to the order R~ at large
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relative distances R [Eqgs. (45)]. Although the parameter D
first appears in the latter expansion at the order R™, three
higher-order corrections are determined to facilitate much
more accurate determinations of D from numerical solutions
to the Schrodinger equation at not-so-large relative distances.

In Sec. III, the results of Sec. II are applied to bosons
interacting through the hard-sphere (HS) potential. By solv-
ing the three-body Schrédinger equation numerically, the au-
thor found

Dys = (1761.5430 = 0.0024)a*. (4)

In Sec. 1V, the ground state of three identical bosons in a
large periodic cubic volume of side L is determined pertur-
batively in powers of L~!. The energy is expanded [ 14] to the
order L™ (h=mypion=1),

127ra
I3

{ 1 +2.837297479 480619 476 67%

2
+9.725 330 808 459 240 0570%

L
+ (— 39.307 830 355 480 219 057 In H
a

a®  3malr,

JERA

+95.852 723 604 821 230 29)

L
+ (— 669.168 047 948 734 849 322 In —

lal
4

+810.053 286 803 649 420)%

D

3
+53.481 797 505 510 907 636“—?] +
R

aD 3
+17.023 784 876 883 716 8607 +0(L™°), (5)

where r, is the two-body effective range. Equation (5) holds
for both =0 and a<0, and holds for both ;=0 and r,
<O0.

In Sec. IV B, Wu’s parameter &5 [5] is expressed in terms
of D; &, for hard-sphere bosons is then found [Eq. (109)].

In the last part of Sec. IV, we generalize this three-boson
calculation to N bosons. General formulas for the ground-
state energy and condensate fraction of dilute BECs in the
thermodynamic limit are then obtained [Egs. (118) and
(119)]. The significance of the parameter u, defined in Eq.
(2), is discussed.

In Sec. V, the scattering amplitude of three bosons at low
energy is computed [Egs. (135)]. After a discrepancy be-
tween Ref. [8] and our result at r;# 0 is resolved, g;(x) of
Ref. [8] is expressed in terms of the scattering hypervolume
D [Eq. (136)]. The ground-state energy per particle of a di-
Iute Bose gas of hard spheres is finally determined to order

p* [Eq. (139)]
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IL. ASYMPTOTICS OF ¢® AT SMALL MOMENTA OR
LARGE RELATIVE DISTANCES

Assumptions. We consider identical bosons with instanta-
neous interactions that are translationally, rotationally, and
Galilean invariant, and finite-ranged (i.e., limited within a
finite interparticle distance r,). So the two-body potential
%Uk|k2k3k4 conserves momentum, is invariant under rotation
or any equal shift of k;’s (1<i<4), and is smooth. Also,
because of Bose statistics, we can symmetrize U with respect
to the incoming (outgoing) momenta without losing general-
ity [15] Ul“l'“zkzl“ztzUkz"‘1‘“3l“4=Ul“l"‘zk4k3=Ult4k3k2k1 (the last
equality is the Hermiticity condition). We assume similar
properties for the three-body potential, éUklka"skétkSkﬁ' We
will consider scattering states only. For few-body physics,
the sign of a is arbitrary, but for dilute BECs in the thermo-
dynamic limit we assume that ¢=0. Units such that 7
=Mpeson=1 are used.

Summary of this section. In Sec. Il A, we introduce func-
tions ¢1(1I|)< nll)(, ggl)(,..., which are determined by the two-
body potential only. We discuss their important properties for
use later in the paper. In Sec. II B, we derive two asymptotic
expansions of ¢{(31)k2k3 from the three-body Schrodinger equa-

tion that ‘151((31)1(21;3 satisfies. In one of the expansions, qﬁf{])(, nl])(,

ggll,... enter as coefficients. These expansions are very gen-
eral despite their complexity: they are valid for all bosonic
systems satisfying the above assumptions. Certain quantities
and functions, including D and dy, naturally arise in the deri-
vation of these expansions.

In this paper, the significance of D will be clear.

In a future work, it will be shown that dy enters in the
low-density expansion of the anomalous average (byb_y) in
the many-body BEC (where b is the boson annihilation op-
erator at momentum K), so d is also important.

In Sec. I C, we derive two asymptotic expansions of
¢(rr,r;) from the Fourier transformation of the results in
Sec. II B.

A. Two-body special functions

This subsection is in preparation for the rest of the paper.
We define two-body special functions in the /-wave chan-

nel (/ is even for identical bosons), with zero magnetic quan-

tum number along the direction f: d)f{l)(, nll)(, gflll)(, [16],

HW=0, (Hf = (HgDw=fih.  (6)

1 [ &
(HX)y = KX+ f 2y VX (7)

where Uy = Uy g —xr- For =0, we write these functions
simply as ¢y, fi, Qks-..- For [=2, we use usual symbols
d,g,i,... to represent [=2,4.6,.... Let

d’k
2m)?

$(r) = e

and similarly for the other functions. The amplitudes of these
functions are fixed by the following equations at r>r,:
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d(r)=1-alr, (8a)
fr)==r6+arl2 —ar/2, (8b)
g(r) =r*120 - ar’/24 + ary?/12 - ar}/24, (8¢)
A (x) = (P15 = 3a,/r) Py - 1), (84)
D) = (= 41210 — agra?130 — a 2r)Py(R - F),  (8e)
BE(r) = (41945 - 105a,/r°)P4(i - 1), (8)

B(r) = (1135135 - 10395a/r" ) Pe(ir - £),  (8g)

where P; is the Legendre polynomial [P/(1)=1], and the
I-wave scattering phase shift &, at low energy k” satisfies

K cot §(k) = —a;' + rk?2! + k441 + O(K°),  (9)

where ay=a, ro=ry, rg=r,, Gy=a,, 1,=T4, A4=a,, and ag=a,.
Now define harmonic polynomials

0V(k) = K'P/(1r - k). (10)

The following more general formulas in the momentum
space are directly related to Egs. (8) by (Fourier transforma-
tion),

l
k= O (Vo 2m) (k)

I+1)!
4’7761[ ” i 0
- + > ulk? | oV(K), (11a)
=0
0 _ V% aprry .l (1)V 238k
ik 220+ 3)1 2120+ 1! 70q (Vo @m)alk)
dma,Z ” )
(— i,kj +E}§”k2’>Q£{>(k), (11b)
=0
(AZ) _ ( V: _ Cller% _ alrl' )
AT\ 420+ 51 2121121+ 3)!11 4121+ 1)
1A 3 4maZ - ~()12i | A
xiloP (V) (2m)* (k) + —W+2gi K0 (k).
i=0
(11¢)

where i=\-1#1i, and Z/k* and Z/kS are generalized func-
tions (in this paper Z is merely a symbol and not a number),

zZ 1 3
k k allkk

z 1 z z
—=— (k>0), f —6d3k=f KP—d’k=0.
K k all k k all k k

Z/k* and Z/k® have — values at k=0 to cancel certain in-
tegrals shown above. They inevitably arise from the Fourier
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transformation of functions such as |r|. The Z functions are
more completely described in Appendix A.

The infinite series such as X} 0u<l)k2’ 1n Eqs (11) account
for the deviations of ¢y (), f”)(r) and g )(r) from Egs. (8)

at r<r,. Since r, <o, these series are convergent.

The superscripts of uf-l) and f?l) will be omitted at /=0.
From Egs. (6) and (11), we derive that at small k,

& N R
(277)3Ukk B = (1 ‘47a; - % ul’k? +2>Q§,)(k),
(12a)
&k’ (D7,2i D7.2i+2y H()
2 Y 0= E( K - f#2) 0 (k)
(12b)
1 [ &k 5
> 2 )3Ukk’gk' f0+0(k) (12¢)

For any unknown X we have the uniqueness theorem
[17],
(HX), = 0 (all k) and X = o(k™®) (small k) = X, = 0.
(13)
The following identity is needed in the analysis of the

momentum distribution of N particles at low density (Re
stands for the real part) [18]:

i f &’k <|¢k|2 167°a*
m P -
kot Jier, (2)° 'S

B. Asymptotics of ¢l(‘31)kzkz at small momenta

) =—2ma*r,— 2 Re u,.

(14)

From this point on, we let ¢’s be small momenta and g;’s
scale like ¢', while k’s will be independent from q’s. We will
derive the following two asymptotic expansions:

(3) _ s)
¢qlq2q3 - 26 Tfl]‘lz‘h’ (15)

M= b rek—qrk = E s, (16)
5s==3

where Tfl?qzqa and Sff)q both scale like ¢* (including possibly
¢‘In"g, n=1,2,...). The minimum values of s in the above
equations will be justified below.

The three-body Schrodinger equation can be written in
two special forms [19],

3
1
—_ - 4
i (zszru"“’ ) Yo (17

(HP +3¢° /4 + Wi =0, (18)

-1 3)
‘11‘12‘13¢qlq2‘h

where G, ;.. 2/(611""12""13)
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P =(q, — q3)/2, and similarly for p,,ps, (19)
e e B (20)
U909~ g Wi 4,993k K ks k{kok}

™2

1 3
WE = (Ef U—q/2+k,qk’k”¢(—q)/2—k,k'k” + (q — = q))
k/
+U® : (21)
—q/2+k,—q/2-k.,q

Jx is the shorthand for ok
ff d3k! d}ku
@2m)? 2n)?

At small q’s we have Taylor expansions,

B )3, and [y stand for

Ug gy, = Ko+ k1(g1 + g3 +43) +0(g"),  (22a)
W= X q“‘Wﬁ.l, we) = w. (22b)
5=0,2,4,.

Now we fix the overall amplitude of ¢ (22 ,q;=0):

¢q 00— (2m)°8(q,) 8(q,) +higher-order  terms.  Because
SN =\"8(q), 8(q) scales like g=°. So s=—6 for 7%, and
ﬂqlz)z% =(2m)°8(q;) 8qy). (23)

So T4 kg X (2m)38(q)(2m)38(k) ~¢~3k3, indicating
that s =—3 for s,

The followmg statement is now true at s;=—6:

Statement s,: All the functions T for s<s,, and all the
S for s=<s,+2, have been formally determined.

We can then do the following expansions at small q, for
—-6=s=ys:

’dls,)—q/2+k,—q/2—k = 2 tgfi(s_n), (24)
n
where t(“ ™ scales  like ¢"k*". Note also that
(=3) cer = T6) 5)
S + Sk = Tfl —a2+k g2k T Lq qnik-gok t
(= ¢% _q/2+k—q/2— k) Therefore, the asymptotlc expansion of
Al+

)4 at small k has been determined to the order k- 3,
-3

Sl((Sl+3)q — E

m=-s1-9

L0 k). (259)

Equations (24) and (25a) ensure the continuity of the wave

function ¢ across two connected regions. Extracting all the
terms that scale like ¢*1** from Eq. (18), we get

(HSCr39), = 3g25+94 - Wil Plg 3. (25b)

If Wt #0 (ie., if 5,+3=0,2,4,- "), we take it as formal
input. Solving Egs. (25), with the help of Egs. (6) and (11),
we thus determine Sk1+3 4. The uniqueness of the solution is
guaranteed by Eq. (13).

Once S©1*3) is determined, the right-hand side of Eq. (17)
can be determined up to the order ¢*1*3, if the coefficients of
the Taylor expansion of Uq s [see Eq. (22a)] are regarded
as formal input. Solving Eq (17) and noting that G '
~ ¢, we thus determine 701D,

So now the truth of Statement (s;+ 1) is established.

4192493
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We can thus formally determine all the functions 7 and
S by repeating the above routine, starting from s;=—6. The
results of thls program are shown below.

Step 1. S\V9=(2m)3 8(q)(27)?8(k) + O(g~*k2) at small k,
and (HS© 3)q)k 0, so

5= 2m)8(q) .. (26)

3Step 2. With the help of Egs. (12), and noting that
2.,9;=0, we get
3

-5 _
Tfll‘lz‘h - E

~ (4malph)(2m)* 8(q,). (27)

Expandlng T( 224k —q2—k At small q, we get all the functions
t(" ™ for n+m——5 shown below are those in the range —2
<n<3 (zeros are omitted),

1507 =~ (87alg®) (2m)* 3(k), (28a)
1 = - ma(@ - V2 2m)’ alk), (28b)
157" =~ (mal48)(@ - V' 2mPak)g®.  (28¢)

Step 3. Sl((_z)q=tfl",<2’"3)+0(q‘2k‘2) at small k, and
(HS29), =0, so
S = _ (87ralq?) .. (29)

Step 4. Using the same method as in Step 2, we get
’;

T —32ﬂ2a20q1q2q32q : (30)

919,93

At small q we have the following expansions (named
Z- 8 expansions;” see Appendix B for details):

(K2 +3¢%4) " = k™2 = \3(2m)38(k)q/8 7 — 3g°Z/4k*
+\3V2(2m)} 8(k) g /64 + 9g°Z/ 16K
—3\3VI2m)38(k)g° /51207 + O(¢°),

(31a)

(Jk+q/27 + [k = q/2)/(K* + 3¢%/4)

= (2m)38K)/6q + 2ZIk* + [- V48 + (1/24
~\3/16m QP (V12w 8k)g + (420 (K)/3kE
—47/3k%)q* + [V}/1280 — (1/448 - 3 \3/8967)
XV0(V,) + (19/10080 - 313/896m) 0% (V)]

X (2m)38k)g* + 0(¢%), (31b)
$0 Tf] 21/2+k —q/2- k_zn—_zt =41 \where
v =32k, (32a)
-3) — 477W612(2’7T)3 5(k)/q, (32b)
q 04 = 407%a*Z/k*, (32¢)

and for brevity higher-order terms [which can readily be ob-
tained from Egs. (31)] are not shown.
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Step 5. SCVi= t(l 3410(g7'k) at small k, and
(HS“19), =0, so

SUVY = (4mwaiq) . (33)
Step 6. This is similar to Steps 2 and 4.

3 3

T< 131)2‘13 == 16772W(,l quq q;z qz + MOE 277) 5((11)

i=1

(34)

Doing the Z-6& expansion (Appendix B), one finds that
7{;531,2+k,_q,2_k = _31‘(" =37 For brevity, only one of the

terms is shown here (to be used in the next step),

fffi(” =[16wa’ In(glal) + 2u, + (1473 - 16)wa’]
X (2m)38(k) = 327 wa’Zy, (k)/K. (35)

’s in the loga-
rithm and in the subscript of Z are replaced by any other
length scale simultaneously, because of Eq. (A10).

Step 7. Substituting s;=-3 into Eq. (25b), we get
(HS(O)q)k=67Ta¢>k—M(°). Because the right-hand side does
not depend on k or q, we can introduce a single function dj,

which is independent of k and satisfies

(Hd)y = 6magy - Wy, (36a)
and get S”9=d, +(linear combination ofq‘)g])( . Equation
(36a) does not completely determine dy, since dy+ ¢y sat-
isfies the same equation. At small k [Eq. (25a)],

8ma  Amwwd®

¢_q/2+k —a2-kq= ((277')35(61) A +

+ 16wa’ In(glal) + 24w/§wa4q In(glal) + &g -
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SV =[-27aQ{" (V)13 + 16wa’ In(gla]) (27> 8(Kk) + d, (k)
+0(k™),
where

d (k) = — (mal3)V;(2m)* (k) + 407%a*Z/k*

+[2up + (1473 = 16)wa®](2m)* S(k)

=32 wa’Zy ) (k) (36b)
does not depend on k or q. Noting Eq. (11a), we can now
complete our defintion of dy [20] and determine Sk ,

dy =d, (k) + O(k™?) at small k. (36¢)

SV = 16wa’ In(glal) i + 10ma sy + d. (37)

Step 8. This is similar to Steps 2, 4, and 6. Extracting all
the terms that scale like ¢° from both sides of Eq. (17), and
solving the resultant equation, we get

-2)

0,005 = [- 647wa® In(q,q2q5)al’) -

11142113
3

- E 87761140/6],»2, (38)
i=1

3 1 (3)
= - Uyrdpr +— U, 'k'k! o — 18auy.
2 W 0.k’'%k 6 kiké O,O,O,klk2k3(ﬁklkzk3 0

(39)

The subsequent steps are similar to the above ones but
considerably lengthier; details will not be shown. At the
completion of Step 14, the following results are
accumulated:

~
32\3wa®
———¢* In*(qlal)

- &4 In(qla)) - 53q° ln(q|a|)+fsq3>¢k+( 3mwa’q - 12wa’q? In(glal) - 18\3wa'q? In(gla]) - =2 3 3)fk

+

9 3
+ (— Tﬂ-aqz + f(%w— 135\3)a

3

2
b, = (2 3y 2m) Say) + mz (—47761(277)35((15) +—

QSzl

- 96\3mwa’ q;: In(gal) - 4maé,q; + 12843wa’q

2q3> i + dic+ g g+ 0(g"),

9 —
Zwa2q3gk +[107a — 10727 — 3v3)a*q - 4wa’q® In(glal) + §(3d)q3]¢(d) + —(277 3\3)61 q3 ()

(40a)

167 wa’
qi qi

327d? . D
- — 647wa* In(g;lal) - 3

 In*(gilal) + 4madyq; In(gal) + 40maa, 05" (b)) + 4malsq; In(gilal)

—4magq; — 40 (2 - 3\3)a lldqu(d (p) ) + E ((277)%5((11)(%"‘ u\p; + uypy) - q2 (u0+ uyp;)

i=1

Aawa®

+
i

(o + M1P,) + 16wa’ In(g/fal)ug + 24+ 3Wﬂ q;In(glal)ug + &g —3Twa Chfo) +Xot 0(42)

l

(40b)
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where qzd(z) is a quadratic polynomial of q [and for any
rotation r, dg)rk—d(z)] and

& = \ED/SW— 8(\6— w/3)wa* = 3mwa’r /2, (41a)
& =aDl V372 - (260/9 + 128/ \E’TT)WGS +2wa’r,,
(41b)

§<3d) =5(9 \E —4mwa*/3 + 15727 - 3V/§)a2adrd/4,
(41c)

= (24/m+ 16/ V/g)wa6 + 9\Ewasrs, (41d)

& =—[(1/872 + 1/12y3m)a + 3\3r/64m)aD + (174372
+22/ 7+ 353m/2T)wa® + (113374 — Tm/6)wa'r,

/132 + (1077 — 453 m/4)aay,
(41e)

+9mwa r2/16+ 3mwa’r

Yo = 9mmau; — 30,12 — 2k, — f Upodiy.  (42)
k/

K is defined in Eq. (22a), [ =[ (;k)g, and w, is a coefficient
in the following Taylor expansion at small k:

1

EJ Ukk’dk’ = W + (l)lk2 + 0(k4) (43)
k/

The other symbols in Egs. (40) were deﬁned prev1ousl(y

re ri, ag, and ry in Eq. 9); &, fio ke ¢>qk, dk> and ¢gk) in

2
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Egs. (6) and (11); u; and fo in Egs. (11) with [=0, w
=47/3-13,33 q;= 0 p; in Eq. (19); 0 in Eq. (10) with
[=2; and dj in Eqs (36).

At the order ¢ in the expansion of ¢qlq2q3, one will en-
counter another three-body parameter, D', in the term
-D' quq %El 1q. [Another contribution at the same order,
Xl(ql+q2+q§) is smooth and contributes nothing to the
Fourier-transformed wave function at large relative dis-
tances.] D' is independent from D for general interactions.

In general, if one expands d) to the order ¢, one will

9,4,93
encounter a total of exactly

(3)

N;(m) =R(m'*/48 + m'/3 + 89/72) (44)

independent three-bod gf parameters that contribute to the
Fourier transform of ngq s at large relative distances, where

m'=m (if m is even), m'=m—1 (if m is odd), and “R”
rounds to the nearest integer.

C. Asymptotics of ¢ (rr,r;) at large relative distances

Let

3
&y k. ,
2 )3 2m)? d)s)kzk; eXP(E ik; - l‘i) ,

i=1

¢(3)(1'11'21‘3) =

where El k;=0. We consider the asymptotic expansions of
¢(rr,r3) in two different limits: (i) the distance r between
two bosons is fixed, but the distance between their center of
mass and the third boson, R, is large, or (ii) all three inter-
particle distances, s;, $,, and s3, are large but their ratio is
fixed. These two expansions are, respectively,

2a 2wd® dwd® 24\Bwa*(r=312)— & 32\3wad (67— 11) =37 L(127-25) + 12¢
3 /2,— /2,R :(1——+ — + 1+ 2+ 3 3
¢ (x/2,~r/2.R) R a2~ R R 2PR RS
, Ll607=137) + 3og4>¢( " <3wa2 18wd’ . 18\3wa*(127— 25) - 9¢,
r —
aR’ R R’ RO
48\"§wa5(607'— 137) —457T§2>f( " (27wa2 270wa ) )+ < 15a . 40(277—3\5 a>  15wd’
r -—g(r -— -
2R’ wR® R )¢ 2R3 wR* 7R’
. 2449 12\3wa(2107- 457) 1oséd>)¢d) - (180(277—3\"5)412 315wa3) 00+
- - ~(r
m*R® 7R’ 27R’ R® 2@R’ )R
2\ .2 3
945a  144(767m—135V3)a”  945wa ) () 135135a
- + - ) (r) - O(RS 45
( 3R> 7RO 47R’ N -—5r %@ +ORD, (452)
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3
(3)1- r-.r:)=1+ -—+
¢ (ry,rp,13) 1:21 s;  mR;s; B,

B

8Bt

96wa®[3 67 sin 46; + (61— 11)6; cos 46;]

. 8\3wa (i - 1 - 6 cot 29,-)) 3D

. 23: {36wa5[(2t— 3)sin 36, - 26; cos 36,] - V3a&, sin 36,
i=1

B’ sin 26;

3\3a§20 cos 46; 45\'3aad(240 8 sin 46; + sin 86;)

B® sin 26,

. V3ags[126, cos 56, + (25 — 12¢)sin 56,]

2 B° sin 26;
12y'3a§3 sin 56,

8 wB%sin’2 0;

.S.
2( o B’ sin 26;

B’ sin 26; T

y=e7=1.78107..., yis
Euler’s constant, and
S|=T;—T3 S);=I3—TI], S3=TI|—I, (46)
R, =r; - (r, + r3)/2, and similarly for R, and R,
——————
B=y (s1 + sz + sg)/2 ;= arctan(2R;/ \Es,-).
Lo = 42\3waSr /57— (48/57 + 32/5\3mwd’, (47a)

& =[(1/107 + 1/15\37)a - 7\3r/8072]a2D — (536/25
+124/27 — 86/25\3m)wa’ + (65/3 + 30943125 m)war,
— 6wa®r5 — (607 — 87\3)ala, — Ywa'r//20,  (47b)

&9 = \3aD/28 1 - (416/21 - 8384\3/245m)wa’

—3wa'r/7 -3wala,r2. (47¢)

R;=Bsin 6, 5s;= -Bcosﬁ and 37, cos 26,=0.

Equation (45b) derives from Eq. (40b).

The terms up to the order R™® on the right-hand side of
Eq. (45a) derive from Eq. (40a); those of the order R~7, how-
ever, are inferred from Eq. (45b) and the continuity of
¢I(r/2,-r/2,R) across two connected regions: r~ O(r,)
and r~O(R) (they join at r,<r<R), and also the
Schrodinger equation at large R,

(H-3V2/4) ¢ (r/2,-r/2,R) =0, (48)

where H is the coordinate representation of the Hamiltonian
H for two-body relative motion [Eq. (7)].

III. LOW-ENERGY EFFECTIVE INTERACTION OF
THREE HARD-SPHERE BOSONS

In this section, we consider the hard-sphere (HS) interac-
tion. The two-body potential V(r)=0 (r>1), V(r)=+» (r
<1) (a=1 in this section), and there is no three-body poten-
tial. We numerically solve the Schrodinger equation at zero
energy in the coordinate representation, in conjunction with
Eq. (45a) at large R, to determine D [21].

9 in?6,(9 + 10 cos 26; + 2 cos 46,
_45<2\,§__)a a, sin”6;( cos 26; cos 46)

Py(R;- g[)} +0(B™®), (45b)

B’cos*,

For three-body configurations excluded by the repulsive
interaction, ¢<3) vanishes; for allowed configurations, ¢(3)
satisfies the free Schrodinger equation. So
E?ZIV,-Zd)G)(r] ,I'5,T3) is nonzero on the boundary B between
these two regions only (in fact, it has a 5-function singularity
on B). Thus

443
P (rror) =1-— i f dcf F(R’,c’)R’zdR’

X {g[sl,sz,s3;l,s_(R’,c ),s.(R",c")]
+g[Sl,Sz,S:g;S_(R,,C’),1,S+(R,,C,)]
").s4(R",c"), 1]} (49)

for some function F(R',c’), where s;’s are defined in Eq.
(46), ¢’ is the cosine of the angle formed by the line con-
necting two bosons with distance 1 and the line connecting
their center-of-mass to the third boson,

+Gls1,80,8335_(R',c

Roin(c) = (¢’ + Ve 2+ 3)/2, (50a)
s+(R",c'")=V1/4 = R'¢' +R"?, (50b)

and

G(s15053351555%) = {[(s1 +s2+s3 +sl +55 +s32)2

25l s s+ el -
- s%séz + 5s§s§2 s%siz - 53522)]2

- 36(2s152 + 2s2s3 + 2s3s s‘f - s;‘ - s;‘

X (257557 + 2852557 + 2532s) 2 — 57 = sb?
- sy (51a)

is the translationally and rotationally invariant Green func-
tion, satisfying [s;’s are defined in Eq. (46)]
3

> VIG (515553381855 = = —=— ,H 8si =
0 2\3s1s233, 1
(51b)

Because ¢ (r;r,r;) vanishes on B, the unknown function
F(R’,c') in Eq. (49) satisfies an integral equation,
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(]5(3)(1‘11'21'3) =0 at §1= l, S2’3 = S;(R,C), (52)

where -1 <c¢<1 and R>R,;,(c).
From Eqgs. (49) and (51b), we get

(VZ+3Va4) D (r/2,—r/2,R) = F(R,c)8(r— 1) (53)

at [R=r/2|>1, where c=R-f.
From Eq. (53), it is clear that F(R,—c)=F(R,c¢).
The two-boson special functions satisfy Egs. (8) at r=1
and vanish at r<1, so
re=2/3, ri=8/15, a,=1/45,

a=1, rg=—150/7,

a,=1/99225, a;=1/1404728 325.

Applying (V2+3V%/4) to Eq. (45a), and comparing the re-
sult with Eq. (53), we get the asymptotic expansion of
F(R,c) at large R,

F(R.c)=F(R,c)+ OFP(R.c) + O(R™®),  (54a)
PR o1 2y 2w A (24\/§w R 2
R =l-—4———-— n Ty T T
a VHC R wR: wR P 7 B
14) 9613w 1 460 48
_ 14 ngy Y00 48
9 i 9
161\ . [(4(72+43\3m)w 10885
-——= |R”+ 3 InR+
V37 54
48\3 105

, 105 5005 )R‘6
773 e 8\577
- -
. (64(7\/317— Ow . 01279 963 492
aNom=I)w | o 012D DONS 492
71'3 135 ™ o

27733\ . 5 (80 40\3)
- = |R™"+\ — ot ol Bt R
20V3 2R 3 T

Swo (730 820 36013 6
’/'TR5 \671- 9 7T2
( 120\3w 15865 4115
+| - In — —

L 437 9

2220)R_7 p )+[ 9 +(3648
2220 el (3048
e ’ 8R® "\ 35

-
1296V3 | 1 9 13P,
— A ) i :|P4(C) - 6(6)

32R7

— - 54b
7o )RS 4mR’ (54b)

~ ~ —

6V3 243 72 4343 144
LT e S P
a R.0) aR* @R’ 772 T i

Y 2y

112v3  30V3P

iy 2(C))R‘7, (54c)
T T

where Q is directly related to D,
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D =481%Q — 1927w(1 — y) — 127% = 473.741 011 252 2890
— 744.946 799 290 500. (55)

It can be shown from Egs. (52) (at large R) and (54) that

1 R
Q:limf dc’f F(R',c")R'*dR’ —[R%/3 - R?
R—» Jo Rpin(c’)

+ 2wR/m — (4w/m)In R]. (56)

Solving Egs. (52) and (56) for F(R,c) and Q numerically
[using Ffll)(R’,c’)+QFflz)(R’,c’) to approximate F(R’,c')
for R’ greater than some sufficiently large value in these two
equations, and discretizing F(R',c’) for R’ less than this
value], the author finds

0 =5.290844 = 0.000005.

Substituting this result into Eq. (55), we obtain Eq. (4).

IV. GROUND STATE OF THREE BOSONS IN A PERIODIC
CUBIC VOLUME AND IMPLICATIONS FOR THE
MANY-BODY PHYSICS

In this section, we return to the general interactions con-
sidered in Sec. II. The bosons are now placed in a large
periodic cubic volume of side L, and

e=1/L (57)

is a small parameter.

In Sec. IV A, we derive asymptotic expansions of the
ground-state wave function and energy of three bosons (as-
sumed to be in a scattering state). These calculations are very
general despite their complexity.

In Sec. IV B, we find the relation between Wu’s parameter
&; [5] and our quantity D. For the hard-sphere interaction,
we subtitute our numerical result of D into this relation to
obtain the value of &;.

We summarize the results for the wave function in Sec.
IV C, from which we derive asymptotic expansions of the
momentum distribution of the three bosons in Sec. IV D. In
particular, it is found that the population of the zero-
momentum state depends on the parameter u,. In Sec. IV E,
we discuss the implications of this dependence.

In Sec. IV F, the author generalizes the above expansions
to the case of A bosons (N is fixed, @ may be either positive
or negative, and L is large), from which we infer low-density
expansions of the energy and condensate fraction in the ther-
modynamic limit (N7L? is fixed, a=0, and N and L? are
large).

A. Ground-state wave function and energy

Let Ap n,n, (=3 ,n;=0) be proportional to the probability
amplitude that the bosons have momenta 27en; (i=1,2,3).
We shall call n; an integral vector, since its Cartesian com-
ponents (along the sides of the cubic volume) are integers.
The Schrédinger equation (A=mypyen=1)
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[272E(n} +n3 +n3) — ElAn nyn,

+ % 6L6 U277€n1 2men,,2 mens, Zwsn 2men), 27T€n;AIli éné

+ 2L3 UZﬂ'en],Zwm2,2wm’,2ﬁm”An’n”n3 + =0,

(58)

Lt}

where summation over dumb momenta is implicit, and -
stands for two other similar pairwise interaction terms, is
rewritten as

[(k} + k3 + &3)/2 = E1hic i x,
1

17273

+
|

Ie(kl)le(kz)f Uk ks K P kK
kik;

Ie(kl)f Uk oo, + - =0, (59)
K’ :

2
e ko, = > An1n2n3H (2me)’8(k;~2men;),  (60)
nin, i=1
3 _ _ Ak _ &3k} d3kS
Where 2i:lki:O’ fk’ zf(zﬂ.)s’ fkiké_ff(ZfrrP (27.’.)3’ and
1(k) =D, (2me)* 8k — 2en). (61)
n
(k)= D, (27e)’8(k — 2men). (62)

n#0

In the following, k’s will be taken as independent of e but
q’s be small momenta such that q/€’s are independent of e.
Also, I (k) and J (k) will be simply written as I(k) and J(k),

respectively.
Let
Agpo=L°, (63)
SO lpql‘lth = l_Iiz:l (277)35((11') + 0(6_6)-

The following expansions will be found:

P ko, = g Rk KoKy (64a)
Yy —q2ek—q2-k = X§3 S, (64b)
Yqyq505 = XZG Tffl)qzq}’ (64c)
E=2 EY, (64d)

§=3

where R\, Ky SW 7t and EV scale with € like € (not
X 182 q q2q3 . .
excluding € In €). Equation (64a) is understood in the fol-
lowing sense: we expand the Fourier transform of ¢k1k2k3
within a large but fixed spatial region in powers of €, and

then transform the result back to the k; space term by term,

PHYSICAL REVIEW A 78, 013636 (2008)

to obtain X Rk Koy Equation (64b) is similar: we expand the
partial Fourier transform Jxq —qi2+k —q2-x exp(ik-r), within
a large but fixed region of the r space, for fixed q/e, in
powers of €, and then transform the result back to the k
; (s)q
space term by term, to obtain =57,
Obviously

758 = 2m) a2 (). (65)

Therefore, 7§( i) ks =2m)38k,)(2m)38k,) and
Tt Gq/z Tk—q2-k= (277)%5(q)(27r)35(k) 1ndlcat1ng that the
mlmmum values of s for Rk Kok, and S(S 9 are 0 and -3,

respectively. Since the energy is dominated by pairwise
mean-field interactions, E ~ €.

The Fourier transform of I(k) becomes &(r) within any
fixed spatial region, when e is sufficiently small. Using the
prescription in Appendix B, we thus get

Ik)=1+0(€<) forany s,.

Using this result, and also noting that the interactions are
finite-ranged, we get three specialized forms of Eq. (59) (ac-
curate to any finite order in €),

17273 17273

1 1
E(k% +ky+ k%)Rklkzkg + EJ Uk ik ok R k!
’ kik)

1
+ Efk, Uklkzk/k"Rk3k/k" + o = ERk]k2k3’ (668.)

(HSY + (3714 - E)Si+ 1(@Wii=0,  (66b)

|:_(q1 +q2+QS) Ej| q]q2q3+ 2 I(ql )f pk’ k’

1
+ 61(%)1((12)f, Ugyqagigi Racige; = 0, (66¢)
kik,

1
Wil=— U "Rirk/k!
k=g ), , Y-a2rk-a2-kakikk Ckikik]

1k2
1
5 U_gnikqk'wRgrkxx + (@< —q) |,
k,

(67)

where R, S, and 7 are the sums of R, 8®, and 7, re-
spectively, and in Eq. (66¢), 1'=2,2"=3,3"=1, and p; is
defined in Eq. (19).

The following statement is now true at s;=—6:

Statement sl The functions ’Zm (for s<s), S( 4 (for
$<s5,+2), Rkkk (for s<s1+5) and EY (for s<s,+8)
have all been formally determined.

Now do the following expansions for —-6<s=<s:

7;)q/2+k —q2-k = E f/(m ", (68a)
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s) _ n(n,s—n)
7::11(21% = % I Koks 0 (68b)
where q/€’s and k’s are independent of €, k;~k, and
t(’]fl’fs—”) ~ €k, tﬁi’]'(’;;;’)~ €'k*". For the same reason as Eq.
(25a), we obtain the following asymptotic expansions at
small k’s:

-3

Serd= X G oY), (69)
m=—s1-9
-6
Rfj;{fé: > z;;ﬁ‘;g;f;m>+0(él+6k-5). (69b)
m=-s1—12
Extracting all the terms that scale like €1*° from Eq.

(66a), we get

L s 5 5 6 1 (s1+6)
E(kl + k2 + k3)Rl((Sll:- k)3 6 . Uk kzk klkzkngsk k’

172

E(n)R K 1+6 —n)

]23

1 (s
Z 1+6) L
+ . Uklkzk’k"Rk3k’k”+ = E,

2 3=<n<s+6

(70)

where the right-hand side is already known. This equatlon
and Eq. (69b) [which expands R{;‘g 6|2 to the order k¢

small k’s] are sufficient to determine Rf:']:' 6k), due to the

three-body version of the uniqueness theorem [analogous to

Eq. (13)].
The above information for S} and Rk koks is sufficient to

determine each term in Eq. (66b) except the ﬁrst term, to the
order €1*3 [note that I(q) ~ €], so (HS®1*39), is known;
taking into account Eq. (69a), one can determine Sffl+3)q.
The sum of all the interaction terms in Eq. (66¢) can now
be determined to the order €13, with a result c/
+coll2 l(271-45)36(q,) where ¢!
Both c 0,9,

;4,45
4,0, vanishes at q;=q,=0.

and ¢, are known up to the order 45°1+3
Because of Eq. (63), qlq2q3 7:11(12(13 o 1(271') &(q,)
vanishes at q;=q,=0. Solving Eq. (66c), we get E=c€e’ (so
now E is known to the order €1*’) and

!

7711‘12‘13 = G‘I]‘Iz‘]j;(E?-:l](b‘h - qu(hfh) ’ (71)
where G, ;4. =2/ (G3+@3+q3) ~€2  Because E~é,
T4 qoq.~ € x>—06, and E and 7 are known to the or-

19243 4,993
ders €1*Y and €1, respectively, we know ET, to the or-

914,93
der €13, So from Eq. (71), we can now determine 7,

49,93

(and thus 7y q,q,) to the order € i+

The truth of Statement (s,+1) is now established.

Repeating the above routine, one can formally determine
Anln2n3 and E to any orders in €. The following are the step-
by-step results of this program.

Step 1a. R, R, and R?® satisfy the zero-energy
Schrédinger equation [because of Eq. (70)]. They will all be

determined in this paper. From Eq. (65), we get
e =112, 2m)38(k)). So

PHYSICAL REVIEW A 78, 013636 (2008)

Ricki, = Pk, (72)
Step 1b. 1,37 =(2m)? (@) 2m)>38(k): (HS9),=0. So
S7=2m)*3(q) . (73)

Step 2. With the help of Egs. (12), and noting that = |
q,=0, we get

E=12maé +o(€), (74)

3

5 _
751]‘]2‘13 E

— (4malp})J(p)(2m)3(q,). (75)

Using the method of Appendix B, we get

T ik qikq =/ @[-8malq” - ma(@- V)* + O()]
X (2m)38(k) + (27) 8(q)[- 4mralk?
— ajae2m)’ 8(K)/m+ 2maeVi(2m)3 8(k)/3
+0()], (76a)

3
Tk, = (E —(477a/l?)(277)35(ki)) - (Bajaem)(2m)38(k,)

i=1

X (2m)38(k,) + O(€), (76b)

I, = (k,—Kk3)/2, and similarly for 15,15, (77)
e ™ e

a,= lim X —— - f En—: (s<3/2), (78a)
7—0* n#0| | | |

s = lim[( > |n|—3> —411n N], (78b)

N—%| \n#0:n<N
a,= 2 [ (s>3/2). (78¢)

n#0

The above lattice sums are evaluated in Appendix C. One

can easily extract t’(’ 7 and t"(’ 5"’ from Egs. (76).

Step 3a. From t{é(}( lf and Eq. (70) we get

Rikp, =~ Baiaem e i - (79)
Step 3b. From (HS"?9),=0, and t"( 273 we get
8= [~ (waem) (2m)* &) - 87mal (@)/g ]y (80)
Step 4. This is similar to Step 2,
E=127mae (1l - ajaelm) + O(E), (81)

79—y 2+ (l7e)

449,493 q,9,93 ”1”2"

E 24°/me*n

3
X (aym;” +m;HJ(p) (2 8q,),  (82)

i=1
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2
> Il @ewe slq-2men)). (83)

niyzsﬁ(},nﬁné#() i=1

Jq1q2q3 =

The three subscripts of Jq,q,q, Ar€ always subject to the con-
straint 33 | q;=0. In Eq. (82) and in the following, G

—2/(n1+n2+n3) and

nynong

n,=q,/2me, n=q/2me, m,=p;/2me. (84)

-4) © (j—4=))
7;,—q/2+k,—q/2—k 2 otek ', where

17 = (@1 (] + ) (2me) S(q) (2m)* (k) + J(q)
X[2p41(0) + 2a/n* — 6/n*](2m)38(Kk)},  (85a)

v =[16ma*(2me)* 8(q) + 407 a*J (q) 12K,
(85b)
=X ().

The actual formulas for XE;L (s=—4,-3,-2; see Steps 6 and
8 below) are not needed in this paper. For s=1,

(85¢)

pas(m) =26,,(n) + WA(n)/”m, (86a)

2 [(m*>+m-n+n?)m>]",
m#(

6,(n) = (86b)

Wim)=lim >, (m*+m-n+nd)"'—47N, (86¢c)

N=% |m|<n

3 3

Tk, = Gty E 272K + 12a,a€, (2m) (k)12
i=1

+ 37722814+ & = 3a)a*E(2m)°8(k,) (K,)
+0(€), (87)

from which one can easily extract tﬁ(’]{ﬁ_’). Here
17273

BIA = lim E e‘ﬂ"WA(n)/nz + 4\"577'3/772 (88)

77~>0Jr n#0

is evaluated in Eq. (C18).

Step 5a. From tﬂ(j(;ki) and Eq. (70), we get

Rl((21>k2k =37 Z(Zﬁm + al - 3az)a2€2¢k 1Kok (89)
Step 5b. From (HSH)q)k=0, and t('lflzl’_3), we get
SV = (X 7P e{(a? + ar) 27 S(q) + [2p4; (0) + 2a,/n

—6/n*1J(q)} .. (90)
Step 6. This is similar to Steps 2 and 4,

E=12mael — ajaelm+ (a% + wy)atelm ]+ 0(),
1)

PHYSICAL REVIEW A 78, 013636 (2008)

3) 3 -2
Tﬁll‘lz‘la 2 (6a /ﬂje)‘]ql‘lz‘h ”1"2"3”’
- (2a3/ﬂ.363)Jq1q2q3Gnln2n3[pA](ni) + al/nlz - 3/”?]
+{[= 4pas(m))/im] — (& + ar)/m] + 2a,/m]
+15/m8a’ 17 + ughJ(p;) 27 8(q;). (92)

In preparation for the subsequent steps, we derive

10 ={= 32 waPZ, (k) + [2u + 16wa® In(27melal)]
X (2m)*8(k) + (2a°/7) [~ paa1(n) — aypa;(m)
+3pao(n) +3pg(n) - (af + ay)/n® + 6ay/n* = 9/n°]
X (2m)? 8K)}(q) +{- 32 wa’Zy ) (k)/K°
+[16wa’ In2melal) — ug+ (1505 + oy — @)

—day,)a’/m](2m) k)2 me) dq), (93a)

%™ =X PI(q) - (967a,d’ez/k!) (2me) (),
(93b)

where pg(n), psa;(n), and a4, are defined as follows.
For s=0,

sz(n) = 2035(“) + WB(n)n_2S9 (943)

g, (n) = >, [(m>+m-n+n2)’m>]", (94b)
m#0

Wem)= >, (m*+m-n+n?72, (94¢)

all m

(m* +m-n+n°)"pyy (m)

pani(n) = lim(z >

N—=\ m#0:m<N

_8wln N> + W,(n)p,,(n). (95)

It can be shown that at large n,

pa1(m) = Pwin + 2a,/n* + O(n™),

paai(n)=—87winn - w73 - 8) + 2 way/n
+0(n7?).

We define some twofold lattice sums,

alAIEIimK D n—2pA1(n)>—4#w1nN],

N—| \n#0;n<N
(96a)
e = 2 n P pay(m) (s+5 =3), (96b)
n#0
gy = 2, n P ppo(n) (s+5 =2). (96¢)

n#0

Qials Aa2> 0041, and ap are evaluated in Appendix C.
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Step 7. From
(HSO), + (- 6macy + W)J(@) + (- 12mady + W)
X(2mwe)’s(q)=0 (all k),

-3
SVa= > t(’]fﬂ’x) +0("%k%)  (small k),
s==5

where Wf(o) is defined in Eq. (22b), we get
SV = T16wa’ In(ela]) + 2a°Fsq, (0)/ 7]y + dy
+ 107m¢f{£}](q) +{[16wa’ In(€a|) + Coa® + 3ma’r,
= 3uply + dy + 6maf, }(2me) 8(q), (97)
where dy is defined in Egs. (36),
Co= 16w In2m) + (1505 + ayar, — @) — davy )/ 7
- (1477/\6— 16)w =95.852 723 604 821 230 29,
(98)
and
Pasi(n) =—pyq(n) - ﬂ:’w(777/\6— 8) + 87w In(27)
— aypp1(n) + 3p1o(m) +3pgi(n) = (o + ay)/n?
+6ay/n* —9/n°. (99)

See Appendix C for the evaluation of C, (and C| in Step 9).
Step 8. This is similar to Steps 2, 4, and 6. With the help
of Egs. (12) and (39), we get

E=12mae{l — ajaelm+ (a% + ay)a’é/m + [16wa’ In(€lal)
+Cya’ +3ma*r, )€} + D’ + O(€'), (100)

3

i=1
3
* Jq1q2q320 G;1n2n37§_2)(ni) ) (101a)

729 (m,) = — ayauyelm — augel mm? — De/d*m?
—3a’r,elm? +{=[4p44,(m,) + 487w In(€al)
+ 773C0]/m12 - [12pAl(m,) + 90{% + 6a2]/m?

+3ay/m® +45/m¥}at e/, (101b)

78_2)(ni) =- 2au0/7reln?, (101¢)

72 (n) = - 2[pa () + 87w In(€a)) o/ 7t - D/1272 €,
(101d)

752 ;) = - 6[py,(n) + 2a,/n% = 3/nHla 7w,
2 i i
(101e)
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7§_2)(n,~) = 18a*/7*én’. (1011)
In preparation for the next step, we derive
t ™ =X P 0(q) +{96mwaa*Z, (k)
+[- (96wa,/m)a’* In(ela|) + Cja* — a,D/4*

- 3a,a’r,)2m)3 8(k)}e(2me)q), (102)

C; = 77_4[— 4&1AA1 —487T3Wa1 1n(27T) - 77'3a1C0— lQ.aZAl

—9aja, - 65 + 3a a5+ 45a,], (103)
where
Qjppy = lim [( > m_zﬁAAl(m)> - 327 wN[In(27N)
N—=* \m#0:m<N

- 1]+ 127wa lnN] (104)

is a threefold lattice sum (evaluated in Appendix C).
Step 9. From

(HSV9), + (24a,a>€ Py — 3a,ae' W m) (2m)* 8(q)
+{6[n%py (0) + @y + n~)d ey — 3a,aeW/ 7} (q) = 0
and [note that t(’lfll(’_7)=t(’lfll("6)=0]

-3

Sl((l)q - E t(’lfli’s) + O(Elk_z) (for small k),
§s==5

we get

Sf(l)q ={[- 96wa,/m)a* In(ela|) + C,a* — a\D/47* - 6a,ar,
+ 6aauy/ 7y — 6a,a*fi — 3aady/ )
X e(2me)*8(q) + Y(q,k)J(q), (105)

where

C,=C+ 6wa1(7/\«"§— 8/1r) = 810.053 286 803 649 420,
(106)

and the actual formula for Y(q, k) is not needed in this paper.

Step 10. Substituting the latest results for S} and Ra a5
into Eq. (66¢), extracting all the terms that contain the factor
(2m)°8(q,)8(qy) from this equation, noting that 7:11‘12*12
—(2m)%8(q,) 8(q,) vanishes at q;=q,=0, and using Eqs. (12)
and (39) to simplify the result, we get

E=12maé{l - ajaelm+ (o} + ay)a’ e/ + [16wa’ In(elal)
+ Cod® + 3ma*r )€ + [- (96wa,/m)a* In(ela|) + Ca*
—6a,a’r,]€ + (€ — 6aja€’ I m)D + O(€Y). (107)

Substituting the numerical values of the lattice sums (see
Appendix C) to the above equation, we get Eq. (5).
. . D . .
We will not proceed to determine 1,050 11 this paper.
B. Wu’s parameter £;

Wu computed the three-boson energy in the large periodic
cubic volume to order L=°, and he left an unknown parameter
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&, for the three-boson interaction strength at low energy [5].
&, is needed to determine the full order-p? correction to the
many-body energy [5].

Comparing our Eq. (100) with Wu’s result, Eq. (5.29) of
Ref. [5] (note that the unit of mass in [5] is 2myoen=1), We
find that Huang and Yang’s constant [22] C=-a,/7
=2.837..., [23] different from the number 2.37 which was
first provided in Ref. [22] and then adopted by [5]; the sym-
bols & in Ref. [5] equal a,/7"; the symbol &5 in Ref. [5] is
now expressed in terms of D of the present paper,

Ey=DI12ma* + 37 Ja — day /™ + 16w In(27) — (14713
—16)w = D/127a* + 377 Ja + 73.699 808 371 935 4035.
(108)

For hard-sphere bosons, D is given by Eq. (4) and r,
=2a/3, so

E3=126.709 37 = 0.000 06 (for hard spheres). (109)

C. Results for the three-body ground-state wave function

There are six expansion formulas for Anlnzng, each of
which is valid in a subregion of the discrete momentum con-
figuration space,

Ao =L°, (110a)

Agn-n=—aLl’lmm* + (ay/n* + Un*)a’L/7* + {- [&f + ay
+4py(0) )+ 2ay/n* + 15/m%a* L1 7 + uoL?
+{[= 4ppa(n)/n? + 487 wn~2 In(L/|al) — 7 Cy/n®
- (9a% +6ay)/n* = 12p,,(n)/n* + 3a,/n®
+48/n8)a*/m* = (a; + n"Y)auy/ m— D/4mn?
-3a’rn*}L* + O(L"), (110b)

3
An1n2n3 = E {2a2L4/772nl2 - Z[pAl(n,-) + al/nlz — 3/n?]a3L3/7T3

i=1
— DL/ 1277 + 2[87w In(L/|a|) = pya;(m;)]a*L?/ 7%}
X Gpinny + {6a°L* 1 n? = 6[ pay(n;) + 20 /n}

-3mi1a*’171Gy ,, +18a°L°G, 17t

—2augL}mn? + O(L"), (110¢)

Aon-N={L’ — ajal?/m + (e + a)a®Li7* = 16wa’ In(L/|al)
+ Coa® + 3ma*r, — 3uy+ [(96way/m)a* In(L/|al)
+Cia* — aDId7? - 60,a’r + 6ajauy wIL '} by
+ (1 =3aya/wL)dy + (67ma — 6a,a*/L)fi + O(L72),

(110d)

Ap—n/2+N-n2-N =1~ 2aL?/7m* +[2p,,(n) + 20, /n
- 6/n*]a*L/m* - 16wa® In(L/|al)
+ 200 (0)/ 7y + 10ma ) + dy,

n
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+0(L™), (110e)
AN1N2N3 = [1 - 3a1a/7TL + 3(2B1A + a%
- 3ay)a¥/mL?] ¢{31)kzk% +0(L™%), (110

where n’s are nonzero vectors of order unity, N’s are large
vectors of order L/max(r,,|a|) (r, is the range of the inter-
action), k=27aN/L, k;=27N,/L, and G, ,, =2/(n}+n;
17273
+n§). The formulas for Ay, Aon-n and Apn,n, are ex-
tracted from the above results for 7g o 4.; those for Agn_N
19293 N,
and A, _no4N-np2-N are extracted from Sy; the formula for
ANINZN’% results from the expansion of Rklk2k3. The numerical
constants in the above formulas are computed in Appendix
C.

D. Momentum distribution

The expectation value of the number of bosons with mo-
mentum 27m/L is Ny=cZy wlAnn/ —nn’|* for some con-
stant ¢ such that 2, ,N,=3.

For any nonzero integral vector n of order unity and any
large integral vector N of order L/max(r,,|a|), we have

No=clApl+c 2

0<n'<N,

Agnnr?+¢ 2 Aonr e
N'>N,

b}

(111a)

an 2C|A0,n,—n|2+c 2

n'#xn/2,n'<N,

|An,—n/2+n/,—n/2—n’ |2

+c 2 |An,—n/2+N’,—n/2—N/ 2’ (1 1 1b)
N'>N,
Nn= 2C|A0,N,—N|2 +2¢ 2 |An’,N,—n’—N|2
n'#0,n' <N,
+c > lAn: NN Nl (111c)

N'>N_|N"+N|>N..

where N, satisfies 1<<N,<L/max(r,,|a|); in Eq. (111b),
n’ £n/2 and N’ £n/2 have integral Cartesian components.
Substituting Eqgs. (110) and using Eq. (14), we get

No/c =L + ayd®L'% 7% = 2(ayay + a3)a® L/ 7 — 2 Re uyL’
—2ma’r L’ + O(LY),

Nyle =2a°L'% 7n* — 4(ay/n* + 1/n®)a’ L0177 + O(LY),

Nyle=2L5(1 = 2aya/7L)| s oni)* + O(LY).
Solving =, ,N,=3 [using Eq. (14) again], we get

c=3L""7[1-3ad’/ L* + 6(ay o + a3)a®/ L

+6Re ug/L* + 6ma’rJL* + O(L™)] (112)

and
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Ny/3=1-2a,a*7L* + 4(ayay + a3)a’/ L3 + (4 Re ug
+4ma’r)/L* + O(L™) = 1 - 3.350 147 643a*/L?
+ (4 Re ug + 4ma*r,— 17.926 831 164a°)/L>

+0(L™), (113a)

N, = 6a%/7*L*n* — (12837 L) (ay/n* + 1/n%) + O(L™)
=(0.607 927 102/n*)(a/L)? + (3.449 740 068/n*

- 0.387 018 413/n%)(a/L)? + O(L™), (113b)

Ny=6L"(1 = 2a,a/7L)| ¢y onz|* + O(L™8) = 6L75(1
+5.674 594 959a/L)| by x> + O(L78).  (113c)

One can derive higher-order results for A’s from Egs. (110).
Equation (113a) shows that the population of the zero-
momentum state depends on the parameter u,.

E. The parameter u, and the condensate fraction

Given the two-body potential %Uklk2k3k4, one can solve
the Schrodinger equation for the two-body s-wave scattering
wave function at zero energy, ¢(r). From ¢(r), one can com-
pute uy and r,,

u0=f[¢(r)—(l —alr)]d’r, (114a)

—27m2r3=f[|¢(r)|2—(l—a/r)2]d3r. (114b)

Because ¢(r)=1-a/r outside of the range of the interaction,
the integrands are nonzero within the range only. Because
there exists a two-body potential V(r)= ¢~ (r)V2¢(r) for any
function ¢(r), Eqs. (114) indicate that u is in general inde-
pendent from a and r,.

In fact, by making a short-range unitary similarity trans-
formation of the two-body Hamiltonian [24], one can keep
all the two-body effective-range expansion parameters
[namely those in Eq. (9)] unchanged, but change the two-
body potential [24], the function ¢(r), and the integral u, in
Eq. (114a). This transformation changes the momentum dis-
tribution and, in particular, the “condensate fraction” in Eq.
(113a), which depends on u,. One may thus ask whether the
momentum distribution is an observable at all, a question
that was first raised in Ref. [25], where it was shown that
certain quantum field redefinitions also leave scattering data
and energy spectra unchanged but modify the momentum
distribution.

Despite this issue, the author believes that the results for
momentum distributions in this paper are useful, for a few
reasons. First, for atomic systems, there is a well-defined
convention for the effective potentials between atomic nu-
clei, based on the Born-Oppenheimer approximation and the
Coulomb interaction. Secondly, for certain systems such as
superfluid “He, one can cleanly extract the momentum dis-
tribution from deep inelastic neutron-scattering data, using
the impulse approximation. Perhaps this neutron-scattering
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technique can also be applied to a dilute metastable gas of
“He at ultracold temperatures. Thirdly, it is the results in this
paper that show explicitly how the ambiguity in the two-
body potential propagates to the condensate fraction—the
ambiguity in the latter quantity is dominated by u, at low
density, and u, in turn, is directly determined by the poten-
tial.

We will show in Sec. IV F 2 how u, affects the conden-
sate fraction in the many-body state.

F. Generalization to \/ bosons
1. Results

To understand the ground-state energy and momentum
distribution of dilute Bose-Einstein condensates (BECs), the
author generalized the above calculations of the energy and
momentum distribution to A/ bosons (MV=1,2,3.,4,...).

Solving the N-boson Schridinger equation perturbatively
in powers of 1/L, using the same finite-range interactions as
above, the author obtained the volume expansion for E up to
the order L7® and found that it exactly agrees with the
Beane, Detmold, and Savage result for E [26], which was
derived with zero-range pseudopotentials [26], if the three-
boson contact interaction parameter 7;(u«) in Ref. [26] satis-
fies

n(lal™) = 48a*(4Q + 2R)/ 7 =D + 127°a’r,
—48a*ay 4/ + 24mwa[8 In(2m) — (T3 - 8)]
=D+ 127°a’r, + 2778.417 318 626 973 645a*, (115)
where 4Q+2R is a number defined in Ref. [26]. It is the

combination 7;(u)—48a*(4Q+2R)/ 7 that appears in their
formula [26] for E. In summary,

E=P(UL:aN) 1927Twa4<J\/>1 L (/\/'>D+127T2a3nY
- ST Y A 16
N\ 87a’r, _
+<2 >—L6 +0(L7), (116)

where P is a well-determined [26] power series in 1/L with
a and N as the only parameters, and (?):i!(:ii)!.

In addition to the energy, the present author obtained the
following results for the momentum distribution:

x=Ny/N=1-WN-1Day(a/wL)* +2(N - 1)(Re u,
+7a’r)/L + 2N = D ey, + 2N = 5) as](a/7L)?
+0(L™), (117a)

Ny= NN = Dn*alwL)? = 2NN - D[ ay/n* + QN = 5)/n°]
X(almL)? + O(L™), (117b)

Ny=NWN =1L = 2aya/7L)| s ni)* + OLS).
(117¢)
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2. Implications for dilute Bose-Einstein condensates in the
thermodynamic limit

Let a>0. Let p=N\/ L3. At large WV, there are two differ-
ent low-density regimes (and an intermediate regime be-
tween the two), depending on the box size L:

(i) L> Na, so that L is small compared to the BEC heal-
ing length &~ (pa)~'.

(i) M3a<L<Na, and the system is a dilute BEC near
the thermodynamic limit (L> £).

The 1/L expansions for the energy and the momentum
distribution are valid in the first regime only. In the second
regime, they diverge like =7_c;(a/N7/L)". Nevertheless, one
can infer many properties of the BEC in the second regime.

Now we tentatively take the thermodynamic limit (p
fixed, N and L large) of the 1/L expansions of the energy per
particle Ey=E/N and the condensate fraction x=N,/ N [see
Eq. (117a)]. Each term that remains finite is retained; each
term that diverges must be rendered finite by a resummation
[3] that includes all similar but higher-order (and increas-
ingly more divergent) contributions [3].

Thus the mean-field energy term for E is reproduced. The
logarithmic term ~-32mwa*p? In(L/a) is rendered finite by
a resummation that changes L to O(§), yielding precisely the
same logarithmic term as in Eq. (1). The leading nonuniver-
sal terms (in the sense that parameters other than a contrib-
ute) become p*(D/6+27a’r,). Comparing these findings
with Eq. (1), we deduce that

Ey=2mpall + (128/15\/7_7)(pa3)1/2 + 8wpa’® In(pa’)
+(D/127a* + 7rda + CF)pa’] (118)

plus higher-order terms in density p, where C£ is a universal
constant that remains the same for all Bose gases. Because
E, was computed by Braaten and Nieto [8], a comparison
will be made between Eq. (118) and Ref. [8] (in Sec. V D).

The corrections to x that depend on a only are divergent
in the thermodynamic limit. After a resummation that in-
cludes higher-order terms in Na/L [analogous to Eq. (55) of
Ref. [3]], they must reproduce Bogoliubov’s well-known for-
mula x=1 —%T\e"pa3+- -+. The leading nonuniversal term be-
comes p(2 Re uy+2ma’r,); because this term comes from the
short-range behavior in two-body collisions, it must extend
into the thermodynamic limit. Combining these observations
with an EFT prediction of the condensate fraction [10]
(which should be valid through order p' at uy=a*r,=0, at the
very least), we find that the condensate fraction is

.8 2 % 3
x=1 Vpa’ + p(2 Re ug + 2ma’r,) + C*pa
3\/7_7

(119)

plus higher-order terms in p, where C* is another universal
numerical constant. Thus the nonuniversal effect in the con-
densate fraction is larger than the prediction of Ref. [10] by
a factor of order (pa’®)~""? at low density, if uy”> ~ r,~a. This
disagreement is entirely caused by the fact that the momen-
tum distribution at k~1/r,>(pa)"? is approximately

p*|#i|*, rather than a structureless function =~167%ap?/k*.
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As discussed in Sec. IV E, however, short-range unitary
transformations [24] or quantum field redefinitions [25] can
alter the momentum distribution without affecting many ob-
servables [25]. Thus, whether the above disagreement is
physically relevant is an open question. The present author,
however, believes that it is at least relevant in certain situa-
tions (see Sec. IV E).

According to Eq. (119), the condensate fraction of a dilute
Bose gas of hard spheres (for which 2ug+2ma’r,="7a%) is
slightly greater than that of a Bose gas with r, <a (for which
[2ug+2ma’r| <a’) by about ¥pa’ at zero temperature, if
the two gases have the same number density and scattering
length.

V. LOW-ENERGY THREE-BODY SCATTERING
AMPLITUDES AND IMPLICATIONS FOR THE MANY-
BODY PHYSICS

In this section, we compute the T-matrix elements of three
identical bosons at low energy (where a can have any sign)
and discuss their implications for the many-body BEC phys-
ics (where a=0). The interactions are the same as in Sec. II.
The T-matrix is denoted with roman type T below, since the
italic T is already used for the wave-function components.

In Sec. V A, we compute the two-body T-matrix elements
at low energy. In Sec. VB, we expand the three-body
T-matrix elements at low energy. In Sec. V C, we compare
our results in Sec. V B with those in Ref. [8] to establish the
relation between the parameter D in the present paper and
the three-body coupling constant g;(«) in Ref. [8]. In Sec.
V D, we express the BEC ground-state energy in terms of D,
taking advantage of the above relation. Implications for the
nonuniversal effects are discussed.

A. Two-boson scattering amplitude
The two-boson T-matrix can be expressed in terms of the
scattering phase shifts [27] (i=mpoon=1),

T(b,b-§) = (4mlig) > (%9 -1)(2+1)P(b-q),

1=0,2,4,...
(120)

where =b and *q are the momenta of the two bosons before
and after the scattering, respectively, and g=b.
At small ¢, we apply Eq. (9) to the above formula and get

T(b,f) -q) =— 8ma +1i8ma’q + 8mwa*(a — r/2)q* —i8mwa’(a
-r)q’ +0(q"). (121)

The first two terms in this expansion agree with Ref. [8], and
all higher-order corrections disagree, since the effective
range r, is not included in [8]. Equation (121) agrees with
Ref. [10] where r, is taken into account.

B. Three-boson scattering amplitude

Equation (121) can be alternatively derived from a sys-
tematic perturbative solution to the two-body Schrodinger
equation at incoming momenta *+b and energy E=b?,
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T(b,b - §)
2(¢*-E-in)

+ (terms that are regular at ¢> = E),

1
Vo= @molq+b) + dq-b)]+

where —i7 specifies an outgoing wave (7— 0%).

Similarly, from the stationary wave function \quq2q3 de-
scribing the scattering of three bosons with incoming mo-
menta by, b,, and bs, and energy

E= (b +b3+b3)2, (122)

one can extract the three-boson T-matrix elements,

(277)6

0,005 = 25((11 bpy)8(qy —bpy)

3
+ 6051q2q3|:T(b1b2b3§Q1Q2(I3) + > T(h.h; - p)

ij=1

><(27T)35(qj - b,-)] + [terms that are regular at (q%

+ qz + q3)/2 E]. (123)

Here P refers to all six permutations of “123.” E?zl b

=37 | q,=0, p; is defined in Eq. (19), and
G o=@+ @+ )2 =E~igl™,  (124)
h, = (b, — b3)/2, and similarly for h,,h;. (125)
Let b;~qg;~¢q be small. We determine W perturbatively
next.

The equations for ¥ here are formally identical with Egs.
(66) in Sec. IV, except for three differences: (i) the box size
L= here, so I(q)=1, (ii) E~¢* here, instead of 1/L? in

Sec. IV, and (iii) the leading contribution to ‘I’q 0 is

-6) 277)

T511q2q3 = _E 5((11 bPl)ﬁ(q2 bpz) (126)

Naturally, \I’qquq}*) ¢‘(131)‘12q3 in the limit E, b;— 0, and the
calculation here will be a generalization of Sec. II to nonzero

incoming momenta. So we use the same symbols T (#T)
and S as in Sec. II, in the asymptotic expansions

o

s)
26 Tﬁllqz‘h’

v (127)

99493

V= W g —q24k—q2-k = 2 S{(S , (128)

s==3

where Tf:])qzqg and Sl(f)q scale like ¢° (not excluding ¢°* In™ g).
When E, b;—0 but q’s and k are fixed, the (complicated)
results for 7 and S in this section will reduce to the much
simpler ones in Sec. II.

When the three bosons all come to a region of size ~r,
(radius of interaction), effects due to a nonzero E are small.
So at momenta k;~ 1/r,>E [28],
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3 !’_
Vi koks = B ki, + OWVE). (129)
Employing the same systematic expansion method as in
Secs. IT and TV, we obtain the following results (listed in the
same order as they were obtained):

3
e 1
Si7=22 2m)’olg-b) . (130a)
i=1
d7a
-5 _ "% ~E 3
Tong, = 3 ququ (2m)38(q;—b,), (130b)

( Da_ _ —2 [81TaG S+ iah,(2m)*8(q - b,) ]y,

(130c)

3
1672a* ih;
-4)  _ E E ! 3
s =3 Cayasy 2}) <2qub,-+ 477(277) 6(q,-—bi)>,

(130d)

3
1 A2
S V=32 ((8malini— 34 - E-in)Gy,

i=1
+647%a°c(q,b) |y + B2 (27)38(q — b)) [ fi — ala
—1d2) - Sslﬁ]}, (130e)

3

1 S Yy E—
-3 - —GE E [3271'2a3(\r3q]/4 E-in-ih; )Gq b,

919,93 3 qqu‘I3

- 25677—”a~ ct(q;by) +4ma*(a - r/2)h; (2m)38(q,

3
—b)]+ % > @m)slq,-b), (130f)

i.j=1

3

1
EE [67a +2ma(4E - 3¢")Gey, + iah}(2m)*8(q
i=1

S{(O)q =dy—

IOWaE 26 E ¢

—b. +

3

—2[64712a*(\3q2/4 E—-in—ih)cE(q.b;)
1 1

- 2567 a*c5(q,b;,

al™) + 8ma*(a—ry/2)(E - 3¢*4
-
+h})Gly +i8ma’h\3q%/4 — E —inGly, - 3ma’r,

— (147\3 = 16)wa® + ia(a — r) > 273 8(q - b) |,
(130g)
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3
47ra
2 =GE R R
49493~ T 919293 -D- 3 i%l [64772(1 (\3qj/4—E—177
- ihi)Clli(qj,b,‘) _256773613C§(q]~,bi,|a|_1) + 87Ta2(a

- rJ2)(E=3q;/4+ k)G,

JL

. . [~
+ 187Ta3h,-v3q12-/4 -E- 17;G§_b_ - 37a*r,— (14173
i

—16)wa’ +ia*(a - Vx)h?(ZW)35(qj' -b,)]

3
+ ? 3 [~ 87aGh, - iah2m) 8(g; - b)),

ij=1
(130h)

where i=\=1#i, q; =q+2b; (not the outgoing momenta),
Vz is defined with a branch cut along the negative real z axis,
and

Gy =(*+q-b+b*—E-in) ", (131)
E d3k E E
ci(q,b) = —(2w)3quGk"’ (132)

3
£ . w E &'k, P
c;(q,b, ) 21?330_ o In - +Jk<K (ZW)3qu(2C1(k,b)
T 7 ——
_H-E-in )

The loop integrals cf and cg emerge from the Z- expan-

ions (Appendix B) of 7% nd 703 re-
sions (Appendix B) of T %1 gioi and Ty gk _qratoo T
spectively.

Remarkably, cf (or any loop integral or lattice sum en-
countered in the present paper) is free from uncontrolled ul-
traviolet divergence; this finiteness follows naturally from
the rules of the Z- & expansion (as can be easily understood
from a similar but simpler problem, Example 2 in Appendix
B).

Comparing the above results for \Ifqlqzqg(:zjgfqz%) with
Eq. (123), we find the same result for the two-boson T-matrix
as Eq. (121), and the first three terms in the low-energy ex-
pansion of the three-boson T-matrix,

©

T(b;b,b3:q,q,q3) = 2 T(‘Y)(blbzbz;%%%), (134)
s==2
where T®(b;b,b;:q,q,q3) ~ E*? (not excluding E*? In" E),
3

T2(b,b,bs;q,q,q5) = 647> X, GE

apby (135a)

ij=1

3
T(_1>(b1b2b3§Q1Q2‘I3) = E [—5127736130}1?((11',1)1')

ij=1
16470 (p; + h) Gy p 1.
(135b)

PHYSICAL REVIEW A 78, 013636 (2008)

TO(b,bybs:q10,45) = - 6[D - 24mw(77/\3 - 8)a*
-367a’r,]

3
+6477a> 2, [327%ack(q),b;,

ij=1

+(rd2—a) (pf +h)) Gﬁ/b[_ - apjh,»Ggibi

al™)

+i8malp;+ h;)ci(q;.b)]. (135¢)

The momenta q,’s satisfy the constraint =7 ¢?/2=E, in ad-
dition to =3 ,q;==2 b;=0, in Egs. (135).

The two lowest-order contributions to the three-boson
T-matrix, as well as the logarithmic dependence on energy at
the third order [in a4c§(qj,b,-, a|™")], are universal in the
sense that they depend on the scattering length a only, in
agreement with Ref. [29]. The leading nonuniversal contri-
butions are

3
- 6(D -36ma’r,) +32ma’r, 2, (p; +h))GL .
Jo

ij=1

The momentum-independent term in this expression is pro-
portional to D—-36ma’r,, while the leading nonuniversal
contribution to the BEC energy [in Eq. (118)] is proportional
to D+127%a’r,. We conclude that they cannot be absorbed
into a single three-body contact interaction parameter g, un-
less the two-body effective range r,=0. This disagrees with
the effective field theory (EFT) prediction of Ref. [8].

C. Comparison with Ref. [8]

If r,=0, Egs. (135) then agree with Ref. [8]. To see this,
we use the power series for the two-boson T-matrix to ex-
pand the last term in Eq. (77) of [8] (note that g, in [8] is
twice h3 here), and get all four terms in Egs. (135) of the
present paper that contain Gﬁjbi. The quantity 7} of [8]
corresponds to the first term on the right-hand side of Eq.
(135b) above; the finite contribution to 7;” in Eq. (80) of [8]
corresponds to the last term of Eq. (135¢) above. The sum of
the divergent [8], but dimensionally regularized [8], terms in
’Z';PI and the three-body term —[g;(k)+ Sg3(x)] [8] can be
expressed in terms of c5 defined above,

8 ma)* g
(8ma) (CMS+ > Cg(ki,kj/w")> - g3(k),

i.j=1

where

18w[In(2m) + 1 — y] +\3[28' +9In 3 — 18]
647

CMS =

=0.055571793 27.

Here &'=X"_[(1/3+n)=(2/3+n)"?]. The momentum-
dependent terms in Egs. (135) thus completely agree with
Ref. [8] at r,=0. Further matching the constant terms, we
find the relation between the three-body parameter g;(x) of
Ref. [8] and the scattering hypervolume D defined in the
present paper at r,=0,

013636-17



SHINA TAN

— 8 4
g3(lal™") = 6[D = 24mw(77/\3 - 8)a*] + %cms

=6(D +977.736 695a%).

At r# 0, the discrepancy between the EFT prediction of
Ref. [8] and our result, Egs. (135), disappears if r, is in-
cluded in the EFT. The two-boson EFT interaction vertex
becomes [10]

i(— 87a — 2ma’r k* — 2ma’rk'?),

where k./2 =k and k./2 =k’ are the momenta of the two
bosons before and after the interaction, respectively. k # k' if
a virtual particle is involved. The tree diagram contribution
to the three-boson T-matrix, Fig. 5.(a) of Ref. [8], is modified
as

3

> Ghy[8ma+2ma’rp; + 2ma’r (b, + q;/2)"][8ma
ij=1 ' ’

3
+2matrh? + 27Ta2rs(qj +b;/2)*] = |:647'r2a2 > Gg_b_
=1
3
+32ma’r 2, (p; + )Gl | +28877a%r, + O(EY).
ij=1 o
r, corrections to all other diagrams are O(E®), s=1/2. Com-
paring the modified EFT results with Egs. (135), we find

2

6%
g(lal™ = (D + 127’ + 977.736 695a%),

boson

(136)
where the SI units have been restored.

D. Implications for the BEC energy and other properties

The BEC energy per particle at zero temperature was
computed to order p? by Braaten and Nieto [8]. The result,
Eq. (96) of Ref. [8], is expressed in terms of g;(k).

Although the three-boson scattering amplitude receives r;
corrections as shown above, the BEC energy per particle
does not suffer from r, corrections at order p? in the thermo-
dynamic limit, if it is expressed in terms of g;(x) [10].

Using Eq. (136), we can now express Braaten and Nieto’s
result for the BEC energy [8] in terms of the scattering hy-
pervolume D defined in Eq. (3). The outcome agrees with
Eq. (118) precisely, and CE in Eq. (118) is found,

CE = 977.736695/127 + 8w[In(167) + 0.80 = 0.005]
=118.65 = 0.10. (137)

The present author did an independent calculation of CE,
using finite-range interactions (details to appear elsewhere),
and found

CF =118.498 920 346 444 (exactly rounded), (138)

which is nearly the same as Eq. (137).

For a dilute Bose gas of hard spheres, using Egs. (4),
(118), and (138), and r,=2a/3, we obtain the following re-
sult for the constant defined in Eq. (1):
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&;=167.319 69 = 0.000 06. (139)

This completes our calculation of the ground-state energy per
p?zlrticle of a dilute Bose gas of hard spheres, through order
p-.
For a dilute Bose gas with a>r, (r, is the range of inter-
particle forces), Braaten, Hammer, and Mehen found that 5;
is near 141 [9] and has a small imaginary part associated
with three-body recombination [9]. In comparison to this
system, a hard-sphere Bose gas with the same scattering
length a, number density p, and boson mass has an energy
density that is larger by a relative fraction ~26pa’, a pres-
sure that is larger by a fraction ~52pa’, a speed of sound
that is faster by a fraction =3 X 26pa*=39pa’, and a specific
heat that is smaller by a fraction =3 X 26pa*=117pa’. Here
the specific heats are compared at the same temperature T
<p'aT,, where they are dominated by phonons with
wavelengths> 1/ pa. (T, is the critical temperature).

These differences, i.e., nonuniversal effects, must extend
to finite temperatures, including both 7<T7, and T=T..
(Their magnitudes will change when T is raised.) The reason
is that for 7/T,~O(1) and pa®,pr? <1, the thermal de Bro-
glie wavelength greatly exceeds r, and a, and the interaction
is well described by the constants a, r,, D, etc.

The nonuniversal corrections to 7,, as an extension of the
many calculations reviewed in Ref. [30], are of particular
interest. Is the leading-order nonuniversal correction deter-
mined by r, or D, or both? The present author speculates
that it is perhaps by r, alone, and is of the form ¢’ pa’r, o
where T? is the critical temperature of the noninteracting
Bose gas, and ¢’ is a universal numerical constant.

VI. SUMMARY

We have shown that the effective three-body force near
the scattering threshold can be predicted in a way very simi-
lar to the two-body force, i.e., by solving the Schrodinger
equation at zero energy and matching the solution to the
asymptotic formula for the wave function at large relative
distances. This approach is applicable to the n-body force as
well.

Although in this paper the three-body parameter D is ex-
plicitly determined for the hard-sphere potential only, one
can apply the general formulas, Egs. (45), to many other
finite-range potentials to determine the effective three-body
forces. The unknown wave function has three independent
variables only, because of the translational and rotational
symmetry, and is not very difficult to study on a present-day
computer.

The author believes that the asymptotics of the three-
boson wave function at large relative distances found in this
paper is also applicable to composite bosons. For weakly
bound dimers of fermionic atoms with equal mass, the two-
dimer scattering length and effective range are, respectively,
a% = 0,640 [31] and r % = 0.2a") [32], where a7 is the
atomic scattering length, but the three-dimer scattering hyp-
ervolume D is still unknown. To determine the equation of
state of many such dimers at low density (paé3<1)
[31,33,34] more accurately, one must compute D (by solving
the three-dimer, or six-fermion, problem).
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We have expanded the ground-state energy of three
bosons in a large periodic volume to the order L™/, using a
perturbation procedure that resembles the derivation of the
small-momentum structure of ¢. One may combine the
result, Eq. (5), with Monte Carlo simulations (for nonrelativ-
istic particles) or lattice QCD simulations (for low-energy
pions or kaons) to extract values of D.

Equation (5) suggests that, to determine D accurately, the
box size L should greatly exceed 17a in these simulations, or
the higher-order corrections from D can overwhelm the
lowest-order correction.

For pions, the Compton wavelength is comparble to a and
ry; whether the relativistic corrections modify the form of Eq.
(5) is a question of interest.

To extract D from A-body simulations in volumes of
modest sizes, one may find it helpful to derive a systematic
expansion of E at large L, but fixed Na/L, corresponding to
the intermediate regime discussed in Sec. IV F 2.

We have computed the scattering amplitude of three
bosons at low energy to O(E’), using finite-range interac-
tions. Our result, Egs. (135), disagrees with an EFT predic-
tion [8] at r,# 0. If r, corrections are included in the EFT,
however, the discrepancy disappears completely. The result-
ant relation between g;(«) and D, combined with the many-
body energy formula of Ref. [8], and the three-body force
computed in the present paper [Eq. (4)], solves a long-
standing problem in the literature [5,10], namely the com-
plete second-order correction to the ground-state energy of a
dilute Bose gas of hard spheres. The result shows small ob-
servable differences between this system and a dilute Bose
gas with large scattering length considered by Ref. [9].

We have studied the energies and momentum distributions
of A/ bosons in a large volume, from which we have deduced
the energies and condensate fractions of dilute homogeneous
BECs. The result for the energy, Eq. (118), agrees with an
EFT calculation, but the condensate fraction, Eq. (119), dis-
agrees. Our result suggests that even the population of the
zero-momentum state, or the off-diagonal /ong-range order
[35], is affected by short-range two-body physics. However,
quantum field redefinitions [25] or short-range unitary trans-
formations [24] can alter the momentum distribution but
leave many observables unchanged [25]. One thus has reason
to question whether the above disagreement is physically
relevant (the present author, however, believes it is at least
sometimes relevant, as discussed in Sec. IV E).

Although the three-body force is usually a small pertur-
bation to properties of dilute BECs, dramatic effects may be
obtained near a three-body resonance [9,36]. Alternatively,
one may reduce the two-body force by tuning the scattering
length to a zero crossing [37]. At a=0, the BEC ground-state
energy density ~%’2Dp®/6m instead of 27h%ap®/m; this will
lead to a qualitative change of the familiar Gross-Pitaevskii
equation and many observable consequences.

The author would like to draw the readers’ attention to a
few mathematical techniques. The Z functions and Z- J ex-
pansions (Appendixes A and B), an extension of the familiar
O-function method, facilitate the derivation of the small-
momentum and the large-volume expansions. The method of
tail-singularity separation, as described in Appendix C, en-
ables us to evaluate many lattice sums with virtually arbi-
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trary precision. The utility of these methods is certainly not
limited to the present work.
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APPENDIX A: THE Z FUNCTIONS

We define generalized functions Z/k*" and Z,(k)/k*'*!
(n=1,2,3,..., and b>0 is a constant),

7 1 Z,(k) 1
ﬁ = ﬁ (k > 0), k3n+1 = k2n+1 (k > 0)’ (Al)
Z
J PR =0 (5= 20-4), (A2)
all k

Z
f d3kﬂp(2"_3)(k) =0 (ky>0and n=2), (A3)
K<k K

Z,(k
f d3kk§i_g+l)p(5)(k) =0(s<2n-3), (A4)
all k
Zy(k) o
f | Ek 3P0 =0, (A5)
k|<b

where p")(k) is any homogeneous polynomial of k with de-
gree s (=0,1,2,...). Z/k? can be identified with 1/k>.

We can use ordinary functions to approach the Z func-
tions. For instance, (k*=3%%)/(k*+77)°—Z/k* when 7
— 0"

The Z functions, like the & function, are merely Fourier
transforms of some ordinary functions (n=1,2,3,...),

d3k 7 -1 n+1,2n-3
[ S Zawr B0 e
2m)° k™" 47(2n-2)!
-1 n+1,2n-3 ) 7
lim J d%Le““"’EE, (A7)
0t 47(2n-2)! k
&k Z,(k) o ;
Cmiet = F(), (A8)
) Z,(k
lim f d3rF§,">(r)e-lk-r-ﬂr=k§T(+l),
7—0*
2n-1
(_ 1)/1r2n—2 1
F()=—5——IbN+y- > —|, (A9
2= S o\ D+ Y 2] ] (A9

where y=0.5772... is Euler’s constant.
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Z,(k)/k*™*! has the following properties:

Z, (k) Zy(k)  4mn(b'/b)_,, ,

k2n+1 - k2n+1 - (2’1— 1)‘ Vk 5(k)’ (AIO)
Z;(ck) 1 Zy.(k)

(clbc)z"“ = 2w kbén+l (constant ¢ >0).  (Al1)

APPENDIX B: Z- 6 EXPANSIONS

Example 1. Consider the expansion of ([k|*+3¢%/4)7! at
small g. Naively, it is 1/k*=34*/(4k*)+O(g"). But this series
fails around k 0 In particular, Ro(k q) (k2+3q2/ 4)7!
—-1/K
but the integral of 3q2/(4k4) over all K is mﬁmte

Now subtract —8 q(27'r) 8(k) from Ry(k,q) to obtain
R,(k,q). Clearly R,(k,q)=~-3¢%/(4k*) at k>0 and g—0,
but [R,(k,q)d*,k=0, so actually

V3
87Tq’

where Z/k* is defined in Appendix A. Further subtracting
—3q2Z/ (4k*)  from R;(k,q), we get a remainder
~(\3/ 647T)q3V2(27T) 5(k) Continuing this subtraction pro-
cedure to higher orders in g, we get Eq. (31a).

The second method to derive the Z- & expansion of (k?
+3¢%/4)7 " is as follows: first Fourier transform it for fixed q
to obtain exp(—v3gr/2)/(4r), then expand it in powers of
q,

1 ﬁ+3_‘12 V3¢’ , 34 Ao

3v3q 4
r— r+
dar 87 32w 64 51277

5120m

0(q°),

and finally transform the series back to the k space term by
term. With the help of Eq. (A7), one gets Eq. (31a).
Although the above two methods are equally valid, the
first one is more useful, because the Fourier transforms of
most functions of k in this paper cannot be found analyti-
cally.
Example 2 [needed in deriving Eq. (35)]. At small q,

(Jk +q/2]™" + [k = q/27)/(k? + 3¢%14) = 2Z,(k)/k> + [87
—4m1\3 = 87 In(g/K)]8(K) + O(¢?),

where k>0 is arbitrary. Higher-order corrections may easily
be obtained as well (see the general rules below).

Generics. Consider a function F(k,0) (where o are a set
of variables), with a finite integral over any finite region of
the k space for 0 #0, and a unique singularity at k=0 for
0—0. The Z- & expansion is of the form F(k,o0)=F,K,0)
+Fsk,0), where F, is a series including ordinary and/or Z
functions of k and may be directly inferred from the Taylor
expansion of F(k,o) at small o, and

Fo(k,0) = 2, ¢,i(0)V;"QV(V)(2m)38(k),

mj

(Bla)
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mi(0) = (= DIV OV IOV (k) ]!

. 0
X f —(277)3k OV (k)[F(k,0) - Fz(k,0)].
(B1b)

Here QY are all the independent homogeneous harmonic

polynomlals satlsfymg JOV(k)QY") (k)d*k=0 for j# j'. The
degree of QY is L.
If F(k,o) is rotationally invariant around an axis q, only

Qfll) are needed above, and the coefficient before the integral

=1)/(@I+1)
sign in Eq. (B1b) becomes (2171)”(2m+-'2-l+l)"

If F(k,o) is a completely symmetric and even function of
k. k,, and k_, only those harmonic polynomials with the A
symmetry are needed: QU(k)=1, Q@(k), Q(‘)(k),
0®)(K),..., where

0¥(v) = vi + v‘yt + vj - 3(v§v§ + v)z,vg + v?vi), (B2a)

+U Uy +U2U4

(B2b)

0"(v) = vl +vS+0? - (15/2)(v3v; +vjv

2.2 2

+v v + v v4)+90vx U

2.6
+UU +UU +UU

(B2c)

0®(v) = v8 + v8 + v8 - 14(va§ + U

+v v6)+35(v v +v;‘,vg+vzvi).

APPENDIX C: LATTICE SUMS

The following methods are used to evaluate lattice sums:
tail-singularity separation, Poisson summation formula, and
convergence acceleration (based on the large-n asymptotics
of the summands).

To evaluate a lattice sum 2,X(n) (sum over 3-vectors of
integers), where X(m), as a continuous function, has both
singularity in the real-n space and a power-law tail at large
n, we sometimes break X(n) in two pieces: X(n)=X,(n)
+X,(n), such that X;(n) has singularity but no power-law tail
(i.e., it decays much more rapidly at large n), while X,(n) has
a power-law tail but is sufficiently smooth. 2,X;(n) is done
directly, while =, ,X,(n) is approximated by [d*nX,(n) to a
very high precision. We call this method tail-singularity
separation (TSS).

For instance, to compute  a; (s=1,2,3,...), we write

B=3 1£-7’—lgpi_—’7ﬂ+X2(n) where 7> 0 is small. X,(n) is
very smooth, so Ea]l »X>(n) is approximated by an integral.
Straightforward algebra yields

e

a_cﬂ,s/zss/z 77y 22 O(e 1#/77)
sl nz0iz0 1!
(CD)
where c;=-2, =2, c3=1/3, c4=1/15, ¢c5=1/84, c¢

=1/540,..., and the error ~O(e‘"2/ 7) results from the ap-
proximation 2, nX»(n) = [d*nX,(n) [38]. Equation (C1) ap-
plies to both s=1 and s=2,3,.... At »=1/10, one already
gets about 43-digit precision for «;.

The TSS is not an arbitrary exponential accelaration
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method. For example, 2,,.on~> is not sufficiently accelerated
by =,.0exp(=mn)n3, because [1—exp(-=yn®)]n=> is not
smooth enough: it contains a term ~|n|* at small n that is
singular. Inspired by Takahasi and Mori’s quadrature method
[39], we obtain a proper TSS formula,

1/n? = w9/2n® = 2/[ 1 + exp(7r sinh n)]n® + S(n),

where S(n) is smooth. We then easily derive (all the lattice
sums below, except B4, are used in computing Cy and C,)

ays=j, +47In g+ may 2 + w7 - 2) 724+ 2, 2/[1
n#0

+ exp( sinh 7n)]n® + 0(6_7’2/’7),

R
lim 47Tf X! tanh(g sinhx)dx—47TInR

1=
R— 0
=16.489 380 548 112915 838 168 866 783 965 159 811.
(C2a)
Similarly,

ay s =Ty 2+ jyif — w(mw = 2)ay 7124 — w(wt = 57

+1)7°/240+ > 2/[1 + exp(ar sinh 7n)]n’
n#0

+ 0@,

Jo = 47TJ {x‘3 tanh(% sinh x) - W/sz}dx
0

=-24.436776 868 803 521 072 197 485 676 562 043 398.
(C2b)
Let

agg) = lim E e~ 0 (n)/n?,
7—0"n#0

(C3)

and similarly for agi) and a§,8). Here 09, 0¥, and Q® are
defined in Egs. (B2).
For any integer s=1, we derive a TSS formula,

po_ s 29 < ) o

> e 0™,
nz0 I -0 1!

(C4)

and similarly for a@ and aﬁg).
Using the Poisson summation formula and the TSS
method, we get

ot == 2091 X 0m)I(mm) + 0™™"7),
n+0

(C5a)

o= (2877/1311) > 0D(m)I(5m) + O(e™™"), (C5b)
n#0

PHYSICAL REVIEW A 78, 013636 (2008)

o) =- 2071711 X QO m)i(7m) + 0™,

n#0
(C5¢)
where (x) = In[tanh(3 sinh x)].
Using the Poisson summation formula, we get
W,y(n) =- \Eﬂ'zn +7 e‘\g”’"”‘im'“/m, (C6a)
m#0
Wy(n) = (2m2\3n) X, e 3mmimn - (C6b)

all m

We derive TSS formulas
% 1
Oy (n) =—n(1- e_’7”2)/n2 + Zﬂf dmf de(1 — e ™mme)(1
0 -1

—e” ”mz)/SnmC + S m2 (e Snm 4 e’
m#0
— e~ Som~ 77mz) + 0(6_,,2,2 ), (Cé6c)

w 1
Ogi(n) = [ (1 + 7]}12)6_’7”2 —1)n*+ 27Tf dmf de[1-(1
0 -1

+ 7S e ] (1 =), o+ > S2m (1
m#=0

+ pSpm)e (1 — e~ 7) 4 e 4 O(e” ™),
(C6d)

where Sym=n’+n-m+m?, and S, =n*+nmc+m?*. With
Egs. (C6), psi(n) and pg(n) [Egs. (86a) and (94a)] are
evaluated very accurately for any finite 3-vector of integers
n#0.

In addition, at large n we derive asymptotic formulas

par(m) = p{!(n) + O™,

pﬁ\lll)(n) = Pwin + 2ay/n* + 4/3n* + 40909 (n)/15n"°
+4a{’0"(n)/231n"* + 4aY 0¥ (n)/195n"®,
(C7a)

ppi(m) = ng)(n) +0(n™'Y),

pgf)(n) = 2\6772/113 +2a/n* +2/n° + 4a(]g)Q(“”)(n)/3nl2
+4a{ 0" (n)/33n'° + 122 0®(n)/65n.
(C7b)
For ay,1, aps1, and ayp;, we thus have
dopp = 772Wa0‘5+x + 2a] A+ 4a2+s/3 + 4a(1g)a(5‘i)3/15

+4ai'a) 1231 + 4P alf) 1195 + 2 n2[py;(n)
n#0

- P4 ()], (C8a)
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a g =2V 3172a2 s+ 2005+ 2a4 + 4alf a(7g)/3 + 4a(1i)ag)/33

+ 12a(18)a(18)/65 +2n [ pp(n) - pgf)(n)], (C8b)

n#0

and the sums over n|<15 to
yield results for a4, as41, and a;p; with more than 18-digit
precision.

From Eq. (99), we deduce

&]AAI == diga1 — ’773W(77T/\”§— S)CY] + 87T3Wa] 1n(2’7T)

2
—ajagq +3a140+ 3y — (o] + @) ay + 6

—9CY4, (C9)
_ ) 3
Aipa1 = lim 2 n pAAl(n)—8WWa1 InN
N—% n2£0; n<N
+ 47 WN8 In N=16+T7m\3). (C10)

It can be shown that a;4,=ay,, and

ajgar = lim E

N—% n2£0; n<N

pi,(n) —47wWN — 167 wa; In N.

(C11)
At large n, we derive from Eq. (C7a)

pii(m) =K1 (n) + 0(n™1), (C12)

K12 (n) = 7#*wHn® + 4mwayin® + 4a1/n +877w/3n’
+16a,/3n° + 8wal®' Q¥ (n)/ 150" + [16/9n°
+16a;a 0¥ (n)/15n"]
+87wal! Q" (n)/231n"5 + [32a\¢
+ 160,070 (n)/231n'°]
+87wal¥0® ()/195n" + [640/9%/4725n"
+ 640820 (n)/35750"0 + (1282{9%/10395
+320/71693)0Y(m)/n'® + (16a\4/585
+16a;a7195)0®) (n)/n].

0¥ (n)/45n'*

(C13)
So

mwla + dmway a5+ 4a1a2 + 87 wa, 5/3

+ 160, a3/3 + 87wl al¥l/15 + 160,/9

+ 160, 9115 + 8wal) ol /231
+32a/9al9/45 + 1602\ 01231

+ 8 wal al)/195 + 640 ag/4725

+ 6408 alf >/3575 + (12809710395
+32a4/693)al) + (16097585 + 162, 2\¥/195) ¥

+ 2 [p3;(n) - K2 ()],

n#0

AlpA1 =

(C14)

where the sum over n converges very rapidly; truncating it at

digit precision.
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The results for the above lattice sums are listed below.
They determine C, and C;.

Onefold lattice sums (rounded to fit the two-column for-
mat),

a;=—8.913632917 585 151 272 687 120 136,

(C15a)
@, 5=3.821 923 503 940 635 799 730 123 034,

(C15b)
@, = 16.532 315959 761 669 643 892 704 593,

(C15c¢)

a, 5= 10.377 524 830 847 083 864 728 948 355,
(C15d)

a3 =8.401923 974 827 539 993 146 138 987,
(Cl15e)

ay =6.945 807 927 226 369 624 170 778 023,
(C151)

ag = 6.202 149 045 047 518 551 930 416 392,
(C15g)

a\®) =1.127 757 148 686 792 075 014 583 731,
(C15h)

all=5.672 605 625 422 259 129 524 572 370,
(C15i)

al® =5.772 772 158 341 296 181 095 291 055,
(C15))

al®) = 5.890 866 300 404 517 457 312 864 285,
(C15K)

9 = 5.947 443 615 615 246 912 541 646 623,
(C151)

o\ = — 2.434 385 049 385 522 287 574 679 853,
(C15m)

a7 5=15.242702 841 443 828 214 862 689 624,
(C15n)

ay) =5.451 072 910 162 494 576 739 294 958,
(C150)

al) = 5.715 464 651 152 249 495 454 861 607,
(C15p)
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al¥ =16.571 410717 493 131 178 469 668 510,
(Cl5q)

all=6.156 579 477 795 506 959 879 789 010,
(C15r)

al¥) = 6.109 685 927 989 065 132 252 619 095,
(C15s)

a'¥) = 6.054 088 533 916 337 242 283 438 742.
(C151)

Twofold lattice sums,

s =—190.172897984 8657548,  (Cl6a)

PHYSICAL REVIEW A 78, 013636 (2008)

Q40 = tpq = 111.807 832 628 721 133 609,

(C16b)
aqp; =221.523 005 657 695 107 22. (Cl6c)
Threefold lattice sums,
ajpa1 =—2996.889 395 378 764 86, (Cl17a)
a1 =—6591.229 842 103 439 89. (C17b)
Finally, from Eq. (C6a) we get
Bia=— \Eﬂlaows > g™ 3mmn—immn 2,
n,m#0
=48.614 754 175227 821 038 934 419 912.
(C18)

(One can show that a;y s=a;/7.) B, is needed in Eq. (110f).
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