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The physical significances and the pros and cons involved in the usage of different time-delay formalisms
are discussed. The delay-time matrix introduced by Eisenbud, where only s waves participate in a reaction, is
in general related to the definition of an angular time delay which is shown not to be equivalent to the so-called
phase time delay of Eisenbud and Wigner even for single channel scattering. Whereas the expression due to
Smith which is derived from a time-delayed radial wave packet is consistent with a lifetime matrix which is
Hermitian, this is not true for any Eisenbud-type lifetime matrix which violates time-reversal invariance.
Extending the angular time delay of Nussenzveig to multiple channels, we show that if one performs an
average over the directions and subtracts the forward angle contribution containing an interference of the
incident and scattered waves, the multichannel angle-dependent average time delay reduces to the one given by
Smith. The present work also rectifies a recently misinterpreted misnomer of the relation due to Smith.
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I. HISTORICAL DEVELOPMENT OF DIFFERENT DELAY-
TIME CONCEPTS

The concept of time delay was introduced around the year
1950 by different authors [1-3]. Eisenbud and Wigner intro-
duced it [1,2] by following the peak of spherical wave pack-
ets. This approach is widely used in tunneling and is com-
monly known as a phase time delay since it involves the
energy derivative of the scattering phase shift. Eisenbud [1]
also considered multichannel time delay, however, in the
context of s-wave scattering only. He obtained an expression
which is closely related to the angular time delay as defined
by Froissart, Goldberger, and Watson [4]. An entirely differ-
ent approach based on the concept of “dwell time” was in-
troduced by Smith in 1960 [5]. The average dwell time had a
rather straightforward meaning of the average time spent by
particles interacting in a certain region (with the average be-
ing over the scattering channels). The time delay was then
the difference of the time spent with and without interaction.
This concept became quite popular in the later years in dif-
ferent branches of physics and is also used currently in the
context of chaotic scattering [6]. The average dwell time
concept finds application in tunneling problems [7] too,
where the average is over the reflection and transmission
channels. Smith defined a lifetime matrix, Q, which is Her-
mitian and is nicely related to the scattering S matrix, such
that one can even define a time operator and find a relation
which when inverted allows one to compute S from Q. In-
deed, Lippmann defined a similar time delay operator in
1966 [8]. A mathematically rigorous discussion of the multi-
channel time delay as derived by Smith can be found in a
paper by Martin [9]. The application of delay-time relations
to study resonances ranges from atomic physics [10] to par-
ticle and nuclear physics, where, the method was applied to
study baryon, meson, and pentaquark unstable states [11,12].

II. TIME-DELAYED WAVE PACKETS

The discussions on delay times often begin with a narrow
one-dimensional wave packet, where one tries to answer at
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what value of x would the wave packet W(x,7) be peaked at
a given point of time 7. It is in this spirit that Wigner started
with a time-dependent wave function composed of two fre-
quencies [2], wrote down the spherical wave packet in the
asymptotic region and evaluated the delay in the emergence
of the wave packet due to interaction. Thus, starting with the
asymptotic form of a wave packet, such as

1 )
W(r,t) = —=[e ) cos(rAk + tAw)
\Nr

— =029 cog(rAk — tAw + 2A8)], (1)

one finds that the first term has a peak at r,=—t(dw/dk),
where dw/dk is the group velocity. The second term has a
peak at r,=(dw/dk)t-2d5/dk and the interaction has de-
layed the particle by a time Ar=2(dw/dk)"'ds/dk
=2hd &b/ dE, where J is the scattering phase shift.

One could start with a wave packet corresponding to the
asymptotic form of the full wave function,

. R eikr
Wi(F) = ™" +f=— (2)

and choose to perform a partial wave expansion of Wi(7),
namely,

Lu(lLk,r) A R
WP =472 i ==Y (k)Y (F), 3)
Im
such that,
u(l,k,r) — é[e—i(kr—lfn-/z) _ SI(E)ei(kr—lﬂ-/Z)] , (4)

with the /-dependent S-matrix given by SY(E)=exp(2i8). If
one now performs the same procedure as that of Wigner, but
with 28 replaced rather by {Im In[S/(E)]}, then one obtains
an [-dependent time delay, A7(E) given by
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AME) =% Im diE[ln S{(E)]=Re[- ik([S']'dS"1dE)].

(5)

Depending on the wave packet whose peak we choose to
follow, which can either contain the full asymptotic wave (2)
or the radial one (4), two different delay times emerge. We
perform this analysis for the multichannel case.

Equation (4), for scattering with multiple channels takes
the form

ull.k,r) = g(lk,r) = 2 SL(E) (L k1), (6)

where ¢;(l,k,r) is the incoming plane wave and qS:(l k,r)
are outgoing ones in all possible channels. The complex mul-
tichannel S-matrix elements, Sﬁn(E), can in general be param-
etrized in terms of an energy-dependent function 7, (E) and
a phase & (E) as S! (E)= nﬁn(E)e"én(E). To evaluate the time
delay of a particle entering in the ith channel and leaving in
the jth one, we rewrite 2&j=lm(ln Sﬁj). Once again, follow-
ing the peak of the wave packet in the radial direction [simi-
lar to that given by Eq. (1) but with the incoming and out-
going plane waves replaced by the ¢, ;(I,k,r)’s mentioned

above and 26 replaced by Im(ln Sfj)], one obtains

d
At(E) = hE(Im In ) =Re[- ih([S};]"'dS}/dE)], (7)

where Sfj are elements of a multichannel S-matrix, S, how-
ever, for a given partial wave [. The superscript / was not
given by Smith, but was implicit in the entire derivation. If
one does not perform a partial wave expansion, but rather
prefers to work with the full wave function as in Eq. (2), then
the time delay is that of the full wave packet and is propor-
tional to the argument of the full scattering amplitude f(k)
[13]. For the single channel case, one can simply write

AF(E, §) = haiE arg[ (k. 0)]. (8)

This is an angular time delay of the full wave packet [14]
and is not trivially connected to the time delay of Wigner or
Smith even in the single channel case. If however, one aver-
ages over the angles, this delay becomes proportional but not
equal to the energy derivative of the phase shift as defined by
Wigner and also obtained by Smith for single channel reso-
nances. In the more general case of multichannel resonances,
the angular time delay takes the following form [15]:

N d
At?j £(E,0) = ﬁE arg(S;;— &)

d
= ﬁE[Im ln(Sij - 51,)]

=Re{-ik[(S;;— 5;)"'dS;/dE]}, 9)

where, §;; is the Kronecker 6 and the elements S;; belong to
the full S-matrix which is not decomposed into partial waves.
Equations (7) and (9) appear to be of a similar form when
i # j, however, Eq. (7) involves an /-dependent S-matrix and
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Eq. (9) involves the full one which has not been expanded
into partial waves. We shall see below that one cannot di-
rectly use the relation (9) to evaluate the time delay in a
single partial wave /.

III. OBSERVABLE ANGULAR TIME DELAY

With the time delay of Smith [Eq. (7)] being given for
each value of /, it is quite useful in analyzing hadron reso-
nances which are classified according to their / values. The
angular time delay in Eq. (9), however, corresponds to the
delay of an entire wave packet. We shall now perform a
partial wave expansion of the S-matrix in order to investigate
if this relation can be brought into a form useful for charac-
terizing hadron resonances. We restrict the discussion to the
scattering of spin zero by spin one-half particles (since it
corresponds to the realistic case of pion-nucleon scattering
which we will discuss later as an explicit example). Alterna-
tively, all of our formulas are valid for the scattering of spin-
less particles. For a given state of angular momentum J, [
may take values, J+1/2 or J—1/2 and due to conservation
of parity, the initial and final state carry the same angular
momentum /. Neglecting the possibility of a spin-flip ampli-
tude for the present discussion, one can write the partial
wave expansion of the non-spin-flip amplitude in the case of
single-channel scattering as

(E,0) = >, T)P(cos 6), (10)
1

where the T-matrix here is given as (2/+1)(S;—1)/2ik, with
S;=exp(2i5) and & is the scattering phase shift. The argu-
ment of the scattering amplitude f(E, ) which appears in the
definition of angular time delay (8), is then,

> |7/ P(cos(6))sin(¢h)

arg f(E, 6) = arctan (11)

1
2 |T|P(cos())cos(¢)
]

with T,=|T)|e’®. The energy derivative of arg f(E,#) in-
volves an expression entangled in all I’s which is not of
much use to analyze hadron resonances. However, if one
evaluates an angle-averaged time delay with the f written in
terms of partial waves, one obtains

J d
hj IA(E, 0)|2£ arg f(E, 0)dQ) = 477%? |T,|2E(arg T).

(12)

In the single channel case, arg 7)= &), where & is the scatter-
ing phase shift, and

hf IA(E, 0)|2£? arg f(E, 0)dQ)

s
- k—ZE (21+ 1)2 sin® 5,<2ﬁd—£>. (13)
1

One could now use such a relation for characterizing reso-
nances classified by partial waves. This angle-averaged rela-
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tion is not equal but somewhat similar to that obtained by
Wigner, namely, 2Ad 6,/ dE.

Nussenzveig [14] introduced an additional term to sub-
tract the time delay in the forward direction where the inci-
dent beam interferes with the scattered one. Performing an
angle average as above but with the new term included, it is
easy to show that for single channel scattering,

J 27 d
% f IF(E. 0~ - arg fE. )+ k—?ﬁ[k Re f(E,0)]

v d(sl
== 20+ 1)2h—. 14
kz;( +1) IE (14)

One recovers back the Wigner’s phase time delay result now.
Eisenbud’s multichannel delay-time matrix. In 1948,
Eisenbud [ 1] obtained the phase time delay in single channel
scattering which can also be found in [2] and is given by the
energy derivative of the scattering phase shift. He further
derived the multichannel generalization by restricting to the
case where “all subsystems have spin zero and only waves
with /=0 participate in the reaction.” He wrote down the
following relation for a time-delay matrix with elements:

. d
AL NE) = d—E[s— 11;. (15)

This expression is similar to the angular time delay discussed
above. Since Eisenbud did not consider anything but s
waves, in connection with the example of a constant phase
multichannel Breit-Wigner resonance, he concluded that his
relation in the case of single channel scattering, reduces to
that of the phase time delay defined by him before. Eisen-
bud’s time delay for s waves was obviously angle indepen-
dent. However, in the general (and more realistic) case of
several partial waves participating in a reaction, we have just
seen that (a) it does not reduce to any useful form unless we
perform an angle averaging and (b) even after the angle av-
eraging, it reduces only to Eq. (13) which has an extra sin® &,
term as compared to the phase time delay.

IV. LIFETIME MATRICES

The concept of a lifetime matrix in quantum collisions
was first introduced by Smith [5]. A collision lifetime was
first defined as the limit, R — o, of the difference between
the time that the scattering particles spend within a distance
R of each other, with and without interaction. The definition
of this time as introduced by Smith, is now popularly known
as the dwell time and is used in a variety of quantum me-
chanical tunneling problems [16].

A. Smith’s Hermitian matrix

The collision lifetime was used to construct a lifetime
matrix Q, such that Q was Hermitian and a diagonal element
Q;; gave the average lifetime of a collision beginning in the
ith channel. This Q matrix has some elegant properties,

Q= i#8dS"/dE = - ih(dS/dE)S" = Q,
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Q=-StS"=(tS)S",

S=1—(i/ﬁ)wa(E’)S(E’)dE’. (16)
E

The first line of these equations shows that Q is Hermitian.
The second line identifies a time operator and the third line
shows that one can find S from Q as a function of energy, by
inverting the relation given above. The diagonal elements Q;;
define an average delay time for a particle injected in the ith
channel. Since the particle has probability |S;|* of emerging
in the jth channel, one can write,

%

(ALYE) =S 7Sl = Re(— inS Sj‘jldsgi/dE) =0
J J

(17)

The angular brackets indicate the average over channels. We
remind the reader once again that the above S-matrix ele-
ments, Sf/- and hence the Q-matrix elements, Q%; (or Q;; as in
Smith’s paper), are for a given value of /.

B. Ohmura’s angle-dependent lifetime matrix

One can try to construct an angle-dependent lifetime ma-
trix from the angular time-delay expression (9) in the same
spirit and one obtains [15]

(AEPEE, 0) = 2 (ST = 8,;)(S; - 8, Ariye
J
= Re(— ihY (S~ @j)dsij/dE>

J
=Q;*(E.0). (18)

Note that the average time delay in the angular case involves
weighting the Ar[® (=Re{-i%[(S;;—&,)7'dS;;/dE]}) by the
probabilities, |S;;—9; 2, with S;; being elements of the full
S-matrix with no partial wave expansion. It can be easily
seen that

Q™(E, 0) = if(S — 1)%(8 -DT#- iﬁ(é(s - 1)>(S -1)f

=Q™ (E,0). (19)

The elements of Q*%, namely,

ON*(E, 0) = i 2, (S, = 8,,)dS, JdE, (20)

are not symmetric (Qj*# Q5) and hence the time-delay is
not time-reversal invariant. Indeed, it would be odd to expect
of a time delay which depends on the angle of the outgoing

particles to be time-reversal invariant.

C. Angle- and channel-averaged time delay

In the preceding section, we see that in the single channel
scattering, if one averages the angular time delay over all
directions and subtracts a forward scattering term, one in-
deed recovers Wigner’s phase time delay which is consistent
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with Smith’s time-delay matrix expression (7). We now dem-
onstrate that using a similar procedure one can reduce the
average time delay (average over channels) given by Ohmura
to the /-dependent average time delay, Q”, given by Smith.
For a particle entering in the ith channel and with the possi-
bility of emerging in some jth channel, we begin by consid-
ering the angle- and channel-averaged expression, namely,

. 1%
W0 =S [ 1,50 2% are (5,00
J

+ FdE[k i Re fi,(E,0)]. (21)
The angular brackets indicate the average over channels, and
the subscript av indicates the average over directions. Ex-
pressing the f,j in terms of partial waves as before, notlcmg
that Tl (S )/ 2ik, and using as before, arg(S ;)
=Im ln(S ;) the first term on the right-hand side of the
above equation becomes

(AFMey,  =4mh Y, >, 21+ 1)|T |2—(arg 7))
ol

E (20 + 1)2 (St = 8,)"(Si; = 8,)

. [
XRC(— lﬁ(S” ) ldE U)

- k_ZE (21 + 1) X (5= 3;) (= 3 [Ary "™,
1 j
(22)

Starting with the angle-dependent multichannel time-delay
matrix, we have now obtained a new definition of an angle-
averaged and / dependent time-delay matrix with elements
[Atfj]“ew. Since the factor (Sﬁj—@-j)*(Sﬁj—é‘ij) is real, one can
rewrite the above equation as

an . [ [
<At g)dvl = k—EZ (21+ I)RC(— lﬁ; (Slj )*d_ESU)
m *l i
== 2[+1)R ih2, S ih—S
kz;( +1) e[( 2}‘, i S >+ s ”]
=23 @1+ 1)<Q —fIm is’) (23)
- k2 ; it dE ii

The Q' above is indeed a diagonal element of Smith’s life-
time matrix and hence also his channel-averaged time delay
for a particle being injected in the channel i. If one now
evaluates the second term in Eq. (21) in a similar way as the
first, it is easily verified to exactly cancel the second term in
the last line of Eq. (23), such that

(AEP), (E) = k—ZE 21+ 1)QLE). (24)
1
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V. NEGATIVE TIME DELAY

The relevance of a “delay time” for resonances comes
from the fact that the creation and propagation of an unstable
intermediate state in a scattering reaction, delays the reac-
tion. Below, we shall discuss different aspects of negative
time delay and try to clarify some misconceptions in litera-
ture.

A. Misinterpreted misnomer

In a recent work [17], the example with a Breit-Wigner
resonance from Eisenbud [1] was reproduced to demonstrate
that the time-delay relations due to Smith and Eisenbud dif-
fer. The authors, however, wrongly interpreted a misnomer to
be an error which propagated in literature due to Smith. It is
probably due to the fact that Eisenbud’s paper remained as a
thesis that the multichannel time-delay relation (7) which is
entirely due to Smith was often mentioned to be due to
Eisenbud. Repeating the example from Eisenbud’s paper of a
two-channel Breit-Wigner resonance with one phase in the
T-matrix, the authors reached the conclusion that Eisenbud’s
time delay is positive and the same for both channels in
contrast to that due to Smith which can be negative for a
channel with a branching fraction less than one-half. There
are several points worth noting:

(i) The general form of Eisenbud’s time delay which de-
pends on the S-matrix which has not been decomposed into
partial waves cannot be directly compared with that of Smith
which is written for a particular [ [see Egs. (7)—(9) and the
discussion below Eq. (9)].

(ii) If one assumes the existence of only s waves in reac-
tions (as Eisenbud did in his paper), then the two delay times
can be compared. However, as we shall see below, even in
this case, there is no need for Eisenbud’s time delay to be
equal in both channels and positive.

(iii) Probably not having noticed that the lifetime matrix
definition for an angular time delay differs from that of the
radial time delay as given by Smith [see Eqgs. (16)—(20)], on
the one hand the authors in [17] claimed that Smith’s work
has propagated an error (which was actually a misnomer) in
literature, and on the other hand, used his definition of the
lifetime matrix (which is consistent with his time-delay ma-
trix). This definition was indeed used to demonstrate the va-
lidity of speed plots for characterizing resonances.

(iv) Referring to Smith’s radial time delay in the multi-
channel case as a misquoted relation, it was inferred that the
conclusions regarding negative time delay in [11,12] were
wrong. In what follows, we shall see how regions of negative
time delay manifest themselves with the opening of inelastic
channels in elastic scatterings.

In order to be able to compare the angular and radial
time-delay relations, let us restrict ourselves to the situation
in Eisenbud’s paper where only s waves participate in reac-
tions. We start with a multichannel, unitary, 2 X2 matrix
[18],

ezi51 l(

g 7 1—- 772)1/261'(§l+52)
- i(l _ 772)1/2€i(51+52)

) , (25
e ) (25)
where 8, and &, are the real scattering phase shifts for the
elastic scattering (1—1 and 2—2) in channels 1 and 2 and
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7 is the inelasticity parameter (with 0<<7<1). Smith’s ra-
dial time-delay matrix then takes the form

1d
dé,/dE ——(6,+ &
| 1 2dE( |+ 6)
ASmith = 27 . (26)
1d
EE(&[ + 52) d(Sz/dE

The time-delay matrix of Eisenbud has elements with terms
involving energy derivatives of the phase shift as well as
inelasticity. For example,
A Bisenbud _ 2[7* = 5 cos(26,)]dS/dE — sin(28)dn/dE

" 1+ 77 =27 cos(26)

(27)

It can be seen that Az5*™! may not necessarily be the same

as Arssem™d for the obvious reason that & may not be the
same as &,. Both the delay times, due to Smith and Eisenbud
may not necessarily be positive in the two channels. As an
example, we consider the phase shifts and the #-matrix phase
for pion-nucleon elastic scattering in the vicinity of the
nucleon resonances, N*(1510) and N*(1655), where the
masses in parentheses correspond to the pole positions.
These resonances occur in the /=0 partial wave, with total
spin J=1/2 and isospin I=1/2 (with the label S;; in the
notation I, ;).

One can see that the regions of negative time delay grow
with increasing inelasticity. Both the N* resonances never-
theless show up as positive peaks in both the Eisenbud and
Smith delay times.

B. Density of states and the classical example of averages

Beth and Uhlenbeck [19], while calculating virial
coefficients B,C in the equation of an ideal gas,
pV:RT(l+€+%+“~), found that the difference between
the density of states (of scattered particles) with interaction
dn)(E)/dE and without dn}o)(E)/dE is

dn _dn(E) dn{’(E) 21+1d3(E)

(28)
dE~ dE dE 7 dE

In a resonant scattering, this is the density of states of a
resonance (in terms of the decay products) [20]. For instance
T= (FR/Z)/(ER—E—ZFR/Z), giVeS

45 Ty2

- — k= 29
dE  (Ex—E)*+T%/4 29)

This interpretation is also useful in analyzing the survival
probabilities of resonances in all partial waves and at all
energies [20] except the near-threshold s-wave resonances
[21]. The right-hand side of the Beth-Uhlenbeck formula can
be seen to be the so-called phase time delay [and so are the
diagonal elements of Smith’s multichannel time delay matrix
(26)]. In the case of s-wave resonances, the phase and dwell
time delay become equal at high energies [21]. Coming back
to Smith’s definition of time delay which is the difference
between the time with and without interaction, taken together
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FIG. 1. The T-matrix phase (dashed lines) and scattering phase
shifts (solid lines) for the §;; resonances occurring in pion-nucleon
elastic scattering. The dotted-dashed lines are inelasticities (1—7?)
with the scale given on the right-hand side. The lower part of the
figure contains the time-delay plots using Smith’s and Eisenbud’s
relations.

with the results in [22] which showed that dwell times cor-
respond to densities of states in a region, the connection
between time delay and the difference in the density of states
becomes more transparent.

In the case of single channel scattering, one expects the
time delay of Wigner and Smith to peak in the vicinity of a
resonance. This is intuitively based on the fact that an un-
stable particle (seen as an intermediate state becoming on-
shell) has a finite lifetime which delays the reaction. In such
a case, the time interval of, spent by the particle during the
scattering process is Ot=ty+ At where At>0 is the contri-
bution due to interaction and of, is the time spent without
interaction. In the case of multichannel resonances, this pic-
ture must be modified. If the branching ratio, I';/T" (I'; and T’
are the partial and full widths, respectively) of the elastic
channel i is close to one, the validity of the above interpre-
tation remains. Smaller branching ratios lead, however, to
negative delay times (Ar<<0) due to the loss of flux in this
channel. We can explain it by using classical averages which
mimic the quantum ones in the delay times. In the multichan-
nel case, ot is now the time Ofiyeraciion SaY, Weighted with the
probability of arrival. If we start with N particles scattering
on a target, due to absorption (i.e., the opening of a new
channel) only N,<N will emerge after scattering. Hence,
8t=(N,/ N) Stiperaction» DUt Oty remains unchanged. As a result,
we obtain Ar=(N,/N)Stiperaction— Ofo- If due to a resonance
5tinteraclion> 5t07 it can still happen that (N a/ N ) é\tinleraction
< 8ty, and therefore Ar<<0 if N,/N is small corresponding to
a small branching ratio in this channel. This classical picture
is not very far from what really happens to the quantum
concept of time delay. Indeed, in Fig. 1, At has a negative dip
exactly at the very same position where the inelasticity is
largest.
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VI. CONCLUSIONS

According to the wave-packet analysis of the scattered
wave, there are only two viable time-delay concepts in quan-
tum scattering. The first one is due to Smith involving the
S-matrix elements after a partial wave decomposition has
been performed. As a result, this time delay depends only on
energy. The other possibility is conceptually similar, but
makes use of the full 7-matrix (S=1+2i7) and is energy and
angle dependent. Whereas Smith’s approach is more suitable

PHYSICAL REVIEW A 78, 012709 (2008)

for resonant scattering with resonances classified according
to the / quantum number, the angular time delay is a directly
measurable concept. Not even in a single channel scattering
formalism will these two agree. Only in an artificial world of
a single channel with the restriction to s waves only, we
obtain arg f=arg T)_o=arg S;—p as considered by FEisenbud
who introduced the time delay concept. It is however pos-
sible to make a connection between the two quantum time
concepts. Averaging the angular time delay over angles and
channels gives us back the average time delay of Smith.
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