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Heteronuclear fermionic superfluids with spin degrees of freedom
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We present a theory of spinor superfluidity in a two-species heteronuclear ultracold fermionic atomic gas
consisting of arbitrary half-integer spin and spin one-half atoms. In particular, we focus on the magnetism of
the superfluid phase and determine the possible phases in the absence of a magnetic field. Our work demon-
strates similarities between heteronuclear fermionic superfluids and spinor Bose-Einstein condensates at the
mean-field level. Possible experimental situations are discussed.
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I. INTRODUCTION

Fermionic superfluidity is currently one of the most active
research topics in the field of ultracold atomic gases. Fermi-
onic superfluids have been realized and the Bose-Einstein
condensate (BEC)-BCS crossover regime has been explored
for both balanced and imbalanced systems [1-9]. Another
line of research that has attracted a growing interest concerns
mixtures of different atomic species [10-14] such as two-
species Fermi-Fermi mixtures. Fermionic heteronuclear
gases have currently been investigated both experimentally
[15] and theoretically [16—19]. Recently, the first quantum
degenerate two-species Fermi-Fermi mixture has been real-
ized [20].

In this paper we theoretically investigate superfluid prop-
erties of a heteronuclear Fermi-Fermi mixture with spin de-
grees of freedom. Two-species Fermi mixtures differ from
the single-species gas in such a fundamental way that at low
temperatures atoms in the same spin state can interact with
each other through s-wave scattering. For identical fermions,
however, this is prohibited due to the Pauli principle and
consequently superfluidity of a single species of atoms oc-
curs in the spin-singlet state for the s-wave channel. Specifi-
cally, for the case where two-species atoms both have spin-
one-half this means that both spin-singlet and spin-triplet
states are allowed. Theoretical investigations of superfluidity
of heteronuclear Fermi gases have so far not explored the
physics of the (hyperfine) spin degrees of freedom of the
atoms [18]. While pairing in single-species fermionic super-
fluids with arbitrary spin has been studied [21,22], no at-
tempt to investigate the combined effects of those two, i.e.,
properties of heteronuclear spinor superfluidity, has been
made to the best of our knowledge. This is the subject we
address in this work. In particular, our work demonstrates a
strong similarity between heteronuclear superfluids and
spinor BECs at the mean-field level and suggests the exis-
tence of many-body states.

Experimentally, a particularly interesting candidate to re-
alize a heteronuclear spinor superfluid is an isotope mixture
of the rare-earth element ytterbium (Yb), which has two
stable fermionic isotopes with nuclear spin /=1/2 (!"'Yb)
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and I=5/2 (1*YD), respectively, and electronic spin S=0.
Both isotopes have already been trapped optically and re-
cently the '*Yb gas was cooled to quantum degeneracy [23].

This paper is organized as follows. We formulate our
problem in Sec. I A and develop the Bogoliubov and
Ginzburg-Landau theories for our system in Secs. II B and
II C, respectively. We apply the theory for specific cases in
Sec. IIT and discuss possible experimental realization of the
gases considered here in Sec. IV. We summarize and con-
clude this paper in Sec. V. Some algebraic manipulations to
derive the Bogoliubov excitation spectrum of a heteronuclear
superfluid have been relegated to the Appendix to avoid di-
gressing from the main subject.

II. THEORY OF HETERONUCLEAR FERMIONIC
SUPERFLUIDITY

A. Formulation of the problem

We consider an optically trapped Fermi-Fermi mixture
with spins f,=1/2 and f,=1/2, where we distinguish the
two atomic species with suffixes ¢ and y. We assume that
the temperature is so low that we have only to consider
s-wave interactions between the atoms. In general, there are
interspecies and intraspecies interactions, and experimentally
it is possible to tune the interspecies interactions indepen-
dently of the intraspecies interactions. In this paper we will
ignore the intraspecies interactions to focus on the bare es-
sentials of this system. The total spin f of the interacting
atoms with spin f,=1/2 and f,=1/2 is given by f*
=f4= 1/2. In the absence of an external magnetic field, the
total Hamiltonian I:I=I:113+‘7 is the sum of one-body part

ﬁl p and interaction V. The general form of the interaction
can be represented as

V=2 Vix-x')Py, (1)
f=r=

where the projection operators 73f project pairs of atoms onto
those in the total spin f channel and V/(x-x') is the interac-
tion potential between a pair of atoms with total spin f. For
s-wave interactions, the interaction potential can be approxi-
mated by a pseudopotential V/ x—x")=g;0x-x").

In second quantization the one-body Hamiltonian is given
by
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where ¢! (¢,) and ¥ (,) are the creation (annihilation)
operators of atoms of spin f, and spin 1/2, respectively, in
the magnetic sublevel o.

The terms V‘:’;fa(x) and V;’,‘U(x) describe state-dependent
external potentials for the ¢ and y atoms, respectively, u
and u, are the chemical potentials, and M, and M, are the
masses of the ¢ and y atoms, respectively. Here we assume
that the chemical potential for each species is independent of
the internal spin state but it may depend on the individual
atomic species. The projection operators can be expressed in
second quantization as

Pr=2 AL, @A, (), (3)
where

Ap) = 2 famlf 4y 0731/12,0" ) o) R (%)

!
0,0

is the annihilation operator of a pair of ¢ and y atoms with
total spin f and total magnetic quantum number m, with

m| f¢,o; 1/2,0’) being a Clebsch-Gordan coefficient.
The interaction Hamiltonian is then given by

i —2 f dx gAT (DA, 0). @

Since we are interested in the superfluid phase, we assume
the interaction between the atoms to be attractive, i.e.,
gr<0.

The interaction Hamiltonian in Eq. (1) can be rewritten in
a physically suggestive form. It follows from the complete-

ness relation 1=75f++75f7 and from the total spin squared

(fo+fs)?= 2 f(F+ 1Py,
=
with f*=f,%1/2 that
Pre= o [f* =R f¢} (5)

The interaction Hamiltonian can then be decomposed into

. . . , ff+s ff-3
V=(gf+73f++gf-73f—)5(x—x )={gf+ 2f+ gf 2f+2

(g =g
nggf)arx—x'>fX-f¢. ©)

The corresponding second-quantized expression is

Xox—x")+
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FIG. 1. Generic phase diagram as a function of temperature 7'
and coupling constant g+ f~ (f* ) denotes the superfluid phase in
which the spin angular momentum of a constituent Cooper pair is f~

(-

A (g —85) 1

V= Ef dx% XF( ) - ¢’F(x) + = fdx{gﬂf;;;z
_1

+ gfﬁ} 7, (07 4(x)1, (7)

where :: denotes normal ordering, 7i4(x) and 71, (x) are the
total densities of the ¢ and y atoms given by

figx) = 2 Lx) dylx), )
and

i) = 2 XH0) %), 9)

and XF (x) and *F (x) denote the spin density vectors whose
components are given by

¢Fi(x) = 2 (;S;(x)[(bFi](ra"(z(r’(x) (10)
and
XFi(x) = 2 O F o X (), (11)

respectively, where [‘/’F i]gor and [XF'],,, are the matrix ele-
ments of the i=x,y,z components of spin matrix vectors ¢F
and XF. The sign of gp—g specifies which of the two spin
states f* and f~ is energetically favorable and thus deter-
mines if the total angular momentum of the Cooper pairs is
f* or f~. The generic phase diagram that results is sketched in
Fig. 1. At high temperatures, the system is in the normal state
and the total angular momentum is not fixed. When we lower
the temperature for a fixed value of g, and [g+|>|g/-|, we
expect a phase transition to a BCS superfluid whose total
angular momentum of each Cooper pair is f* and the transi-
tion temperature is determined by g On the other hand,
when [g+] <|g/|,
gular momentum f~. By changing the ratio g/ gp- we can
switch between the two types of superfluidity.
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B. Mean-field theory of heteronuclear superfluidity

The phases we found in the previous section possess the
internal spin degrees of freedom. To investigate the magnetic
properties of each superfluid phase we make use of mean-
field theory, where the order parameter is defined by

Af,(x) = ghAr,,(x)). (12)

Applying the Gorkov decoupling, we decompose the interac-

tion Hamiltonian as
A ,,,2
Al ) (13)
8f

In a homogeneous system, the resulting mean-field Hamil-
tonian can be diagonalized by means of a Bogoliubov trans-
formation. We find that the Bogoliubov dispersion relations
are given by (see the Appendix for derivations)

V=2 J x>, (A_}-’mAf,m + A7, Ap, -

. 1
fiwg, = 5(§¢,k— Ev) + Qs (14)
and
. 1
hoy = E(gx,k—§¢,k)+ﬂt, (15)

where &, =€, k= tas Eak=ﬁ2k2/2Ma (@=¢,x), and

\/ |A|2+ _+(§¢k+ ka)z (16)

Here |A]*=3,,|A;,|% and the spin vector F of the Cooper
pairs is defined by
Fy=A"F-A= 3 A7, (F) B, (17)

’
m,m

with (F),, ,,» being the spin-f matrix, and A, is given in Eq.
(12).

In the absence of the spin degrees of freedom the Bogo-
liubov modes in Egs. (14) and (15) describe quasiparticle
excitations of fermions with mass and population imbalance
[16,17,19]. To determine the spin structure we next derive
and solve the gap equation for our system. After the Bogo-
liubov transformation the Hamiltonian is diagonalized as

o At s 2
H= 2 ﬁwg,k ﬂa,kﬂo’,k + E hw;—,kga-,kgo',k
ok ok

_ A,
+ 2 €~ hwly —ho) - 2 ——2”' . (18)
k m 8f

where ), and ka are the Bogoliubov-mode operators that
reduce continuously to ‘2’a,k and X, respectively, as |A]
— 0. There are additional contributions to the above Hamil-
tonian from the degenerate unpaired modes with ideal gas
dispersion &, =A%?/2M 4—u4; these terms, however, do
not depend on the energy gap and are therefore not relevant
for calculating the gap equation. The gap equation follows
from the thermodynamic potential (), which is determined
from the partition function Z=e#?=Tr e P, Using the
Hamiltonian in Eq. (18), we obtain
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E |Afm|2

Q=2 26— hogy—hoy) - 2 =
k m  “8f
- 12 In(1 + e Phoai) - 12 In(1 + e P*@ax).
B Bka
(19)
The gap equations that follow from dQ)/dA;, =0 are given
by

I=+1 k 2 eyt €,

1
TZB_EE{ .

N(holy,) + N(hwx,k) -1 ( 1 d|F| )
2(holy + ol y) It oftdAy
(20)

where N(x)=1/(e*+1) is the Fermi distribution function.
Here by way of renormalization we have replaced the bare
coupling constants g with the two-body 7-matrix Tf , where
T?B is related to g, by

1
1

—5= +2(e¢k+e W7 (1)

Tf g i
From an experimental point of view, the two-body 7 matrix
is directly related to the s-wave scattering length a; with the
total angular momentum f of the two colliding atoms via
TJ%B:27mfﬁ2/Mr, where Mr:M({’MX/(M¢+MX) is the re-
duced mass. If A;,,#0 we can divide both sides of the gap
equation by A, and, as a result, the left-hand side of the gap
equation (20) becomes independent of m. To be consistent,

the Tig‘ht-hand side should also be independent of m, so

1 diFy
Ap dAj,,
consistency relation for the order parameters and determines

the possible superfluid phases. Before we investigate con-
crete examples, we will first investigate the connection be-
tween heteronuclear fermionic superfluids and spinor BECs
in the next section.

must be independent of m. This imposes a self-

C. Ginzburg-Landau theory

In this section we show that a heteronuclear fermionic
superfluid with Cooper pairs having a nonzero spin can be
mapped onto a spinor BEC. For this purpose we formulate
the Ginzburg-Landau theory for our system. We make use of
the functional-integral formalism and as our starting point

we take the action for the Hamiltonian H 1 B+\7 discussed in
Sec. II A. The partition function Z is expressed in terms of
functional integrals over the fermionic fields ¢, and x,, as

= J d[ pld[ &l xJdlx Te", (22)

where the action is given by
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B Z ( 9 h2V2
S *7 > *7 = d dx . > h___
[¢".¢.x"x] fo Tf dx2 $ol. 1)\ ifi—— o,

+ Ve)i(r(x) - M¢) (;b(r(x» T)

4B 9 B2V2
dr| d *(x, ih— —
+f0 Tf x% X, (x T)(l a7 2,

+ Vio(x) = ﬂx)xlr(x, 7)

1 ("#
+ Ef drf dx>, gAL (e, DAL, (x, 7).
0 m
(23)

The first two terms on the right-hand side describe free
propagations of the fermion fields and the last term describes
the two-body interaction which involves pairing amplitudes

1
Af,m(x’ 7-) = 2 <f’m|f¢’0.;5’a-,>¢(r(xs ’T)X(,-/(x, T)~

’
o,0

(24)

We consider the homogeneous case here by setting the
external potentials V;’fa(x) and Vg (x) to be zero. We
decouple the interaction by means of a Hubbard-
Stratonovich transformation, i.e., we introduce a complex
auxiliary field A, (x, 7) that couples to the product of fields
S {fsm|f g, 035,0 ) po(x, DX (x,7). The fourth-order
term generated by the Hubbard-Stratonovich transformation
exactly cancels the interaction term in the action and the
resulting effective action S[A*,A, ¢", ¢, x*, x] depends only
quadratically on the fermion fields ¢,(x,7) and x,(x, 7):

S[A™A, ¢, b, X", x]
h |A |2 h h
=—f dr dxz—&—ﬁf dede a7’
0 m  8f 0 0
dex’llf*~G‘1~\If, (25)

where W* stands for a set of fields

\I’*(x’ T) = (¢.;f'¢(x’ T)v ey ¢if¢(x’ T)sX]/Z(x’ T)’X—I/Z(x9 T))9
(26)
and properties of the system are encapsulated in the Green’s

function matrix G which is expressed in terms of the nonin-
teracting Green’s function G, and self-energy 2 as

G‘l(x,T;x’,T’)=G(§1(x,7;x’,7")—2. (27)

The noninteracting Green’s function G, is the diagonal
(2f4+3) X (2f »+3) matrix
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G, mx', 7)1 0
Gal(x,r;x’,f’){ ol : 10 ]
0 - GX,O(x ,7x, 11
(28)
where —G;}O(x’,T’;x’,T)l (a=d,x) is a (2f,+1)
X (2f,+1) diagonal matrix that satisfies
. o 1), o #*V?
Goolx,msx' 1) =~ ﬁ{ha_r_ M, /La}
X8x—-x")o(r-17). (29)
The self-energy X is a (2f4+3) X (2f 4+3) matrix
0o Vv
h2 = , 30
> {VT 0} .

where V is the (2f4+1)X2 matrix given by V, .
=3, (f.ml|fg,0:1/2,0")A;,,. Since the action (25) depends
only quadratically on the fermion fields, we can integrate
them out and obtain an effective action

2
Seff[A*,A]=—f Tj deEfm:‘_T)'

0 f
—# Tr[In(- G™H]. (31)

hp
d

The last term in Eq. (31) can be expanded in powers of A by
using

G'=G,'-3=G;'(1-G,3),

where the self-energy #3 is given by Eq. (30), and therefore

—# Tr[In(- G™")] = -4 Tr[In(- Gal)] + ﬁz n%Tr[(GOE)m].

m=1

(32)

The second-order (m=2) term in the last term in Eq. (32) is
given by

%Tr[(GOE)2]=§ f dr f dx f dr' f dx’ f a7 J dx” f d7"

XJ dx" u][Gylx,m:x', 7)) (", 7 x",7)

XGox", 7 x" P E", D], (33)

where the trace operation tr[- - -] on the right-hand side means
that we only take the sum of the diagonal elements of the
(2f4+3) X (2f y+3) matrix GyXG%. In the following we as-
sume Ay, to be independent of space and (imaginary) time.
This allows us to separate the imaginary-time and space in-
tegrations from the matrix trace. For equal chemical poten-
tials and equal masses we have G:;O(x, mx',T)
:G;"O(x,f;x’,f’), and the integrals over the Green’s func-
tions reduce to those of the standard BCS theory.

The new contributions come from the matrix trace. For
the second-order term we find after some straightforward al-
gebraic manipulations that
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alViVI=ulvvi= 2 A, (34)

To evaluate the fourth-order term, we make use of
[ VIVVIV] = [ VVTVVT]
= (tr[V'V])? -2 Det[V'V]

1 2 FA FA
E il

Combining these with conventional BCS theory we find that
to the fourth order the thermodynamic potential, for equal
masses and chemical potentials, is given by

Q0= a’;‘(T 2 |Afm|2+ ﬁl(E |Afm|2> |ff2| :|’ (36)

where a(T)=N(0)In T// T, B=7{(3)N(0)/ 16(mkT.)?, N(0)
=2Mkg/ /(27h)? is the dens1ty of states at the Fermi energy,
which is the same for both species because M=M ,=M,
[24]. The critical temperature is given by

Tf:— ﬁey— o~ Clkgayl) (37)
TKB

The form of the thermodynamic potential in Eq. (36) is es-
sentially the same as that of the homogeneous spinor BECs
at zero magnetic field. Here, however, since >0 the ground
state is unmagnetized, i.e., F,=0. Physically this result arises
from the Pauli principle which forbids the identical fermi-
onic constituents of the composite bosons to occupy the
same state.

Moreover, we only have two kinds of fourth-order terms,
i.e., the particle density and spin density, regardless of the
value of the spin f. In contrast, for the case of spinor BECs
there are f+1 different fourth-order terms. Therefore all un-
magnetized phases predicted in spin-f BECs are degenerate
in the present case.

III. RESULTS

As shown above, the heteronuclear fermionic superfluid
has a Ginzburg-Landau free energy which is similar in form
to that of a spinor BEC. We may thus expect similarities
between the two systems at least within mean-field theory.
To investigate this problem, we solve the gap equation (20)
for the case of two spin-1/2 species whose total spin is either
zero or one with the corresponding s-wave scattering length
being a, or a;. The phase which the gas condenses into is
determined by the s-wave scattering length with the largest
amplitude. For f=0 we immediately conclude that F,=0.
The Bogoliubov spectrum is the same as that of the conven-
tional BCS theory. For the case of f=1 we have

|FA|2=(E |A1,m|2)2

(38)

m

where the scalar quantity ®1=(—Aio+2A1’1A1,_1)/ V3 is ex-
actly the same in form as the spin-singlet state pair amplitude
of a spin-1 BEC [25]. If all A,,, are nonzero, we find from
the gap equation that either ®,=0 or
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108, 148,
A1 m aAl m Al,m’ aAT,m’

(39)

holds for m,m’'=0, = 1. It follows from the latter condition
that |A; j|=|A;_;|. Moreover, if we represent the order pa-
rameters as A, =|A;,|e"%m, we find from the gap equation
that 20, =0, \+0, _,+. We also define the angle 8 from
the relation A o=(|A|/\2)cos B, where |A= SlAr
Combining these, we find that

) 1 .
(AI,I’AI,O’AI,—l) = |A|elal’0(,_56m sin B,cos S,

AV

- Lre‘m sin B), (40)
\2

where a=6, ;- 0, . This order parameter also describes the
polar phase of the spin-1 Bose gas. From the condition ®,
=0, we obtain the phase relation 26, =0, ;+ 6, _; and the
amplitude relation |A; o]*=2[A; [|A| _;|. From these results
we find that the ferromagnetic order parameter is given by

(A1 A A )
|A|e’010<e cos B,\’Z schosE,e ia s1n2é)
2 2 2 2

(41)

It can be shown that Eq. (41) is indeed a solution to the gap
equation (20). Comparing the free energies of the polar and
ferromagnetic phases we conclude that the ground state is
polar. Because the order parameter of the polar phase has a
7, symmetry, i.e., is invariant under the transformations «
—a+m and B— m—, the mean-field theory predicts a
quantum phase transition when we change the scattering
lengths from a;>a, to a; <a,, and vice versa.

To find solutions of the gap equation for higher values of
the spin f4>1/2, it is convenient to make use of the one-to-
one correspondence between the fermionic heteronuclear gas
and the spinor BEC derived in the previous section. The
solutions for total spin 2 and spin 3 are of special interest
because they correspond to the experimentally realized case
of a mixture of 'Yb (spin 1/2) and '*Yb (spin 5/2). The
spinor BECs with spin 2 and 3 have been described in the
literature [26-29], and it is straightforward to verify that the
possible ground-state solutions of the spin 2 and spin 3 BECs
also satisfy the gap equation (20). For example, for the case
of the spin-2 BEC, cyclic and polar phases are possible
[26,27]. These phases can be distinguished from each other
by the Value Of @2 (AZ O_ZAZ IAZ 1+2A2 2A2 2)/ \5
which describes the amplitude of singlet pairs of spin-2 at-
oms. For the case of the spin-3 BEC, the solutions are more
involved and have been discussed by Santos and Pfau [28]
and Diener and Ho [29]. Also a more complete classification
of states and vortex excitations have been discussed in Refs.
[30,31].

IV. POSSIBLE EXPERIMENTAL REALIZATIONS

The critical temperature needed to reach the weak-
coupling limit is beyond experimental reach and in order to
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increase the critical temperature to experimentally accessible
values we need to make use of optical Feshbach resonances
[32] so that the effective interactions between the atoms are
enhanced. Currently, optical Feshbach resonances for alkali
atoms [33,34] are not as effective as magnetic Feshbach
resonances due to large atomic losses. It has been predicted
[35,36], however, that for ground-state alkaline-earth-metal
atoms optical Feshbach resonances can be used to tune the
scattering length over a wide range of values without suffer-
ing from large atomic losses. As mentioned in the Introduc-
tion, quantum degenerate gases of both fermionic isotopes of
Yb have already been created separately [23]. The simulta-
neous coexistence of atoms in all magnetic sublevels of
3Yb has also been realized which demonstrates that multi-
component gases are stable [23]. This makes the two fermi-
onic isotopes of Yb prime candidates for realizing a hetero-
nuclear fermionic superfluid with spin degrees of freedom.
At present, experimental efforts are underway to find appro-
priate bound states in the long-lived (>10 s) excited state
potentials 1S0+3P,-=0,2 of Yb that can be used for optical
Feshbach resonances [37]. If these efforts are successful we
expect that the ground states of the '’'Yb and '>Yb mixture
will be the same as the unmagnetized phases of the spin 2
and 3 spinor BECs. Moreover, in the absence of symmetry
breaking perturbations, the excitation spectrum for the un-
magnetized ground states is given by Egs. (14) and (15) with
|F,|=0 and has the same form as the standard BCS theory.
For a realistic gas, however, symmetry-breaking terms such
as magnetic fields and dipole-dipole or intraspecies interac-
tions are expected to lift the degeneracy and we plan to in-
vestigate this in future research.

V. SUMMARY AND OUTLOOK

In summary, we have presented a theory of superfluidity
in heteronuclear Fermi-Fermi mixtures. We have shown that
the heteronuclear fermionic superfluid has a Ginzburg-
Landau free energy which is similar in form to that of a
spinor BEC and, therefore, analogous mean-field ground
states are expected for these two systems. This raises an
important question concerning the nature of the many-body
ground state in the heteronuclear case. For the bosonic case
of a spin-1 antiferromagnetic BEC it has been shown that the
exact many-body state is, in fact, not the polar state but a
condensate of spin-singlet pairs [38—40]. Explicitly, in the
absence of a magnetic field the exact bosonic many-body
state can be written as |g)oc{[(ah)2-2ala’ 1/\3}V2(0),
where ajn creates a boson in magnetic sublevel m=0, =1
with zero linear momentum and N is the number of bosons.
To perform a similar many-body analysis for the hetero-
nuclear Fermi superfluids is beyond the scope of the present
paper and will be left for future research. It is clear, however,
that if the similarity at the mean-field level extends to the
many-body case, the exact ground state is expected to be a
condensate of spin-singlet states involving a quartet of fer-
mions. Quartet superfluidity is of interest in strongly inter-
acting quantum liquids [41,42] and in the formation of two-
pion states [43]. In these works, however, only single species
gases were considered for which a fourfold degeneracy and
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moderate coupling are indispensable. Our work demonstrates
the possibility of creating a quartet condensate using only
spin-1/2 particles because the Pauli principle does not pre-
vent different species from occupying the same spin state.
This unique feature of heteronuclear fermionic superfluidity
merits further theoretical and experimental investigations.
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APPENDIX: THE BOGOLIUBOV SPECTRUM OF A
HETERONUCLEAR FERMIONIC SUPERFLUID

Substituting the mean-field expression in Eq. (13) into Eq.
(2) and neglecting the external potentials Vi ,(x) and V;’f(,(x)
we obtain the following Hamiltonian for a homogeneous sys-
tem:

T *
d)flf’ ¢f¢
AeS ¢; <(§¢,k— M1 14 ) "
ol I AV
X172 X112
X-112 Xi1/2
|A ',m|
+ 2 26— 2 L, (A1)
k m 8f

where we define the (2f4+1) X 2 matrix

Vigiz Vi

V=-

Vfd)—‘l,l/Z Vf¢—‘1,—1/2 ’ (A2)

V—f¢,l/2 V—f'¢,—1/2

with matrix elements V, , =3,(f.m|fy,0:1/2,0")A;,,.
The eigenvalue problem associated with this Hamiltonian
can thus be written in a compact form as

((fk—)\’)l Vv )(M)_O
v (-&-\)1/\o/ 7

Here, we have introduced the variable &=(£,x+§,x)/2 and
the shifted eigenvalue N'=N-(&;x—&,x)/2. The vector u
has 2f,+1 components and v has two components. The
highest order of N\’ in the eigenvalue equation is \'%¢*3,
which determines the maximum number of modes in the
system. After working out the multiplications, we obtain the
following coupled equations:

(&—-N)u+V-v=0

(A3)

(A4)

and
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(—&-N)v+ V' -u=0. (A5)

We solve Eq. (A4) formally for u and substitute the solution
into Eq. (A5) to obtain the following equation for v:

{(— N1+ V. 1~V}v=0. (A6)

&=\
The eigenvalues of this equation can be obtained by solving
the characteristic equation

Det[(& - N)(=&—-\)1+VV]=0. (A7)

Similarly, we can obtain for u that

{(gk—k')1+V~ﬁl~VT}u=0. (A8)

The eigenvalues for this can be obtained by solving the char-
acteristic equation

Det[ (& - N)(=&—-\N)1+VVi]=0. (A9)

While Eq. (A7) is a 2 X 2 eigenvalue equation, Eq. (A9) is a
(2f4+1) X (2f4+1) eigenvalue equation which has 2f,—1
degenerate solutions A= =* & in addition to the nontrivial
solutions. The nontrivial solutions follow from Eq. (A7). We
have
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E V;,l/zvj,l/z 2 V}k,l/zvj,—uz

< J j
VvV= ’
E Vi-12Vian E VicinVi-in

J J

(A10)

where the summation is from j=—f to j=f,. Using this, we
obtain the eigenvalues \ from Eq. (A7),

N = Eg— &k
2

&\ 1 ) 1 ;
=\ 5] +5utvVI= SVlVivIY -4 DevV].

(A11)

Next, we express the trace and determinant terms appearing
in the above eigenvalues in terms of physical quantities.
Combining Eq. (A10) with Eq. (A2), we obtain

alViVI= 2 |V = 2 A1 (A12)
j.o m
The other term is given by
F L2
LN (A13)

(t[VIV])? -4 Det[V'V] = —5-,
T c f"

where F, is given by Eq. (17).
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