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Experimentally accessible geometric measure for entanglement in N-qubit pure states
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We present a multipartite entanglement measure for N-qubit pure states, using the norm of the correlation
tensor which occurs in the Bloch representation of the state. We compute this measure for several important

classes of N-qubit pure states such as Greenberger-Horne-Zeilinger and W states and their superpositions. We
compute this measure for interesting applications like the one-dimensional Heisenberg antiferromagnet. We use
this measure to follow the entanglement dynamics of Grover’s algorithm. We prove that this measure possesses
almost all the properties expected of a good entanglement measure, including monotonicity. Finally, we extend
this measure to N-qubit mixed states via convex roof construction and establish its various properties, including
its monotonicity. We also introduce a related measure which has all properties of the above measure and is also

additive.
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I. INTRODUCTION

Entanglement has proved to be a vital physical resource
for various kinds of quantum-information processing, includ-
ing quantum state teleportation [1,2], cryptographic key dis-
tribution [3], classical communication over quantum chan-
nels [4-6], quantum error correction [7], quantum
computational speedups [8], and distributed computation
[9,10]. Further, entanglement is expected to play a crucial
role in many-particle phenomena such as quantum phase
transitions, transfer of information across a spin chain
[11,12], etc. Therefore, quantification of entanglement of
multipartite quantum states is fundamental to the whole field
of quantum information and, in general, to the physics of
multicomponent quantum systems. Whereas the entangle-
ment in pure bipartite states is well understood, classification
of multipartite pure states and mixed states, according to the
degree and character of their entanglement is still a matter of
intense research [13—15]. The principal achievements are in
the setting of bipartite systems. Among these, one highlights
Wootter’s formula for the entanglement of formation of two-
qubit mixed states [16], which still awaits a viable generali-
zation to multiqubit case. Others include corresponding re-
sults for highly symmetric states [17-19]. The issue of
entanglement in multipartite states is far more complex. No-
table achievements in this area include applications of the
relative entropy [20], negativity [21] Schmidt measure [22],
and the global entanglement measure proposed by Meyer
and Wallach [23].

A measure of entanglement is a function on the space of
states of a multipartite system, which is invariant on indi-
vidual parts. Thus a complete characterization of entangle-
ment is the characterization of all such functions. Under the
most general local operations assisted by classical communi-
cation (LOCC), entanglement is expected to decrease. A
measure of entanglement that decreases under LOCC is
called an entanglement monotone. On bipartite pure states
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the sums of the k smallest eigenvalues of the reduced density
matrix are entanglement monotones. However, the number of
independent invariants (i.e., the entanglement measures) in-
creases exponentially as the number of particles N increases
and complete characterization rapidly becomes impractical.
A pragmatic approach would be to seek a measure which is
defined for any number of particles (scalable), which is eas-
ily calculated, and which provides physically relevant infor-
mation or equivalently which passes the tests expected of a
good entanglement measure [13,14].

In this paper, we present a global entanglement measure
for N-qubit pure states which is scalable, which passes most
of the tests expected of a good measure and whose value for
a given system can be determined experimentally, without
having a detailed prior knowledge of the state of the system.
The measure is based on the Bloch representation of multi-
partite quantum states [24].

The paper is organized as follows. In Sec. II we give the
Bloch representation of an N-qubit quantum state and define
our measure Ex In Sec. III we compute E7 for different
classes of N-qubit states, namely, the Greenberger-Horne-
Zeilinger (GHZ) and W states and their superpositions. In
Sec. IV we prove various properties of Ez including its
monotonicity, expected of a good entanglement measure. In
Sec. V we extend Erto N-qubit mixed states via the convex
roof and establish its monotonicity. In Sec. VI we introduce a
related measure which is additive and shares all other prop-
erties with E7 Finally, we conclude in Sec. VII.

II. BLOCH REPRESENTATION OF AN N-QUBIT STATE
AND THE DEFINITION OF THE MEASURE

Consider the generators {I, 0, 0,, 0.} ={0y, 01,05, 03} of
the SU(2) group (Pauli matrices). These Hermitian operators
form an orthogonal basis (under the Hilbert-Schmidt scalar
product) of the Hilbert space of operators acting on a single-
qubit state space. The N times tensor product of this basis
with itself generates a product basis of the Hilbert space of
operators acting on the N-qubit state space. Any N-qubit den-
sity operator p can be expanded in this basis. The corre-
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sponding expansion is called the Bloch representation of p
[24].

In order to give the Bloch representation of a density op-
erator acting on the Hilbert space (?®(?®---®(C? of an
N-qubit quantum system, we introduce the following nota-
tion. We use k.k; (i=1,2,...) to denote a qubit chosen from
N qubits, so that k,k; (i=1,2,...) take values in the set N’
={1,2,...,N}. The variables oy or e for a given k or k;
span the set of generators of the SU(2) group for the kth or
kith qubit, namely, the set {I; .o .0, .03, } for the k;th qu-

bit. For two qubits k; and k, we deﬁne

Wohele TR0, ®L® - D),
1
:(12®12®"'®0'ak®12®"'®12),
2
("k =(LeL® 0, L @0, @l
1 1 2
® L), (1)
where T, and 0, oOccur at the k;th and k,th places (corre-

spondmg to the klth and k,th qubits, respectively) in the
tensor product and are the o th and o th generators of
SU(_), (akl:1,2,3 and ak2:1,2,3), respectively. Then we
can write

1
o= ZN{®N12+ S Seadls 33 1y, 080

{k}CN ay {ky.ko}  a,
(kp) (ko) . (k )
+ + 2 E [aklak7...akMo-akl O-O‘kz kM
{k ko, . kpgt oo - M
1 2 ... N
+ + 2 talaz.‘.aNo-al Uaz UaN . (2)
alaz...llN

where s is a Bloch Vector (see below) corresponding to the
kth subsystem, s =[s which is a tensor of order 1

defined by

aka =1’

o= Trpo) =Tr(pyar,), 3

where py, is the reduced density matrix for the kth qubit. Here
{ky,ky, ... .kyt, 1=M=N,is a subset of N and can be cho-
. N . : N .
sen in (,) ways, contributing (,,) terms in the sum
2 ik ky..kyy) 10 EQ. (2), each containing a tensor of order M.
The total number of terms in the Bloch representation of p is
2N, We denote the tensors occurring in the sum E{k !
(1=M=N) by Ttk kul= [t « 1], which are defined
M

by
_ (kl) ) o kg
tak]akz. . CYk Tr(p O-akM )
= Tr[pkl,kZ,...,kM(o-akl ® Uakz Q@ ® o-akM)]

(4)

is the reduced density matrix for the sub-
,ky}. We call the tensor in the last term in

Where pkl*kZ""’k
system {k;,k,, ...
Eq. 2) TV
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From Eq. (4) we see that all the correlations between M
out of N qubits are contained in Tlkvke kb and all the
N-qubit correlations are contained in 7). If p is an N-qubit
pure state we have

N
1
Tr(p2)=27,(1+2lls<")||2+ > [ThRIP+
k=1

{kp kot

+ X

||T{kl9k2’-~’kM}||2 + oo ||T(N)||2> =1
{k|,k2,...,kM}

©)

Any state p=|y)(] existing in a d*>-dimensional Hilbert
space of operators acting on a d-dimensional Hilbert space of
kets can be expanded in the basis comprising d>—1 genera-
tors of SU(d) and the identity operator. The set of coeffi-
cients in this expansion, namely, {Tr(p\;)}, i=1,2,...,d>
—1, is a vector in R%~! and is the Bloch vector of p. The set
of Bloch vectors and the set of density operators are in one-
to-one correspondence with each other. The set of Bloch vec-

. 2
tors for a given system forms a subspace of RY ! denoted

B(Rdz‘l). The specification of this subspace for d=3 is an
open problem [25,26]. However, for pure states, the follow-
ing results are known [27]:

dd-1)
5

Isll> =

D, (R C B(RY") C DR(RPY), (6)

where D, and Dy are balls of radii r—ym and R
= M , respectively, in RE-1

We propose the following measure for an N-qubit pure
state entanglement:

EAly) =(IT™V]-1), ()

where 7™ is given by Eq. (4) for M=N in the Bloch repre-
sentation of p=|i)(y|. The norm of the tensor 7™ appearing
in definition (7) is the Hilbert-Schmidt (Euclidean) norm
||T(N)||2:(T(N)vT(N))=Eala2...aNtalaz._.aN- Throughout  this
paper, by norm, we mean the Hilbert-Schmidt (Euclidean)
norm. We comment on the normalization of E{|#)) below.

III. GHZ AND W STATES

Before proving various properties of E{|#)), we evaluate
it for states in the N-qubit GHZ or W class. A general N-qubit
GHZ state is given by

) =\pl000...0)+ VT —p|111... 1), N=2. (8)
A general element of 7V is given by lijiy iy = (lﬂ|0’il®0',-2
- Qo |1,0) i,=1,2,3, k=1,2,...,N. The nonzero
elements of T are ty 1=2\p(1=p), t3 s=p+(-DN(1

—p). Other nonzero elements of 7™ are those with 2ka,’s
and (N=2k)o,’s, k=0,1, ... ,[gj, where |x] is the greatest in-
teger less than or equal to x (e.g., for N=3, ¢4, etc.). These
are equal to (—1)¥2yp(1-p). This gives

062334-2



EXPERIMENTALLY ACCESSIBLE GEOMETRIC MEASURE ...

PHYSICAL REVIEW A 77, 062334 (2008)

N2
IT™P=4p(1=p) +[p+ (= D¥(1 = p) P +4p(1 - p) X <2k>' ®)
k=1
Thus we get, for E(|4)),
v/2] N
Ef|y) =TV - 1= \/4p(1 —p)+lp+ D1 =-pF+dp(1-p) 2 (2k> -1 (10)
k=1

Equation (8), with N=2, represents a general two-qubit en-
tangled state in its Schmidt decomposition,

|4 = \p|00) + 1 = p11).

Thus Eq. (10) gives the entanglement in a two-qubit pure
state. Using Eq. (10) it is straightforward to see that E4(|4))
for an arbitrary two-qubit pure state is related to the concur-
rence by

EA|ly)=\1+2C"-1,

where the concurrence C for such a state is 2+p(1-p).

Figure 1 plots E4(|¢)) in Eq. (10) as a function of p for
N=3. For the N-qubit GHZ (maximally entangled) state p
=1/2, so that

| (V2] N
Ry=E|GHZ)) = \/1 + I+ DR X <2k) b

k=1
(11)

We see that, as a function of N, E{|GHZ)) increases as a

polynomial of degree [%’J. Figure 2 plots EA|GHZ)) as a

function of N. E/{|GHZ)) increases sharply with N as ex-

pected. Note that E(|GHZ)) =0 for the GHZ class of states.

Whenever appropriate, we normalize the entanglement of an

N-qubit state |4}, E4(|)), by dividing by Ry=EA|GHZ)).
The N-qubit W state is given by

1

0.9F
0.8f
0.7F
0.6
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0.2f

0.1f

0 . . . .
0 0.2 0.4 0.6 0.8 1

p

FIG. 1. Variation of E{|¢)) [Eq. (10)] for N=3, expressed in
units of Rz, with parameter p.

1
[W)y=-=2,[00...10...00), N=3,
VN

where the jth term has a single 1 at the jth bit. The state
[Wy=@,0"|W) is given by [W)==3[11...0;1...11), N
=3, and has a single O at the jth bit. We note that |W> is
locally unitarily connected to |W> so that their entanglements

must have the same value. The general element of 7™ for
the state p=|W)XW] is

N
2.(00...1;...00|0; ® 07 @ -+

N
1
®0;000...1;...00)+— X (00...1;...00|o;
' Jl=1:j#1 '

®(Ti2® e ®0—’N|OO ][OO>

Only the first term contributes to 33 33=—1. Other nonzero
elements have the form #3313, 313, 3= y=15..323...323..3-
There are (];J) elements of each of these two types, so that

2\*(N N-1
||T(N>||2=1+2(;[> (2)=1+4 v (12)

25
201

15} o

FIG. 2. Variation of Ry=E4(|GHZ)) [Eq. (11)] with number of
qubits N.
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FIG. 3. Variation of EA|¢; 4)), expressed in units of Ry, with
the superposition parameter s, for N=3.

EﬂMW:HTWm—1=\H+4N§1—1. (13)

It is straightforward to check that Ef|W))=ELH|W)) as ex-
pected. Note that E4(|W))=0.

Next we consider a superposition of |W) and |W) states,
AE Vs|W)+1—se'®|W). Tt is clear that the entanglement
of |¢f; 4) cannot depend on the relative phase ¢, as [ ) is
invariant under the local unitary transformation {|0),|1)}
—{]0),¢'?|1)} up to an overall phase factor. As we shall
prove below, Eis invariant under local unitary transforma-
tions. Figure 3 shows the entanglement of |1//S,¢> as a function
of s, calculated using our measure.

An important example of a W state and its generalizations
is the one-dimensional spin—% Heisenberg antiferromagnet,
on a lattice of size N, with periodic boundary conditions,
given by the Hamiltonian

N
Hy= E XXjn+Y Y +2Z;,,, (14)
j=1

where the subscripts are mod N and X,Y,Z denote Pauli op-
erators o, oy, o, respectively. Hy commutes with SZ=EZ .,
so the eigenstate of Hy is a superposition of basis vectors
|b,---b,) where s of b;-+-by are ones and N—s are zeros for
some fixed 0=s=N. When s=1, the translational invariance

of Hy implies that the eigenstates are

N-1
1 .
VN j=0

where the jth summand has a single 1 at the jth bit just like
the W state and the wave number kzz% for some integer
0=m=N-1. The state |<//§\’,‘)) is locally unitarily transformed
to the W state so that it has the same value of E-{|W)) or
EAW)).

For s=2 the eigenstates of Hy have the form
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|%¢g>=——l—— §}|00“.g0”.gpx (16)
/<N>{i1---js}
S

where 1 occurs at j,...j, {j;...j CN={1,2,...,N}, and
can be chosen in () ways. We see that for |iy(s)), 133, 3
=1. For even N, t; 15 23

sponding to the average of xo,’s, y 0,’s, and N—-x—y a.s,
we get, for even x and even y,

x\[y xX+y N-x-y
fooaos. 3= 2l x ||y || G+y) S_(X'*‘y)
2/\2 2 2

Since |y(s)) is a symmetric state, any permutation of its
indices does not change the value of an element of 7 [24],
so that

2s X y
T(N) 2 L 2 2
[T sl =1+ N2 22
( ) X+y=2 2 2
S X,y even
+ N-x-y \?
Y Y N\(N-x
| G+y) (x+y) :
nenl 1 Sl ARTAR

Figure 4 shows the variation of ET(|¢N(S)>)=||T\(Z3,(s)>||—1
with s. We see that it is maximum at s=§, which is a char-
acteristic of the ground state of Hy, as expected. Note that
E7(|¢N(§)>) for the state (s=%’) rises far more rapidly than
the entanglement of the N-qubit GHZ state Ry=E{|GHZ))
[Eq. (11)] with the number of spins (qubits) N. This can be
understood by noting that |l//N(%])> for s:%] can be written as
a superposition of %( NA/IZ) N-qubit GHZ states. For example,
|144(2)) can be written as the superposition of three four-qubit
GHZ states,

1 1 1
|¢Am>=—F(7=wm1w+|n0m)+7=mn0w+houm
V3142 V2

1
+—qum1»+mlu»ﬂ.
V2

As N increases, initially E7(|¢N(§))) is comparable to Ry,

o Edln) .
but after N=16 the ratio —5—"— increases very rapidly,

reaching 107 for 100 qubits. AIS(A),, as N increases, E-(|¥y(s)))
falls off more rapidly as s deviates from %’ . We are presently
trying to understand this behavior.

Finally, in this section, we consider the superpositions of
W and GHZ states,

|¢W+GHZ(S,¢)> = \‘”S|GHZ> +V1- Sei¢| W), (17)

also considered in [28]. For three qubits, N=3, a direct cal-
culation gives, for this state,

11
|77 = 452 + 65(1 - 5) + ?(s— 1?2 (0=s=<1),

062334-4
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2.5F

0 20 40 60 80 100
(b) s

FIG. 4. Variation of E7(|¢sy(s))), (in units of Ry), with s, for N
= (a) 20 and (b) 100 (see text).

Ed|dw.cuz(s, ) =| i//N(s»” (18)

which coincides with the corresponding values of the W(s
=0) and GHZ(s=1) states. Note that EA|¢y,cuz(s,®))) is
independent of the phase ¢, in contrast to the entanglement
measure used in [28]. Figure 5 shows the dependence of

E7(| ¢W+GHZ(S’ ¢)>) on s.

1.02

1k

0.98r

0.96f

0.94r

0.92F

0.9F

0.88f

0.86[

0.84
0

S

FIG. 5. Variation of EH|w.guz(s,®))), expressed in units of
Ry, with the superposition parameter s, for N=3.
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IV. PROPERTIES OF E{|))

To be a valid entanglement measure, E4{|#)) must have
the following properties [29,30].

(a) (i) Positivity: E4|¢))=0 for all N-qubit pure states
|). (ii) Discriminance: E/|#))=0 if and only if |¢) is a
separable (product) state.

(b) LU invariance: E/|)) must be invariant under local
unitary (LU) operations.

(¢c) Monotonicity: local operators and classical communi-
cation do not increase the expectation value of E4{(|)).

We prove the above properties for E4{|#)). We also prove
the following additional properties for E4{|)):

(@) Continuity: (|41~ #XS)— 0= [E(4)~E( )]
—0.

(e) Superadditivity: E|9)®|$)) = E(|)+E+(|$)).

We need the following result, which we have proved in
[24].

Proposition 0. A pure N-partite quantum state is fully
separable (product state) if and only if

TV Do g@ o ... o g, (19)

where s® is the Bloch vector of the kth subsystem reduced
density matrix. The symbol ° stands for the outer product of
vectors defined as follows.
2
Let uu?, ... . u™ be vectors in R4!
2 2
R, ... R, The outer product uVou®o
tensor of order M (M-way array), defined by

coou™ i a

D@ g™ . 2
t’lz iy = 11 12 uiM’ 1Slk5dk_l’

k=12,....M

Proposition 1. Let |#) be an N-qubit pure state. Then,
||TN)||—1 if and only if |1,b> is a separable (product) state.
is separable (product) if and

only if

N 1 2 N, Nk
7’( )=S()°S()° e Os( )=Ok=1.§( )

As shown in [31,32],

(O ,s®.ON Wy =TI) (sW,s®), (20)
where (.,.) denotes the scalar product. This immediately
gives, for qubits,

7P = (709,70 = TEY, 60,5) = TP = 1

|

Proposition 1 immediately gives the following proposi-
tion.

Proposition 2. Let | be an N-qubit pure state. Then
EA|4))=0 if and only if |¢}) is a product state.

Proposition 3. Let |y be an N-qubit pure state. Then
[7V]|= 1.

It is instructive to show this result by direct computation
of 7™ for the cases of two- and three-qubit states. First,
consider a general two-qubit state

062334-5
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) = @,|00) + a|01) + 5|10y + a|11), X |aP = 1.
k

By direct computation we get
[T = 1+ 8(lasas| = laau)? = 1. 1)

This means, via Proposition 2, that |) is a product state if
|asas|=|a,a4|. Next, consider a three-qubit state in the gen-
eral Schmidt form [33]

[4) = No|000) + N 1€7%|100) + N, 101) + N5 110) + Ny[111),
(22)

where \;=0, i=0,1,2,3,4, and S\?=1.
By direct calculation of |75 we get

7P = 1+ 120302 + 8NINS + 8NN + 8 (AN Ay — MoN3)2 = 1.
(23)

Here the conditions for the product state become A A4
=MN,A3 and Ay=0. We now prove Proposition 3 for a general
N-qubit state |).

If [/ is not a product of N single-qubit states (i.e., |} is
not N-separable) then it is (N—k)-separable, k=2,3,...,N.
Viewing the N-qubit system as a system comprising N—k
qubits, each with Hilbert space of dimension 2, and k en-
tangled qubits with the Hilbert space of dimension 2, we can
apply Proposition O to this separable system of N—k+ 1 parts
in the state [¢). We get nggz(s(l))O(s(z))o---O(S(N‘k))
O(S(N—k+1))'

This implies, as in Proposition 1, via Egs. (20) and (6)
that

dd-1)

I = I = S >

_ ok
> (d=2%. (24)

If k=N we attach an ancilla qubit in an arbitrary state |¢) and
apply Proposition 0 to an (N+1)-qubit system in the state
|) ® | ) where 1)) is the N-qubit entangled state. This result,
combined with Proposition 1, completes the proof. |

Proposition 3 immediately gives the following proposi-
tion.

Proposition 4. EA|)) =0.

We now prove that E4(|#)) is nonincreasing under local
operations and classical communication. Any such local ac-
tion can be decomposed into four basic kinds of operations
[34]: (i) appending an ancillary system not entangled with
the state of the original system, (ii) performing a unitary
transformation, (iii) performing measurements, and (iv)
throwing away, i.e., tracing out, part of the system. It is clear
that appending ancilla cannot change ||7®)|. We prove that
EA|y)) does not increase under the remaining three local
operations.

Proposition 5. Let U; (i=1,2,...,N) be local unitary
operators acting on the Hilbert spaces of subsystems
HD (i=1,2,...,N), respectively. Let

p= (@Y, U)p" (&Y, U]) (25)

for density operators p and p’ acting on H=®" H" and let
TN and 7'™) denote the N-partite correlation tensors for p
and p’, respectively. Then

PHYSICAL REVIEW A 77, 062334 (2008)

7™ = |7

., so that

E1(p) =Ep").

Proof. Let U denote a one-qubit unitary operator; then it is
straightforward to show that Uo,U"=2 40,505, where [0 ,,]
is a real matrix satisfying 00T=I=0"0. 1t is an element of
the rotation group O(3). Now consider

tiyeiy=Tr(p' 0 ® 0, ® -+ @ 7))
=TT[P(®?L1U1')071 ®0,® U'iN(®fi1U;r)]

=Tr(pU,0; U} ® U0, Us ® -+ ® Uya, UR)

= > Tr(poy, ® 0,,® - ® 0,)
al'--aN
1 2 N
XOlia, O, Oy
1 2 N
- E tal'..aNol(l{)IlO’(Z‘)lz‘.‘OENC)’N
@ -ay

— (T(N)X IO(I)XZO(Z) X oeee XNO(N))iliz"'iN’
where X, is the k-mode product of a tensor 7™
e R33%3 by the orthogonal matrix 0% e R3*3 [31,32,35].
Therefore,

']"(N) - T(N)X10(1)><20(2) X e XNO(N).
By Proposition 3.12 in [31] we get
709 = [795,0075,0% x -+ X0 = [T,

|

Proposition 6. If a multipartite pure state |) is subjected

to a local measurement on the kth qubit giving outcomes i;

with probabilities Pi, and leaving the residual N-qubit pure

state |¢; ), then the expected entanglement 2, p; EA(|¢; ) of
the residual state is not greater then E4{|)),

> piEd| i) = EA|9)). (26)

Proof. Local measurements can be expressed as the tensor

product matrix D=DV®D?®---®D™ on the expanded
coherence vector 7[36]. The expanded coherence vector 7 is
the extended correlation tensor 7 (defined below) viewed as
a vector in the real space of appropriate dimension. The ex-
tended correlation tensor 7 is defined by the equation
;3
P=5N 2 T iy-iy0i, ® 0, @ - @0y, (27)
iyiy - in=0

where o; €{l,0,,0,,0.} is the i;th local Pauli operator on
the kth qubit (op=1) and the real coefficients 7; ; .., are the
components of the extended correlation tensor 7. Equation
(2) and Eq. (27) are equivalent with Zopo=1, 7 00...0

— — {12 -M}
=8 e Zliz...iMoo...O— iy iy 2t and 7;1"2-"'1\/

_TW o : Dk —

=T i ity iy#0. DY, k=1,2,....n, are 4x4
matrices. Without losing generality, we can assume the local
measurements to be positive operator valued measures

(POVMs), in which case D®=diag(1,D%) and the 3 X3
matrix D% is contractive, DWTDW <] [36]. The local
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POVMs acting on an N-qubit state p correspond to the map
pr>M (p) given by

Mp)= 2 Lerle oLl el e -
iy iy
® LT,
N
where L are the linear, positive, trace-preserving operators

satlsfymg >, L(k)TL(k) I and [L(k) L(k”] 0. The resulting
correlation tensor of M(p) can be wrltten as

T'M = 70 pUx,D@ X ++o X DD,

where D is a 3 X 3 matrix and DWTDW <],

The action of a POVM on the kth qubit corresponds to the
map Mk(|¢><z//|) 5M; pM where M; =I1®- L(f)®
I, 3, L b=y, and [L L(f”] 0, with the resulting
mixed state E, Pi| i )b s where |;,) is the N-qubit pure
state which results after the outcome i, with probability pi,-
The average entanglement of this state is

2 pi EA| i X)) = E Pik||7|lq(>N>)|| —-1= E sz||7|¢) x DY)
g Uk

-1= EPik”D k)T(k)(|¢>)|| -1,

where, by Proposition 3.7 in [31], D(k)T(k)(|l/I>) is the kth
matrix unfolding [24] of T (N)XkD“‘) Therefore, from the
definition of the Euchdean norm of a matrix, |Al
=\Tr(AA"), [37] we get

Z PikE7(|¢ik><¢ik|) = E Pik{Tf[D(k)T(k)

><(|¢>)Tk)(|</f>)D<"”]}”2
=2 p T DY DOT,

i

()Tl (en ] -
= 2 PN T T (W) T (9] - 1

=T - 1= Exlg),

because DXTDM <] and =, xf)szl' We have also used the

fact that the Euclidean norm of a tensor equals that of any of

its matrix unfoldings. |
As an example, we consider the four-qubit state [38]

1
| ancn = 7%(|0000> +/0011) +]0101) + [0110) + |1010)
J

+[1111)). (28)

A POVM {A|,A,} is performed on the subsystem A, which
has the i form A,=U,diag{a, B}V and A,
=U,diag{\1-a?,\1- B%V. Due to LU invariance of [T N)||
we need only consider the diagonal matrices in which the
parameters are chosen to be a=0.9 and 8=0.2. After the
POVM, two outcomes |¢)=A|¢)/\p, and |y
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=A2|¢>/\JE are obtained, with the probabilities as p,
=0.5533 and p,=0.4467. We find
EA|y) =

0.7802, EL|¢,)) =0.0725/p,,

EA|¢,)) = 0.0436/p,.

This gives

EA|) - [p1EA| 1)) + prEA] #2))] = 0.6641 > 0.

This is to be contrasted with the similar calculation in [38],
with the same state |#) in Eq. (28) and the same POVM
given above.

Proposition 7. Let | be an N-qubit pure state. Let p
denote the reduced density matrix after tracing out one qubit
from the state |¢). Then

IV = T ()

with equality only when |/)=|¢) ® |x), where |x) is the state
of the qubit which is traced out.

Proof. We prove this for a special case whose generaliza-
tion is straightforward. Let lyy=alb,...by)
+b|b]...b}) +|b[*=1. Here |b;) and |b]) are the eigen-
states of O'y) operating on the ith qubit. Now consider the set
S of N-fold tensor products of qubit operators {o,}, @

=1,2,3, namely, S:{o-al®0'a2®---®0'aN}, ay,...,ay
=1,2,3. Choosing «,...,ay=3, we get 038003® "
® 03|b;...byY=*|b;...by). We can choose an operator from

S, denoted B, such that B|b;...by)=*|b|...by). If B con-
tains g =N o, operators we can replace k=g of them by o,
operators. We denote the resulting tensor product operator by

Bi(By=B). We have B|b,...by)= = ()"b]...by). Then,
<b1 bN|(T3 ® - ® 0'3|b1 bN>
== 1=(b]...bylo3® -+ @ o3|b] ... by,
(by...by|Blb} ... b}y =+ 1=(b]...b\|B|b; ... by),
(b ...b\B by ... byy = = (D),
<b1 bN|Bk|bi b;\,>= i (— l)k
Now,
tay...ay =P Oa, ® - @ 0, [)

=[alby ... bylog, ® -+ @ 0y by ... by)
+ [} ... bylog, ® < @ g by ... by
+a*b(b, ... bN|0'al ® " ® UaN|b{ ..by
+ab™(b; ...b,'\,|o'a1 Q' ® 0'aN|b1 ...by).

The nonzero elements of 7, o are 133 3=*|al>=[b 15
=*ab*+a*b= +2|a||b|cos(¢a qﬁb)
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tg, = = ()'ab™ = (= i)'a’D
+2|al|b|cos(¢, — ) if k is even,
| £2|d||b|sin(p, — #p) if k is odd.

We get 2{_,(5;)elements with cos(¢,—¢,) and = (")
elements with sin(¢,— ;). If ¢ is odd (for the given state
|44)) the number of cosines and the number of sines are equal.
When ¢ is even the number of cosines exceeds by 1. Finally
we get

TV = (= |a]® = 62+ 4]ab cos* (¢, — @)E (Zk)

+4lal|b|? sin*(¢, - ‘Wz (2k+ 1>

Note that, using |a|>+|b|>=1, it is easy to see that ”TW)”
=1, showing that E;=0. Next we consider

lal?|by ... b)Yy ... byl +|blb] ... by)b) ... by

and trace out the Nth qubit to get the (N—1)-qubit reduced
density matrix

WXyl =

=lallby ... by )Xby - by |+ [BIPIB] - by b - by
+ab*(by ... by Xb ... by [(bylby)
+a'blb) .. bl Xby ... by [(BLlby).
Now
b e = TH(pOy © 00 ® 0, )
=lal*(by ... by_i|og, ® -+ ®0'aN by byy)
+ |61 . by |oa @ - ® 0 [B] . b))
+a*b{b, ...bN_1|0'C,1 ® @0, 1|b’ by
X (bylby) + ab™(b] ...b['\,_l|a'a1 ®
® 0y [by - by XbAIDA).

We have for N—1 tensor product operators 03 ®03® - -
® 03|by...by_1)=*|b,...by_;). We construct the operators
D and D, corresponding to B and B, acting on N—1 qubits
We then get D|b,...by_1)==*1|b;...by_,) and Dylb... (N
== (i)"b;...by_,) Now, the nonzero elements of T
are 133 3= la> £, tp=Etab™(by|by)y = a*b<bN|bN>
=2lallbll bl badlcos(, - ),

tp, = = (i)'ab™(bylby) + (= )a"b(by|by)

] { +2a| [b][<b | badlcos( b, — &, -

a) if k is even,

+2|al|b|[bL|blsin( b, — by — @) if k is odd.

Finally we get

PHYSICAL REVIEW A 77, 062334 (2008)

ITODIP = (2 [a? = [BP) + 4laP Bl Kbrlbw) P

’
!

xeostdy = du=3 )+ AaPIRIe3P
k=0

’

q ’
k=

Xsin*(e, 2+ 1
=0

where ¢’ =g is the number of o, operators in D. Since
[by| B> =1 we see that

I =l

equality occurring when |by)=|b,), in which case |¢)=|¢)
® |byy. It is straightforward, but tedious, to elevate this proof
for the general case

= 2 da..ayba, - bay)-

Ckl.. .CYN

al’=0,1.

Basically we have to keep track of (;) B type of operators,
where r is the number of terms in the ex ansion of |¢), in
order to obtain all nonzero elements of T‘ . When the Nth
particle is traced out, the corresponding elements of 7W-1
get multiplied by the overlap amplitudes, which leads to the
required result. |

Continuity of Ez. We show that for N-qubit pure states
2= |8 B — 0= [Exl )~ E| )] 0.

Froof, [~ 19Xl —0= T}~ T(]| 0. But
T =TT el B

I -T13)
— =>||| |¢,>||—|| il =0 =|E4(|y) - E7(|¢>)|—>0¢ u

A. Entanglement of multiple copies of a given state

LU invariance. We show that Efor multiple copies of the
N-qubit pure state |#) is LU invariant. Consider a system of
N Xk qubits in the state [x)=|) ® ) ® -~ @ |4} (k copies).
It is straightforward to check that [24]

(N) _ (V) PR
T =T Thy Ty (29)
This implies, in a straightforward way, that
[Tl =TI

Since by Proposition 5 ||TWJ>|| is LU invariant, so is ||T( .
Let |¢) be an N-qubit pure state and |y)=|#) ® |i)). Then
EA(|x)) is expected to satisfy

Eq(|x)) = E1(|)).

We again use the fact that
T =T Tl
which gives
leand B eand
Since ||T|w>||>1 we get ||’T|X>||>||T|¢>|| or

EA|x) = EA|p)).

Superadditivity. We have to show, for N-qubit states |)
and |¢), that
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EA|¢) @ |#) = E4|§) + EA|$)). (30)
We already know that for [x)=|¢) ® |®)

1T = 1T
Thus Eq. (30) gets transformed to
TN - 1= T+ 1Tl -2

which is true for ||’T|¢>||_1 and ||T|¢>||> 1. n

B. Computational considerations

Computation or experimental determination of Ez in-
volves 3" elements of 7™ so that it increases exponentially
with the number of qubits N. However, for many important
classes of states, E+ can be easily computed and increases
only polynomially with N. We have already computed Efor
the class of N-qubit W states, GHZ states, and their superpo-
sitions. We have also computed E; for an important physical
system like the one-dimensional Heisenberg antiferromagnet.
For symmetric or antisymmetric states, 7™) is supersymmet-
ric, that is, the values of its elements are invariant under any
permutation of its indices [24]. This reduces the problem to
the computation of %(N +1)(N+2) distinct elements of 7W),
which is quadratic in N.

C. Entanglement dynamics: Grover algorithm

We show that E;can quantify the evolution of entangle-
ment. We consider Grover’s algorithm. The goal of Grover’s
algorithm is to convert the initial state of N qubits, say
|0...0), to a state that has probability bounded above % of
being in the state |a,...ay), using

Uyby ...byy= (= 1)Wap|b, ... by)

the fewest times possible. Grover showed that this can be
done with O(12") uses of U, by starting with the state

2N_1

_—N 2 |x>=H®N|O O>
x=0

1(1 1)
H=— ,
VA1 -1

and then iterating the transformation H*U,H®NU, on this
state [23]. The initial state is a product state as is the target
state, but intermediate states (k) are entangled for k>0
iterations. Figure 6 shows the development of Ej(|y(k)))
with number of iterations &, for six qubits. The values of k
for which E vanishes are the iterations at which the prob-
ability of measuring |a,...ay) is close to 1. Thus E; can be
used to quantify the evolution of an N-qubit entangled state.

where

V. EXTENSION TO MIXED STATES

The extension of E+to mixed states p can be made via the
use of the convex roof (or hull) construction as was done for
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FIG. 6. Entanglement in Grover’s algorithm for six qubits as a
function of number of iterations.

the entanglement of formation [16]. We define E4{(p) as a
minimum over all decompositions p=2p,|;){(1;| into pure
states, i.e.,

min >, p.E1(| ). (31)

pYir i

E4(p) =

The existence and uniqueness of the convex roof for E is
guaranteed because it is a continuous function on the set of
pure states [39]. This entanglement measure is expected to
satisfy conditions (a), (b), and (c) given in Sec. IV and is
expected to be (d) convex under discarding of information,
ie.,

2 piErp) = EAZ pip). (32)

The criteria (a)—(d) above are considered to be the minimal
set of requirements for any entanglement measure so that it
is an entanglement monotone [29].

Evidently, criteria (a) and (b) are satisfied by E4{p) de-
fined via the convex roof as they are satisfied by E;for pure
states. Condition (d) follows from the fact that every convex
hull (roof) is a convex function [40]. We need to prove (c),
which is summarized in the following proposition.

Proposition 8. If an N-qubit mixed state p is subjected to
a local operation on the ith qubit giving outcomes k with
probabilities p; and leaving the residual N-qubit mixed state
pr then the expected entanglement 2,p.Esp;) of the re-
sidual state is not greater than the entanglement E{(p) of the
original state,

Ek: PeEApY) = Ep).

(If the operation is simply throwing away part of the system,
then there will be only one value of k, with unit probability.)

The proof follows from the monotonicity of E4(|¢)) for
pure states that is Propositions 5, 6, and 7. Bennett et al.
prove a version of Proposition 8 in [34], which applies to any
measure satisfying Propositions 5, 6, and 7. Thus the same
proof applies to Proposition 8, so we skip it.

Note that any sequence of local operations comprises lo-
cal operations drawn from the set of basic local operations
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(i)—(iv) above, so that Proposition 8 applies to any such se-
quence. Thus we can say that the expected entanglement of
an N-qubit system, measured by Ez{p), does not increase
under local operations.

VI. A RELATED ENTANGLEMENT MEASURE

We consider the following entanglement measure. Con-
sider

57(|‘//>) = 10g2||T(N)|| = Ing[Eﬂ W)+ 11,

where 7™ is the N-way correlation tensor occurring in the
Bloch representation of p=|)(i.

Proofs of Propositions 1-8 easily go through for E4|#)).
We prove continuity as follows.

Continuity of £A|¥)). We have to show, for two N-qubit
states ) and [¢), that [[(|)s~[ XDl — 0= |Ex(] )
=& oNl—0. We have [()h—|#)]—0=T(5)
—T‘(%)HHO. But ||T‘(%)—T|(f;’>||2|||T|<%)||—||T‘(g>||| Further,
whenever [|[7{})|=1 and [7T{}||=1 we have [|T
—IT=loes T -togs (7L Thus [70~7 Y]
— 02 TS IT M= 0= logs T -toeaiT DI~
S ledl el 0.

However, £4(|#)) has the added advantage that it is addi-
tive [while E4(|4)) is superadditive]. Indeed, from Sec. IV A
we see that for k copies

Edlpy @[y @ - @) =kEA|W)).
Similarly EA|¢) ® [))=EL ) +EA| D).

The extension of £4(]#)) to mixed states via convex roof
construction is similar to that of E4{(|)). Thus £4¢)) has all
the properties of E4(|#)), with the additional property that
EA|y)) is additive, while E(|#)) is superadditive.

PHYSICAL REVIEW A 77, 062334 (2008)

VII. CONCLUSION

In conclusion, we have developed an experimentally vi-
able entanglement measure for N-qubit pure states, which
passes almost all the tests for being a good entanglement
measure. This is a global entanglement measure in the sense
that it does not involve partitions or cuts of the system in its
definition or calculation. This measure has quadratic compu-
tational complexity for symmetric or antisymmetric states.
Computational tractability is not a serious problem if N is not
too large, and the measure can be easily computed for sys-
tems comprising small numbers of qubits, which can have
many important applications such as teleportation of multi-
qubit states, quantum cryptography, dense coding, distributed
evaluation of functions [41], etc. However, finding other
classes of states for which E;can be computed polynomially
will be useful. It will be very interesting to seek applications
of this measure to situations like quantum phase transitions
[11], transfer of entanglement along spin chains [42], NOON
states in quantum lithography [43], etc. Finally, we have ex-
tended our measure to mixed states and established its vari-
ous properties, in particular, its monotonicity. We may also
note that neither its definition nor its properties depends in an
essential way on the fact that we are dealing with qubits, so
that this measure can be defined and applied to a general
N-partite quantum system.
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