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The multichannel quantum-defect theory is used to investigate the role of the numerous couplings between
rovibrational states in the dissociative recombination and superelastic collisions of H2

+ with low-energy elec-
trons, within different molecular electronic symmetries. All the paths accessible are considered. In the case of
the singlet gerade symmetry of the neutral system, for example, not only the dominant path, 1�g

+, is taken into
account, but also 1�g

+, rotationally coupled to 1�g
+, via a frame transformation from the interaction region to the

external one. The initial vibrational states investigated are vi
+=0–4. The final rate coefficients are obtained as

weighted sums including the so-called ortho-para effect, at room temperature, over all the relevant rotational
initial states Ni

+, which vary from 0 to 12. The results show that the consideration of rotational effects give a
much better overall agreement of the dissociative recombination rate coefficients with experiment, and that, for
superelastic collisions, these effects can be used to account, at least partly, for the discrepancies between our
former calculations and experiment, which showed a strong vibrational relaxation of H2

+.

DOI: 10.1103/PhysRevA.77.052711 PACS number�s�: 34.80.Ht, 34.50.Ez, 34.80.Lx, 34.50.Gb

I. INTRODUCTION

The dissociative recombination �DR� of H2
+,

H2
+ + e− → H + H�, �1�

is not only the simplest chemical reaction, but also an impor-
tant process in cold astrophysical environments and labora-
tory and fusion edge plasmas. Sustained experimental and
theoretical effort on this process resulted in the early 1990s
in a reasonable agreement with merged beam measurements
�1–3�.

However, the advent of heavy-ion storage rings �4–8� in
the electron-cation collision research area generated a revival
of the interest in DR—in general—but also in the study of
the benchmark process �1�. Indeed, this technique allowed
for better statistics, better accuracy, and, above all, vibra-
tional resolution.

This last feature explains why most of the experimental
effort has been focused on the HD+ isotope �4,9–15�—
rapidly relaxing during the tens of seconds of storage
time—rather than on H2

+. The most spectacular results on
HD+ concerned the low energy region, characterized by nu-
merous resonances.

In order to understand and properly assign the resonances
revealed by experiment, the theoretical approach included
the rotational structure and corresponding interactions. Al-
though first implemented on H2

+ �16�, the first validation of
the rotational approach by comparison with the experimental
results was performed for HD+ �17�, and most of the subse-
quent theoretical work was dedicated to this isotopomer
�15,18–21�.

A careful comparison between theory—rotational effects
being neglected—and experiment on H2

+ DR was performed
some years ago �22�, following prior experimental studies at
the TSR storage ring in Heidelberg �23,24�. Although the
order of magnitude of the theoretical DR cross section
matched the experimental results, the shapes were in dis-
agreement. More dramatically, the theoretical cross sections
of superelastic collisions �SECs�,

H2
+�vi

+� + e− → H2
+�v f

+ � vi
+� + e− �2�

�vi
+ and v f

+ standing for the initial and final vibrational quan-
tum number of the ion target� were significantly lower than
the experimental ones.

These facts have pushed us to reconsider the H2
+-electron

reactive collisions, starting from the available rotational ap-
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proach already successfully employed for HD+. Moreover,
the decisive involvement of the vibrationally excited states in
SECs determined us to improve this approach, as shown be-
low.

Up to now, as far as we know, the calculations on the
dissociative recombination of ground-state H2

+ and HD+

with low-energy electrons have been focused on the contri-
bution of the 1�g

+ symmetry, which was assumed to be the
dominant one, and the strength of the Rydberg-valence inter-
action within the 1�g and 1�g symmetries—coupled to 1�g

+

via the frame transformation from the interaction region to
the asymptotic one—has been systematically neglected, due
to the unfavorable crossings between neutral dissociative and
ion potentials. The same argument has been invoked for the
neglect of the contribution of the doubly excited states per-
taining to the other relevant symmetries—3�g, 1�u

+,
3�u

+—converging to H�1s�+H�n=2�. This is certainly justi-
fied if we restrict ourselves to the direct process only, occur-
ring for a vibrationally ground or weakly excited cation re-
combining with a low-energy electron, but breaks down
beyond this context. Indeed, when the indirect process is
possible, it takes place via rovibrationally excited Rydberg
states, and the higher the vibrational excitation, the better the
overlap between the ionic core wave functions and the wave
functions of the excited valence states, compensating the
small electronic interactions and making the role of the low
vibrational levels much less relevant.

The above considerations are still more pertinent in the
case of the DR of vibrationally excited ions, and of the in-
elastic and superelastic collisions. In this latter case, the
Rydberg-valence interactions are further amplified by the
double occurrence of the highly excited vibrational states—
the initial excitation of the target being coupled to the final
one, via the dissociative resonant state. Therefore, rotational
effects are likely to be more important for these processes
than for DR.

II. SUMMARY OF THE METHOD

The present work accounts for all the relevant symme-
tries. It is based on the extension of the original multichannel
quantum-defect theory �MQDT� treatment of DR �25� to-
ward the account of rotational structure and interactions
�15,16,18,26,27,32,36�. This approach has been applied to
HD+, H2

+, and NO+, so far restricted to the account of one
single electronic symmetry �15–21�. In the cases of interest
for this study, the DR, together with the competitive elastic,
inelastic, and superelastic collisions, occurs mainly through
the electronic interaction between the ground-state ion
�1s�g X 2�g

+�+incoming electron initial configurations, on
one hand, and the lowest doubly excited states, on the other
hand. These latter states belong to the Q1 Rydberg series
converging to the first excited electronic state of the ion
�2p�u

2�u
+� �29,30�.

The MQDT approach is based on a description of molecu-
lar states in which only part of the electronic Hamiltonian is
diagonalized, within subspaces of electronic states of similar
nature. We use a quasidiabatic representation of molecular
states �28� to cope with problems due to the avoided cross-

ings of the potential energy curves. The short-range elec-
tronic interactions between states of different subspaces are
then found out in terms of an electronic coupling operator V
which couples the ionization channels �Rydberg states and
electron-ion states from the ionization continuum� to the dis-
sociative channels �valence states�. Starting from V, one
builds the short-range reaction matrix K, solution of the
Lippmann-Schwinger integro-differential equation:

K = V + V 1

E − H0

K , �3�

H0 being the zero-order Hamiltonian associated with the mo-
lecular system, i.e., the Hamiltonian operator excluding the
interaction potential V. The effects of short-range interaction
are valid in the region of small electron-ion and nucleus-
nucleus distances, that is, the “A region” �26� where the
Born-Oppenheimer representation is appropriate for the de-
scription of the colliding system. There, the energy depen-
dence of the electronic couplings can be neglected. In the
case of weak coupling, a perturbative solution of Eq. �3� can
be obtained. This solution has been recently proven to be
exact to second order, in the case of energy-independent
electronic coupling �31�.

In the external zone, the “B region” �26� represented by
large electron-core distances, the Born-Oppenheimer model
is no longer valid for the ionization channels and a
close-coupling representation in terms of the molecular
ion+electron is more appropriate.

A complete analysis, accounting for the direct and indirect
mechanisms, and for the rovibrational structure and interac-
tions, can be summarized as follows: starting from a given
rovibrational level �Ni

+ , vi
+� of the ion initial electronic state,

several values N of the total angular momentum of the neu-
tral molecule can be formed by coupling the ionic angular
momentum with a specific partial wave l of the incoming
electron. Each N value is a good quantum number conserved
during the whole process and is involved in a separate cal-
culation, leading to partial DR cross sections which are then
summed up to yield the total cross section. Within each N
subspace, rotation is included through a frame transforma-
tion �18,27,32� between coupling schemes corresponding to
the incident electron being decoupled from �external region�
or coupled to �internal region� the core electrons. This frame
transformation mixes the different quantum numbers com-
patible with a given set of �Ni

+ , l , N� values. The channel
mixing coefficients involve angular coupling coefficients
combined with electronic and vibrational factors:

ClN+v+,�� = �2N+ + 1

2N + 1
�1/2

�l�� − �+�N+�+�lN+N�	

�
1 + 	+	�− 1�N−l−N+

�2�2 − 
�+,0��1 + 
�+,0
�,0��1/2

�

v

Ulv,�
� ��N+v+

�+
�cos��
l

��R� + ��
����Nv

� 	 , �4�
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Cdj,�� = Udj�
� cos ��

�, �5�

as well as SlN+v+,�� and Sdj,��, obtained by replacing cosine

by sine in Eqs. �4� and �5�. In the preceding formulas, �N+v+
�+

is a vibrational wave function of the molecular ion, and �Nv
�

is a vibrational wave function of the neutral system adapted
to the interaction �A� region. The quantities 	+ and 	 are
related to the reflection symmetry of the ion and neutral
wave functions, respectively, and take the values +1 for sym-
metric states and −1 for antisymmetric ones. The ratio in
front of the sum in the right-hand side of Eq. �4� contains the
selection rules for the rotational quantum numbers. The in-
dices dj �j=0,1 ,2 , . . .� stand for the states of a given sym-
metry, open to dissociation at the current energy. � denotes
the eigenchannels built through the diagonalization of the
reaction matrix K, and −tan���

�� /� and Ulv,�
� are its eigen-

values and the components of its eigenvectors, respectively.
The projection coefficients shown in �4� and �5� include

the two types of couplings controlling the process: the elec-
tronic coupling, expressed by the elements of the matrices U
and �, and the nonadiabatic coupling between the ionization
channels, expressed by the matrix elements involving the
quantum defect 
l

�. This latter interaction is favored by the
variation of the quantum defect with the internuclear dis-
tance R. The matrices C and S with elements �4� and �5� are
the building blocks of the “generalized” scattering matrix X:

X =
C + iS
C − iS

. �6�

Since no rotational coupling between different � symmetries
is available in the reaction region, the reaction matrix K is
block diagonal, relying on blocks K�, associated with
�=0,1, etc. For a given symmetry of the neutral—defined by
the spin quantum number and by the behavior with respect to
reflection �+ or −� and nuclei inversion �g or u�—the gen-
eralized scattering matrix X is built from contributions per-
taining to all the � subspaces, whereas the physical scatter-
ing matrix, restricted to the open channels, is given by �33�

S = Xoo − Xoc
1

Xcc − exp�− i2���
Xco. �7�

It is obtained from the submatrices of X involving the lines
and columns associated with the open �o� and closed �c�
channels, and a further diagonal matrix � formed with the
effective quantum numbers �N+v+ = �2�EN+v+ −E��−1/2 �in
atomic units� associated with each vibrational threshold
EN+v+ of the ion situated above the current energy E �and
consequently labeling a closed channel�.

For a molecular ion initially on the level Ni
+vi

+ and recom-
bining with an electron of energy �, the cross section of
capture into all the dissociative states dj of the same symme-
try is given by

�diss←Ni
+vi

+
N,sym =

�

4�

2N + 1

2Ni
+ + 1

�sym 

l,�,j

�Sdj,lNi
+vi

+
N� �2 �8�

and the cross section for a rovibrational transition to the final
level Nf

+v f
+ is

�Nf
+vf

+←Ni
+vi

+
N,sym =

�

4�

2N + 1

2Ni
+ + 1

�sym 

l,l�,�,j

�SNf
+vf

+l�,Ni
+vi

+l
N� �2. �9�

Here �sym is the ratio between the multiplicities of the neutral
and the target ion. After performing the MQDT calculation
for all the accessible total rotational quantum numbers N and
for all the relevant symmetries, one has to sum up the corre-
sponding cross sections in order to obtain the global cross
section for dissociative recombination or rovibrational tran-
sition.

III. COMPUTATIONS

Since the lower 1�g electronic potential curve correlates
with the H�1s�+H�3l� limit, too high with respect to the
energy range currently explored, we restricted ourselves to
the contribution of the states of � and � symmetry. As a
consequence of the consideration of rotational effects, the
1�g state will split into two states �26�: on one hand the 1�g

+,
symmetric with respect to reflection, simultaneously in-
volved with 1�g

+ in the frame transformation in the outer
region, and on the other hand, the 1�g

−, antisymmetric. The
same considerations hold for all the 1,3� ,�g,u states. Since
the ions are not rotationally resolved, the actual vibrational
transition cross section is obtained as a weighted sum at
room temperature �300 K� over the initial rotational numbers
of the vibrational level of interest. In the case of H2

+, the
consideration of the ortho-para effect, due to the distinction
of the symmetric and antisymmetric nuclear spin states, leads
to a weighted sum �34,35� over the odd and even values of
Ni

+, the parity of which is associated with a specific statistical
weight which is common to either g+ and u− symmetries, or
g− and u+ symmetries. A Boltzmann distribution is assumed
for the probabilities of the various rotational states, and the
excitation energy is taken with respect to the lowest rota-
tional level of the corresponding initial vibrational level, in
the even and odd cases, i.e., �Evi

+Ni
+ −Evi

+,0� or �Evi
+Ni

+ −Evi
+,1�.

Actually, for a Boltzmann distribution and for the tempera-
ture of interest, rotational levels higher than
Ni

+=12 are negligible.
We have studied the DR and SEC reactions through the

lowest molecular doubly excited electronic states of the Q1
group, of symmetry 1�g

+, 3�g
+, 1�g, 3�g, 1�g

+, and 3�u
+, con-

verging to H�1s�+H�n=2�. The incident electron’s partial
waves efficiently coupled to the dissociation channels are l
=0 or l=2 for a fragmentation via a 1�g

+ state, l=2 via a 1�g
or 3�g state, and l=1 via a 1�u

+ or 3�u
+, whereas the 3�g

+

symmetry displays negligible Rydberg-valence coupling,
and, consequently, its contribution was neglected �30�.

For the 1�g
+ symmetry, we have improved the quasi-

diabatic molecular data—dissociative potential curve, elec-
tronic couplings, and quantum defects—previously used
�22�, in order to fit a larger set of adiabatic potential energy
curves �37�. This least-square adjustment, similar to that em-
ployed by Ross and Jungen �38�, was performed by building
up a set of diabatic Rydberg potentials in the s and d series,
which after diagonalization of the Hamiltonian matrix con-
taining scaled electronic couplings, reproduced the adiabatic
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energies with minimal deviation. The dissociative curve ob-
tained in the same process was further constrained at short
internuclear distance by including the electronic scattering
calculations of Tennyson �30� in the set of adiabatic potential
curves, while the electronic couplings were kept in agree-
ment with the total autoionization width provided by the
scattering calcualtions.

As for the other symmetries, we have used the same elec-
tronic energies and couplings as before �22�, but more re-
cently computed quantum defects �30�. The K matrix is built
up, for each symmetry, by resolution of the Lippmann-
Schwinger equation to second order of the perturbation
theory, which was found to provide exact solutions in the
case of energy-independent electronic coupling �31�.

IV. RESULTS AND DISCUSSION

We plot in Fig. 1 the rate coefficients for dissociative
recombination from vi

+=0, compared to the nonrotational
calculations and experiment. One may notice that the ac-
count of the rotational effects considerably increases the
agreement with the measurements—in magnitude and
shape—with respect to the previous nonrotational modeling.
The inclusion of rotational structure and interactions results
in a remarkable change in the modeling of the dynamics,
dominated by resonant temporary captures into Rydberg
states. For a given symmetry—e.g., 1�g

+—the Rydberg-
valence coupling is distributed in a different way within the
numerous states, in comparison with the nonrotational case.
Moreover, the incoherent sum of contributions coming from
different symmetries—e.g., 1�g

+ and 1�g
+—in the nonrota-

tional case is replaced, in the rotational one, by a coherent
sum, due to the channel mixing through the frame
transformation—formulas �4� and �5�. This results in mutual
assistance between the symmetries, which means, for ex-
ample, that part of the contribution to the cross section of the
1�g

+ channels is used to feed the 1�g
+ ones, and vice versa.

This explains why, in the leftmost region of Fig. 1, the result
without rotation displays two peaks, while that accounting
for rotation displays one peak only.

Figure 2 presents the rate coefficients for DR and SECs
from the initial vibrational level vi

+=1. Surprisingly, for DR,

the nonrotational calculations seem to result in better agree-
ment with experiment, in comparison with the rotational
ones. However, the comparison is available for one single
energy only, and the present rotational results at this point
still agree with the measurements within the very large ex-
perimental error bar. One may notice that the 1�g

+ and 1�g
+

symmetries strongly dominate the process, the role of the
other symmetries �1�g

− , 3�g , 1�u
+ , 3�u

+� being negligible. In
the left side of Fig. 2, the absence of the dip in the rotational
case is due to the same mutual enhancement between rota-
tionally coupled symmetries as that described in the preced-
ing paragraph.

As for SECs, the rotational effects strongly increase the
rate coefficient. More specifically, the account in the rota-
tional context of the two frame-transformation-coupled sym-
metries 1�g

+ and 1�g
+ introduces a factor of about 1.5 between

the old and the new rate coefficients at “zero” energy. More-
over, the account of the other relevant symmetries—1�g,
3�g, 1�u

+, 3�u
+—results in a global factor of about 5.

The explanation for this strong rotational effect
resides—as shown in numerous recent studies �39–44�—in
the channel mixing, mostly driven in this case by the indirect
process. Indeed, whereas the lowest �1�g

+� doubly excited
state crosses the ion curve close to v+=1, all the other doubly
excited states �pertaining to the other symmetries� experience
this crossing close to much higher vibrational levels, acces-
sible either by vibronic coupling between the ionization
channels or by successive Rydberg-valence couplings �45�.

TABLE I. Rate coefficients for dissociative recombination of
H2

+ with electrons of near-zero kinetic energy.

Theory �22� Theory �this work� Experiment �24�
vi

+ �10−8 cm3 /s� �10−8 cm3 /s� �10−8 cm3 /s�

0 1.47 1.12 1.87�0.15

1 17.16 8.31 18.7�11.2

2 5.16 5.37 15.3�9.5

3 9.61 16.46 18.0�11.5

4 9.17 14.90 9.9�6.3
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FIG. 1. Rate coefficients for dissociative recombination from
vi

+=0. Dashed line, theory without rotation �22�; full line, theory
with rotation; squares, experiment �24�. Better agreement with ex-
periment is found in the rotational case. Also a sensitivity with
respect to the quantum defect is observed.
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FIG. 2. Rate coefficients for �a� dissociative recombination and
�b� superelastic collisions from vi

+=1. Dashed lines, theory without
rotation �22�; dash-dotted lines, theory with rotation for1�g

++ 1�g;
full black lines, theory with rotation for all symmetries; squares,
experiment �24�; circle, experiment �23�.
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When going from the purely vibrational picture to the rovi-
brational one, this channel mixing is considerably enhanced
by the large multiplication of ionization channels and, con-
sequently, by the corresponding large multiplication of mu-
tual couplings between them. As a result, the involvement of
ionization channels associated to highly excited vibrational
levels, strongly coupled with the valence state, will “con-
taminate” the interaction between the entrance ionization
channel and the exit one, i.e., the dissociation channel for the
DR and the ionization channel for the SEC.

This effect is weak for the DR of v+=1 ions, since the
direct interaction between the entrance ionization channel
and the exit dissociative one is the strongest possible. In
contrast, the SECs of the v+=1 ions proceed by a two-step
interaction �25,46�, relying on the v+=1→dissociation and
the dissociation→v+=0 couplings: it is this latter weak in-
teraction that is strongly enhanced by the above described
contamination, and this enhancement is very much favored
by the abundant rovibrational channels occurring in the rota-
tional context.

Tables I and II display the status of the present agreement
between theory and experiment for “zero” energy �actually,
10 
eV detuning energy�. These results are also compared
with the previously computed data �corrected, as described
above�.

For the DR, the present and previous theoretical results
roughly agree with the experiment �24� within the large error
bars. For the SECs, the rotationally computed rate coeffi-
cients agree much better with those coming from the second
series of experimental data �24�, being considerably higher
than our previous theoretical rates that did not include rota-
tional coupling. Theory is now able to confirm the high rates
of vibrational relaxation due to superelastic collisions, put in
evidence by the storage-ring measurements. One may also
notice that our present calculations confirm the non-
negligible role of the vibrational transitions occurring be-
yond the “propensity rule” ��v�=1.

V. CONCLUSIONS AND PERSPECTIVES

In conclusion, we show that rotational effects play a de-
cisive role in the rapid vibrational relaxation of H2

+. In com-
parison to the nonrotational calculations, a much better
agreement of the rate coefficients has been observed with
experiment for both SECs, at “zero” energy, and DR, in a
broad energy range.

Very recently, new experimental results on the DR of
rovibrationally resolved H2

+ ions became available, in a
broad range of energy �47,48�. Extensive calculations, based
on the theoretical refinements described in this work, are
presently in progress, in order to provide state-to-state cross
sections comparable with these new measured data.
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TABLE II. Rate coefficients for superelastic collisions of H2
+ with electrons of near-zero kinetic

energy.

Experiment �23� Theory �22� Theory �this work� Experiment �24�
v→v� �10−8 cm3 /s� �10−8 cm3 /s� �10−8 cm3 /s� �10−8 cm3 /s�

1→0 60 4.47 18.82 39�8

2→1 120 16.95 38.48 76�16

2→0 3.15 3.48

3→2 220 9.61 52.16 121�26

3→1 6.73 11.42

3→0 1.70 1.67

4→3 240 27.20 94.03 146�30

4→2 2.61 16.31

4→1 3.78 5.26

4→0 1.07 1.18
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