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Path-entangled N-photon systems described by NOON states are the main ingredient of many quantum
information and quantum imaging protocols. Our analysis aims to lead the way toward the implementation of
both NOON-state sources and their applications. To this end, we study the functionality of “real” NOON-state
sources by quantifying the effect real experimental apparatuses have on the actual generation of the desired
NOON state. In particular, since the conditional generation of NOON states strongly relies on photon counters,
we evaluate the dependence of both the reliability and the signal-to-noise ratio of “real” NOON-state sources
on detection losses. We find a surprising result: NOON-state sources relying on nondetection are much more
reliable than NOON-state sources relying on single-photon detection. Also the comparison of the resources
required to implement these two protocols comes out to be in favor of NOON-state sources based on nonde-
tection. A scheme to improve the performances of “real” NOON-state sources based on single-photon detection
is also proposed and analyzed.
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I. INTRODUCTION

In recent years, much attention has been given to the pro-
duction of a particular kind of path-entangled N-photon sys-
tems, the so-called NOON states �1–15�

�NOON��a,b =
1
�2

��N,0�a,b + ei��0,N�a,b� , �1�

where �N ,0�a,b indicates an N-photon Fock state in mode a
and vacuum in mode b, with a and b being two nonoverlap-
ping spatial modes. The interest in the production of NOON
states arises from the crucial role they play in many quantum
information protocols �16�, as well as in quantum optical
lithography �17� and quantum metrology �1,6,9–11,18�.

A NOON-state source is a production scheme able to gen-
erate NOON states and to make them available for further
use. The most feasible optical NOON-state sources proposed
so far are based on linear optics and projective measure-
ments: quantum interference effects occurring in a general-
ized Hong-Ou-Mandel–Shih-Alley �HOM-SA� interferom-
eter �19� are combined with nondestructive projective
measurements �NDPMs� to transform an input Fock state
into the desired NOON state �3–6�. In particular, both Zou, et
al. �4� and Fiurásek �5� have proposed a NOON-state source
requiring N single-photon input states and relying on N si-
multaneous detections of vacuum �or nondetections�. On the
other hand, Kok, Lee, and Dowling �6�, considering the tech-
nical difficulties connected to the detection of vacuum, pro-
posed to double the number of input photons and to replace
the N vacuum detections by N single-photon detections. The
nondetection protocol was seen as being too sensitive to de-
tection losses as well as to all other possible reasons why a
detector may not click �e.g., either the laser or the detectors
are off�. Both these schemes will be described in more detail
in Sec. II.

The reliability and signal-to-noise ratio as well as the fea-
sibility of NOON-state sources are basic requirements for all

applications relying on NOON states. In the attempt to lead
the way toward the implementation of both NOON-state
sources and their applications, we aim to study the actual
functionality of the NOON-state sources, described above,
under real experimental conditions. In particular, we quanti-
tatively evaluate both the reliability and the signal-to-noise
ratio of “real” NOON-state sources by taking into account
the effect real experimental apparatuses have on the actual
generation of the desired NOON states. It is nowadays well
known how deeply the theoretical predictions of quantum
mechanics may change when going from ideal to actual ex-
perimental situations; the difficulties related to the imple-
mentation of a loophole-free test of Bell’s inequality are a
quite striking demonstration of the crucial role played by the
nonunitary detection efficiency in generating such a deep
change �20�. Following this idea and considering that the
NOON-state sources we are considering strongly rely on pro-
jective measurements, we evaluate the reliability �Sec. III� of
“real” NOON-state sources in terms of the nonunitary detec-
tion efficiency of photon counters. Note that we refer to
“real” NOON-state sources because we account for the effect
of real detection apparatuses; however, a real NOON-state
source will also involve real photon sources and real optical
elements, which in this work we consider to be ideal. This
analysis, carried out for both the nondetection �Sec. III A�
and the single-photon detection �Sec. III B� schemes, leads
us to a quite surprising result �Sec. III C�: “real” NOON-state
sources relying on nondetection are much less sensitive to
detection losses than “real” NOON-state sources relying on
single-photon detection. To better understand the reason be-
hind this result, we propose and analyze a modified scheme
for improving the performances of the NOON-state source
based on single-photon detection �Sec. III D�. We then dis-
cuss the feasibility of all these NOON-state sources by com-
paring the resources they require with the available technol-
ogy �Sec. IV�. Furthermore, we discuss the nature of the
optical system effectively produced by “real” NOON-state
sources �Sec. V� and evaluate their characteristic signal-to-
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noise ratio �Sec. VI�. We then summarize our results and
draw some conclusions �Sec. VII�.

II. IDEAL NOON-STATE SOURCES

Let us start by describing the protocol of NOON-state
sources. We will only consider schemes producing NOON
states with an even number N of photons, which are indeed
characterized by a production probability higher than in the
odd case �5�. Both the nondetection and single-photon detec-
tion protocols involve a sequence of N

2 cells, as shown in Fig.
1. Each k cell �with k=1, . . . ,N /2� is characterized by four
input modes �ak−1, bk−1, ck−1, and dk−1� and four output
modes �ak, bk, cfk, and dfk�, two of which �ak and bk�
enter into the k+1 cell, while the other two �cfk and dfk�
impinge on photon counters. Each cell is characterized by
both a phase shifter ��k= 2�k

N � and a pair of identical beam
splitters with transmission probability Tk. We shall indicate
the input and output states of the whole apparatus as
��in�� ��in�a0,b0;c0,d0,. . .,ck−1,dk−1,. . .,cN/2−1,dN/2−1

and ��out�
� ��out�aN/2,bN/2,cf1,df1,. . .,cfk,dfk,. . .,cfN/2,dfN/2

, respectively. All
single-photon detectors, together, perform the NDPM re-
sponsible for the collapse of the overall output state ��out�
into the desired NOON state �NOON��aN/2,bN/2

, with �=0
when N

2 is odd and �=� when N
2 is even.

The projective measurement consists of N simultaneous
nondetections �Nnd�, in the nondetection scheme, and of N
simultaneous single-photon detections �Nsd�, in the single-
photon detection scheme. The projectors describing such
ideal measurements are, respectively,

�̂Nnd � �
k=1

N/2

��0�cfkcfk
�0� � �0�dfkdfk

�0�� �2�

and

�̂Nsd � �
k=1

N/2

��1�cfkcfk
�1� � �1�dfkdfk

�1�� , �3�

where the symbol �k=1
N/2 indicates the tensor product of the

projectors associated with each k cell.

III. “REAL” NOON-STATE SOURCES AND THEIR
RELIABILITY

In reality, due to detection losses naturally occurring in
real photodetectors, the number of detected photons may dif-
fer from the number of photons impinging on the photode-
tector; hence, real measurements do not allow precise knowl-
edge about the impinging photon state.

For instance, when neglecting dark counts, nondetection
occurs with certainty when no photons impinge on a detec-
tor, whether it is ideal or real; however, a real detector, char-
acterized by single-photon detection efficiency ��1, has a
probability �1−��n of not detecting n�1 photons impinging
on it. Hence, in order to describe a real detector aiming to
detect vacuum, we need to replace the projector of Eq. �2�
with the measurement operator �21�

�̂Nnd real��� � �
k=1

N/2	

n=0

	

�1 − ��n�n�cfkcfk
�n�

� 

n=0

	

�1 − ��n�n�dfkdfk
�n�� . �4�

When dealing with a real photodetector having single-photon
detection efficiency � and unable to discriminate the number
of detected photons �e.g., a standard single-photon counting
module �SPCM� based on an avalanche photodiode �22��, the
measurement operator of Eq. �4� is one of the two elements
composing the positive-operator-valued measurement
�POVM� describing such a detector. At the same time, the
measurement operator of Eq. �4� is one of the N+1 elements
composing the POVM describing a photon-number resolving
detector �e.g., an energy detector �23��, characterized by a
single-photon detection efficiency � and able to resolve N
=1,2 , . . . photons. In other worlds, nondetection can be per-
formed by both SPCM and energy detectors.

On the other hand, a real photon counter has a probability
� of detecting a single photon impinging on it and a prob-
ability n��1−���n−1� of detecting a single photon even
though n�2 photons impinged on it. Hence, a real photon
counter aiming to detect single photons cannot be described
by the projector of Eq. �3�, but rather by the measurement
operator

FIG. 1. NOON-state source: generic scheme for producing
NOON states �with an even number N of photons� by exploiting
nondestructive projective measurements. Each cell includes a phase
shifter ��k�, two identical beam splitters with transmission probabil-
ity Tk, and two photodetectors.
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�̂Nsd real��� � �
k=1

N/2	

n=1

	

n��1 − ��n−1�n�cfkcfk
�n�

� 

n=1

	

n��1 − ��n−1�n�dfkdfk
�n�� . �5�

Note that, in this case, the measurement operator of Eq. �5�
can only be seen as one of the N+1 elements composing the
POVM describing a photon-number resolving detector, char-
acterized by a single-photon detection efficiency � and able
to register the number N=1,2 , . . . of detected photons.

Both measurement operators of Eqs. �4� and �5� have been
written under the assumption that the detection efficiency
��1 is the same for all photodetectors in the setup. Note
that both measurement operators involve weighted sums of
all the projectors corresponding to the detection of n photons
in mode cfk and m photons in mode dfk, even though the
weighting probabilities are clearly different in the two
schemes. Hence, the effect of detection losses is to force
the overall output state ��out� to collapse into any possible
state ��out�aN/2,bN/2

associated with the real �i.e., imperfect,
unsharp� measurement; in general, the produced state
��out�aN/2,bN/2

differs from the desired NOON state, as we shall
see in more details in Sec. V. We shall thus define the reli-
ability of a NOON-state source as the conditional probability
of producing a NOON state upon real measurement, which is

RMO real��� �
P�NOON�MO real����

P�MO real����
, �6�

where

P�MO real���� = ��out���̂MO real��� � 1̂���out� �7�

is the probability associated with the real measurement, as
described by the measurement operator �MO� of either Eq.

�4� or �5�; 1̂ is the identity operator acting on channels aN/2
and bN/2. In Eq. �6�, P�NOON�MO real���� is the probability
associated with both the real measurement of interest
�whether MO real=Nnd real or Nsd real� and NOON-state
production, which is

P�NOON�MO real� = ��out���̂MO real��� � �NOON��NOON��


��out� . �8�

In order to evaluate the actual functionality of “real” NOON-
state sources, in Secs. III A and III B, we will quantify the
effect detection losses have on the reliability of the two
NOON-state sources described so far. To this end, the overall
output state ��out� appearing in both Eqs. �7� and �8� will be
evaluated by propagating the ideal input state through the
linear optical setup, assuming all optical elements to be per-
fect.

Before entering into the details of this calculation, it is
worth emphasizing that the measurement operators intro-
duced in Eqs. �4� and �5� describe measurements performed
by real detectors, as far as their nonunitary detection effi-
ciency is concerned, but do not account for their dark counts
�i.e., a click occurs even though no photons impinge on the

detector�. This is not an issue when dealing with the nonde-
tection protocol. In fact, this scheme leads to the potential
production of a NOON state only upon no-click events; this
makes both the measurement operator of interest and the
reliability of this scheme completely unaffected by dark
counts. However, in the single-photon detection protocol,
dark counts are as misleading as fake single-photon detec-
tions �i.e., two or more photons impinge on the detectors, but
only one is detected�; hence, to evaluate the actual reliability
of the single-photon detection protocol, one should add to
the measurement operator of Eq. �5� a projector over vacuum
�similar to the one given in Eq. �2��, with the appropriate
weighting probability. Here we will not enter into the details
of this calculation, but it is important to keep in mind that the
actual reliability of the NOON-state source based on single-
photon detection is certainly lower than the one we are going
to evaluate, due to dark counts.

A. Reliability of a “real” NOON-state source based
on nondetection

Let us start by considering the nondetection protocol,
whose generic k cell is depicted in Fig. 2 �5�. Modes a0 and
b0 are empty, while N /2 pairs of single-photon Fock states
�1,1�ck−1,dk−1

impinge on each balanced beam splitter BSk,
with k=1, . . . ,N /2. In order to maximize the probability of N
simultaneous nondetections �whether ideal or real� in all
channels cfk and dfk, the transmission probability of the iden-
tical beam splitters BSk

a and BSk
b is chosen to be �5�

Tk =
k − 1

k
. �9�

After propagating the overall input state ���in�
= �0,0 ,1 ,1 , . . . ,1 ,1 , . . .1 ,1�a0,b0,c0,d0,. . .,ck−1,dk−1,. . .,cN/2−1,dN/2−1

�
through the optical setup of Figs. 1 and 2, we will evaluate
the reliability RNnd real��� of the NOON-state source relying
on nondetection by plugging both the resulting output state
��out� and the measurement operator of Eq. �4� into Eqs. �7�
and �8�, with MO real=Nnd real, and then �6�. We will do
so by considering three special cases: N=2,4, and 6.

In the two-photon case �N=2�, the NOON-state source
under consideration reduces to a single cell containing a

FIG. 2. Generic k �with k=1,2 , . . . , N
2 � cell of the NOON-state

source relying on nondetection, as proposed by Fiurásek �5�. The
input state of the generic 50:50 beam splitter BSk is �1,1�ck−1,dk−1

,
while modes ak−1 and bk−1 are empty.
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standard HOM-SA interferometer. In fact, since Eq. �9� gives
a null transmission probability �T1=0� for both beam split-
ters BS1

a and BS1
b, the pair of single-photon detectors in this

single-cell apparatus does not play any role in producing the
desired two-photon NOON state. The reliability of this
NOON-state source is thus independent of the detection ef-
ficiency and is simply unitary �R2nd real=1�, as it would be in
the ideal case of perfect detectors. In the four- and six-

photon cases, the scheme is composed by two and three
cells, respectively, and the corresponding reliabilities are
found to be

R4nd real��� =
3

�2 − ��2�4 − 4� + 3�2�
�10�

and

R6nd real��� =
10

324 − 1296� + 2376�2 − 2448�3 + 1467�4 − 480�5 + 67�6 . �11�

The three results obtained so far are reported in Fig. 4, be-
low, where the reliability of the “real” NOON-state source
based on nondetection is plotted as a dash-dotted line versus
the detection efficiency �.

B. Reliability of a “real” NOON-state source based
on single-photon detection

Let us now consider the single-photon detection protocol
for generating N-photon NOON states, whose generic k cell
�with k=1,2 , . . . , N

2 � is depicted in Fig. 3 �6�. The input state
is now ��in�= �N ,N,�a0,b0

, indicating that all ck−1 and dk−1

modes are empty; in each cell, the input modes ak−1 and bk−1
are thus mixed with vacuum on the corresponding beam
splitters BSk

a and BSk
b, respectively. In order to maximize the

probability of N simultaneous single-photon detections in
channels cfk and dfk, the transmission probability of the two
identical beam splitters BSk

a and BSk
b is now chosen to be �6�

Tk =
N − k

N − k + 1
. �12�

By propagating the input state ��in� through the entire linear
optical setup of Figs. 1 and 3, one can find the output state

��out� and employ it, together with the measurement operator
of Eq. �5�, to evaluate both the probabilities of Eqs. �7� and
�8�, with MO real=Nsd real; the results can then be plugged
into Eq. �6� to obtain the reliability of the “real” single-
photon detection protocol. For the three cases N=2, 4, and 6,
we find the reliability of this NOON-state source to be

RNsd real��� = �2 − ��−N. �13�

The result of Eq. �13� is shown in Fig. 4, where the dashed
line indicates the reliability of the “real” NOON-state source
based on single-photon detection as a function of the effi-
ciency � of the photon counters involved in the scheme.

C. Comparison of the results

We have evaluated the effect detection losses have on the
reliability of optical NOON-state sources for N=2,4 ,6. Fig-
ure 4 indicates that the reliability of NOON-state sources is
strongly affected by detection losses and increases for in-
creasing values of the efficiency, as expected. In this respect,
it is worth reminding ourselves that the unitary reliability
characterizing the nondetection scheme in the case N=2 is
simply due to the fact that the first cell of this scheme does
not employ the detectors in channels cfk and dfk, as we will
further discuss in the following section. Furthermore, inspec-
tion of Fig. 4 indicates that, for any realistic value of the
efficiency �0���1�, the reliability of NOON-state sources
decreases as the number of photons, N, increases; this is
obviously due to the increasing number of detectors involved
in the scheme.

It is interesting to note that, different from previous ex-
pectations, the reliability of NOON-state sources based on
nondetection �RNnd real� is always larger than the reliability of
NOON-state sources based on single-photon-detection
�RNsd real�. In particular, the difference between the two reli-
abilities remains significant within the range of typical val-
ues of the detection efficiency �i.e., 0.6���0.9�.

D. Modified NOON-state source based on single-photon
detection and its reliability

Considering the different number of detectors effectively
involved in the two schemes considered so far, one may ex-

FIG. 3. Generic k �with k=1,2 , . . . , N
2 � cell of the NOON-state

source relying on single-photon detection, as proposed by Kok et al.
�6�. The overall input state is ��in�= �N ,N�a0,b0

, indicating that
modes ck−1 and dk−1 are empty.
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pect the reliability of the single-photon detection scheme to
improve when transforming its first cell into a standard
HOM-SA interferometer, similar to the first cell of the non-
detection scheme; in this way, the number of detectors would
be reduced from N to N−2. Based on this idea, we are going
to modify the original single-photon detection protocol and
evaluate its reliability as a function of the detection effi-
ciency.

In the modified single-photon detection protocol all cells,
besides the first one, are identical to the cells in the original
scheme �Fig. 3 for k=2,3 , . . . ,N /2�; the first cell, on the
other hand, is identical to the first cell of the nondetection
protocol �Fig. 2 for k=1�. For such a scheme to be a NOON-
state source, the input state ��in� needs to be modified with
respect to the original single-photon detection scheme: in
analogy with the nondetection scheme, two independent
single photons enter the first cell through modes c0 and d0
�i.e., ��in�1st cell= �0,0�a0,b0

�1,1�c0,d0
�, giving rise to a NOON

state with N=2 in the output modes a1 and b1; while entering
the second cell, the NOON state generated by the first cell is
mixed with a pair of two independent photons entering

through modes c1 and d1 �i.e., ��in�2nd cell=1 /�2��20�a1,b1
− �02�a1,b1

��2,2�c1,d1
�; all the remaining cells keep mixing the

output state of the previous cell �modes ak−1 ,bk−1� with a pair
of two independent photons entering through modes ck−1 and
dk−1, with k=2,3 , . . . ,N /2. The overall input state is thus
given by: ��in�= �1,1�c0,d0

�k=2
N/2�2,2�ck−1,dk−1

; by propagating
this input state through the optical setup described above, it
is easy to show that, in the ideal case of perfect detectors, a
NOON state is generated by this scheme upon N−2 simul-
taneous single-photon detections, two in each k cell, with k
=2,3 , . . . ,N /2. By taking into account the detection effi-
ciency �i.e., by employing the measurement operator of Eq.
�5��, we have evaluated the effective reliability of this modi-
fied single-photon detection scheme for producing NOON
states, with N=2,4 ,6 photons; the results

R2sd new real��� = 1, �14�

R4sd new real��� =
4

81 − 216� + 207�2 − 72�3 + 4�4 ,

�15�

R6sd new real��� �
0.00505

2.51 − 12.3� + 25.8�2 − 29.2�3 + 19.0�4 − 6.68�5 + �6 �16�

are plotted as the solid line in Fig. 4.
The new scheme is obviously characterized by perfect

reliability in the case of N=2. An interesting result occurs in
the case N=4: the modified single-photon detection scheme
is not only more reliable than the original single-photon de-
tection scheme �dashed line in Fig. 4�, but is even more
reliable than the nondetection protocol �dash-dotted line in
Fig. 4� for values of the efficiency higher than 0.8. However,
Fig. 4 clearly indicates that the improved reliability of the
new scheme is significant only for small photon numbers:
already in the case N=6, its reliability �R6sd new real� is very

close to the reliability of the original single-photon detection
scheme �R6sd real� and remains very small with respect to the
one characterizing the nondetection scheme �R6nd real�. In
other words, the different number of detectors involved in
the nondetection and single-photon detection protocols �N
−2 and N, respectively� is responsible for the lower reliabil-
ity of the latter only when dealing with NOON states with
N=2 and N=4 photons; for larger photon numbers, the
single-photon detection scheme remains less reliable than
the nondetection scheme, whether it employs N or N−2
detectors.

FIG. 4. Comparison of the reliability characterizing “real” N-photon NOON-state sources based on N single-photon detections �RNsd real,
dashed line� and N nondetections �RNnd real, dash-dotted line� for the three cases N=2,4 ,6 from left to right. The solid line is the reliability
of the modified single-photon detection scheme �RNsd new real�: the first cell of the original scheme is made identical to the first cell of the
nondetection scheme in such a way so as to reduce the total number of detectors from N to N−2.
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IV. FEASIBILITY OF NOON-STATE SOURCES

The larger reliability of “real” NOON-state sources based
on nondetection is not the only reason for favoring this pro-
tocol with respect to the one based on single-photon detec-
tion. In fact, in view of the practical implementation of
NOON-state sources, one should also take into account that
the resources required by the nondetection protocol are much
more affordable than in the single-photon detection protocol.

First, as mentioned in Sec. III, the nondetection scheme
works well even with single-photon counting modules �22�,
sensitive to single photons, but unable to resolve the number
of detected photons, while the single-photon detection
scheme strongly relies on the much less practical photon-
number resolving detectors �23�.

Second, as emphasized earlier, the nondetection protocol
has the advantage of being unaffected by the dark counts of
the detectors.

Third, the nondetection protocol requires N single-photon
Fock states, while the single-photon detection protocol re-
quires one pair of N-photon Fock states, in its original ver-
sion, and a pair of single-photons plus N−2 two-photon Fock
states, in the modified version. In this respect, the difficulty
connected with the realization of the single-photon detection
protocol is not the mere request of twice as many photons as
in the nondetection scheme; the biggest concern is rather the
actual availability of the required photon sources. In fact,
even though on demand single-photon sources are not yet
available, their realization is expected to be more immediate
than the realization of on-demand N-photon sources, with
N�2. In addition, while single-photon Fock states could be
potentially mimicked by either weak-laser pulses or condi-
tioned spontaneous parametric down-conversion, there is no
easy way to simulate a pair of N-photon Fock states, with

N�2. In this respect, it would certainly be interesting to
evaluate the effect imperfect input states have on the reliabil-
ity of NOON-state sources; this discussion will be at the
center of future works.

V. OPTICAL SYSTEM EFFECTIVELY PRODUCED BY
“REAL” NOON-STATE SOURCES

Before concluding it is worth pointing out that the system
generated by a “real” NOON-state source is not a pure state,
as it would be in the ideal case of unitary detection effi-
ciency. This can be shown by tracing out all the detected
output modes cfk and dfk �with k=1,2 , . . . ,N /2� from the
density matrix obtained after applying the measurement op-
erator of interest �either Eq. �4� or �5�� to the corresponding
overall output state ��out�—namely, by evaluating

�̂aN/2,bN/2
MO real ��� = C Trcf1,df1,cf2,df2,. . .,cfN/2,dfN/2

��̂MO real�����out�


��out��̂MO real
† ���� , �17�

where C is a normalization constant and “MO real” may be
either Eq. �4� or �5�.

Equation �17� describes the system effectively generated
by “real” NOON-state sources. By evaluating the density
matrix of Eq. �17� for both the single-photon detection
scheme and the nondetection scheme, we find that the
NOON state produced retains its coherence, but is incoher-
ently mixed with other two-mode Fock states of the kind
�n ,m��n ,m�, with n ,m=0,1 ,2 , . . . ,N−1; in other words, the
only non-null off-diagonal terms characterizing �̂aN/2,bN/2

MO real ���
are the ones associated with the desired NOON state. For
instance, in the two-photon case, the “real” NOON-state
source based on single-photon detection generates the fol-
lowing system:

�̂a1,b1

2sd real��� = C Trcf1,df1
��̂2sd real�����out���out��̂2sd real

† ���� �18�

=
�1 − ��2

�2 − ��2 0 0 0 0 0 0 0 0

0
1 − �

�2 − ��2 0 0 0 0 0 0 0

0 0
1

2�2 − ��2 0 0 0
1

2�2 − ��2 0 0

0 0 0
1 − �

�2 − ��2 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0
1

2�2 − ��2 0 0 0
1

2�2 − ��2 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

� , �19�
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where the basis states are ordered in the following way:
�0,0�a1,b1

, �0,1�a1,b1
, �0,2�a1,b1

, �1,0�a1,b1
, �1,1�a1,b1

, �1,2�a1,b1
,

�2,0�a1,b1
, �2,1�a1,b1

, �2,2�a1,b1
, with �n ,m�a1,b1

the two-mode
Fock state with n photons in mode a1 and m photons in mode
b1 �n ,m=0,1 ,2�. The density matrix in Eq. �18� is clearly an
incoherent mixture of vacuum, single-photon states, and the
desired NOON state with N=2.

Different from the above result, we find that the modified
single-photon detection scheme gives rise to more coherent
systems; for instance, in the N=4 case, the density matrix of
Eq. �17� is characterized by non-null off-diagonal elements
corresponding to NOON states with both N=2 and N=4.

VI. SIGNAL-TO-NOISE RATIO OF “REAL” NOON-STATE
SOURCES

In view of experimental implementations of NOON-state
sources, it is worth exploiting the results obtained so far for
evaluating the signal-to-noise ratio characterizing a “real”
NOON-state source.

We define the signal-to-noise ratio �S /N� as the ratio be-
tween the probability of producing the desired NOON state
and the total probability of producing all other possible un-
wanted states. In order to evaluate this quantity we should
sum the diagonal elements of �̂aN/2,bN/2

MO real ��� corresponding to
the desired NOON state and then divide the result by the sum
of all the remaining diagonal terms. Since �̂aN/2,bN/2

MO real ��� is nor-
malized, we may also evaluate the single-to-noise ratio as

S

N
��� =

Tr��̂NOONaN/2,bN/2
����

1 − Tr��̂NOONaN/2,bN/2
����

=
RMO real���

1 − RMO real���
,

�20�

where �̂NOONaN/2,bN/2
��� is the two-by-two “submatrix” of

�̂aN/2,bN/2
MO real ��� corresponding to the desired NOON state and its

trace is just the reliability.
We carried out this analysis for each one of the three

NOON-state sources considered so far; the results are re-
ported in Fig. 5, where we chose to express the signal-to-
noise ratios in dB: in this scale, positive signal-to-noise ra-
tios indicate that the signal is larger than the noise.

Both the nondetection scheme and the modified single-
photon detection scheme are characterized by the absence of
noise in the case N=2, while the single-photon detection
scheme has a positive dB signal-to-noise ratio only for de-
tection efficiencies ��0.58.

For N=4, in line with the results shown in Fig. 4, the
modified single-photon detection scheme has the highest
signal-to-noise ratio for values of the efficiency ��0.8; for
lower values of the efficiency, the nondetection scheme is
characterized by the highest signal-to-noise ratio. In particu-
lar, the dB signal-to-noise ratio is positive for ��0.5 in the
nondetection scheme, ��0.7 in the modified single-photon
detection scheme, and ��0.8 in the original single-photon
detection scheme.

The difference between the signal-to-noise ratio associ-
ated with the nondetection scheme and the ones associated
with the two single-photon detection schemes continues to
be important when dealing with NOON states with N=6, in
analogy with the result obtained for the reliability; in fact,
S /N �dB� becomes positive for ��0.7 in the nondetection
scheme and for ��0.85 in the single-photon detection
scheme.

VII. CONCLUSION

By taking into account the detection losses due to the
nonunitary detection efficiency of real photon counters, we
have quantified both the reliability and the signal-to-noise
ratio of “real” N-photon NOON-state sources for the three
cases N=2,4 ,6. Even though further studies are required for
generalizing our results to any number of photons, N, our
results lead to a revaluation of NOON-state sources based on
nondetection. In fact, we have proposed and analyzed a
modified version of the NOON-state source based on single-
photon detection in such a way that both the nondetection
and new single-photon detection schemes involve the same
number of detectors �N−2�; however, besides for the cases
N=2 and N=4, the modification of the NOON-state source
based on single-photon detection is not sufficient to compen-
sate the better performances of the nondetection scheme.

Our analysis may play an important role in view of the
practical implementation of both NOON-state sources and
applications relying on them. However, further studies are
required to quantify the effect real photon sources have on
the performances of real NOON-state sources.
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FIG. 5. Comparison of the signal-to-noise ratios �expressed in dB� characterizing “real” N-photon NOON-state sources based on N
single-photon detections � S

N Nsd real, dashed line�, N nondetections �RNnd real, dash-dotted line�, and N−2 single-photon detections
�RNsd new real, solid line� for the three cases N=2,4 ,6 from left to right.
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