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We investigate numerically the recently proposed technique of pulse self-compression by filamentation in
noble gases. We show that propagation of a 30 fs infrared pulse containing a few mJ of energy leads to a
few-cycle pulse in xenon, krypton, argon, and neon. We describe the different mechanisms and stages of
self-compression in the different gases and show that neon, with the highest ionization potential, allows
compression to the shortest durations and highest peak intensities. We discuss the process by which an
unavoidable frequency modulation of the self-compressed filament simultaneously allows the generation of
isolated attosecond �as� pulses via high-order harmonic generation and limits the conversion efficiency of the
as pulses.
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I. INTRODUCTION

Many physical processes of interest such as the electronic
and atomic rearrangements in chemical reactions, and the
structural changes in optical media interacting with intense
laser pulses occur at subfemtosecond time scales �1,2�. Mea-
surements with attosecond �1 as=10−18 s� time resolution of
these processes are so far based on the use of coherent ex-
treme ultraviolet pulses of a few hundreds of as generated by
upconversion of near infrared frequencies from conventional
ultrashort laser pulses via high-order harmonic generation
�HHG� in a gas jet. In order to produce routinely available,
intense, well controlled, few-cycle infrared laser pulses from
which subfemtosecond pulses can be obtained, several com-
pression schemes have been already proposed. Among these
schemes, the gas-filled hollow fiber technique takes advan-
tage of the guiding property of the fiber which maintains a
high intensity over a long path, thus inducing spectral broad-
ening due to self-phase-modulation �3�. Subsequent recom-
pression in a broadband dispersive system allows for the
generation of 5 fs sub-mJ pulses.

A recently proposed alternative technique that potentially
leads to few-cycle pulses at higher energies is based on the
nonlinear effects occurring in femtosecond filamentation
�4,5�. Filamentation in argon from a 1 mJ, 30 fs infrared laser
pulse was recently shown to generate a nearly single-cycle
pulse by itself �6–8�. Experiments have shown that two-
cycle pulses were obtained after a double filamentation pro-
cess followed by recompression via chirped mirrors at the
end of each cell so as to compensate the dispersion induced
by the exit windows. The measured spectra indicate, how-
ever, that Fourier transform limited pulses could be achieved

by suitable chirp compensation. For a broad range of param-
eters of the input pulse �with durations smaller than 50 fs�,
simulations modeling filamentation in a constant pressure
gas cell predict the generation of a single-cycle pulse at the
end of the filament �6,7�. Due to spatiotemporal conical
emissions from the filament core which occur generically for
filaments in all types of media �9,47�, the shortest duration of
a self-compressed filament actually depends on the spatial
selection of the on-axis part of the filament �10�. In practice,
the duration of this structure increases when it propagates
through any normally dispersive optical element thus justify-
ing the use of chirped mirrors to recover the few-cycle pulses
in experiments. To avoid dispersion as well as the extraction
stage, it was proposed and shown from numerical simula-
tions that a bell-shaped gas pressure gradient enables a con-
trol of the nonlinearities acting in the filamentation process
�11�. In this case, a single-cycle pulse is obtained and propa-
gates without any change in duration beyond the pressure
gradient.

Single-cycle pulses produced by filamentation exhibit a
characteristic feature which influences the generation of
high-order harmonics and attosecond pulses �12�: We
showed that the duration of harmonic radiation generated by
the few-cycle structure extracted from a self-compressed
filament is limited not only by the rapid variation of the
driving pulse intensity, but also by its chirp. This chirp con-
stitutes a frequency gate for the generation of the highest-
order harmonics in the sense that the cutoff frequency is
lowered by the sharp increase of the instantaneous frequency
of the driving pulse. Recombination of a selected range of
high-order harmonics immediately beyond the cutoff was
shown to produce isolated attosecond pulses �12�.

In the present paper, we investigate the generation of
single-cycle pulses by filamentation in different noble gases,
and we discuss the conditions for the generation of isolated
attosecond pulses. The different noble gases lead to different*couairon@cpht.polytechnique.fr
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saturation intensities within the filament, interpreted in terms
of a competition between the optical Kerr effect and the de-
focusing effect induced by the plasma generated by optical
field ionization. These intensities, as well as the time-
frequency gate formed by the self-compressed filament, de-
termine the structure of the spectrum of high-order harmon-
ics generated by interaction of the driving pulse with a low-
pressure gas, and therefore of the final attosecond pulses.

The outline of the paper is the following: In Sec. II we
discuss our theoretical models for filamentation-driven self-
compression and for high-order harmonic generation. In Sec.
III we present our results for self-compression in different
noble gases, and show that it is possible to obtain few-cycle
pulses in xenon, krypton, argon, and neon. We investigate the
influence of the gas density and ionization potential on the
properties of the self-compressed pulse, and show that the
lighter noble gases with higher ionization potentials allow
for the generation of shorter and more intense pulses. In Sec.
IV we present results of high-order harmonic generation by
few-cycle pulses generated via self-compression in neon. We
discuss the influence of the time-dependent frequency and
the absolute phase of the driving pulse on the time structure
of the generated harmonics. Finally, in Sec. V we summarize
our results.

II. MODEL

A. Filamentation model

The numerical code used for the simulations of filamen-
tation relies on the physical model developed for the nonlin-
ear propagation of an intense laser pulse in Kerr media �4�
which was shown to successfully reproduce various types of
experimental situations in gases �13,14�, or in condensed me-
dia �15–19�.

The laser pulse evolution along the propagation axis z is
simulated by solving Eqs. �47�–�51� in Ref. �4� which are
valid under the slowly evolving wave approximation to de-
scribe the propagation of pulses as short as one optical cycle.
The model includes the effects of diffraction, group velocity
dispersion, the optical Kerr effect �with nonlinear refraction
index coefficient n2�, self-steepening and space-time focus-
ing, plasma generation, plasma defocusing, and nonlinear
losses corresponding to the energy necessary for ionization
�see Ref. �20� for details�.

B. Physical parameters

The 800 nm input pulse duration is �FWHM=30 fs �full
width at half-maximum, FWHM�. The beam is sufficiently
narrow �w0�500 �m� so as to avoid a too large self-
focusing distance before filamentation. The physical param-
eters of noble gases used in our model are summarized in
Table I and were obtained as indicated below.

Nonlinear refractive index. We use the values of the non-
linear refractive index n2 deduced from the measurements of
the hyperpolarizability ��� by Shelton �21�. According to Eq.
�2� in Ref. �21�,

��� = �0�1 + A�L
2 + B�L

4� , �1�

where �L
2 =6�2 and �=�0

−1 is expressed in cm−1. From Table
IV in Ref. �21�, we obtain the parameters necessary to cal-
culate n2 for the noble gases as indicated in Table I.

From the hyperpolarizability, we obtain the third-order
susceptibility and the coefficient for the nonlinear refractive
index by means of the formulas

��3� � ����at/4�0, n2 =
3

4

��3�

n0
2�0c

. �2�

From the nonlinear index, we determine the critical power
for self-focusing defined by Pcr	3.72�0

2 /8	n0n2 �see Table
I�, above which the pulse will undergo a catastrophic col-
lapse over a finite distance marking the beginning of fila-
mentation.

Dispersion. Our code describes dispersion by means of
frequency-dependent linear refractive index n�
� for noble
gases, given by Dalgarno and Kingston �22� �see Table I for
corresponding second- and third-order dispersive coefficients
at 800 nm�.

Ionization rates. We used the general formulation of
Keldysh �23� and Perelomov et al. �PTT� �24� for the ioniza-
tion rate W�I� with a suitable prefactor determined by Ilkov
et al. �25�, thus covering the regime I�1013–1014 W /cm2

of the infrared femtosecond filamentation. Ionization rates
around 800 nm calculated within this generalized Keldysh-
PPT �KPPT� approach are in good agreement with rates cal-
culated by direct numerical integration of the time-dependent
Schrödinger equation within the single active electron ap-
proximation. For comparison, self-compression in filaments
was also investigated by using multiphoton ionization �MPI�

TABLE I. Parameters �0, A, and B for the calculation of the
hyperpolarizability ��� of noble gases by means of Eq. �1�, corre-
sponding values of the nonlinear index coefficient n2, critical power
for self-focusing Pcr, dispersive coefficients k0� and k0�, ionization
potentials Ui, number of photons K, and cross sections involved in
multiphoton ionization ��K� computed at 800 nm.

Ne Ar Kr Xe

�0 �10−63 cm4 /V3� 7.435 72.75 162.1 429.5

A �10−10 cm2� −1.924 1.066 1.389 1.499

B �10−20 cm4� 6.901 2.033 3.465 8.048

Computed at 800 nm Ne Ar Kr Xe

��� �10−63 cm4 /V3� 6.5449 81.3204 188.1451 520.2386

n2 �10−19 cm2 /W� 0.14 1.74 4.03 11.15

Pcr �GW� 68 5.5 2.4 0.9

k0� �fs2 /cm� 0.0202 0.1980 0.3996 0.9113

k0� �fs3 /cm� 0.0158 0.1586 0.3298 0.7836

Ui �eV� 21.564 15.759 13.999 12.130

K 14 11 10 8

�K �s−1 cm2K W−K� 1.7 6.0 5.3 3.0

�10−185 �10−140 �10−125 �10−96
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rates WMPI�I�=�KIK asymptotic to the KPPT ionization rates
W�I� at low intensities �cross sections given in Table I�.

C. Model for high-order harmonic generation

We extract the laser pulse after it has undergone
filamentation-driven self-compression in the long noble gas
medium, and use it to generate high-order harmonics in a
separate, short, argon gas jet at much lower pressure. The

propagation equations for the electric field Ẽ�
 ,r ,z� of the
laser light as well as for the generated xuv light have the
following form, in a coordinate system that moves with the
laser pulse:

��
2 Ẽ�
� +

2i


c

�Ẽ�
�
�z

= S̃�
� , �3�

under the assumption of the slowly evolving wave approxi-
mation �26�. We solve the propagation equations by space
marching in the frequency domain, and at each step in the
propagation direction use the resulting time-dependent elec-
tric field to evaluate the nonlinear source terms in the time
domain.

The source term for the laser field is due to plasma defo-
cusing and dispersion. We use KPPT ionization rates to cal-
culate the time-dependent electron density �25�. As the input
electric field we use the electric field extracted from the fila-
mentation calculation, choosing an arbitrary carrier-envelope
phase �see Sec. IV B below for more details�. Due to the
short length and low pressure of the argon gas �1 mm and 0.2
atm� the driving field is left almost unchanged during propa-
gation.

The source term for the xuv radiation is the nonlinear
polarization field generated by the laser electric field. It is
proportional to the density of neutral atoms and the single
atom time-dependent dipole moment which is obtained by
solving the time-dependent Schrödinger equation using the
strong field approximation �27�. We also include reabsorp-
tion of the xuv radiation by the argon gas through a
frequency-dependent absorption coefficient. More details
about our numerical approach to HHG can be found in �28�.

III. SIMULATIONS OF FILAMENTATION AND
SINGLE-CYCLE PULSE GENERATION

Pioneering numerical simulations of femtosecond fila-
mentation in argon were performed by Mlejnek et al. �29�
who showed that plasma effects prevail over dispersive ef-
fects in the regime of low pressures �p
10 atm�. In this
case, ultrashort laser pulses generate filaments after a self-
focusing stage and the evolution of the temporal profile is
mainly driven by a competition between multiphoton absorp-
tion, plasma defocusing, and Kerr self-focusing. By deplet-
ing the intense part of the pulse, multiphoton absorption usu-
ally reshapes pulses that underwent a self-focusing stage into
double peak temporal profiles while the peak intensities re-
main around–1013–1014 W /cm2. The formation of these
twin subpulses is quite standard in the field of femtosecond
filamentation �4�. Starting from a 100 fs pulse easily leads to

�10 fs subpulses �13�. However, the use of these short
pulses for applications in attosecond pulse generation is lim-
ited if they cannot be isolated. Uneven dispersive terms in
low-pressure gases are in general not sufficient to induce an
asymmetry and separate these subpulses. However, plasma
defocusing occurring in the trail of the pulse which generated
the ionization front constitutes an efficient self-action in fila-
ments for shortening and isolating a short subpulse from its
twin. This effect was identified as a nonlinear reshaping pro-
cess by Sergeev et al. �30� when only ionization and associ-
ated plasma defocusing is considered. In filaments, the sce-
nario identified by Sergeev et al. is slightly modified in the
sense that the Kerr effect competes with both plasma defo-
cusing and MPA, as shown by Mlejnek et al. �31,32�, leading
generically to refocusing subpulses. This was called spatial
replenishment of light �31�. The subpulses initially generated
by MPA-induced depletion rapidly desynchronize �14,33�,
leading to the formation of clean, isolated, self-shortened
filaments at a few propagation distances separated by do-
mains where multipeaked structures prevail �7,34�. In con-
trast with Ref. �32�, the main results presented in this paper
were obtained with KPPT ionization rates. This leads to
higher saturation intensities than those obtained with MPI
rates, as shown by the comparison presented in Sec. III D.

A. Filaments in xenon and krypton

Xenon and krypton have ionization potentials close to that
of oxygen and should therefore behave similarly to air, re-
garding ionization. Self-focusing in noble gases, however, is
purely instantaneous as it does not include a delayed Raman-
Kerr contribution due to rovibrational motion of molecules.

Figure 1 presents numerical simulation results which
show typical features of a filament in xenon for a pulse en-
ergy of Ein=2 mJ and the duration �FWHM=30 fs �Pin
=12.8Pcr

�Xe��. The peak intensity in the filament �solid curve
in Fig. 1�a�� and the electron density in the wake of the
filament �dashed curve in Fig. 1�a�� show that two separated
plasma channels are generated successively. Going into finer
details, each filament exhibits at least two stages separated
by a notch in the electron density �dashed� curve: The first
stage corresponds to the self-shortening of the leading part of
the pulse and defocusing of the trail. The second stage cor-
responds to the refocusing of the trailing pulse. Two sets of
these two stages are clearly visible on the evolution of the
on-axis temporal profile of the intensity displayed in Fig.
1�c�; each set is characterized by a V-shaped pattern which
features the motion of the leading and trailing pulses that
move faster and slower than the group velocity of a pulse
with central frequency 
0, respectively. The slopes of the V
branches indicate the velocity of the leading or trailing
peaks. Figure 1�b� shows the pulse duration of the radially
averaged temporal profiles, the averaging being performed
by integration over a diameter of 50 �m larger than that
corresponding to the filament. For each pulse, the self-
compression process is identified as a decreasing part of the
curve in Fig. 1�b�. Note that it is discontinuous because of
the occurrence of several subpulses during propagation,
whereas we follow only that with maximum intensity.
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Figure 2 shows results obtained for krypton. In this case,
the energy of the input pulse was Ein=2 mJ �Pin=4.6Pcr

�Kr��.
The general features are similar as in xenon except that a
single plasma channel is obtained. The absence of refocusing
of the leading subpulse is due to the smaller power ratio
Pin / Pcr in the case of krypton �for the same energy and pulse
duration�. Notably, the maximum intensity is slightly
larger in krypton �9�1013 W /cm2� than in xenon
�6�1013 W /cm2� but the maximum electron density is
smaller in xenon �4�1016 cm−3� than in krypton
�8�1016 cm−3�. In Sec. III B, we compare these saturation
values with those obtained in argon and neon.

Figure 2�d� shows the evolution of the space-time inten-
sity distribution within the filament and illustrates well the
two possibilities to obtain a self-compressed pulse in the
filament: At z=0.3 m, the pulse has the shape of a horn after
undergoing depletion of its central part due to MPA and
plasma induced defocusing of its trailing part. Here the self-
shortened pulse consists of the leading time slices. The sub-
sequent evolution of the pulse shows the refocusing process
of the trailing part �spatial replenishment scenario �31��. Af-
ter this stage, a second self-shortened pulse consisting in the
trailing time slices is obtained around z=0.6 m. The short-
ness of the refocused pulse depends on several factors: If it
becomes sufficiently intense so as to trigger ionization again
as is the case at z=0.55 m, the plasma density further de-
pletes the trailing part which can shorten the pulse even more
until dispersion stops the process. The contrast of this refo-
cused pulse depends on the asymmetry between leading and

trailing parts, i.e., the larger the separation between two re-
focusing events the better is the contrast.

B. Argon and neon

Figure 3 shows the peak intensity, the electron density,
and the pulse duration during the propagation of a 30 fs
infrared laser pulse in argon �Figs. 3�a� and 3�b�� or in neon
�Figs. 3�c� and 3�d��. In particular, the intensities
��1014 W /cm2� reached within the filament are larger than
those obtained for krypton and xenon. The pulse durations of
the self-compressed pulses are as short as 5–6 fs on a long
plateau in argon, and 3–4 fs over a few cm in neon. Simu-
lations of filaments in gases lead as a general standard to
compressions down to 8–10 fs �4�. The pulses obtained in
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FIG. 1. Simulation of a self-compressed filament in xenon �ion-
ization with KPPT rates�. �a� Intensity �solid curve, left-hand axis�
and electron density �dashed curve, right-hand axis� vs propagation
distance. �b� FWHM duration of the intensity integrated over
50 �m in the radial direction. �c� Evolution of the on-axis temporal
profile of the intensity vs propagation distance. The contours indi-
cate intensities from 1013 W /cm2 to 6�1013 W /cm2.
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9�1013 W /cm2. �d� Intensity distribution vs the radial r and time
t coordinates at different propagation distances.

COUAIRON, CHAKRABORTY, AND GAARDE PHYSICAL REVIEW A 77, 053814 �2008�

053814-4



this work constitute the shortest and most intense self-
compressed filaments in gases.

The space-time intensity distributions shown in Figs. 3�e�
and 3�f� illustrate again the two different possibilities to ob-
tain a self-shortened pulse within the filament: �i� For argon,
the short pulse is on the leading part, while the trailing part

exhibits a low intensity peak. The latter is the remnant of a
refocused pulse that has almost completely depleted by MPA
and also defocused by the plasma generated by the leading
pulse. �ii� For neon, the isolated self-compressed pulse lies
on the trail of the input pulse and it is the leading pulse
which was absorbed by MPA and diffracted—a situation
similar to what is seen for krypton �Fig. 2�.

C. Pressure dependence study of few-cycle filament
formation in neon

In neon, we have studied the influence of the pressure on
the duration of the few-cycle pulse generated by filamenta-
tion. We have kept the product of the input pulse energy and
the gas pressure constant so as to perform an investigation at
fixed ratio Pin / Pcr�1.7. For each gas pressure, we have ex-
tracted the self-compressed pulse from the filament and com-
puted FWHM duration of the radially averaged intensity dis-
tribution, i.e., the duration of the temporal profile of the
power contained in cylinders of different radius.

In Fig. 4, we summarize these results and plot the dura-
tion of the maximally compressed pulses as a function of gas
pressure. Note that the full width at half-maximum �FWHM�
duration of the pulse also varies with the radius over which
we choose to integrate the intensity distribution. In order to
interpret the curves in Fig. 4, note that filament diameters are
larger at low pressures �35,36�. At pressures close to 1 atm,
the power contained in a cylinder of radius larger than
50 �m encompasses not only the filament core which under-
went self-compression, but also a nonfilamented part of the
beam and the conical emission—both of longer duration than
the filament core. Since the weight of this possible long ra-
diation within the external part of the cylinder is larger than
the weight corresponding to the filament core, the overall
duration is relatively long �9–10 fs� for large integration ra-
dius. For integration radius smaller than the filament radius,
the pulse duration corresponds to 3–5 fs, i.e., within one to
two optical cycles at 800 nm. There are, therefore, two do-
mains of interest: �i� Around 0.4 atm where the filaments
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FIG. 3. �Color online� Simulation results for self-compression
by filamentation in argon �a,b,e� and neon �c,d,f� at 1 atm. �a,c�:
Intensity �solid curve, left-hand axis� and electron density �dashed
curve, right-hand axis� vs propagation distance. �b,d� FWHM dura-
tion of the intensity integrated over a diameter of 40 �m in the
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have diameters up to 200 �m and remain shorter than 6 fs,
and �ii� at 1 atm and above where filaments are narrower
�r�50 �m� and show shorter duration of 3–4 fs. In terms of
energy, the pressure range around 0.4 atm is favored since
the self-compressed filaments are larger and slightly longer
for a saturation intensity that is not varying with pressure. In
Sec. IV below, we use self-compressed pulses from both of
these domains to generate high-order harmonics and attosec-
ond pulses.

D. Saturation intensity vs ionization rates

For all the noble gases, we have also investigated the
effect of using multiphoton ionization �MPI� rates, W�I�
=�KIK. Although the results are quantitatively different for
MPI rates than for KPPT rates, the general scenario for self-
compression was found to be robust with respect to this
change of ionization rates. In particular, few-cycle self-
compressed filament could be obtained with MPI rates as
well. The notable differences are the location of the shortest
structures for a given gas and the saturation intensity. MPI
rates are known to be overestimated with respect to KPPT
rates. The saturated intensities obtained in the case of KPPT
rates will therefore be higher and are more likely to represent
the peak intensities expected in experiments. Thus, we limit
the presentation of our simulation results with MPI rates to
the discussion of the obtained saturation intensities and their
comparison with those obtained with KPPT rates.

Argon and neon have larger ionization potentials than xe-
non and krypton. Thus, it is more difficult to ionize these
gases and the saturation of self-focusing should occur in ar-
gon or neon filaments at larger intensities than those reached
in xenon or krypton. In order to estimate these intensities at
the saturation, we consider the local balance between the
refractive index changes due to the Kerr effect and plasma
defocusing,

n2I =
��I�
2�c

, �4�

where a rough estimate of the electron density ��I�
�W�I��at�p allows an expression of the predicted saturation
intensity Isat

pred. In the limit where the ionization rates are
given by the multiphoton regime, W�I�=�KIK and

Isat
pred = 
 2n2�c

�K�p�at
�1/�K−1�

. �5�

An expression of Isat
pred which includes the effect of diffraction

is given by Eq. �20� in Ref. �4�; the scaling is the same as in
�5� but the factor 2 is replaced by 0.76. Table II displays the

expected intensities for the different noble gases and the val-
ues obtained in our simulations where �p was replaced by the
duration of the few-cycle self-compressed pulse. As ex-
pected, the saturation intensity increases for gases with large
ionization potential. The agreement between intensities pre-
dicted by �5� and those obtained in full simulations is rather
good considering the simplicity of model �5�.

In the case of KPPT ionization rates, the complicated ex-
pression for W�I� does not allow for an analytical formula.
However, we give a numerical solution to

n2I =
W�I��at�p

2�c
. �6�

In other words, we calculated the predicted saturation inten-
sity Isat

pred, for which the line y=n2I intersects the curve y
=W�I��at�p /2�c. Table III displays the saturation intensities
predicted from Eq. �6� and the values obtained in our simu-
lations for the different noble gases. Both sets are in good
agreement and show that neon leads to the highest peak in-
tensities of the self-compressed filaments.

E. Rapid blueshift of instantaneous frequency

Filaments in neon have the largest saturation intensity and
are therefore the most obvious source for few-cycle pulses to
be subsequently used for harmonic generation. However, the
high saturation intensity also leads to a rapid blueshift of the
instantaneous frequency in the self-compressed pulse. This
can be understood from standard self-phase modulation
theory which predicts an instantaneous frequency shift of


�t� � 
0 −
n2
0

c
�

0

z

dz
�I�z,t�

�t
. �7�

This shows that a larger peak intensity for a similar duration
gives a larger trailing slope, and thus a larger blueshift. A
high peak intensity also leads to a higher plasma density
which gives rise to enhanced self-phase modulation �4�. In
addition, self-steepening is more efficient for more intense
pulses. Figure 5 shows the on-axis time profiles of the inten-
sity and frequency of the self-compressed filament extracted
close to the point of maximum temporal compression for the
case of KPPT ionization rates, for the two different pressure
ranges of interest, 1.0 atm and 0.4 atm, as discussed in the
preceding section. As the intensity of the pulse reaches its
peak in time, the instantaneous frequency increases sharply
to a value of approximately 2
0. In the high-pressure case
the frequency keeps increasing to almost 4
0 during the
rapid falloff of the intensity, for the low-pressure case the
frequency increases more slowly and does not reach as high

TABLE II. Comparison of saturation intensities within the fila-
ment predicted from model �5� and obtained by full numerical
simulations with MPI rates.

Computed at 800 nm Neon Argon Krypton Xenon

Isat
pred �1014 W /cm2� 1.4 0.91 0.77 0.65

Isat
num �1014 W /cm2� 0.8 0.6 0.4 0.3

TABLE III. Comparison of saturation intensities within the fila-
ment predicted from model �6� and obtained by full numerical
simulations with KPPT ionization rates.

Computed at 800 nm Neon Argon Krypton Xenon

Isat
pred �1014 W /cm2� 3 1.1 0.89 0.67

Isat
num �1014 W /cm2� 3 1–2 0.9 0.6
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a value, which is reasonable given the proportionality of n2
with the atomic density �see Eq. �7��. As we discuss in more
detail below, the rapid blueshift accompanying the few-cycle
pulse formation by filamentation has important consequences
for the high-order harmonics generation process as well as
on single attosecond pulse formation.

IV. HIGH-ORDER HARMONICS AND ATTOSECOND
PULSE GENERATION

We next use the self-compressed pulses generated via fila-
mentation in neon to drive high-order harmonic generation in
a separate argon gas cell. The argon medium is short �1 mm�
and the pressure is low �0.2 atm�. In Fig. 6 we show the
radially integrated harmonic spectra at the end of the argon
cell, generated by the few-cycle pulses self-compressed at
two different neon pressures �as shown in Fig. 5�. The two
spectra are similar in their cutoff energies and behavior. The
main difference between them is the yield: The self-
compressed pulse from the low-pressure calculation gives
rise to a yield approximately 5 times larger than that from the
high-pressure calculations. This can be understood by con-
sidering the radial or temporal behavior of the two pulses as
shown in Fig. 4. In the low-pressure case more of the energy
is temporally confined to the few-cycle pulse and so contrib-
utes efficiently to the harmonic generation, whereas in the
high-pressure case the off-axis radiation occurs at a slightly
different time than the on-axis radiation which is less effec-
tive.

A. Effect of the blueshift on high-order harmonic generation

The influence of the rapid frequency blueshift on the gen-
eration of attosecond pulses can be understood from a dis-

cussion of the so-called cutoff law for high-order harmonic
generation, which relates the highest frequencies that can be
generated to the intensity and frequency of the driving field
�37�,

�
cutoff = Ui + 3.2Up, �8�

where Ui denotes the ionization potential of the gas and the
ponderomotive energy

Up 	
e2I

2�0cme

2 �9�

is the mean kinetic energy of the free electrons oscillating in
the laser field at frequency 
. From Eqs. �8� and �9�, it can
be readily seen that a Fourier transform limited pulse at fre-
quency 
0 would give a higher cutoff energy than that of a
blueshifted pulse having the same peak intensity but a larger
frequency 
�
0 around the peak of the pulse.

Both driving pulses have similar on-axis peak intensities,
as shown in Fig. 5, around 3�1014 W /cm2, which does not
depend on pressure �35,36�. At this intensity, the cutoff law
�8� applied to a Fourier transform limited pulse at frequency

0 corresponding to 800 nm would predict a single-atom
cutoff energy of approximately 45
0, significantly above the
cutoff energy of the spectra in Fig. 6. Even including esti-
mated effects of radial and temporal averaging in the macro-
scopic medium, which has been empirically shown to reduce
the coefficient in front of Up to between 2 and 2.5 �39�, one
would expect a cutoff energy of approximately 35
0. In Ref.
�12� we showed that the reduced cutoff energy is due to the
rapid blueshift. We calculated the “instantaneous cutoff fre-
quency” that could be expected from the driving pulse in Fig.
5�a�, by inserting the time-dependent intensity and frequency
into Eq. �8�. The instantaneous cutoff reaches its highest
value of 28
0 at time t=19.5 fs, about 1.5 fs before the peak
of the intensity in Fig. 5�a�. The value of the maximum in-
stantaneous cutoff energy is in much better agreement with
the results in Fig. 6.

We calculate the time structure of the generated xuv ra-
diation by spectrally selecting a 10
0 wide range of frequen-

0

1

2

3

0

1

2

3

5 10 15 20 25 30
Time (fs)

0

1

2

3

IR
in

te
ns

ity
(1

0

IR
fr

eq
ue

nc
y

(u
ni

ts
of

)

14
W

/c
m

2 )

ω
0

1

2

3

4

1

2

3

4 (a)

(b)

FIG. 5. �Color online� Time dependence of the on-axis intensity
and frequency �dashed and dotted lines, respectively� of the self-
compressed filament obtained in neon at pressures of 1.0 atm �a�
and 0.4 atm �b�, respectively, using KPPT ionization rates. The
radially integrated time profile of a range of the xuv radiation gen-
erated by sending the self-compressed filament into a short, low-
pressure argon gas cell is shown with the solid line �in arbitrary
units�.
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FIG. 6. �Color online� Harmonic spectra generated in a low-
pressure argon gas by the self-compressed pulses formed by fila-
mentation in neon, at neon pressures of 1 atm �solid line� and 0.4
atm �dashed line�. The spectral ranges used to calculate the xuv
time profiles shown in Fig. 5 are indicated.
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cies close to the cutoff energy, and inverse Fourier trans-
forming to the time domain. If the driving pulse had been
transform-limited with a FWHM duration of 4–5 fs, and a
carrier-envelope phase of zero �corresponding to a cosinelike
carrier�, one would expect that spectral selection of the end
of the plateau and beginning of the cutoff region would lead
to an isolated attosecond pulse as demonstrated in �40�.

However, in our case the driving pulse is not transform
limited but rather experiences a large blueshift of the instan-
taneous frequency. This has two consequences: �i� The high-
est energies beyond the cutoff energies are generated not at
the time where the intensity peaks, but about 1.5 fs earlier as
discussed above, �ii� the harmonics at the end of the plateau
region �radiation between approximately 20 and 24
0� are
generated both during the rising edge of the pulse and at the
peak of the pulse and will therefore always give rise to two
attosecond bursts in the xuv time profile. In order to generate
an isolated attosecond xuv pulse, we are forced to select
harmonics from a range beyond the cutoff energy which lim-
its the energy content of the xuv pulse. The xuv pulses re-
sulting from selecting the spectral range between 25
0 and
35
0 are shown by the solid lines in Figs. 5�a� and 5�b�, for
the two different neon filamentation pressures. The durations
of the two pulses are 560 as �a� and 430 as �b�. Note that
both pulses are emitted substantially before the peaks of the
driving pulse intensities as a consequence of a combined
time—frequency gating: The increasing intensity of the driv-
ing pulse shapes the rising edge of the xuv pulse and the
blueshift at the peak and in the trailing part of the driving
pulse turns off the emission of the highest xuv energies �12�.

We note that our use of the strong field approximation,
which is not in general expected to be accurate at large driv-
ing frequencies, is justified by the fact that we are using the
highest xuv frequencies to synthesize the isolated attosecond
pulses, which are emitted while the instantaneous frequency
is still only 1.2–1.3 times its original value. In addition,
Krause, Schafer, and Kulander did extensive numerical cal-
culations of harmonic spectra for different atoms, generated
by driving fields of different wavelengths and intensities
�37,38�. They showed that the cutoff law predicts the cutoff
energy remarkably well even for very small ponderomotive
energies, even substantially smaller than the ionization po-
tential. Lewenstein et al. �27�, also investigated the regime of
small ponderomotive energies and found the corrections to
the cutoff law to be very slowly varying with the pondero-
motive energy. We therefore expect that isolated attosecond
pulses can be similarly synthesized from the highest frequen-
cies of the spectrum obtained from a more accurate calcula-
tion of the harmonic generation, in spite of the rapidly
changing cutoff energy.

B. Effect of the carrier envelope phase

The filamentation calculations are based on an envelope
model which does not give any information on the carrier
envelope phase �CEP�. From experiments, it is known that
the filamentation process preserves the CEP lock during self-
compression �6,41�. For HHG with the self-compressed
pulse, the CEP is an important parameter since the peak of

the electric field can vary substantially as it is shifted under
the envelope with the CE phase. Figure 7 shows the effect of
arbitrarily changing the driving pulse CEP on the spectral
and temporal profiles of the harmonics in the cutoff region.

The overall structure of the spectrum does not change
with CEP, but the position of the frequency modulations near
the cutoff changes significantly. This happens because the
harmonic radiation is generated with an intrinsic phase
which is proportional to the instantaneous intensity of the
driving field, and therefore depends on time. This means that
each harmonic is strongly chirped and neighboring harmon-
ics overlap substantially. As the CEP is changed and the
peaks of the electric field are shifted under the intensity en-
velope, the bursts of harmonic radiation are also shifted in
time which means that a different part of the harmonic fre-
quency range will be sampled. This is similar to the CEP-
dependent shift of the cutoff harmonics observed by Baltuska
and co-workers �42�. Furthermore, the relative strength of the
harmonic bursts will vary because of the short duration of
the driving pulse. This leads to a shift of each harmonic
frequency and more generally to a shift of the entire modu-
lation pattern. The variation of the xuv time structure with
CEP is shown in Fig. 7�b�. As is indicated on the spectra in
�a�, we are showing the radially integrated time profile of
radiation between 25
0 and 36
0. It is quite remarkable that
all the spectra are modulated, even though a few of them
correspond to a single attosecond pulse. This means that the
spectrum cannot be used to diagnose whether a single at-
tosecond pulse has been produced. Instead, one must per-
form a direct time-domain characterization.

V. CONCLUDING REMARKS

We have investigated the generation of few-cycle pulses
via filamentation in noble gases. We showed that the propa-
gation of a 30 fs infrared pulse with a few mJ of energy
through each of the noble gases xenon, krypton, argon, and
neon at approximately atmospheric pressure leads to the gen-
eration of few-cycle pulses with peak intensities of
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FIG. 7. �Color online� xuv spectra �a� and time profiles �b� cal-
culated with different carrier envelope phases of the driving field
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1013–1014 W /cm2. Although self-compression already starts
during the self-focusing stage before the filament is formed,
the pulse duration decreases dramatically due to the deple-
tion of the intense part of the pulse which occurs beyond the
nonlinear focus. This depletion gives rise to a split pulse. The
plasma generated by the leading split pulse makes the pro-
cess asymmetric and delays the formation of the trailing split
pulse. Isolated self-compressed pulses are then obtained at
several propagation distances, which depend on the details of
the difference in the refocusing dynamics for the leading and
trailing pulses. Immediately beyond the nonlinear focus, an
isolated few-cycle pulse is usually obtained with a nearly flat
temporal phase �7,43�, so that it is interesting to extract the
pulse at this stage �11�. However, the shortest self-
compressed pulses with duration smaller than two cycles at
the laser frequency are most often obtained at the end of the
filament. The peak intensity in a filament is saturated �14�,
and the saturation value is large as the ionization rate of the
medium is small or the nonlinear index coefficient is large.
We found that the most intense self-shortened filaments are
obtained for gases with the largest ionization potential, i.e.,
for neon. In this respect, helium must be even better. We
showed that for an input pulse with a given duration and
containing a given number of critical powers for self-
focusing, an optimal compression ratio exists for a pressure
smaller than 1 atm �0.4 atm for Pin / Pcr=1.7 and 30 fs input
pulses�. Since filaments in low-pressure gases have larger
diameters �35�, this suggests a possible up-scaling of the en-
ergy content of self-compressed filaments in low-pressure
gas cells, by decreasing the pressure as the input pulse en-
ergy is increased. As an additional advantage, self-
compressed filaments generated in low-pressure gas cells
could be directly used for HHG in the same cell.

To drive high-order harmonic generation and attosecond
pulse formation in noble gases, it is necessary to have inten-
sities above 1014 W /cm2. Our calculations indicate that the
filamentation-driven self-compression process that leads to
few-cycle pulses with such high peak intensities also leads to
a rapid blueshift of the instantaneous laser frequency close to
the peak of the pulse. This blueshift was recently interpreted
as resulting from the interplay between angular dispersion
and optical shocks, and is unavoidable in filamentation �44�.
We discussed above that this blueshift is not advantageous
for generating isolated attosecond pulses, since it means that
only the highest xuv frequencies beyond the cutoff energy
are emitted in a single burst.

In an experiment, it may therefore be necessary to com-
pensate for the frequency modulation in between the self-
compression stage and the harmonic generation stage. Sev-
eral experimental groups are already using recompression
mirrors after the filamentation stage, in order to control the
spectral or temporal phase and to compensate for dispersive
effects of propagation through the exit window at the end of
the filamentation cell, and through the air between the com-
pression and the target stages �6–8,10,45�. Other groups have
reported measurement of longer �3–4 cycles� pulses gener-
ated by filamentation, without using chirped mirrors. How-
ever, no consensus has been reached regarding the chirp car-
ried by self-shortened filament: Self-compressed pulses with
small but negative chirp were measured �46�, as well as
transform limited pulses having undergone a compensation
of the positive chirp induced by their propagation beyond the
filament by the negative dispersion in the exit window of the
gas cell �41�. These controversial results may be explained
by the recent demonstration of the subdispersive and subdif-
fractive propagation of the wave packet issuing from a fila-
ment in a gas �47�. This behavior is due to the spontaneous
transformation of the pulse undergoing filamentation into a
conical wave packet that inherently carries angular disper-
sion featured by the medium in which it is generated
�9,16,17,48–50�. This conical wave can be viewed as a sta-
tionary mode of the linear propagation equation governing
the wave packet evolution after the filament. Notably, it is
fully space-time coupled and not describable as a conven-
tional optical structure by separation of the time and trans-
verse coordinates. The chirp induced by the propagation of
these waves in a different dispersive medium �e.g., the exit
windows of the gas cell� cannot simply be assumed to cor-
respond to that experienced by a Gaussian pulse and cannot
be compensated by chirped mirrors which act only on the
temporal chirp but not on angular dispersion. The develop-
ment of an optical device allowing proper compensation of
the chirp resulting from self-compressed filaments may
therefore be necessary for filamentation to become a standard
source of intense few-cycle pulses.
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