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We study the effect of quantum motion in a Mach-Zehnder interferometer where ultracold, two-level atoms
cross a � /2-�-� /2 configuration of separated, laser illuminated regions. Explicit and exact expressions are
obtained for transmission amplitudes of monochromatic, incident atomic waves using recurrence relations
which take into account all possible paths: the direct ones usually considered in the simple semiclassical
treatment, but including quantum motion corrections, and the paths in which the atoms are repeatedly reflected
at the fields.
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I. INTRODUCTION

The fringes of an interferometer are sensitive to differen-
tial phases of the arms caused by unequal fields along the
interfering paths. This makes interferometers useful for me-
trology and fundamental studies. In particular, atom interfer-
ometers offer, because of the internal structure of the atom,
richer interactions, greater and simpler control than the ones
based on light, electrons, or neutrons �1�. They are used for
the precise determination of frequencies and times in atomic
clocks, as well as many other applications to measure with
unprecedented accuracy the gravity field �2� and gravity gra-
dients �3�, rotations �4,5�, fundamental constants �6�, accel-
erations �7�, or relativistic effects �8�. Indeed, the accuracy
level is currently so high that the theoretical treatments of the
global performance of the interferometer �9,10� or the indi-
vidual constituents �beam splitters, mirrors� �11,12� need to
be refined with respect to the simple, original modelings. A
further reason is the use of ultracold atoms �6,13,14� to mini-
mize velocity broadening and to increase coherence lengths
and flight times; they also make possible the spatial separa-
tion of the arms by atomic recoil �15,16�, as in Sagnac inter-
ferometry, where slower atoms increase arm separation, the
area enclosed, and thus the sensitivity achieved. In addition,
the use of condensates and other ultracold-matter phases
�such as the Tonks-Girardeau gas� in internal-state interfer-
ometry is currently being explored �17,18�. Since the atomic
velocities may be nowadays several orders of magnitude
smaller than in early beam experiments �19�, these develop-
ments raise the following question: Is there any fundamental
or practical lower bound for the velocities in interferometry?
�20�. To answer it we need to go beyond the approximation
in which the center of mass motion along the interferometer
arms is treated classically.

Much work on that line by Bordé and co-workers has
emphasized a wave packet approach �9,11�. We shall explore

here a complementary stationary method, extending some
previous results on recurrence relations which were applied
to Ramsey interferometry in a waveguide �21�. The analysis
of stationary solutions leads to useful insight, and quite fre-
quently provides sufficient information, as the history of
scattering theory demonstrates �consider, e.g., the cavalier
but straightforward derivation of cross sections from station-
ary waves versus the more rigorous and cumbersome, but
finally equivalent, wave packet derivation�. Of course, wave
packets can be constructed afterwards by linear superposition
for examining transients and specific space-time processes.
Among the interferometers with spatially separated paths we
shall focus on the simplest configuration, a Mach-Zehnder
interferometer, first implemented in the time domain by
Kasevich and Chu �2�. We shall deal here with the version in
which the laser beams are separated in space �5�. It consists
on a first � /2 laser beam acting as an atom-beam splitter,
followed by a mirror �� beam� and finally a second, recom-
bining � /2 beam, see Fig. 1. Our main tool in this investi-
gation is the implementation of exact relations for the final
transmission amplitude in the excited state. They may be cast
as “recurrence relations” in terms of the scattering ampli-
tudes for each laser field �21,22�, which allows us to classify
and calculate all possible paths by the number of reflections:1

the dominant or “direct” ones �without reflections�, associ-
ated with the usual semiclassical ordering of events but af-
fected by quantum corrections, and also those paths in which
the particle is reflected in several field regions. The extreme
low-velocity regime in which these later “multiple scatter-
ing” paths become significant distorts severely the interfer-
ence pattern and thus sets a fundamental lower limit to the
atomic velocities for interferometry with fields separated in
the space domain �20,21�; for intermediate velocities, just
above the multiple scattering regime, direct paths dominate,
but the semiclassical expressions are not yet quite accurate
and need correction. Therefore an understanding of the vari-
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1In this paper the term “reflection” refers to a change in the sign of
the momentum component in the longitudinal x direction. Do not
confuse this with the recoil taking place at the second �mirror� laser,
in which the excited or ground states are interchanged but the mo-
mentum component in the x direction does not change sign.
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ous effects and scales involved is useful. To simplify the
analysis and isolate quantum motion effects from other phe-
nomena we shall ignore in this paper any external fields dif-
ferent from the laser fields. Other simplifying assumptions
are the consideration of flat and sharp �square� laser sheets,
fully coherent processes �i.e., we neglect excited state relax-
ation�, and semiclassical atom-laser interaction. Some of
these approximations are discussed in the final section.

II. NOTATION AND HAMILTONIAN

A. Atom field interaction in 3D

We consider a setup where a two-level atom, with an in-
ternal �hyperfine� transition frequency �ge between levels �g�
and �e�, moves with an initial wave number k= �kx ,ky ,kz�
�kx�ky ,kz� and is illuminated in three x-localized regions by
a classical electric field E�x , t�=E0�x�cos��Lt−kLy+��x��
traveling in the y direction, see Fig. 1. The full three-
dimensional �3D� Hamiltonian describing this system in the
Schrödinger picture is

H =
p2

2m
+ ��ge�e��e� + ���x���+ + �−�cos��Lt − kLy + ��x�� ,

�1�

where �+= �e��g�, �−= �g��e�, the x-dependent Rabi frequency
��x� is assumed to be constant inside the field regions,
��x�=� for x� �0, l /2�, x� �L+ l /2,L+3l /2� and x� �2L
+3l /2,2L+2l� and zero otherwise, and the laser phase ��x�
is constant within each of the illuminated regions with values
�n ,n=1,2 ,3. In practice the traveling wave is an effective
one corresponding to two counterpropagating lasers which
induce a two-photon Raman transition and a large �optical�
recoil and arm separation, so that the parameters are effective
ones, after adiabatic elimination of a nonresonant upper
state, see, e.g., �23,24�. In a field adapted interaction-picture
defined by H0=��L�e��e�, and applying the rotating-wave ap-
proximation �RWA�, the time dependence of the Hamiltonian
is removed,

HI
RWA =

p2

2m
− �	0�e��e� +

���x�
2

�ei�kLy−��x���+ + H.c.� ,

�2�

where 	0=�L−�ge is the detuning between the laser fre-
quency and the internal transition.

B. 1D effective equation in the x direction

To solve the stationary Schrödinger equation
HI

RWA��k�x ,y ,z��=Ek��k�x ,y ,z�� for an energy Ek
=�2k2 / �2m�, with k2=kx

2+ky
2+kz

2, we use the ansatz

��k�x,y,z�� = gx�x�eikyyeikzz�g� + ex�x�eiqyyeikzz�e� , �3�

which describes the momentum transfer in the y direction
when the atom is excited, qy =ky +kL, and conservation of
momentum �free evolution� in the z direction. Inserting this
ansatz into the Schrödinger equation gives an effective equa-
tion in the x direction,

Hx�gx

ex
	 = Ex�gx

ex
	 , �4�

where Ex=
kx

2�2

2m ,

Hx =
px

2

2m
− �	�e��e� +

���x�
2

�e−i��x��+ + H.c.� , �5�

and 	 is the effective detuning,

	 = 	0 − 	kin, �6�

	kin =
�kL

2

2m
+

�kykL

m
, �7�

which includes the ordinary detuning 	0 and the “kinetic
detuning” 	kin with a photon recoil term and a Doppler term.
From now on we shall deal with the 1D effective equation
�4� only.

III. SEMICLASSICAL REGIME

In the simplest treatment, valid for fast enough particles,
Ex���, kx
qx��kx

2+2m	 /�, the internal and longitudinal
degrees of freedom are decoupled, and the x component of
the center of mass is assumed to follow the classical trajec-
tory x�t�=vxt, where vx=�kx /m. We shall, in other words,
treat the interferometer with fields separated in space as an
interferometer for fields separated in time. Then, the internal
states will evolve with Hn,

Hn = − �	�e��e� +
��

2
�e−i�n�+ + H.c.� , �8�

in the nth laser field, and with the bare Hamiltonian

HB = − �	�e��e� �9�

in the noninteracting regions. The corresponding time evolu-
tion operators are e−iHnt/� in the nth laser and e−iHBt/� in the
free evolution regions. From Fig. 1 it can be seen that there
are four possible semiclassical paths which lead to an excited
atom from an atom which is initially in the ground state �g�.
If we set 
= l /vx and T=L /vx, the amplitudes of these four
paths are given by

A1
scl = �e�e−iH3
/�2��e−iHBT/��e��e�e−iH2
/�e−iHBT/��e�

��e�e−iH1
/�2���g� ,

� � �
� � �
� � �
� � �
� � �
� � �
� � �
� � �
� � �

� � � � � �� � � � � � � �

� � � � � �
� � � � � �
� � � � � �
� � � � � �
� � � � � �
� � � � � �
� � � � � �
� � � � � �
� � � � � �

� � �
� � �
� � �
� � �
� � �
� � �
� � �
� � �
� � �

� � � � � �

l/2 l/2l

|g>

L L

y

π π/2π/2 |e>

x

n=2 n=3n=1

I II III IV V VI VII

A1

A2, A3

A4

FIG. 1. Atom interferometry with a � /2-�-� /2 pulse configu-
ration. The left edges of the three pulses are located at x1=0, x2

=L+ l /2, and x3=2L+3l /2. The beams are not drawn to scale and
their width is greatly exaggerated.
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A2
scl = �e�e−iH3
/�2��e−iHBT/��g��g�e−iH2
/�e−iHBT/��e�

��e�e−iH1
/�2���g� ,

A3
scl = �e�e−iH3
/�2��e−iHBT/��e��e�e−iH2
/�e−iHBT/��g�

��g�e−iH1
/�2���g� ,

A4
scl = �e�e−iH3
/�2��e−iHBT/��g��g�e−iH2
/�e−iHBT/��g�

��g�e−iH1
/�2���g� . �10�

For a wave packet, the momentum recoil will lead to a sepa-
ration of these paths in the y direction. If this separation is
larger than the transversal position spread of the packet 	y,
�kLT / �2m��	y, and the detector’s resolution is better than
�kLT / �2m�, the interference between the outer paths will be
suppressed and only the interference between A2

scl and A3
scl

will be observed, see Fig. 1 �thick lines�. The corresponding
excitation probability is �see Appendix A for explicit expres-
sions of the matrix elements in Eq. �10��

Pge
scl = �A2

scl + A3
scl�2

=
�2

4��6 sin2 ��


2
4	2��2 + 3�4 + �2

��4	2 cos
��


2
+ �2 cos���
�

− 4�	2 + ��2 + �2 cos
��


2
	sin2 ��


4
cos ��� ,

�11�

where � is a combination of the three individual laser
phases, �=�1−2�2+�3, and ��=��2+	2, see Fig. 2 �solid
line�.

Remark 1. Unlike the Ramsey configuration, this pattern
is independent of T and thus of the intermediate distance L
between the pulses since both interfering paths spend the

same amount of time in the upper level and there is no ac-
cumulation of a phase difference.

Remark 2. dPge
scl /d�sin � so that there is a minimum

�zero� at �=0 independently of all other parameters. In par-
ticular, this is true �within this approximation� regardless of
the velocity and the precision with which the � /2 and �
pulses are implemented.

Remark 3. The detuning may affect the visibility of the
fringes but does not shift the fringe pattern. Near resonance,
	��, and considering perfect pulse areas, ��
=��, Eq.
�11� �which does not depend on these conditions� may be
expanded to leading order in 	 as

Pge
scl 
 sin2 �

2
�1 −

	2

�2	 . �12�

The semiclassical central zero is in summary robust versus
velocity or detuning variations, and does not require strict
�� /2 and �� conditions on the pulse areas. However, if the
kinetic energy of the atom is comparable with the interaction
energy, this semiclassical approach breaks down and a full
quantum-mechanical solution becomes necessary, yielding a
phase shift of the interference pattern as we shall see.

IV. QUANTUM TREATMENT

The general solution to the stationary Schrödinger equa-
tion �4� away from the laser fields takes the form

��x� = �G+eikxx + G−e−ikxx��g� + �E+eiqxx + E−e−iqxx��e� ,

�13�

where the amplitudes G� and E� have to be determined
from the boundary and matching conditions. We will follow
Ref. �21� to derive the exact quantum result of the interfer-
ence pattern. Let us denote by Rij

l �Tij
l � the total reflection

�transmission� amplitudes of an atom entering the interfer-
ometer from the left in the i channel and an outgoing plane
wave in the j channel, i , j=g ,e. In the case of a plane wave
incident from the left in the ground state, we have, for the
leftmost laser-free region I, see Fig. 1,

���I = �eikxx + Rgg
l e−ikxx��g� + Rge

l e−iqxx�e� , �14�

whereas the outgoing wave to the right of field 3, region VII,
has the form

���VII = Tgg
l eikxx�g� + Tge

l eiqxx�e� . �15�

That is, after passing the three laser pulses the atom may still
be in the ground state, propagating with a wave number kx,
or in the excited state, propagating with a wave number qx.
In the latter case, the atomic transition �g�→ �e� induced by
the laser field changes the kinetic energy in the effective
equation for the x direction. For 	�0 the kinetic energy of
the excited state component is enhanced by �	 whereas for
	�0 it is reduced by �	. For 	 smaller then the critical
value 	cr=−�kx

2 /2m, the excited state component becomes
evanescent and its transmission probability vanishes �the
channel becomes closed�. Thus the quantum-mechanical
probability to observe the transmitted atom in the excited
state is zero for 	�	cr; otherwise

-0.01 -0.005 0 0.005 0.01
Φ

0

0.5

1.0

1.5

2.0
10
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P ge

FIG. 2. Pge
scl �Eq. �11�, solid line� and Pge

q �Eq. �24�, dashed line�
as a function of the phase difference � for a resonant condition 	
=0. Data: vx=1 cm /s, l=10 �m, mNa=3.82�10−26 Kg. The Rabi
frequency is fixed to satisfy the �-pulse condition, �=�vx / l=2�
�500 Hz. Pge

scl is independent of L and, since 	=0, Pge
q is indepen-

dent of L too �21�.
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Pge
q =

qx

kx
�Tge

l �2 for 	 � 	cr, �16�

and we shall limit the analysis to this later case. �For a study
of the evanescent regime see �25��. The exact form of Tge

l

follows from the matching conditions between the free-space
solutions and the dressed state solutions inside the fields us-
ing the transfer matrix formalism �21,26,27�.

A. Excited state probability amplitude

The solutions �13� in the laser-free regions may be given
in a compact form by a constant four-dimensional vector v
= �G+ ,G− ,E+ ,E−�� �the prime means “transpose”� with the
complex amplitudes. In particular, the scattering boundary
conditions are imposed on the external regions I and VII,

vI = �1,Rgg
l ,0,Rge

l ��, �17�

vVII = �Tgg
l ,0,Tge

l ,0��. �18�

These solutions at the external regions are related by a com-
bination of transfer matrices �21,27�, see Appendix B, as

vI = T�1�T�2�T�3�vVII = TtotvVII, �19�

where T�n� is the transfer matrix for the nth laser, i.e.,

T�1� = T�0,l/2,�1� ,

T�2� = T�L + l/2,L + 3l/2,�2� ,

T�3� = T�2L + 3l/2,2L + 2l,�3� , �20�

and Ttot is the “total” transfer matrix for the whole interfer-
ometer. Solving Eq. �19� for Tge

l , we find that the excited
state transmission probability amplitude is given by

Tge
l =

T31
tot

T13
totT31

tot − T11
totT33

tot . �21�

B. Two-channel recurrence relations

Since the transfer matrices for the laser interactions are
known in terms of the laser parameters, see Appendix B, Eq.
�21� provides an explicit and easy to calculate expression.
However, this numerical calculation alone does not necessar-
ily provide much physical insight. It is useful to relate the
transfer matrices to scattering transmission and reflection
amplitudes for the individual laser regions. We denote by
�rn�ij

l and �tn�ij
l the single-laser reflection and transmission

amplitude for incidence on the nth laser “barrier” from the
left in the ith channel and an outgoing plane wave in the jth
channel �as before i , j=g ,e�, and by �rn�ij

r and �tn�ij
r the cor-

responding amplitudes for right incidence. These scattering
amplitudes for the laser units are also easy to calculate �ex-
actly, using Eqs. �C7�, �C8�, and �B10�, or with approxima-
tions, e.g., semiclassically �26� or otherwise�, and their
moduli are typically close to one or zero, so that we may
introduce an expansion parameter, see below, to discern the
dominant contributions corresponding to “direct scattering,”

and classify the order of the corrections in terms of the num-
ber of reflections. One further advantage is that we may also
classify and distinguish the paths according to the number of
interlaser free-motion regions in which the atom flies in the
excited state �for direct, reflectionless paths, this number
may be 0, as in A4 of Fig. 1, 1 as in A2 and A3, or 2 as in
A1�. We may thus distinguish those paths that will finally
interfere �e.g., A2 and A3 in Fig. 1� from those that will not
�A1 and A4 in Fig. 1� in an atomic wave packet because of
the arm separation due to recoil.

The relation between the matrix elements Tij
�n� and the

individual scattering amplitudes �rn�i,j
l,r , �tn�i,j

l,r is invertible,
i.e., Tij

�n�= fn��rn�i,j
l,r , �tn�i,j

l,r� with invertible known functions fn
�see Appendix C�.

C. Mach-Zehnder terms

If the kinetic energy �2kx
2 / �2m� is larger than the Rabi

energy ��, the scattering process will be dominated by
transmission through all fields and all reflection amplitudes
will be small quantities compared to the transmission ones,
i.e., ��tn�ij

l,r�� ��rn�ij
l,r� for all lasers �n=1,2 ,3�. Moreover, the

second laser is assumed to apply very nearly a �-pulse which
flips the internal atomic state, so that ��t2�ii

l,r��1. Multiplying
all small amplitudes by a small expansion parameter �, the
series expansion in � of Tge

l has the form

Tge
l = �A2

q + A3
q� + ��A1

q + A4
q� + �2�

i=1

22

Bi
q, �22�

where the individual quantum amplitudes Ai
q and Bi

q are
given in Appendix D in terms of the single laser scattering
amplitudes �rn�ij

r,l and �tn�ij
r,l. The dominant zeroth order terms

are in correspondence with the A2
scl and A3

scl direct paths in
the semiclassical picture, whereas first order corrections cor-
respond to the semiclassical A1

scl and A4
scl paths and are small

since they contain diagonal transmission amplitudes in the
second laser �Appendix D 1�. The quantum reflection effects
are included in the second order terms, which contain the
quantum amplitudes Bi

q for all 22 possible paths leading to a
transmitted excited atom including two reflections, see Ap-
pendix D 2.

In a wave packet, recoil effects will separate in space all
these paths leading to transmitted excited atoms. In order to
compare the quantum interference pattern with the one ob-
tained semiclassically in Eq. �11�, we choose those paths
interfering with A2

q and A3
q, i.e., the ones in the Mach-

Zehnder geometry �along thick lines in Fig. 1�: they are Bi
q

with i=1,2 ,3 ,4. This gives the following excited state prob-
ability:

Pge
q 


qx

kx
�A2

q + A3
q + �

i=1

4

Bi
q�2

, �23�

see Eq. �16�. Taking into account the phase dependence of
each of the quantum scattering amplitudes �Appendix D 3�,
one may write
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Pge
q 


qx

kx
�e−i��Ã2

q + B̃2
q + B̃4

q� + �Ã3
q + B̃1

q + B̃3
q��2, �24�

where the tildes are for amplitudes with �n=0 �n=1,2 ,3�.
Both quantum and semiclassical results are compared in Fig.
2.

D. Direct scattering and quantum shifts

We shall first work out the direct scattering case in which
the reflection terms can be neglected,

Pge
q 


qx

kx
�A2

q + A3
q�2. �25�

Let us first write the amplitudes in terms of their moduli and
phases,

A2
q = �t1�ge

l �t2�eg
l �t3�ge

l = ��t1�ge
l �t2�eg

l �t3�ge
l �e−i��1−�2+�3�ei�2

q
,

A3
q = �t1�gg

l �t2�ge
l �t3�ee

l = ��t1�gg
l �t2�ge

l �t3�ee
l �e−i�2ei�3

q
, �26�

where the �2,3
q transmission phases result from the addition of

the phases of the individual transmission amplitudes along
the path when all �n=0. From the semiclassical expressions,

A2
scl = �A2

scl�e−i��1−�2+�3�ei�2
scl

, �27�

A3
scl = �A3

scl�e−i�2ei�3
scl

, �28�

we have that, in a � /2-�-� /2 configuration with 	=0,
�2

scl−�3
scl=�, see Appendix A. For the quantum case we may

also expect ����2
q−�3

q
�. If we write the actual phase as
��=�+��, there will be a minimum of

�A2
q + A3

q�2 = �A2
q�2 + �A3

q�2 + 2 cos�− � + ����A2
q��A3

q� �29�

at �=��,

dPge
q

d�
 sin�− � + � + ��� = 0. �30�

This is a quantum phase shift which vanishes in the semi-
classical limit. Imposing the condition �l /vx=� at each ve-
locity �i.e., exact semiclassical � /2 and � conditions�, the
quantum motion shift is shown in Fig. 2. Take note that the
minimum of Pge

q is not a zero since the quantum moduli �A2
q�

and �A3
q� do not exactly coincide: these conditions do not

really split the beam in two equal halves at the external
lasers, so that ��t1�gg

l �� ��t1�ge
l �, and ��t3�ge

l �� ��t3�ee
l �. The

consequence is a quantum reduction of visibility. We may
look for enhanced visibility modifying the laser intensity and
thus the pulse area away from the former condition, i.e.,
�l /vx=�+�. Figures 3 and 4 show the moduli �A2

q� and �A3
q�

and the phase shift �� as a function of the extra phase � for
fixed laser width and velocity. Note that the moduli of �A2

q�
and �A3

q� cross each other at a value �o, so that a zero of Pg,e
q

can indeed be achieved by adjusting the Rabi frequency at
��+�o�vx / l. There are, however, two important differences
with respect to the semiclassical exact � /2-�-� /2 case: �a�
the “optimal” value �o depends on the velocity �in the semi-

classical case �o=0 for all vx�; and �b� even for the optimal
�o, there is a quantum phase shift, ���0.

E. Reflections

For a velocity region, the result including two reflections,
Eq. �24�, cannot be distinguished from the calculation with
direct paths only, which should be dominant for �2kx

2 /2m
���. Combining this with the �-pulse condition, the direct
scattering approximation is valid when kxl�2�, as it is ob-
served in Fig. 5, where, for lower values of kxl the direct
approximation breaks down and quantum reflections become
relevant. The effect is a rather chaotic oscillation of the shift
�the actual structure is even more complex than the one
shown in the scale of the figure�. There are, however, several
reasons why this regime will be difficult to see in practice as
commented in the final discussion.

-0.01 -0.005 0 0.005 0.01
ε/π

0.49

0.5

0.51

|A
2q

|,|
A

3q
|

|A2
q
|

|A3
q
|

FIG. 3. �A2
q� and �A3

q� as a function of � �the deviation from
perfect pulse areas, i.e., �l /vx=�+�� for different velocities: The
thin lines correspond to vx=0.5 cm /s and the thick ones to
vx=1.0 cm /s �l=10 �m and 	=0 in both cases�. Note that the two
moduli cross each other at some value of �. At these values,
�A2

q�= �A3
q� and maximum visibility will be obtained, see Eq. �29�.
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ε/π
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FIG. 4. Quantum phase difference for nonperfect pulse areas.
v=1 cm /s, l=10 �m, and 	=0. Note that in the semiclassical case
this difference is �2

scl−�3
scl=� for every value of �, i.e., for every

pulse length.
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F. Effect of the detuning

The calculations so far have been made for perfectly reso-
nant interactions, i.e., for 	=0, where the detuning 	 con-
tains both the natural detuning 	0 and the kinetic detuning,
see Eqs. �6� and �7�. In a wave packet it is not possible to
fulfill the perfect resonant 	=0 condition exactly for all
components: even though one may adjust the laser frequency
to compensate for the recoil term in Eq. �7�, the momentum
spread of the wave packet in the y direction, 	ky, will lead to
a detuning spread from the Doppler term, 	D=�kykL /m. In
the semiclassical case, we have already shown that the de-
tuning can only affect the visibility of the interference
fringes but will not affect their position, see Eq. �12�. This is
no longer true in a fully quantum calculation. Since the po-
sition spread in the y direction, 	y, cannot be larger than
�kLT /2m in order to suppress the interference with outer
paths, 	ky will also be limited. We may thus estimate the
Doppler-detuning spread as

	D
� 


�kL�	ky�
m


 �
2

T

 �

2vx

L
. �31�

Numerical simulations with vx
1 cm /s and L=0.1–1.0 m
show that a kinetic detuning like this has negligible effect on
the calculated phase shift, which is quite robust against de-
tuning fluctuations.

V. DISCUSSION

In this paper we have explored the low velocity limit of
atomic interferometry in a simple Mach-Zehnder � /2-�-� /2

configuration of spatially separated laser fields ignoring fur-
ther external fields. In particular, we have performed a fully
quantum analysis of incident monochromatic stationary
atomic waves by providing explicit expressions for transmis-
sion probabilities from which the physically relevant paths
and contributions in terms of transmission and reflection am-
plitudes for the individual laser fields may be extracted.

For laser fields separated in space, the ideal � /2-�-� /2
conditions leading to perfect splitting, perfect state switch-
ing, and interferometer phase given exclusively by the laser
field phases cannot be reached in a fully quantum scenario,
even for a fixed incoming velocity. The consequence is a
quantum-motion phase shift at low atomic velocities related
to the phases of the transmission amplitudes. One may opti-
mize the fringe visibility by deviating the Rabi frequency
from the semiclassical value, but a phase shift remains
which, in addition, depends on the incident velocity. This
quantum-motion shift is quite insensitive to the detuning to
be found in wave packet components but shows wild oscil-
lations when the velocities are so low that paths with reflec-
tions at the fields become significant.

All the above has been done for square laser profiles in
the longitudinal direction, with two-channel recurrence rela-
tions which are by construction well adapted to generaliza-
tions for more realistic laser intensity profiles. They may be
Gaussian, or include deviations from the square laser barrier,
since a sharp boundary of the optical wave cannot propagate
a large distance. Furthermore, the de Broglie wavelength of
the Na atom at 1 cm /s is of the order of the optical wave-
length, thus it is expected that the behavior of the atomic
wave will be influenced by the amplitude and phase varia-
tions of the laser field at the boundary. These effects will be
considered in a separate publication.

We have also considered flat laser sheets ignoring the cur-
vature of the field. For direct paths �transmitted in all lasers�
this is a good approximation, whereas paths with reflections,
having longer flights and more collisions with the laser
fields, will be more affected by curvature effects, which, to-
gether with other averaging effects �because of the extreme
sensitivity of these paths to tiny velocity variations� will
surely cancel their contribution to the shift.
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APPENDIX A: AMPLITUDES FOR ATOM AT REST

These are the amplitudes needed for calculating matrix
elements in Eq. �8� with the Hamiltonian �8�. Here the atom
is illuminated during a time t.
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FIG. 5. Phase shift of the interference pattern as a function of
kxl. The length l is kept constant �10 �m�, while the velocity �and
thus the Rabi frequency� is changed in order to maintain the
� /2-pulse condition. It should be clear from Eq. �11� that in the
semiclassical regime, there is no phase shift �solid line�. The dashed
line corresponds to the direct scattering approximation, where quan-
tum reflections are neglected. At low velocities, quantum reflections
become relevant and direct approximation breaks down �dotted
line�. Resonant 	=0 pulses have been considered for the calcula-
tions, but numerical simulations show the robustness of the phase
shift against detuning fluctuations. Changes in the detuning of the
order �2vx /L are indistinguishable in the scale of the figure for L
between 10 cm and 1 m, see Sec. IV F.
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�g�e−iHnt/��g� = ei	t/2�cos���t/2� − i
	

��
sin���t/2�� ,

�e�e−iHnt/��e� = e−i	t/2�cos���t/2� + i
	

��
sin���t/2�� ,

�e�e−iHnt/��g� = − iei	t/2e−i�n
�

��
sin���t/2� ,

�g�e−iHnt/��e� = − iei	t/2ei�n
�

��
sin���t/2� , �A1�

where ��=��2+	2. They are also useful to obtain semiclas-
sical approximations of matrix elements of transmission am-
plitudes tn.

APPENDIX B: TRANSFER MATRICES

Consider the regions �=I , II , III in Fig. 1, separated by x1
and x2. The general solution to the stationary Schrödinger
equation �4� of the effective Hamiltonian �5� reads

���x��� = g��x��g� + e��x��e� . �B1�

We want to find these solutions for �=I , II , III and match
them at the boundaries.

1. Solution outside and inside the fields

The solutions at the laser-free regions ��=I , III� are given
by

���x��� = �a�eikxx + b�e−ikxx��g� + �c�eiqxx + d�e−iqxx��e� ,

�B2�

where �kx is the initial momentum of the atom in the longi-
tudinal x direction and qx

2=kx
2+2m	 /�. Inside the laser fields

the �unnormalized� dressed state basis which diagonalizes
the interaction part of the Hamiltonian is given by ����

= �g�+2��e−i��−1�e�, where ��= �−	���� /2 are the
dressed energies. The solution inside the interaction region
��=II� will be given in terms of these dressed states and
dressed energies,

���x��II = �aIIe
ik+x + bIIe

−ik+x���+� ,

+ �cIIe
ik−x + dIIe

−ik−x���−� , �B3�

with wave numbers k�
2 =kx

2−2m�� /�. The solution in each
zone can be then given by a set of four unknown complex
amplitudes, collected in a constant complex vector v�

= �a� ,b� ,c� ,d���, where the prime means “transpose.”

2. Matching conditions: One laser

The wave functions and their derivatives with respect to x
may be written in the following way in each of the zones.
Outside the interaction region ��=I , III�,

�
g��x�
e��x�
ġ��x�
ė��x�

� = M0�x��
a�

b�

c�

d�

� , �B4�

and inside the field ��=II�

�
g��x�
e��x�
ġ��x�
ė��x�

� = Mb�x,�1��
a�

b�

c�

d�

� , �B5�

where the dot represents derivative with respect to x. The M
matrices are explicitly given by

M0�x� =�
eikx e−ikx 0 0

0 0 eiqx e−iqx

ikeikx − ike−ikx 0 0

0 0 iqeiqx − iqe−iqx
� ,

Mb�x,�� =�
eik+x e−ik+x eik−x e−ik−x

2�+

�
e−i�eik+x 2�+

�
e−i�e−ik+x 2�−

�
e−i�eik−x 2�−

�
e−i�e−ik−x

ik+eik+x − ik+e−ik+x ik−eik−x − ik−e−ik−x

ik+
2�+

�
e−i�eik+x − ik+

2�+

�
e−i�e−ik+x ik−

2�−

�
e−i�eik−x − ik−

2�−

�
e−i�e−ik−x� . �B6�

With this notation, the matching conditions at x=x1 and x
=x2 can be written as

M0�x1�vI = Mb�x1,�1�vII, �B7�

Mb�x2,�1�vII = M0�x2�vIII. �B8�

Eliminating vII from the system above, we end up with a
transfer matrix T�x1 ,x2 ,�1� which connects the amplitudes
of both sides,
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vI = T�x1,x2,�1�vIII, �B9�

defined by

T�x1,x2,�� = M0�x1�−1Mb�x1,��Mb�x2,��−1M0�x2� .

�B10�

3. Phase dependence

The explicit dependence of the �one laser� transfer matrix
on the laser phase � �we drop the laser index n� is as fol-
lows:

T�x1,x2,�� =�
T̃11 T̃12 ei�T̃13 ei�T̃14

T̃21 T̃22 ei�T̃23 ei�T̃24

e−i�T̃31 e−i�T̃32 T̃33 T̃34

e−i�T̃41 e−i�T̃42 T̃43 T̃44

� ,

where the tildes represent the phase-free form of the ampli-

tudes, i.e., T̃ij =Tij��=0�.

4. Multiple laser fields

Clearly we may repeat step by step the operations above
for the second and third laser. The results are formally the
same, except for the substitution of the matching points and
the laser phase. We may then write

vI = T�x1,x2,�1�vIII, �B11�

vIII = T�x3,x4,�2�vV, �B12�

vV = T�x5,x6,�3�vVII, �B13�

and relate the waves on the extremes by

vI = T�x1,x2,�1�T�x3,x4,�2�T�x5,x6,�3�vVII. �B14�

APPENDIX C: RECURRENCE RELATIONS

Consider, for the nth laser located between xi and xf, the
following “elementary” scattering boundary conditions cor-
responding to incidence of a wave in one channel from the
left or right.

�1� Left incoming, ground state:

�
1

�rn�gg
l

0

�rn�ge
l
� = T�n��xi,xf��

�tn�gg
l

0

�tn�ge
l

0
� . �C1�

�2� Left incoming, excited state:

�
0

�rn�eg
l

1

�rn�ee
l
� = T�n��xi,xf��

�tn�eg
l

0

�tn�ee
l

0
� . �C2�

�3� Right incoming, ground state:

�
0

�tn�gg
r

0

�tn�ge
r
� = T�n��xi,xf��

�rn�gg
r

1

�rn�ge
r

0
� . �C3�

�4� Right incoming, excited state:

�
0

�tn�eg
r

0

�tn�ee
r
� = T�n��xi,xf��

�rn�eg
r

0

�rn�ee
r

1
� . �C4�

Thus, for each laser we have a system of 16 equations which
can be solved to give the transfer matrix T�n� elements as a
function of the single field scattering amplitudes �r��ij

r,l, or
the other way around, the single field scattering amplitudes
in terms of the transfer matrix elements. Combined with Eq.
�B10�, this provides explicit, exact expressions for the scat-
tering amplitudes.

1. Tij
(n) as a function of (rn)i,j

l,r and (tn)i,j
l,r

We have dropped the n index of the laser for simplicity.

T11 = tee
l /f ,

T12 = �rge
r teg

l − rgg
r tee

l �/f ,

T13 = − teg
l /f ,

T14 = �ree
r teg

l − reg
r tee

l �/f ,

T21 = �rgg
l tee

l − reg
l tge

l �/f ,

T22 = tgg
r −

rgg
l rgg

r tee
l − rgg

l rge
r teg

l − reg
l rgg

r tge
l + reg

l rge
r tgg

l

f
,

T23 = �reg
l tgg

l − rgg
l teg

l �/f ,

T24 = teg
r −

rgg
l reg

r tee
l − rgg

l ree
r teg

l − reg
l reg

r tge
l + reg

l ree
r tgg

l

f
,

T31 = − tge
l /f ,

T32 = �rgg
r tge

l − rge
r tgg

l �/f ,

T33 = tgg
l /f ,

T34 = �reg
r tge

l − ree
r tgg

l �/f ,

T41 = �rge
l tee

l − ree
l tge

l �/f ,

T42 = tge
r −

rge
l rgg

r tee
l − rge

l rge
r teg

l − ree
l rgg

r tge
l + ree

l rge
r tgg

l

f
,
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T43 = �ree
l tgg

l − rge
l teg

l �/f ,

T44 = tee
r −

rge
l reg

r tee
l − rge

l ree
r teg

l − ree
l reg

r tge
l + ree

l ree
r tgg

l

f
,

�C5�

with the common denominator f defined by

f = tee
l tgg

l − teg
l tge

l . �C6�

2. (rn)i,j
l,r and (tn)i,j

l,r as a function of Tij
(n)

We have dropped the n index of the laser for simplicity.

rgg
l = − �− T23T31 + T21T33�/F ,

rge
l = �− T33T41 + T31T43�/F ,

reg
l = − �− T13T21 + T11T23�/F ,

ree
l = − �− T13T41 + T11T43�/F ,

rgg
r = �− T13T32 + T12T33�/F ,

rge
r = − �T12T31 − T11T32�/F ,

reg
r = �T14T33 − T13T34�/F ,

ree
r = − �T14T31 − T11T34�/F ,

tgg
l = − T33/F ,

tge
l = T31/F ,

teg
l = T13/F ,

tee
l = − T11/F , �C7�

tgg
r = −

− T13T22T31 + T12T23T31 + T13T21T32 − T11T23T32 − T12T21T33 + T11T22T33

F
,

tge
r = −

T13T32T41 − T12T33T41 − T13T31T42 + T11T33T42 + T12T31T43 − T11T32T43

F
,

teg
r = −

T14T23T31 − T13T24T31 − T14T21T33 + T11T24T33 + T13T21T34 − T11T23T34

F
,

tee
r = −

− T14T33T41 + T13T34T41 + T14T31T43 − T11T34T43 − T13T31T44 + T11T33T44

F
, �C8�

where the common denominator F is given by

F = T13T31 − T11T33. �C9�

APPENDIX D: EXPLICIT EXPRESSIONS OF THE
QUANTUM SCATTERING AMPLITUDES

We give here explicit expressions for the amplitudes in
Eq. �22�.

1. Four direct paths

There are four possible paths leading to an excited atom
with no reflection. These are the corresponding amplitudes,

A1
q = �t1�ge

l �t2�ee
l �t3�ee

l ,

A2
q = �t1�ge

l �t2�eg
l �t3�ge

l ,

A3
q = �t1�gg

l �t2�ge
l �t3�ee

l ,

A4
q = �t1�gg

l �t2�gg
l �t3�ge

l . �D1�

2. 22 paths with two reflections

The quantum amplitudes Bi
q for all 22 possible paths lead-

ing to a transmitted excited atom including two reflections,
provided that the perfect �-pulse at the second laser flips the
atomic state are explicitly given by

B1
q = �t1�gg

l �r2�gg
l �r1�gg

r �t2�ge
l �t3�ee

l ,

B2
q = �t1�gg

l �r2�gg
l �r1�ge

r �t2�eg
l �t3�ge

l ,

B3
q = �t1�gg

l �t2�ge
l �r3�eg

l �r2�gg
r �t3�ge

l ,

B4
q = �t1�ge

l �t2�eg
l �r3�gg

l �r2�gg
r �t3�ge

l ,
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B5
q = �t1�gg

l �r2�ge
l �r1�eg

r �t2�ge
l �t3�ee

l ,

B6
q = �t1�gg

l �r2�ge
l �r1�ee

r �t2�eg
l �t3�ge

l ,

B7
q = �t1�gg

l �t2�ge
l �r3�eg

l �r2�ge
r �t3�ee

l ,

B8
q = �t1�ge

l �t2�eg
l �r3�gg

l �r2�ge
r �t3�ee

l ,

B9
q = �t1�ge

l �r2�eg
l �r1�gg

r �t2�ge
l �t3�ee

l ,

B10
q = �t1�ge

l �r2�eg
l �r1�ge

r �t2�eg
l �t3�ge

l ,

B11
q = �t1�gg

l �t2�ge
l �r3�ee

l �r2�ee
r �t3�ee

l ,

B12
q = �t1�gg

l �t2�ge
l �r3�ee

l �t2�eg
r �r1�gg

r �t2�ge
l �t3�ee

l ,

B13
q = �t1�gg

l �t2�ge
l �r3�eg

l �t2�ge
r �r1�eg

r �t2�ge
l �t3�ee

l ,

B14
q = �t1�gg

l �t2�ge
l �r3�ee

l �t2�eg
r �r1�ge

r �t2�eg
l �t3�ge

l ,

B15
q = �t1�gg

l �t2�ge
l �r3�eg

l �t2�ge
r �r1�ee

r �t2�eg
l �t3�ge

l ,

B16
q = �t1�ge

l �t2�eg
l �r3�ge

l �r2�ee
r �t3�ee

l ,

B17
q = �t1�ge

l �r2�ee
l �r1�eg

r �t2�ge
l �t3�ee

l ,

B18
q = �t1�ge

l �t2�eg
l �r3�ge

l �t2�eg
r �r1�gg

r �t2�ge
l �t3�ee

l ,

B19
q = �t1�ge

l �t2�eg
l �r3�gg

l �t2�ge
r �r1�eg

r �t2�ge
l �t3�ee

l ,

B20
q = �t1�ge

l �r2�ee
l �r1�ee

r �t2�eg
l �t3�ge

l ,

B21
q = �t1�ge

l �t2�eg
l �r3�ge

l �t2�eg
r �r1�ge

r �t2�eg
l �t3�ge

l ,

B22
q = �t1�ge

l �t2�eg
l �r3�gg

l �t2�ge
r �r1�ee

r �t2�eg
l �t3�ge

l . �D2�

3. Phase dependence of the scattering amplitudes

The dependence of each of the path amplitudes on the
laser phases are easily obtained from the two-channel recur-
rence relations and the transfer matrix formalism. If the
phase-free amplitudes �for all �n=0� are denoted by tildes,
we have

A1
q = e−i�1Ã1

q,

A2
q = e−i��1−�2+�3�Ã2

q,

A3
q = e−i�2Ã3

q,

A4
q = e−i�3Ã4

q,

B1
q = e−i�2B̃1

q,

B2
q = e−i��1−�2+�3�B̃2

q,

B3
q = e−i�2B̃3

q,

B4
q = e−i��1−�2+�3�B̃4

q. �D3�
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