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Ab initio calculations of 0.01–10 eV collisions of positrons with fullerene C20 are performed using a
single-center expansion of the total wave function and a model potential to represent the positron-molecule
interaction. Total elastic cross sections and eigenphase sums are generated and analyzed, while bound states
and possible long-lifetime scattering resonances are explored, particularly those which are found to reside
within the cage structure defined by the carbon atoms of the cluster.
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I. INTRODUCTION

Fullerenes are a class of closed polyhedral carbon clusters
Cn, characterized by a truncated icosahedral structure con-
sisting of pentagonal and hexagonal faces among n carbon
vertices �1�. Consisting only of pentagonal faces, the small-
est fullerene believed to exist is C20 �2�. Unlike the larger
C60, icosahedral C20 has an electronic structure with an un-
filled g orbital, so the cage suffers Jahn-Teller distortion that
leads to a lower symmetry equilibrium structure �3–5�.

Theoretical investigation of the structure of C20 have
mostly attempted to distinguish energy levels among several
structural conformations, from fullerene “cage” and corannu-
lene “bowl,” to rings and monocyclic chains �3,6–21�. The
results vary widely with the level of theory, as tabulated by
Sokolova et al. �15�. Although the cage has been calculated
to be among the lowest in total energy, particularly among
the density-functional theory �DFT� and post-Hartree-Fock
methods �3,14�, due to the highly strained geometry of
fullerene C20 caused by its violation of the “isolated penta-
gon rule” �2�, a few significant reports �22,23� have cast
doubt on its very existence.

Until fairly recently, the lack of experimental evidence of
fullerene C20 has supported the conclusion that it does not
exist as a stable structure �10�. Additionally, experimental
observation of C20 ions created by graphite vaporization
shows monocyclic rings as the dominant structure �22� and
subsequent DFT computations have confirmed that rings
comprise the predominant products of graphite laser ablation
�24�. Raman spectra of isolated C16, C18, and C20 clusters
indicate that all three have the same type of geometry, which
immediately rules out the corannulene bowl and fullerene
cage as possible isomers �25�. Using Car-Parrinello molecu-
lar dynamics simulations, Brabec et al. �26� have proposed
that C20 rings form in preference lower-energy cages, while
going to bowl isomers with increasing temperature.

On the other hand, the mass spectra of the clusters evapo-
rated from carbon nanotubes suggest the formation of cat-
ionic fullerene C20

+ and not chains or rings �27�. The ques-
tion of the existence of gas-phase fullerene C20, however,
was not settled until Prinzbach and co-workers �28� pio-
neered its synthesis from dodecahedrane �C20H20�. The pho-

toelectron spectrum of the fullerene anion C20
−, shows an

electron affinity of 2.25 eV and a vibrational progression of
730 cm−1. Saito and Miyamoto �29�, in their hybrid time-
dependent DFT calculation, found an electron affinity of 2.86
eV and an overall agreement with the experimental spec-
trum. At nearly the same time as the first synthesis of the
gas-phase fullerene, the molecular solid dodecahedral fuller-
ite C20 has been synthesized from Ar+ ion irradiation of high
molecular weight polyethylene �30�. Iqbal et al. �31�, under
radically different conditions, have synthesized the solid
from UV laser ablation of thin diamondlike carbon films.
Considerable interest lies in the fullerite because of predic-
tions that different phases may be either semiconductors or
superconductors �32�.

Many of the properties of fullerene C20 beyond geometric
optimization, reviewed in depth by Orden and Saykally �23�
and Lu and Chen �33�, have been obtained only theoretically.
These include computations of the polarizability of the series
of fullerene clusters �34�, with the C20 isomer constrained to
the icosahedral �Ih� point group, the first ionization potential
�35�, and the vibrational spectrum �36,37�. Therefore, in the
case of electron, photon, and, particularly, the positron phys-
ics that forms the basis of this report, much of the discussion
will compare results obtained here to the theoretically �38�
and experimentally �39� better-characterized fullerene C60.
We will very briefly state below the results relevant for the
present discussion.

In addition to having a low electron affinity of nearly 2.7
eV �40,41�, numerous electron attachment experiments have
confirmed the existence of long-lived anionic metastable
states in gas-phase C60 �42–44�, during which almost no vi-
brational excitation takes place �45�. Inelastic electron scat-
tering cross sections of the gas-phase fullerene show many of
the same features as the solid, with the band shifts due pri-
marily to the collective vibrations of the latter �46�. The
similarity of the valence photoelectron spectra of thin-film
C60 to that of the gas phase has been noted as well �47�.

Photophysical processes of C60 have received less atten-
tion �48�: Berkowitz �49� has constructed the absolute pho-
toabsorption cross spectrum of C60 from the patchwork of
available relative and absolute experiments, while Becker
and co-workers have performed a series of photoelectron an-
gular distribution measurements over a range of photon en-
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ergies �50–52�, noting not only similar photoelectron spectra
of the gas phase to the solid phase �53�, but also the origin of
the photoionization cross section oscillations of the highest
occupied molecular orbitals �HOMO�, specifically, quantum
interference of the photoelectron wave functions from the
nearly spherical target �51�. Subsequent theories using more
elaborate representations of the fullerene target have verified
this explanation �54,55�.

Experiments on the simplest electron-molecule process,
elastic scattering, have been performed only at high energy,
in which the Born approximation is appropriate �56�. To the
best of our knowledge, the only results on low-energy elec-
tron scattering from gas-phase C60 are those of Tanaka et al.
�57�, which report differential cross sections between 30°
and 90° at selected energies.

Relevant experimental �58–62� and theoretical �63,64�
positron-fullerene studies are limited primarily to annihila-
tion dynamics in fullerites. Most experiments have found a
positron lifetime in solid C60 near 400 ps, greater than that
of other carbon phases such as graphite, diamond, or
condensed-phase benzene �59,63�. Furthermore, due to pres-
sure dependence of the lifetime, most researchers have con-
cluded that positron density accumulates within the hexago-
nal interstices of the crystal lattice �62�, not the molecular
fullerenes themselves. To date, no elastic positron scattering
results from either fullerenes or fullerites have been
published.

Theoretical studies of the photophysics of the fullerenes,
including C20 through C60 and beyond, primarily made use of
simplified models such as the spherical jellium model
�65–67� to simulate the extensive carbon network. Amusia et
al. �68� have calculated photoionization cross sections using
a simple spherical �-function potential. Yu and collaborators
�51� used a more sophisticated, multiparameter spherical-
well approximation of the C60 fullerene cage. On the other
hand, Decleva and co-workers �55,69,70�, in their study of
the photoemission spectra of C60, have avoided jellium ap-
proximations in favor of a single-center expansion of the
fullerene orbitals computed under the local-density approxi-
mation �LDA� Hamiltonian; Saito and Miyamoto �29� opti-
mized neutral and anionic C20 at the Becke-Lee-Yang-Parr
�BLYP� 6-311G* level. Lima et al. have computed the elas-
tic electron-scattering cross sections of C60, in addition to
several large hydrocarbons, with a Monte Carlo adapted op-
tical model �71�. To date, however, the highest-level
electron- and positron-scattering calculations of fullerene tar-
gets have been those of Gianturco and collaborators �72–78�
and, recently, Winstead and McKoy �79�, who applied mul-
tichannel approaches to ab initio and to semiempirical
�spherical well� fullerene C60 models to obtain integral and
differential elastic electron-scattering cross sections.

Winstead and McKoy �79� note that their computation at
the level of exact exchange �SE� results in resonance ener-
gies that are uniformly too high. Accordingly, they shift their
results down by roughly 2–3 eV not only to align the lowest-
energy resonances to the known anionic bound states of
solid- and gas-phase C60, but also to account for the correla-
tion and polarization interactions neglected by the SE ap-
proximation. The energies and symmetries of their shifted
resonances correspond approximately to those of Gianturco

and collaborators �72–74�, whose calculations explicitly in-
clude correlation and polarization through one-electron
model potentials. On the other hand, the energies of the
bound states and lowest-energy resonances of C60, as re-
ported in Lucchese et al. �66�, result in resonance and bound
state energies located consistently 0.6 eV above experiment.
Similarly, in the valence photoemission of C60, Becker and
co-workers �52� note the overall agreement between their
experimental cross sections and those of Decleva et al. �55�
and Gianturco and Lucchese �78� for the lowest-energy oc-
cupied orbitals, even as features in both theoretical cross
sections suggest shape resonances not detected in
experiment.

Clearly, one of the ongoing issues in molecular scattering
theory lies in the accurate computation of bound and reso-
nant energies, which relies on a rigorous description of the
electron- or positron-molecule interaction. In electron scat-
tering, thorough ab initio procedures make use of multicon-
figurational wave function descriptions of the target to ac-
count for electron correlation, and as recently noted �80�
even this computationally expensive method fails to account
for resonances due to core excitations unless the relevant
configurations are explicitly included within the calculation.
This difficulty lies at the heart of the present work, since the
positron-molecule interaction is not as well understood as the
electron-molecule interaction and, particularly, no model
thus far has been provided to describe positron-scattering
resonances, while none have been identified conclusively to
date in positron-scattering studies from atoms or molecules.

In this report we consider partial and total integrated cross
sections �ICSs� for positron-C20 scattering. These cross sec-
tions, in conjunction with the plots of the eigenphase sums
and the computed poles of the analytic S matrix, provide
evidence for the location of possible shape resonances origi-
nating during the scattering process. Bound states will also
be considered in the present analysis.

II. THEORY

The theoretical basis for the present calculation is the
same as that for cubane �81� and fullerene C60 �77�. We will
therefore present a very brief outline of the methods used.

A. Single-center expansion

The wave functions of the bound electrons of the target
�i

pi�i and of the impinging positron �p� are written in terms
of a single-center expansion �SCE� located at the center of
mass of the target, under the assumptions of the Born-
Oppenheimer and fixed-nuclei approximations as follows:

�i
pi�i�r� =

1

r
�
l,h

uilh
pi�i�r�Xlh

pi�i�r̂� , �1�

�p��rp� =
1

rp
�
l,h

�lh
p��rp�Xlh

p��r̂p� . �2�

The label i refers to a specific orbital which belongs to the
irreducible representation �IR� of the point group of the mol-
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ecule. The index p refers to the relevant IR with � indicating
one of its components. The index h labels a specific angular
basis function for a given partial wave l. The symmetry-
adapted angular functions Xlh

p� are defined in terms of the
familiar spherical harmonics Ylm by

Xlh
p��r̂� = �

m

blmh
p� Ylm�r̂� . �3�

The details for the computation of the matrices blmh
p� are

found elsewhere �82�. We note that for the Abelian systems
under consideration the label � may be dropped.

If the positron-molecule interaction can be expressed in a
purely local form Vloc, then the SCE results in the reduction
of the three-dimensional scattering Schrödinger equation to a
set of coupled radial ordinary differential equations

� d2

drp
2 −

l�l + 1�
rp

2 + k2��lh
p �rp� = 2�

l�h�

�Vloc,lh,l�h��rp��l�h�
p �rp��

�4�

that are solvable using standard numerical techniques �83�.
The solutions yield rotationally summed, integral elastic
cross sections for each IR. Elements of the K matrix are
obtained from fitting the solutions to the correct asymptotic
form, namely �84�,

lim
rp→�

�lh,l�h�
p = sin�krp −

1

2
l�	�ll��hh� + Kij

p cos�krp −
1

2
l�	 ,

�5�

which are related to the more familiar S matrix by

S =
I + iK

I − iK
. �6�

The local potential Vloc contains contributions from the
dominant interactions between the positron and the molecu-
lar target,

Vloc�rp� = Vst�rp� + Vpcp�rp� , �7�

where Vst is the electrostatic potential between the positron
and the molecular nuclei and electrons, while Vpcp combines
the short-range correlation potential Vcorr and long-range po-
larization potential Vpol.

B. Positron model

The correlation-polarization potential Vpcp consists of the
sum

Vpcp = Vcorr + Vpol. �8�

The asymptotic polarization potential Vpol simply equals the
lowest-order truncation of its second-order perturbation
theory expansion

Vpol = − �
l=1

�
�l

2rp
2l+2 . �9�

To model the dominant short-range correlation interaction
between the positron and the electrons of the target, we have

used a DFT model, derived by Arponen and Pajanne �85�,
which assumes the positron is an isolated charged impurity
interacting with an electron gas. Boronski and Nieminen �86�
found the values of the correlation energy �e−p over all
ranges of the electron density parameter rs, which satisfies
the relationship 4

3�rs
3	�r�=1. That relationship between Vcorr

and �e−p is given by

Vcorr�rp� =
d

d	
�	�rp��e−p	�rp�� , �10�

where 	 denotes the undistorted electron density of the tar-
get. The full potential Vpcp consists of the piecewise-defined
function matched at a distance rp

c,

Vpcp�rp� = 
Vcorr
DFT�rp� , rp 
 rp

c

Vpol�rp� , rp � rp
c ,
� �11�

the physical veracity of which is discussed in Lucchese et al.
�87�.

III. RESULTS AND DISCUSSION

As mentioned in the Introduction, neutral fullerene C20 is
not a regular dodecahedron of symmetry Ih because of the
Jahn-Teller distortion resulting from the degenerate elec-
tronic states arising from the partially filled molecular orbit-
als of its ground state �3�. In the majority of geometry opti-
mizations the fullerene is found to belong to the low-
symmetry point groups Ci or C2, although occasionally
higher-order point groups such as C2h and D2h have been
obtained �33�. The recent work of Chen et al. �88� has dem-
onstrated that the geometries of fullerenes in most nondihe-
dral point groups are nearly isoenergetic. Nevertheless, the
Ci and C2 isomers were chosen because they represent the
lowest-symmetry ground states consistent with the principles
of Jahn-Teller distortion.

The ground state electronic configuration of C20 was op-
timized with the GAUSSIAN 03 �89� at the Becke three-
parameter Lee-Yang-Parr D95* level of theory for isomers
of both point groups. With 120 bound electrons, the Ci iso-
mer has a SCF energy of −761.5279 a.u., an average bond
length of 1.45 Å, and a molecular radius of 2.04 Å; the C2
isomer has a SCF energy of −761.5298 a.u., and an average
bond length of 1.45 Å and a molecular radius of 2.04 Å.
Calculated isotropic polarizabilities of 171.56 and
171.55 a.u.3 for the respective Ci and C2 isomers will be
important in the discussion of the nature of the positron-
target interaction potential.

The convergence parameters of the present SCE treatment
are given as follows: for fullerenes of both point groups, the
maximum orbital angular momentum for the expansion of
the wave functions of the molecular orbitals and of the inci-
dent positron is limited to lmax=40. The summation over the
optical and nuclear potentials is set to 2lmax. The matching of
the correlation Vcorr and polarization Vpol potentials of Vpcp is
done by explicitly placing a “polarizability center,” 1/20th of
the total isotropic polarizability, on each carbon nucleus.
This results in a minor difference of 8.5780 a.u.3 and
8.5775 a.u.3 per carbon nucleus of the Ci and C2 fullerene
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isomers and imparts a nonspherical model of the full Vpcp of
Eq. �11�. The analytic matching radii rp

c were, for the Ci and
C2 isomers, 5.6726 a.u. or 2.95 Å and 5.9780 a.u. or 3.11 Å,
respectively.

A. Features of the adiabatic potentials

In addition to the symmetry-adapted angular basis set Xlh
p ,

the eigenfunctions obtained from diagonalizing the angular
Hamiltonian at each radial distance r provide an alternative
expansion basis set for the SCE. These distance-dependent,
angular eigenstates Zk

p, denoted adiabatic angular basis func-
tions, are linear combinations of the previous angular basis
set Xlh

p as follows:

Zk
p�rp� = �

lh

Xlh
p Clh,k�rp� . �12�

The expansion coefficients Clh,k are given by the matrix
equation

�
l�h�

Vloc,lh,l�h�,k�rp�Cl�h�,k�rp� = Clh,k�rp�Vk�rp� . �13�

The eigenvalues Vk form the adiabatic potentials for each IR
comprising the relevant point group of the target for each
index value k, representing an “angular channel” �l ,h�, over
the range of the positron-molecule distances. It can be shown
�90� that solving the appropriate scattering equations using
these adiabatic potentials can yield the same results for sys-
tems with purely local potentials given by the SCE method
outlined previously. One of the advantages of using these
potentials is that a single potential often is found responsible
for the appearance of a given resonance. These potentials,
therefore, allow the dominant features of the positron-
molecule interaction to be seen qualitatively at a glance.

As shown in Figs. 1 and 2, only the l=0 radial potentials
of the symmetric IRs Ag and Au for the Ci and A,B for the C2
point groups possess attractive regions within the framework
of the carbon cage, which is located approximately 3.5 a.u.
away from the center of mass at r=0. This potential barrier
at the cage boundary is the result of the unique spatial fea-
tures of C20, as computed by Vtot, where the repulsive Cou-
lombic potential and the attractive Vpcp meet. However, all
adiabatic potentials with l
3 further possess fairly substan-
tial attractive wells, ranging from 3 to 8 eV just outside the
cage. We should note that the exohedral positron-Ci fullerene
potential wells are about 1.5 eV shallower than the corre-
sponding inner wells formed by the C2 cage, thereby indicat-
ing a more repulsive interaction between the positron and the
Ci isomer outside the C atoms’ network.

B. Features of the integrated cross sections

Unlike the positron cross section for C60, which increases
to some large finite value as the collision energy vanishes
�77�, the ICS for both isomers, as shown in Fig. 3, display
strong near-threshold peaks, with a gradual, but not mono-
tonic, decay at higher scattering energies. Comparing the
present positron ICS to the electron total cross sections com-
puted previously �72�, the collision energies of the most

prominent peaks of both isomers are shifted to lower energy
by about 2 eV. This is due to the stronger nature of the Vpcp
potential at low collision energies, in contrast to the model
electron correlation-polarization and exchange potentials dis-
cussed at length in Refs. �73,76�. However, at higher scatter-
ing energies, the positron ICSs display fewer of the structural
features present in electron-scattering cross sections from the
respective systems. This, too, is due to the Coulombic
nuclear repulsion, which dominates the weakly attractive
long-range polarization interaction in the case of positron
scattering.

Partial cross sections were computed for each IR compris-
ing the total point group of the fullerene cage, namely, Ag
and Au for the Ci isomer, shown in Fig. 4, and A and B for
the C2 isomer, shown in Fig. 5. In Ci, the symmetric IR
contributes nearly two-thirds of the total scattering cross-
section peak seen just under 1 eV. Furthermore, the broader
peak around 5 eV is due exclusively to the Ag IR. The C2
total cross section, displayed in the lower panel of Fig. 3, is
plotted against the logarithm of the positron impact energy to
better resolve the sharp, narrow double peaks at 0.1 eV.
Similar to the Ci isomer, these sharp peaks are due to the
symmetric IR �upper panel of Fig. 5� since the B partial cross
section �Fig. 5, lower panel� rises to less than 160 Å2 at its
maximum. Other noted features of the C2 total cross section
include the broad peak seen near 1.3 eV and the compara-
tively small peak at 5 eV, both found in the A IR.
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FIG. 1. Computed adiabatic potentials for the Ci structural
isomer.
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C. Resonance properties

In resonant scattering calculations each isolated resonance
of energy ER, possessing a width � inversely proportional to
its lifetime, is due to a pole at a complex energy E=ER

− i
2� of the S matrix �91�. The matrix elements of S are

obtained from solutions of Eq. �4� with the asymptotic form

lim
rp→�

�lh,l�h��rp� = hl
−�krp��ll��hh� − Slh,l�h�hl

+�krp� , �14�

where h
 are spherical Hankel functions. Resonances occur
at energies for which det S−1=0. In general, the task of lo-
cating complex zeros of a complex-valued function is not
trivial; a full account of the methodology to find the roots of
the inverse S matrix may be found in Stratmann and
Lucchese �92�.

Although this procedure finds several poles for all IRs of
both isomers—27 poles for the A and 25 for the B IRs for the
C2 isomeric cage alone, having real parts of the energy be-
tween 0 and 14 eV—only the ones whose widths � are small
enough such that the corresponding poles in the S matrix lay
reasonably close to the positive real axis were investigated
further. In this case, somewhat arbitrarily, we have consid-
ered states with widths less than about 2 eV, which corre-
spond to lifetimes � of about 0.01 ps, according to the rela-
tion �� �

� . Tables I and II list the energies, widths, and
dominant asymptotic partial waves of the “physical”
S-matrix poles of the Ci and C2 isomeric cages, respectively.

In addition to the quantitative search for the roots of the
inverse S matrix, resonances were also located by inspection
of the eigenphase sums, as shown in Figs. 6 and 7. Ideally,
the phase shift rises by � wherever the scattering energy
moves across an isolated resonance, the position of which is
determined at the energy for which �res= 1

2��mod ��. Over-
lapping resonances induce a rapid rise by several � over the
slowly rising background through a narrow energy region.
Although no empirical fitting procedure such as the Breit-
Wigner formula �93� was used to extract resonance proper-
ties from the phase sums directly, when analyzed in conjunc-
tion with the analytic search of poles of the S matrix, the
eigenphase plots provide greater information on the positions
of the energies of scattering resonances, particularly weak or
broad ones, than that allowed from inspection of the inte-
grated cross sections alone.

Shape resonances in electron scattering occur when elec-
trons are trapped behind the potential barrier formed by the
strongly attractive electron-molecule static potential and the
centrifugal barrier associated with the angular momentum of
the incoming electron. By contrast, the strongly repulsive
interaction between the positron and the nuclei of the mo-
lecular target, combined with the centrifugal barrier, limits
the angular momentum mechanisms in positron resonances
to low angular momentum states. For example, in electron
scattering from C20, resonant states with angular momentum,
including l=8, were found �73�. However, fullerene C20, like
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FIG. 2. Computed adiabatic potentials for the C2 structural
isomer.
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FIG. 3. Total positron-scattering cross sections for the C20 cage
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different energy scales in the two panels.
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C60, has a large computed polarizability relative to its vol-
ume �94� and an absence of nuclear potential within the cage
itself, thus leading to resonances trapped, as such, by the l
=0 potential barrier. In addition, as suggested by the adia-
batic potentials presented earlier in Figs. 1 and 2, positrons
trapped by angular momentum barriers may appear for states
l�0 at low collision energies.

For the Ci isomer, the Ag eigenphase sum, displayed in the
lower panel of Fig. 6, rises strongly near the scattering en-
ergy of 0.5 eV, and more slowly at 4.7 eV. The energies of
these features in the eigenphase sums correspond well to the
six narrow-width poles of the S matrix found for this system,
as listed in Table I. Five poles were found in the region of the
rising phase shift between 490 and 520 meV. These are in
general long-lived l=2 scattering resonances that lie outside
the carbon cage. However, the remaining pole, located at
ER=4.80 eV, �=0.83 eV, did yield an encaged s-wave pos-
itron resonance, the significance of which will be discussed
below.

In contrast, the eigenphase sum of the antisymmetric Au
IR, seen in the lower panel of Fig. 6, is decreasing between
0 and 700 meV, a phenomenon that is in keeping with the
presence of an entirely repulsive potential �91�. The analytic
search of poles for this IR found seven short-lived l=3 reso-
nances with energies between 1.39 and 1.50 eV, and are
listed in Table I. In this case, the correlation between these
seven poles and the eigenphase sum, which rises by only �
over a falling background, is less explicit.

For the C2 isomer, the A eigenphase sum shown in the
upper panel of Fig. 7 rises sharply by 2� within a 0.3 eV
energy range. It rises again, less steeply, between 1 and 2 eV,
and further still between 4 and 5 eV. Four poles of the S
matrix, reported in Table II, have real parts of their energies
lying within the ranges of the features of the eigenphase
shifts. Two poles with very low resonance energies, ER
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FIG. 4. Computed Ag �upper panel� and Au �lower panel� partial
cross sections for Ci cage geometry.
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FIG. 5. Computed A �upper panel� and B �lower panel� partial
cross sections for C2 cage geometry.

TABLE I. Resonant states of e++C20 in Ci geometry. Resonance
energies ER and widths � are in eV.

Cage geometry IR ER � Partial wave

Ci Ag 0.49 0.43 d

0.49 0.43 d

0.51 0.43 d

0.51 0.44 d

0.52 0.42 d

4.80 0.83 s

Au 1.39 2.16 f

1.47 2.31 f

1.48 2.32 f

1.50 2.32 f

1.51 1.96 f

1.60 2.04 f

1.60 2.04 f
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=60 meV and ER=70 meV, are long-lived d-wave reso-
nances. Another pole, with energy ER=1.26 eV, is a high
orbital angular momentum f-wave resonance. The remaining
resonance, at ER=4.8 eV, �=0.92 eV, is an encaged
s-wave resonance very close in energy, but somewhat
broader in width, to that found for the Ag IR of the Ci isomer.

The eigenphase sum of the B IR in Fig. 7 shows a single
narrow rise by approximately 4� for scattering energies near
1 eV. The B IR yields four S-matrix poles with energies lying
within this region, as listed in Table II. Two long-lived reso-
nances, one at ER=1.07 eV and the other at ER=1.11 eV,

have dominant f-wave components. One of the two shorter
lifetime resonances has a very low resonant energy of ER
=40 meV and is predominantly of p-wave nature, while the
other is a higher-energy �ER=1.39� l=3 state.

The most remarkable feature of broad resonances in elec-
tron scattering is the possibility for the metastable electron to
tunnel through a lower angular-momentum potential barrier
coupled to it by the multichannel potential. This “leaking
out” from a dominant higher partial wave through lower par-
tial waves consequently leads to shorter lifetimes �73�. Such
a mechanism does not appear to occur for the short-lived
resonances found here. The B resonance wave at ER
=1.07 eV, in Table II, contains both l=2 and l=3 partial
waves that does not appreciably reduce its lifetime as com-
pared to the single-channel l=3 resonance at ER=1.11 eV.
In contrast, the lowest-energy B resonance of 40 meV con-
tains three competing channels, the lowest of which, l=1,
allows very rapid escape of the positron as reflected in its
broad resonance width of 2.02 eV.

Computed three-dimensional wave functions of the
s-wave resonances of both isomers in Fig. 8 clearly indicate
that the majority of their probability amplitudes exist within
the cavity of the fullerene cages. Although the lifetimes of
these resonances are fairly short �approximately 0.07 ps for
widths around 900 meV�, the energies are not high enough to
cause the fragmentation of the carbon network: how this re-
lates to the positron dynamics of fullerene C20 remains un-

TABLE II. Resonant states of e++C20 in C2 geometry. Reso-
nance energies ER and widths � are in eV.

Cage geometry IR ER � Partial wave

C2 A 0.06 0.01 d

0.07 0.01 d

1.26 0.84 d

1.33 1.47 f

4.80 0.92 s

B 0.04 2.03 p,d,f

1.07 0.70 d,f

1.11 0.50 f

1.39 1.77 f
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FIG. 6. Eigenphase sums for Ag �upper panel� and Au �lower
panel� IRs of Ci geometry.
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FIG. 7. Eigenphase sums for the A �upper panel� and B �lower
panel� IRs for C2.
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clear. Experimental results do not support the hypothesis that
positron density localizes within C60 fullerenes, as stated in
the Introduction; therefore, it is even less likely that positron
density should be found within the smaller C20 cage. How-
ever, among C60 fullerites, positron annihilation may occur
within the cavity if heavy alkali atoms are used as dopants
within the hexagonal interstices of the molecular crystal
�62,95�. Thus, positron localization within the fullerene cage
is certainly possible, particularly for fullerenes in the gas
phase. Indeed, assuming that the l=0 adiabatic potentials of
both isomers may be crudely represented as a square well of
width r=1 a.u. and height V=15 eV at the cage boundary,
and neglecting processes such as virtual positronium forma-
tion �96� not modeled in the present SCE, then the probabil-
ity of the positron of resonance energy E=4.8 eV to tunnel
through the repulsive cage barrier is a considerable 10%
�97�. This result assumes that the lifetime of the computed
resonance is less than the annihilation lifetime of positrons in
C20, for which no result, theoretical or experimental, has
been published to date.

So-called “endohedral” Ag resonances are also seen in the
C60 calculations of both Winstead and McKoy �79� and Gi-
anturco and Lucchese �76�. The Schwinger multichannel
calculation at the level of exact static exchange found an
endohedral resonance lying at ER=3.2 eV, �=0.89 eV,
while the SCE found the equivalent resonance at ER
=2.76 eV, �=0.52 eV. Gianturco and Lucchese argue that
this resonance results from the dynamical coupling of the l
=0 to the l=10 partial waves, while Winstead and McKoy
state that the Ag resonance corresponds to an anomalous
�“non-�, non-�”� anion identified in the condensed molecu-
lar photoemission spectrum. Similarly, in their study on pos-
itron scattering from C60, where they make use of a compara-
tive electron correlation potential, Gianturco and Lucchese
�77� found an encaged Ag positron resonance at 3.24 eV and
a width of less than 0.01 eV. A similar calculation that uses
the positron correlation potential of the present report finds
the Ag resonance lowered in energy to yield a positronic
bound state, i.e., the formation of C60

+ by positron impact.
Interestingly, investigation of the electron-scattering reso-
nance on the C2 isomer of C20 �73� yielded no resonant wave
functions with significant probability density trapped within
the cage.

At this point in the discussion, we should mention that our
search for all physically meaningful poles of the S matrix

yielded a number of bound states as well: they are listed by
IR, energy, and dominant partial wave in Tables III and IV.
The location along the negative real axis of the complex
energy plane and the requirement that the wave function de-
cay at asymptotic radial distances distinguish these bound
states from that of resonant states discussed previously.

The Ci isomer possesses four bound states �listed in Table
III�, among which the lowest in energy is an s-wave Ag
bound state of −780 meV, while the remaining three are
higher-energy Au p-wave states between −250 and
−220 meV. The probability maxima of all of these bound
states lie near 6 a.u., outside the fullerene network. The C2
fullerene cage has a larger array of bound states, listed in
Table IV, that are not as well characterized by partial waves
as those of the Ci isomer. While the A IR has two bound
states, an s-wave state at −2.11 eV and a d-wave state at
−370 meV, the B IR has four bound states consisting of
multiple partial wave contributions. Two bound states with
energies near −1.8 eV have p- and d-wave components,
while those at energies −460 and −230 meV each have pre-
dominant p- and d- and minor f-wave components.

The depth of the adiabatic potential wells l
3, shown in
Figs. 1 and 2 at the junction of the asymptotic and
correlation-polarization potentials of Vloc, allow for the for-
mation of these bound states since no bound states arise with
significant probability densities inside either isomeric cage.
The majority of the bound states have probability maxima
near 6 a.u.; that is, they are only slightly removed from the
matching radii rp

c of Eq. �11�.
The large number of bound and resonant positron states

found in the present work suggest that fullerene C20, in both
symmetries, is likely to support weak positron attachment,
even under the assumption of the fixed-nuclei approximation
whereby the nuclear geometry remains unchanged during the
scattering event. This suggestion must be qualified by the
fact that cation formation through positron attachment has

(a) (b)

FIG. 8. Three-dimensional representations of the resonant orbit-
als localized within the Ci �left� and C2 �right� cages.

TABLE III. Bound states of e++C20 in Ci symmetry. Bound
state energies EB are in eV.

Cage geometry IR EB Partial wave

Ci Ag �0.78 s

Au �0.25 p

�0.23 p

�0.23 p

TABLE IV. Bound states of e++C20 in C2 symmetry. Bound
state energies EB are in eV.

Cage geometry IR EB Partial wave

C2 A �2.10 s

�0.37 d

B �1.90 p,d

�1.84 p,d

�0.47 p,d,f

�0.22 p,d,f
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been conclusively demonstrated only theoretically, and
merely for atoms �98�. But the fact that all bound states, and
all but one resonance for the two C20 isomers, are located
outside the cage corroborates the result of positron annihila-
tion experiments on C60 and C70 surveyed in the Introduc-
tion, which suggest that positron density accumulates mostly
outside the fullerene C-atom network.

IV. CONCLUSIONS

We have reported the results of low-energy positron scat-
tering from C20 using a DFT potential to model the interac-
tion of a positron with a multielectron target. The motivation
for this work lies not only in the identification of possible
scattering resonances and bound states, but also in the ques-
tion as to whether positrons may become localized within the
fullerene C-atom network.

Model adiabatic potentials show that the interaction be-
tween the positron and the molecular cluster becomes
strongly repulsive for all partial waves with l�0, with at-
tractive regions for l
3 located outside the cage. The depth
of these wells supports a small number of bound states for
positrons of low angular momenta, and resonances at higher
angular momenta. These results are sensitive not only to the
adiabatic and fixed-nuclei approximations of the SCE but
also to the nature of the assumed interaction potential Vloc, a
function which depends on a correlation model that treats the

positron as an isolated positive point charge and neglects
positronium formation. Both assumptions enhance the attrac-
tive nature of the present positron-molecule interaction,
thereby increasing the depth of the adiabatic potentials and
the number of the metastable states such potentials may
support.

The conclusions obtained from this qualitative analysis
agree with those obtained from computed integrated partial
cross sections, eigenphase sums, and analytic search of
physical roots of the inverse S matrix. The partial ICS and
eigenphase sums show evidence of several scattering reso-
nances for both low symmetry isomers. However, the prob-
ability maxima of the resonance radial wave functions indi-
cate that the majority of these resonances, and all of the
bound states, lie outside the framework of the carbon cage.
In general, at least in elastic scattering, one of the results for
our present study is that no energetic advantage appears to
exist for positrons to localize within the fullerene cavity of
the C20 cage, while significant resonant and bound states are
found to exist on, and outside, the C-atom network.
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