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Experimental generation of four-mode continuous-variable cluster states
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Continuous-variable Gaussian cluster states are a potential resource for universal quantum computation.
They can be efficiently and unconditionally built from sources of squeezed light using beam splitters. Here we
report on the generation of three different kinds of continuous-variable four-mode cluster states. In our real-
ization, the resulting cluster-type correlations are such that no corrections other than simple phase-space
displacements would be needed when quantum information propagates through these states. At the same time,
the inevitable imperfections from the finitely squeezed resource states and from additional thermal noise are
minimized, as no antisqueezing components are left in the cluster states.
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I. INTRODUCTION

The one-way quantum computation model [1] is a con-
ceptually interesting alternative to the standard circuit model.
One-way quantum computation can be carried out with the
help of a specially prepared entangled state, a so-called clus-
ter state. Quantum information is then processed solely
through measurements on the cluster state. Universal quan-
tum gates can be achieved by choosing different measure-
ment bases and using feedforward.

Small-scale discrete-variable (DV) cluster computations
have been demonstrated already with single photons [2]. An
alternative approach to, in particular, an optical implementa-
tion of cluster-based quantum computation is based upon
continuous variables. Continuous-variable (CV) one-way
quantum computation [3] relies upon CV cluster states [4].
Various ways for generating CV cluster-type states are
known [3-7]. The method employed in this work is to com-
bine beams of off-line squeezed light at beam splitters [5].
Once CV cluster states are available, quantum information
encoded into an optical mode can be manipulated via homo-
dyne and non-Gaussian measurements on the CV cluster
[3,8]. As the elementary routine for cluster computation is
quantum teleportation, first steps towards the implementation
of CV cluster computation have been achieved already, in-
cluding the realization of a quantum teleportation network
[9], entanglement swapping [10], teleportation of squeezing
[11], sequential quantum teleportation [12], and high-fidelity
teleportation [13]. Here we report on the optical creation of
four-mode CV cluster states suitable for small-scale imple-
mentations of CV one-way quantum computation.

The quadrature correlations of cluster-type states are such
that in the limit of infinite squeezing, the states become zero
eigenstates of a set of quadrature combinations,

(ﬁ,,— D )eb)—>o, V aeG. (1)
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Here, x, and p, correspond to “position” and “momentum”
operators for an optical mode a with annihilation operator
JP A 1

a,=%,+ip,(h=5). Every mode a € G represents a vertex of
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the graph G (representing the cluster or graph state). The
modes b € N, are the nearest neighbors of mode a.

A possible way to obtain CV cluster states is to entangle a
corresponding number of optical modes, each initially in a
squeezed state, through quantum nondemolition (QND) in-
teractions [4], in analogy to the creation of qubit cluster
states via controlled sign gates. We may refer to this specific
type of cluster states as canonical cluster states [5]. Experi-
mentally, the optical CV QND gates for every single link of
the cluster state can be realized with two beam splitters and
two on-line squeezers [14] for each link. Alternatively, the
initial squeezing transformations can be absorbed into the
entire QND network; after Bloch-Messiah reduction [14]
only off-line squeezed states and linear optics are effectively
needed then to produce a canonical cluster state [5].

In another approach for building CV cluster-type states
from squeezed light using linear optics [5], the beam splitter
network is carefully chosen such that, by construction, all
antisqueezing components are completely eliminated in the
output operator combinations, p,—2,c Na)ﬁ,,; hence these
combinations, being proportional to the squeezing factor,
Da—Zpe Nu)éboc e”’, automatically satisfy the conditions of Eq.
(1) in the limit of infinite squeezing r— . Moreover, gener-
ating cluster-type states in this way requires smaller degrees
of input squeezing than needed for making the canonical
states with the same quality of correlations [5].

The complete removal of antisqueezing components is
particularly beneficial, as in the actual experiment, the anti-
squeezing levels are typically greater than the squeezing lev-
els due to experimental imperfections such as losses and
fluctuations in the phase locking. By employing the above-
mentioned method for eliminating the antisqueezing compo-
nents in our experiment, we can observe that the single-mode
squeezing levels of the input states before the generation of
the cluster states are effectively reproduced in the multi-
mode squeezing levels of the resulting cluster states. This is
in contrast to the experiments of Refs. [15,16], where the
antisqueezing components are not completely suppressed.
Another advantage of our approach here is that the resulting
quadrature correlations are precisely those occurring in the
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FIG. 1. The created four-mode cluster states. Each cluster node,

corresponding to an optical mode, is represented by a circle. Neigh-
boring nodes are connected by lines.

excess noise terms when quantum information propagates
through a CV Gaussian cluster state [3]. Suppressing this
excess noise efficiently means reducing the errors in cluster-
based quantum computations.

II. GAUSSIAN FOUR-MODE CLUSTER STATES

According to the efficient method proposed in Ref. [5],
we created three kinds of four-mode CV cluster states in this
experiment, including a linear cluster state, a square cluster
state, and a T-shape cluster state (see Fig. 1).

In general, four-mode CV graph states can be built from
four off-line squeezed states using up to six beam splitters
[5,17]. For the linear four-mode cluster state, three beam
splitters have been shown to be sufficient [5]. Similarly, only
three beam splitters are needed to produce the square and the
T-shape cluster states. The optical setups are described in
detail below.

In order to create these cluster states, four p- squeezed
states, with mode operators di=e+’i)250)+le"tp(0)(z— o4,
are prepared first. A superscript (0) denotes initial vacuum
modes and r; is the squeezing parameter of the ith mode. For
a unitary matrix U representing a sequence of beam splitters,
the output mode operators d; can be obtained according to
a;=2;Uya,.

A p0551ble solution for the matrix U;, giving the linear
cluster state, is [5]

Lo 2
VE \’% \J'%
i i 2
= T T—= 0
V2 V10 V10
U= . . . (2)
0o -2 L L
\J'T \r’TO \2
2i 1 1

With this matrix, the quadrature quantum correlations of
the output state become

Pri—X2= \'2e rlP(O)

5 1
Pro—Xp —X3= [ _r3ﬁ(0> + _e_r4p(0)
2 B
1 5
5 150 _ 1 [2 s ®
—-X = rlp \/7 2p
L4 = \’2 >

PL3 — L2
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Pra—X3=\ e p. (3)

All these linear combinations are proportional to the squeez-
ing factors, approaching zero in the limit of infinite squeez-
ing. Hence, the output state is a linear four-mode cluster
state, in agreement with Eq. (1).

The matrix U; can_ be decomposed into Up,
—F4S]2F B} (1/\2)B (1/\2)323(1/\5)F3F4 Here, F} de-
notes the Fourler transform (90° rotation in phase space) of
mode k, d,— idy. Bi(t) corresponds to a beam splitter trans-
formation of modes 7 and j with transmittance parameter 7; it
is equlvalent to the four-mode identity matrix except for
(B,j),,»_z (BU),J—\r’l 1-2, (B w=*+\1-1> and (Blj)”_+t
S;; is the swapping operatlon of modes 7 and j. As a result,
two symmetric beam splitters and one 1:4 beam splitter can
be used.

Let us consider next the square cluster state. A possible
solution for the unitary matrix Ug is

1 1 20
2 \J'E \'/TO
1 1 20
U V2 V10 V10 @)
ST 0 i 1 1|
\r’TO \«"% \E
2i 1 1

The correlations of the output state are

1 5
A ~ ” i A(0 A0
Ds1— Xg3— Xg4 =— 66’ lp(l - \/;e 2P(2)
a4 L 5 .
Dsy —Xg3 = Xgq = \Ee np0 — \/;e 25y
5 l
~ N A 2 —r3A0) e /‘(0)
—Xg) —Xgp=— e’ 4
Ps3 —Xs1 —Xs2 \/; P3 ,2

5 1
ﬁS4 _)251 _)252 =- \/ie_ri*)p(o) + ’—e‘r4p"(0> (5)
2 \2

all of which approach zero in the limit of infinite squeezing.
We find that the matrix Ug is equal to U,U;, with
U,qq=diag(=1,—i,i,1). Thus, the square cluster state can be
obtained from the linear cluster state via local Fourier trans-
forms. In the experiment, the local Fourier transforms can be
easily achieved by changing the locking phase of the local
oscillator beams. Therefore, the optical setup for the square
cluster state is more or less identical to that for the linear
cluster state. Usmg the identities, ps 1—XS'§ xs4——pL 1+ pL3
—XL4  Pso— xs3 —xs4=—xL2+PL3 L4 Psz—Fg1—Xs2=%1
—PLa+X13, Psa—Xg] —Xso=X1.| — P12+ PL4, the measurement of
the correlations of the linear cluster state and the square clus-
ter state can be performed in a single experiment.
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Finally, the T-shape cluster state can be obtained from
four p-squeezed states followed by a unitary transform,

L
w22 ?
1
\6 5 _5 0
Ur= i 1 1 ©
o - - 5
2 2 V2
i 11
22 7%

This can  be also _decomposed into  Ug
=F|B3,(1/N2)B3,(1/\2)B3,(1/\2)F,. Thus, this time, the
optical setup has to be modified, but three beam splitters are
still sufficient. The quantum correlations of the output state
are

n ” N A~ —rra(0)
Dri— X1 — X3 = Xra=2e72py 7,

N A E —r A(0)
Pr2o—AX11=\N2€ Py,

1 1
Pr3—%r1 = _re_r2ﬁ(20) + e‘”ﬁ&‘” + ?e"‘*ﬁﬁf’),
V2 V2
PSR S\ SN 1) S SNy
Dra—X11="z€ 2Py +e 3Pyt — =€ ip, . (7)
\1'2 \"2

They all approach zero in the limit of infinite squeezing.
Hence, the output state is a T-shape cluster state, according
to Eq. (1). Note that up to local Fourier transforms, the
T-shape cluster state is equivalent to a four-mode GHZ-type
state [18].

III. EXPERIMENTAL IMPLEMENTATION

The schematic of our optical setups is shown in Fig. 2. We
use a continuous-wave Ti:sapphire laser (Coherent MBR110,
A=860 nm) as a light source. In order to generate squeezed
states, optical parametric oscillators (OPOs) are used via op-
tical degenerate parametric downconversion. Periodically
poled KTiOPO, (PPKTP) crystals are employed as nonlinear
optical media. Each OPO is pumped by a second harmonic
beam obtained from a cavity which contains a potassium
niobate (KNbO;) crystal for second harmonic generation.
The pump powers range from 76 to 96 mW.

Weak coherent beams are also injected into the OPOs and
the emitted beams are set to 2 uW. On each beam, phase
modulations are applied for locking, with 140 kHz for
OPO2, 210 kHz for OPO3, and 98 kHz for OPOI1 and
OPO4. In this experiment, a 1 MHz sideband is chosen for
the measurements, so the phase modulations do not affect
these measurements.

An output state is measured via homodyne detection with
a strong beam around 5 mW used as a local oscillator. The
homodyne detector gives a voltage signal of the measure-
ment result. After electronically combining the outputs of the
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FIG. 2. The schematic of the optical setups to create the linear
cluster state (top) and T-shape cluster state (bottom). Four squeezed
states are generated by OPOs (optical parametric oscillators). HBS
is half beam splitter and 20% is 1:4 beam splitter. Boxes including
i are Fourier transforms (90° rotations in phase space), and —i is a
—90° rotation. LO is local oscillator for homodyne detection of the
output states.

homodyne detectors, the signals of the correlations can be
obtained. The signals are sent to a spectrum analyzer in order
to get the mesurement data.

Figures 3 and 4 show the results of the measurements.
Theoretically, the correlations should be proportional to the
squeezing levels. Every graph shows the results with squeez-
ing and without squeezing. For the linear cluster state and the
square cluster state, ([A(p,—-%..)]*)=-5.4*0.2 dB,
([APra—RL = 203) ) =([A(ps3— K51 —X55)*)=—5.8 £ 0.2 dB,
<[A(ﬁL3—£L2—XAL4)]2>=<[A(ﬁSZ—XAs3—XA54)]2>=—5.3 + 02 dB,
([A(pra—1£13)])=-5.8+0.2 dB, ([A(Ps) —Es3—%s4) )
=—5.2 + 02 dB, <[A(ﬁs4—£51 —.)252)]2>=—5.9 + 02 dB are
obtained. We point out again that only six measurements are
sufficient to detect the eight correlations of these two states.

For the T-shape cluster state, the results of the measure-
ments  are  {[A(pp—Er—Fr3—%ra)?)=—6.0+0.2 dB,
([A(prr—%11)])=-5.2+0.2 dB, ([A(pr3—%r) ]
=-4.9+0.2 dB and {[A(prs—%r1)]>)=—-5.2+0.2 dB.

Various ways for constructing multi-party entanglement
witnesses (i.e., observables for detecting the presence of
multi-party entanglement) are known in the regime of CV
multi-mode states [19,20]. We employ the method of Ref.
[19] using a set of sufficient conditions for the full insepara-
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FIG. 3. In all graphs, the measurement variances without squeezing (upper) and with squeezing (lower) are shown. The graphs of the first
row are the results of ((A(p,—%2)]?) and ((A(Pro—iL;—%13) 1) ={[A(pg3—%s; —%s2)]?). Those of the second row are for ([A(pr;—%ps
-2 ) =([A(Psa— K53~ £54)]*) and ([A(Pra—£13)]%), and those of the third row are for ([A(ps;—£s3—£s54)]*) and ([A(Pss— K51 —£52)]%). The
measurement frequency is 1 MHz, resolution bandwidth is 30 kHz, and video bandwidth is 300 Hz. All results are obtained with 20 times

averaging.

bility of a multi-mode state which can be easily tested with
our experimental results. The corresponding inequalities to
be satisfied are shown below. Recall that if the linear cluster
state is confirmed to be fully inseparable, the full insepara-
bility of the square cluster state is verified at the same time,
as the square and linear cluster states are locally equivalent
up to local Fourier transforms. For the linear cluster state, we
obtain

(AP =2 P + [A(Pra— £, - £ P < 1,
(APL3— 22— 2L P + (AP — £ - f) ) < 1,

(APLs— Eo =2+ (APra— £ < 1. (8)
For the T-shape cluster state, we have

([A(prr = 200 + (AP — 2 — £r3 = £ ) < 1,

([Aprs =200 + (AP — £2 — £r3 — £1) ) < 1,

([A(Prs = 210 1) + [A(Pr) = Fp = F13 = £pa) D) < 1.
)

Note that the variances of a vacuum state are {[A%,,.]*)
= <[Aﬁvac]2> = i

The values of the left-hand-sides of the inequalities are
0.34+0.02, 0.42*0.02, and 0.35*0.02 for Eq. (8), respec-
tively, and 0.42 £0.02, 0.43 +0.02, and 0.42+0.02 for Eq.
(9), respectively. Thus, all inequalities are simultaneously
satisfied and hence the full inseparability of the created clus-
ter states is verified [19].

Besides confirming the inseparability of the cluster states,
we also verified that the measured correlations correspond to
the squeezing levels of the input states. It is possible to de-
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FIG. 4. Upper graphs are ([A(pr)—%1o—f13—%14)]?) and ([A(pro—%71)]?). Bottom graphs are ([A(pr3—%11)]?) and ([A(pry—£11)]*). The

conditions of the measurements are the same as in Fig. 3.

tect the squeezing levels by removing the beam splitters. The
measured squeezing levels range from —5.5 to —6.3 dB and
the antisqueezing levels are between +9.1 and +11.9 dB. Af-
ter removing the beam splitters needed for generating the
cluster states, the signal at this stage of the experiment is free
of fluctuations in phase locking. Therefore, the squeezing
levels are slightly better than the measured correlations.
Nonetheless, our results demonstrate the efficient generation
of the desired quadrature quantum correlations through can-
cellation of all antisqueezing components of the light fields
involved.

IV. CONCLUSION

In conclusion, we have demonstrated the generation of
three kinds of CV four-mode cluster states. Our method for
cluster-state generation is very efficient, because it com-
pletely suppresses the presence of antisqueezing components
in the output states. Thus, the input squeezing levels are al-
most perfectly transferred onto the outgoing quadrature
quantum correlations.

The approach here can be easily extended to other cluster
states, including higher numbers of modes and more com-
plex graph states suitable for multi-mode, multi-step quan-
tum operations. In order to perform a specific quantum op-

eration on an input state through one of the cluster states, the
input state must be attached to that cluster state. This could
be done for arbitrary input states using a QND gate from
off-line squeezing. Such a QND gate has been experimen-
tally realized already [21]. For processing the input state,
measurements have to be performed on most of the modes of
the cluster state. For universal quantum gates, non-Gaussian
measurements are needed and, in addition, feedforward op-
erations including active, conditional basis changes between
the measurement steps.

With the linear cluster state, single-mode four-step opera-
tions are possible. The same state can be also used as a
horseshoe cluster for two-mode quantum operations [2].
With the square cluster state, two-mode quantum operations
can be performed, and by employing it as a diamond state,
it can be used in a redundant encoding scheme for error
filtration [5].
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