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We report fully differential cross sections for simultaneous double ionization of atomic beryllium by fast
electron impact. We analyze separately the two ionization channels that leave the dication in either the 2s2

autoionizing excited state or its 1s2 bound ground state. For the double continuum, owing to the two slow
emitted electrons, we employ the three-pairwise-Coulomb-interaction model �3C� along with the first Born
approximation. Aiming to probe the hitherto largely unexplored role of the electron correlation in �e ,3e�, we
determine and check fully correlated, compact analytical wave functions, satisfying all two-particle Kato cusp
conditions for the four-electron Be initial state and the two-electron Be2+ final states, as well as other, much or
little or noncorrelated, functions, issuing from either analytic global optimization or Hartree-Fock theory. We
point out similarities or contrasts with trends observed in the double photoionization, allowing for parallels
between �e ,3e� and �� ,2e�. Various numerical examples serve to navigate possible future experiments in the
nonrelativistic regime of the ionization problem.
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I. INTRODUCTION

The so-called �e ,3e� process has been for several decades
a hot topic of atomic and molecular collision theory at the
interface between fundamental and applied physics. Techni-
cally, this process consists in simultaneously detecting, with
a coincidence experiment, the electrons emerging in the
electron-impact double ionization of atoms or molecules.
There are several good reasons why studies of the �e ,3e�
process have been attracting much attention in recent years.
The experimental and theoretical results associated with the
process propose themselves as key elements for answering
open questions about the N-body problem with Coulomb in-
teractions and strongly correlated initial and final states. Fur-
thermore, as the �e ,3e� differential cross sections are often
sensitive to the preparation of the target, analysis of the col-
lision dynamics can be a powerful tool for understanding
structural details of doubly excited states. On the other hand,
it is believed that the �e ,3e� process can be an invaluable
device for plasma diagnostics, biophysics, and astrophysics,
as being particularly effective for transferring appreciable
amounts of energy and storing it in the target.

A great deal of work has been devoted so far to the double
ionization of light atoms, and especially of their prototype,

helium. Byron and Joachain �1�, Tweed �2,3�, Neudatchin
et al. �4�, and Smirnov et al. �5� have been recognized for
pioneering contributions to the subject. Later, theoretical
support was provided by Dal Cappello and Le Rouzo �6� and
by Joulakian et al. �7,8� to the first experiments carried out
by Lahman-Bennani et al. �9,10� and Ford et al. �11�. In
recent years, experimental efforts �12–15� are being concen-
trated on improving the energy resolution for the determina-
tion of the multiply differential cross section of the �e ,3e�
process, and there is also emphasis on developing accurate
theoretical approaches for thorough study of double photo-
ionization �16�, ion-impact double ionization �17�, fast
charged-particle-impact double ionization �18–20�, and
electron-impact double ionization �21–24�.

Beryllium vapor has recently become a subject of grow-
ing attention for fundamental research, because of its role in
inelastic scattering. This too is the case with beryllium
plasma for applied research. This is because of the shielding
layer on graphite that such a plasma creates, which may be of
usefulness in studying erosion effects in the International
Thermonuclear Experimental Reactor fusion device �25�.
Most significant has been the progress over the last five
years. Wang et al. �26�, Zhang et al. �27�, and Wang et al.
�28� explored the beryllium full electronic structure by in-
cluding relativistic effects in the total Hamiltonian. In the
field of inelastic collisions, Hasegawa and co-workers
�29,30� studied the photo-double-excitation of hollow beryl-
lium, for both the L and K shells, and did Dirac-Fock calcu-
lations to identify or predict hollow resonance peaks. Kheif-
ets and Bray �31,32� employed the convergent close-
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coupling �CCC� approach to study the photo-double- and
photo-triple-ionization of the atom, within the frozen-core
approximation and the double shake-off model, respectively.
Colgan et al. �33� developed a time-dependent close-
coupling approach to monitor, over time, the electron-
beryllium ionization process. Finally, in a recent mathemati-
cal treatment of the L-shell photo-double-ionization of
berylliumlike ions, Nefiodov and Plunien �34� established
the double-to-single ionization cross section ratio and ex-
plained how the double photoionization cross section is
shared between simultaneous and sequential channels.

The scope of this paper is twofold. Primarily, it aims at
reporting on the beryllium fully differential K- and L-shell
double ionization cross sections by fast electron impact. The
study focuses on the �e ,3e� process, which �by definition�
refers to the simultaneous ionization of two atomic electrons,

e− + Be → 3e− + Be2+.

Even though the simultaneous double ionization of the Be
L-shell electrons competes with a sequential process taking
place via a nonradiative electron emission of the transiently
formed 1s2s2 resonance state of Be+�,

e− + Be → 2e− + Be+� →
resonance

3e− + Be2+,

time-of-flight coincidence experiments allow one nowadays
to distinguish between the two channels. This is a prerequi-
site when conducting a double ionization experiment in be-
ryllium, especially in light of recent findings showing the
sequential process to be by far the dominant channel �34�. In
order to accomplish the task, smart analytical wave functions
satisfying cusp conditions are developed and employed, as a
compromise between accuracy and numerical economy.
Then, we proceed to comparison of the most striking cross
section features issuing from the different calculations, to
probe the relative impact of the electron correlation, which
for fast collision processes is thought to be the main cause of
the double ionization. Throughout the analysis, some analo-
gies are found between �e ,3e� and �� ,2e� processes, as to
trends common or opposite in the two processes. It is worth
pointing out that, according to whether it is the L- or the
K-shell electrons that are doubly ionized, distinct final states
must be considered: the Be2+ ground state 1s2 in the former
case, and the doubly excited 2s2 autoionizing state of the
dication in the latter case. Note that, experimentally, the total
energy conservation principle makes it possible to distin-
guish between the two channels, since the difference be-
tween the two ionization potential values by far exceeds the
energy resolution limit in a typical experimental setup
��4 eV�. Atomic units �a.u.� are used throughout, unless
otherwise stated.

II. THEORY

A. Structure, symmetry, and transition amplitude

The quantitative understanding of the collision between a
fast electron �the projectile� and Be �the target� requires an
exhaustive analysis of the four-electron atomic target as well
as the construction of sufficiently accurate wave functions

for initial and final states of a “five-electron composite sys-
tem.” Although the compact electron core of Be is well sepa-
rated, both in the coordinate space and in energy, from the
valence ns2 shell �31�, here, the four-electron problem is ad-
dressed from first principles, which makes the use of model
potentials �35� for core effects redundant. The motivation for
such a treatment stems from the need for a rigorous consid-
eration of the process, especially in the case of ionization of
the core, in which the treatment of the inner electrons as
simple “spectators” can no longer be justified.

Initially, Be is supposed to be in its ground state, which is
spinless. The value of the total spin magnetic quantum num-
ber MS of the composite system is thus imposed by the spin
of the incident electron. Although wave functions going be-
yond the single-electron orbital concept turn out to be more
effective for our purposes �see below�, in this section the
structure of the Be ground state is discussed as an admixture
c1s22s21s22s2+c1s22p21s22p2 �1S� within the conventional or-
bital description, so that the general aspects of the treatment
are outlined pedagogically. In doing this, the initial-state
wave function for MS= 1

2 is expressed as a symmetry-adapted
combination of Slater determinants, constructed by products
between the incident wave �i and the atomic spin orbitals
�nlml

and �̄nlml
�n , l ,ml stand for the principal, orbital, and

orbital magnetic quantum numbers� for spin-up and spin-
down monoelectronic 1s, 2s, or 2p states, respectively:

�i↑ = c1s22s2���i�100�̄100�200�̄200��

+ c1s22p2
1
�3

����i�100�̄100�211�̄21−1��

− ���i�100�̄100�210�̄210�� + ���i�100�̄100�21−1�̄211��� .

�1�

In the above equation, �a1a2¯aN� are normalized Slater de-
terminants; the indices i and ↑ in �i↑ denote the initial and
spin-up states, respectively, and the index i in �i denotes
incident; the quantities c1s22s2 and c1s22p2 are mixing coeffi-
cients.

In the final state, three free and two bound electrons are
involved: the scattered electron, with a wave function �s, the
two ejected electrons, with wave functions �1 and �2, and the
two electrons of the residual ion. For the sake of simplicity
of presentation, the state of the ion is here represented by
spin orbitals �nlml

and �̄nlml
, within either a single-

configuration �1s2� or a two-configuration �c2s22s2+c2p22p2�
description, in a way analogous to the above. In this respect,
the wave function of the final state for MS= 1

2 is � f↑= 1
�2

�D1

−D2�, where the index f in � f↑ denotes final, and D1 and D2
are single Slater determinants or appropriate combinations of
Slater determinants according to whether it is the 1s2 or the
c2s22s2+c2p22p2 state that is concerned.

In the first Born approximation, which should be adequate
at high impact energies, the total spin is conserved because
the spin operator is absent from the perturbation potential
�see below�. The double ionization fully differential cross
section �FDCS�, which is fivefold, reads
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��5� =
d5�

d�sd�1d�2dE1dE2
= �2	�4k1k2ks

ki
�Tfi�2 �2�

with ki, ks, k1, and k2 the asymptotic momenta of the inci-
dent, scattered, and two ejected electrons, respectively, E1,
E2, �1, and �2 the energies and the solid angles of the
ejected electrons, and �s the polar scattering angle with re-
spect to the direction of the incident electron. Tfi=

1
�2

	D1

−D2�V��i↑� designates the f ← i transition matrix element
	� f�V��i� of the perturbation V given by the first term of the
Born series. In the above, we have tacitly admitted that half
of the incident electrons in the beam are upwardly polarized
and the other half are downwardly polarized. The operator V
is the interaction potential V=− Z

r0
+
 j=1

Z 1
�r�0−r� j�

experienced by
the incident electron, with Z=4; r�0 is the position vector of
the incident electron with respect to the nucleus, the latter
being taken as the origin �O�; r� j is the position vector of the
target’s jth electron �j=1–4� with respect to O.

The development of Eq. �2� involves as many as 18 dif-
ferent exchange integrals. Here, however, we address fast
projectiles �
1 keV� and �relatively� slow ejected electrons,
and only two integrals can survive in practice among the
possible combinations that are formally present. Tfi reads

Tfi � �2�f1 + f2� �3�

with

f1

= 	�s�k�s,r�0���r�1,r�2���k�1,r�3;k�2,r�4��V��i�k�i,r�0��r�1,r�2,r�3,r�4�� ,

f2

= 	�s�k�s,r�0���r�3,r�4���k�1,r�1;k�2,r�2��V��i�k�i,r�0��r�1,r�2,r�3,r�4�� .

�4�

In these expressions, � represents the double continuum of
the two ejected electrons; its explicit form is given in the
next section. �r�1 ,r�2 ,r�3 ,r�4� denotes the four-electron target
wave function. Finally, � stands for the normalized two-
electron bound state wave function of the residual dication.
Rigorously, in the case of the K-shell ionization, � is an
autoionizing state with a finite lifetime rather than a truly
bound state whose lifetime would be infinite. Such states are
embedded in the continuum, for they lie above the first ion-
ization threshold of Be3+. Their instability manifests itself by
a spontaneous relaxation of the bielectronic system into a
free electron and a residual bound hydrogenlike trication
�36�. However, in the present case, these are final states, and
as such, their finite lifetime has absolutely no effect on the
course of the �e ,3e� process. Note that, in Eq. �4�, the scat-
tered electron has been supplied with the same position vec-
tor r�0 as the incident one. Whether the electron is incident or
scattered depends only on whether it is the initial state or the
final state that is addressed. Unlike r�0, which varies continu-
ously during the process, the wave vector k�i switches upon
impact to k�s. For a neutral target, both the fast incident elec-
tron i and the scattered one s can be represented by plane
waves. This simplification allows the use, in Eq. �4�, of the

Bethe integral over the space coordinate r�0, and results in

f1 =
1

2	2K2 	��r�1,r�2���k�1,r�3;k�2,r�4��U��r�1,r�2,r�3,r�4�� . �5�

A similar expression is obtained for f2, in a way analogous to
the way in which f2 is defined from Eq. �4�. Here, U desig-

nates the effective potential U=−Z+
i=1
4 eiK� ·r�i, and K� =k�i−k�s

is the momentum transfer vector, that is, the amount of mo-
mentum that is transferred by the projectile into the target.

B. The wave functions

In order to determine the transition amplitude Tfi, we need
properly optimized wave functions for the four-electron tar-
get and the residual two-electron ion. The wave functions of
the small Coulombic systems involved in inelastic collisions
must be accurate enough to allow good understanding of the
phenomena that govern the electron dynamics. At the same
time, they must be compact enough to allow the economic
treatment of the problem, whose computational difficulty is
generally great. In contrast with numerical or analytic wave
functions involving configuration interaction �CI� optimiza-
tion, or self-consistent field �SCF� procedures, or multipa-
rameter Hylleraas-correlation functions, Jastrow wave func-
tions �39,40� are very advantageous for they are surprisingly
accurate, simple, and analytic.

1. Initial state

The initial state involves the 1s22s2 1S ground state of Be.
Its wave function, represented by  in Eq. �4�, is expressed
by a fully correlated Jastrow function of the form �41�

�r�1,r�2,r�3,r�4� =
1

�N
��1 + amix�2�J . �6�

This form is a generalization of a particular type of wave
function originally proposed for two-electron systems �42�.
In Eq. �6�, �1, �2, and J are defined by

�1 = R1s�r1�R1s�r2�R2s�r3�R2s�r4� ,

�2 = R1s�r1�R1s�r2�R2p�r3�R2p�r4�cos �34, �7�

in order to account for the 2s2,2p2 1S degeneracy, and

J = cosh��r1�cosh��r2�cosh��r3�cosh��r4�

� exp� r12

2�1 + br12�
�exp� r34

2�1 + br34�
� �8�

with R1s, R2s, and R2p, the unnormalized hydrogenic radial
wave functions

R1s�r� = e−Zr,

R2s�r� = �1 −
Zr

2
�e−Zr/2,

R2p�r� = re−Zr/2, �9�

cos �34=
r3

2+r4
2−r34

2

2r3r4
, and rij = �r�i−r� j� �i , j=1,2 ,3 ,4�. While 

has not been given in the symmetrized form that is appropri-
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ate for a many-electron wave function, all contributions to
Tfi owing to the missing permutational terms have been
properly accounted for through Eqs. �3� and �4�. For the spe-
cific problem at hand, the remaining four parameters appear-
ing in Eqs. �6�–�9� take values N=8.3277�10−2, amix
=−0.900, �=0.88, and b=1.4. An energy value of
−14.659 a.u. was obtained, differing by only 0.05% from the
“exact” nonrelativistic result, E=−14.667 a.u. �43�, and con-
taining 92.5% of the correlation energy with respect to the
Hartree-Fock �HF� level, EHF=−14.573 a.u. �44�.

It is worth pointing out that  satisfies all the required
two-electron Kato cusp conditions. This is smartly ensured
through the cosh��ri� functions, which drop all terms linear
in ri in the series development of the nonhydrogenic part of
, and through the exp�

rij

2�1+brij�
� functions, which restore the

correct 1
2 slope of all terms linear in rij in the corresponding

series development. Wave functions satisfying cusp condi-
tions are generally superior to those which do not, for they
substantially improve accuracy without additional computa-
tional effort. Once their functional form has been properly
chosen and free parameters optimized, such functions usu-
ally account for an overwhelming amount of electronic cor-
relation. Among wave functions satisfying cusp conditions,
the function of Eq. �6� is a very good representation of the
Be ground state. Cross sections reported henceforward are
calculated with this wave function for the initial state.

In order to assess the relative importance of correlation
for double ionization, a less correlated variant of the Jastrow
functions was also checked, obtained by neutralizing the ex-
plicit appearance of any interelectronic distance, i.e., b→�.
In doing this, N=5.1599�10−2, amix=−0.997, and �=0.92.
An energy amounting to E=−14.625 a.u. was obtained, con-
taining 56% of the correlation energy. Finally, the uncorre-
lated Clementi wave function, constructed with orbitals from
the Clementi-Roetti data tables for the Be ground state on the
basis of 1s22s2 alone, and producing E=−14.573 a.u., was
also used for comparison �45�.

2. Final state

a. The ejected electrons. The final state involves two slow
ejected electrons. These electrons bring into play a double
continuum whose treatment requires use of a three-pairwise-
Coulomb-interaction �3C� wave function. This representation
for the double continuum was initially applied by Brauner,
Briggs, and Klar �46� to the �e ,3e� ionization of hydrogen,
and later by Joulakian, Dal Cappello, and Brauner �7�, and
by Joulakian and Dal Cappello �8�, to the �e ,3e� ionization
of helium. The 3C wave function is constructed as a suitable
Coulomb-wave product �, involving three two-body Cou-
lomb interactions. This product accounts approximately for
the electron-electron correlation and satisfies, in most physi-
cal situations, the exact asymptotic boundary conditions.
Symbolically,

��k�1,r�1;k�2,r�2� = Meik�1·r�1eik�2·r�2�̃�r�1,r�2� �10�

with

�̃�r�1,r�2� = 
j=1

2

1F1„i� j,1;− i�kjrj + k� j · r� j�… 1F1„i�12,1;

− i�k12r12 + k�12 · r�12�… �11�

a function taking into account the repulsion between the two
ejected electrons, and

M =
1

�2	�3e−	/2��1+�2+�12���1 − i�1���1 − i�2���1 − i�12� .

�12�

In the above expressions, 1F1 denotes the confluent hyper-
geometric series, � is the Gamma function, k�12= �k�1−k�2� /2,
�1=−Z / �k�1�, �2=−Z / �k�2�, and �12=1 / �k�1−k�2�. As pointed out
above, �̃ is a simple product rather than a symmetrized one.
The equally contributing missing term has already been ac-
counted for in Tfi through Eqs. �3� and �4�.

b. The residual ion. The state of the dication is described
by correlated wave functions for the ground state �L-shell
ionization� and the doubly excited state �K-shell ionization�.
As before, Jastrow functions satisfying Kato’s cusp condi-
tions are used as a reference. In addition to these functions, a
simple biparametric wave function is also discussed, whose
parameters were globally optimized to the energy absolute
minimum �47�. Finally, an uncorrelated analytic HF wave
function �EHF=−13.611 a.u.� and a little correlated “HF” s
+ p Slater-type orbital �STO� expansion �E=−3.477 a.u.�
were used for the 1s2 and 2s2 states, respectively, and
checked for comparison.

Jastrow wave functions. For the 2s2 state, the wave func-
tion is given the form

��r�1,r�2� =
1

�N
e−Zr1/2e−Zr2/2��1 −

Zr1

2
��1 −

Zr2

2
�

+ amix�r1
2 + r2

2 − r12
2 ���cosh��r1�

+ cosh��r2��exp� r12

2�1 + br12�
� . �13�

This expression accounts for the heavy mixing between the
two ll subshells within the n1=n2=2 manifold. The extreme
importance of the intrashell correlation in doubly excited
states has been extensively stressed in the past, especially for
1Se states for which the equality between the orbital angular
momenta of the two electrons is a prerequisite �for a review,
see �48��. As before, this expression again satisfies, by virtue
of cosh��r1�, cosh��r2�, and exp�

r12

2�1+br12� �, the three cusp
conditions relevant to r1, r2, and r12, respectively. The pa-
rameters of Eqs. �13� amount to N=3.3395, amix=−0.7043,
�=0.16, and b=0.35. An energy value of E=−3.542 a .u.
was found, which coincides with the exact nonrelativistic
value to three significant figures.

For the ground 1s2 state of Be2+, the wave function is
given the form
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��r�1,r�2� =
1

�N
e−Zr1e−Zr2�cosh��r1�

+ cosh��r2��exp� r12

2�1 + br12�
� , �14�

in agreement with the three Kato requirements. For the spe-
cific problem at hand, the parameters appearing in Eqs. �14�
were found to take values N=1.6876�10−2, �=0.91, and
b=0.7. An energy value of E=−13.6518 a.u., differing by
only 0.028% from the “exact” nonrelativistic result E
=−13.6556 �49� and containing 92% of the correlation en-
ergy, was obtained.

Analytic global optimization. As stressed above, the two-
intrashell configuration interaction

��r�1,r�2� = c2s2�2s2 + c2p2�2p2 �15�

is the minimal requirement for the realistic representation of
the doubly excited 2s2 state. Here, the �2s2 and �2p2 wave
function components read

�2s2 =
1

4	
R2,0�r1�R2,0�r2� , �16�

�2p2 = −
�3

4	
R2,1�r1�R2,1�r2�cos � , �17�

with

R2,0�r� = C�1 − cr�e−�r, R2,1�r� = Dre−�r �18�

and ���12 the angle formed by the bound electron position
vectors r�1 and r�2. After a lengthy algebra, proper account of
the orthonormality and the 	�2s2�H��2p2� interaction, and then
graphical optimization of � and �, we obtained: �=1.9245,
�=1.7715; C=5.1368, c=1.974 77, and D=4.8231. With
these parameters, the mixing coefficients take values
c2s2 =0.846 64, c2p2 =0.532 16, closely approaching the val-
ues

�3
2 and 1

2 long ago predicted by Rau in his Z-independent
group theoretical approach �50�. The strong admixture with
the virtual 2p2 state is the most striking manifestation of the
insufficience of the single configuration description. The pre-
sentation in detail of the analytical procedure and of its gen-
eralization are out of the scope of this paper.

Within the two-configuration description of Eq. �15�, the
energy amounts to E=−3.5414 a.u., which is a value lying
remarkably close to the E=−3.542 a.u. of the Jastrow func-
tion, and by far improves the poor response of the HF cal-
culation, E=−3.477 a.u. It is perhaps worth noticing that,
although � does not rigorously satisfy any of the three r1, r2,
r12 cusp conditions, it nearly satisfies the former two condi-
tions since c+�=3.899�Z.

For the 1s2 ground state, we used the simple one-
configuration form

�1s2 =
1

4	
R1,0�r1�R1,0�r2� , �19�

R1,0 = Be−�r, �20�

with B=14.162 11, �=3.6875. As expected, its energy,
−13.598 a.u., is above the prediction of Eq. �14�.

Figure 1 illustrates the probability density ��� ,��
=8	2R4�sin2 ���cos2 �����2 of the 2s2 state in hyperspherical
coordinates, as a function of pseudoangle �=arctan

r2

r1
and

angle �, for a hyper-radius R=�r1
2+r2

2 kept fixed at the mean
value R=1.84 a.u. �51�. The localization of the probability
around the ridge �= 	

4 and �=	 is particularly pronounced in
the case of the two fully correlated functions of Eqs. �13� and
�15�. Interestingly, these two functions, despite their different
construction, show indistinguishable density plots �Figs. 1�a�
and 1�b�, respectively�. The quality of the function is propor-
tional to the degree of localization of the probability along
the Wannier ridge, representing a highly correlated electron
pair at classical positions r�1�−r�2. Note that, upon optimiza-
tion of the 2s2 configuration alone, a distorted density distri-
bution is obtained �Fig. 1�c�� in which the angular correlation
is no longer present, but in which part of the radial correla-
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FIG. 1. Probability density � �in a.u.� of the excited Be2+ state �
�51�, as a function of the hyperspherical coordinates � and �, on a
dimensionless scale, � /	 and � /	, respectively, and for hyper-
radius kept fixed at the value R= 	R�=1.84 bohrs. �a� Jastrow wave
function �Eq. �13��; �b� wave function from analytic global optimi-
zation �Eqs. �15�–�18��; �c� same as �b� but after suppression of �2p2

and optimization of the �2s2 component alone; �d� “HF” wave
function.
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tion still is present �52�. Finally, significant flattening of the
distribution is observed upon using the poorly correlated HF
function �Fig. 1�d��.

III. RESULTS AND DISCUSSION

In order to probe electron-electron correlation, analyze the
ionization mechanisms, and determine the most favorable
working conditions for potential future experiments, we now
proceed by studying how the fivefold fully differential cross
section varies as a function of the energy values of the inci-
dent and the two ejected electrons, Ei, E1, and E2, respec-
tively, and as a function of the directions of the three emerg-
ing electrons with respect to that of the incident one. These
directions are given by the polar angles �s, �1, and �2 for the
scattered and the two ejected electrons, respectively, and
vary from 0° to 360° in coplanar geometry ��s=�1=�2=0�.

A. Variation of FDCS with Ei and �s

1. �1=50°, �2=270°, E1=E2

Among all possible scenarios, we first consider that the
two ejected electrons have the same energy E1=E2=10 eV
and that their ejection angles are �1=50° and �2=270°,
which are directions of favorable ejection �see below�. Fig-
ures 2�a� and 2�b� show the variations of the FDCS, in the
latter geometry, as a function of the energy of the incident
electron. Figures 2�a� and 2�b� refer to ionization of the outer
shell �L� and inner shell �K�, respectively. Here, all we need
is that the scattering angles be small in order for the process
to be effective. Their values are fixed arbitrarily at �s=0.2°
�L-shell ionization� and 0.1° �K-shell ionization�. As ex-
pected, the ionization of the L shell is overall far more likely
to occur than is the ionization of the K shell, since the core
electrons are much more tightly bound to the atom than are
the valence electrons. Figure 2�a� �L-shell ionization� shows
a distinct maximum at Ei=5 keV, whereas Fig. 2�b� �K-shell
ionization� displays the maximum at Ei=80 keV. Physically,
a nearly undeviated trajectory for the scattered electron is the
signature of a non-head-on collision between the projectile
and the atomic target, during which the incident electron
interacts with the cloud of the atomic electrons rather than
with the nucleus itself. This is to be contrasted with events in
which the scattered electrons are strongly deviated, revealing
a mechanism of frontal collisions between projectile and
nucleus. It is the first of these mechanisms that is relevant
here, showing that the double ionization essentially proceeds
through electron-electron interactions �Figs. 2�a� and 2�b��.
In contrast to this mechanism, which is much more effective
in the kinematics at hand, the other mechanism results in a
reduced number of ionization events, as the fast projectile
only weakly perturbs the bound electrons, and especially the
valence ones which are farther away from the Be nucleus.

2. k̂1= K̂, k̂1� k̂2, E1=E2

Let us now turn our attention to another kinematical situ-
ation with E1=E2, in which the momentum vectors of the
ejected electrons are orthogonal to each other and one of

those is parallel to the momentum transfer K� . This orienta-
tion has some advantages and displays some interesting po-
tentially observable structure, in particular upon considering
the variation of the FDCS with the scattering angle. Figures
3�a� and 3�b� refer to this kinematics, with parameters fixed
at E1=E2=15 eV, and for Ei=5 �L-shell ionization� and 20
keV �K-shell ionization�, respectively. In both cases, a maxi-
mum is observed, which is located at �s=2.6° �L-shell ion-
ization� and 1.1° �K-shell ionization�. It turns out that these
peaks correspond to those events for which the momentum

transfer K� =k�i−k�s and the momentum k�1 of the electron that

is ejected parallel to K� happen to have nearly equal magni-
tudes. According to the equation for conservation of momen-
tum, the recoil q� of the residual ion becomes almost equal �in
magnitude� and opposite �in direction� to the momentum k�2
of the second ejected electron. Such a geometry, in which ion
and electron emerge in nearly opposite directions, is classi-
cally optimal, and a little algebra allows us to verify this
prediction. Thus, on account of the equations for conserva-

tion of energy, Ei=Es+2E1+ I2++ q�2

2M , and momentum, K�

=k�1+k�2+q� , a simple expression for the scattering angle is
obtained for this geometry:
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FIG. 2. FDCS �in a.u.� as a function of Ei �in keV�, and for a
fixed scattering angle �s, in the kinematics �1=50°, �2=270°, E1

=E2=10 eV. �a� L-shell ionization, �s=0.2°; �b� K-shell ionization,
�s=0.1°. The Jastrow wave functions were used for both the initial
and the final states.
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cos �s � �Ei −
3

2
E1 −

I2+

2
�Ei

−1/2�Ei − 2E1 − I2+�−1/2,

�21�

where M is the mass of the Be atom, and I2+ is the double
ionization energy, which takes the values I2+=1.011 65 a.u.
�L-shell ionization� and I2+=11.171 89 a.u. �K-shell ioniza-
tion�. This expression predicts �s=3.1° �L-shell ionization�
and 1.5° �K-shell ionization�, which are values differing by
only about 0.5° from the quantum-mechanical results.

B. Variation of FDCS with E1 and E2:
Back to �1=50°, �2=270°

In order to give guidance to the experimentalist, which is
one of the principal aims of the paper, here we confine our-
selves to the geometry �1=50° and �2=270°, which is par-
ticularly favorable in terms of yield. Both the projectile en-
ergy and the scattering angle are kept fixed at Ei=5 keV,
�s=0.2° �L-shell ionization� and Ei=20 keV, �s=0.1°

�K-shell ionization�. No constraint E1=E2 is imposed any
longer, hence allowing us to understand how variations of E1
and E2 affect the FDCS.

Figure 4 shows the variation of the FDCS, for L-shell
ionization, in terms of the corresponding ejection energy val-
ues. For clarity, the origin of the two horizontal axes in this
illustration has been taken at 5 eV. Only values below 35 eV
for the energy of the ejected electrons produce appreciable
amounts of yield. The maximum is produced at E1=7 eV,
E2=9 eV, and the distribution is virtually symmetrical upon
the exchange E1�E2. While in the case �not developed in
this paper� of electrons ejected in opposite directions the en-
ergy is distributed nonuniformly between the two electrons
�53�, in the present case the near symmetry ��5��E1 ,E2�
���5��E2 ,E1� is an expected result. It is readily verifiable
that, here, the ejection directions are nearly symmetrical with

respect to the direction of the momentum transfer vector K� ,
which is a symmetry axis. The bisecting line between the
ejection directions forms an angle of 340° with the incidence
direction �z axis�, which is a value differing by only 8° from

the K� axis ��K�348°�.
The variation of the FDCS for K-shell ionization is de-

picted in Fig. 5. Qualitatively similar trends to those dis-
played on Fig. 4 are observed. On quantitative grounds, the
cross sections for K-shell ionization are overall far smaller
than the ones for L-shell ionization. This is one of the com-
mon characteristics of the ionization of inner shells, the elec-
trons of which are bound tightly to their atoms. As before,

here again the direction of K� ��K�354°� lies close to the
bisecting line between the ejection directions, which results
in nearly symmetrical cross sections.

C. Variation of FDCS with �1 and �2: E1=E2

How the FDCS varies in terms of the ejection angles �1
and �2 is one of the most interesting tasks of this study, and

0 2 4 6 8
0.000

0.005

0.010

0.015

0.020
F

D
C

S
(a

.u
.)

θ
s

(deg)

0 2 4 6 8

0.0

3.0x10
-6

6.0x10
-6

9.0x10
-6

F
D

C
S

(a
.u

.)

θ
s

(deg)

(a)

(b)

FIG. 3. FDCS �in a.u.� as a function of the scattering angle �s �in
degrees�, and for a fixed incident energy Ei, in the kinematics k̂1

= K̂, k̂1� k̂2, E1=E2=15 eV. �a� L-shell ionization, Ei=5 keV; �b�
K-shell ionization, Ei=20 keV. The Jastrow wave functions were
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may serve as a sensitive probe of electron correlation. Equal
ejection energy values are assumed, but no constraint is im-

posed as to the relative geometry of k̂1 and k̂2. The fully
correlated Jastrow wave functions are used for both the Be
ground state and the two Be2+ states. Figure 6 shows the
contour plot of the FDCS for L-shell ionization, with E1
=E2=10 eV, and Ei and �s kept fixed at 1.5 keV and 0.2°,
respectively. The areas of large cross sections are indicated
by darker shades of gray. A well-defined “four-island” sym-
metric structure is obtained. This pattern is a consequence of
the remnants of the dipole selection rules, still quite promi-
nent at small momentum transfer. Note parenthetically that,
although the He 1s orbital has no node, a similar topological
structure also characterizes its FDCS �54�. As shown below,
this is also the case with the Be K-shell ionization, which
involves orbitals with different nodal structure. These obser-

vations show clearly that such a characteristic pattern by no
means should be interpreted as manifestation of the nodal
structure of electron orbitals. It is worth pointing out that, in
helium, for a modest momentum transfer K�1, the topologi-
cal structures of the �e ,3e� and �� ,2e� FDCSs are very simi-
lar �54�. We can thus reasonably expect this to be also the
case in Be.

The outer island of Fig. 6, aligned with the K� direction, is
identified as the “binary peak.” The inner one, aligned with

−K� , is the “recoil peak.” The area of vanishing cross section
around the principal diagonal �1��2 results from Coulomb
repulsion, whereas the regions of virtually vanishing cross
section, separating the recoil peak from the binary peak, re-
sult, as noted above, from the remnants of the dipole selec-
tion rules. Despite the striking similarity in the overall struc-
ture of the contour plots between beryllium �e ,3e� L-shell
ionization �Fig. 6� and helium �e ,3e� �54�, our FDCSs show
considerably narrower angular widths of the correlation pat-
tern than do their helium counterparts. This width is known
to control how closely the electrons can approach each, other
favoring the back-to-back emission. This observation sug-
gests a much stronger angular correlation in Be as compared
to He. This is in agreement with the argument that the
strength of the angular correlation in the two-electron con-
tinuum is proportional to the time spent by the ejected elec-
trons in the Wannier trajectory �55�. Given the large electron
radius of Be, one expects a larger spatial extent of the Cou-
lomb zone, and thus stronger angular correlations.

At this stage, a brief comparative analysis between �e ,3e�
and �� ,2e� deserves some attention. With this purpose, we
focus momentarily on the specific ejection geometries ��1
=270°, �2=45°� and ��1=270°, �2=135°�. According to Fig.
6, these directions lie in the deep interior of the two peaks
and are highly favorable. They are moreover symmetric to
each other with respect to the direction ��1=270°, �2=90°�,
which is strictly forbidden at E1=E2. They are illustrated
schematically in Fig. 7. In �� ,2e�, they both result in equal
amounts of yield �Fig. 7�a��, which is a result issuing from
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the equivalence between the directions �̂ and −�̂ along the
polarization axis of light �the z axis on Fig. 7�. Rather, in
�e ,3e� �Fig. 7�b��, it is the former geometry ��1=270°, �2
=45°� that is more favorable, resulting in an ion recoil q�

=K� −k�1+k�2 that is small and practically parallel to the mo-
mentum transfer. This is quite a general property: the differ-
ence between �e ,3e� and �� ,2e� is in the relative intensity of
the two islands in each group. In �� ,2e�, the direction along
�̂ is equivalent to the direction opposite to it. In �e ,3e�, due
to a final momentum transfer, the directions K� and −K� are
not equivalent any longer. Thus, one of the islands acquires
more intensity relative to its counterpart. In Fig. 6, it is the
outer island, aligned with the K� direction, which is more
prominent. In He �e ,3e�, this feature is consistent with the
experiment �56� and with sophisticated CCC calculations
�54�, but disagrees with previous 3C predictions �54� placing
more intensity on the recoil peak as compared to a weaker
binary peak. It was later shown that the latter inconsistency
was actually an artifact, which could be corrected by a
proper account of the dynamical screening of the nuclear
charge by one of the outgoing electrons �57�. When the
screening effect is properly accounted for, it is the outer is-

land of intensity, aligned with the K� direction, that becomes
more prominent. The fact that our 3C calculation produces
the correct pattern adds credibility to our treatment of the Be
problem, and can be a stringent criterion for reliability.

In order to assess what the effects of the initial state elec-
tron correlation are on the double ionization cross sections,
we also did FDCS calculations with Jastrow’s less correlated
variant and the Clementi function, and compared with the
FDCS of Fig. 6. In all three cases, practically indistinguish-
able contour plots were obtained �not shown�. To make the
comparison conclusive, Fig. 8 illustrates how the FDCS var-
ies along the straight line intersecting the islands from the
top left to the bottom right, �1+�2=2�K−360°, where �K is

the obtuse angle between the K� direction and the z axis. The
degree of the electron correlation of the initial state was
found to have some effect on the extents of both the central
area and the valley between binary and recoil peaks. On
passing from the Clementi wave function, which contains
only a poor amount of correlation, to the fully correlated
Jastrow function, the central area is shown to shrink by about
6°, whereas the region separating the recoil peak from the
binary peak broadens by almost the same amount. For all
three initial state wave functions, we found equal angular
widths for the binary peak, and a steadily increasing width,
from 19° to 22°, for the recoil peak. As regards magnitudes,
the electron correlation affects significantly the height of
both peaks, which is decreased with increasing degree of
correlation.

For K-shell ionization, the incident electron energy was
fixed at 11 keV and the scattering angle at �s=0.1°. Figure 9
shows contour plots that are qualitatively similar to the ones
for L-shell ionization, exhibiting as before a well-
pronounced four-island symmetric structure. Again, our 3C
calculation places more intensity on the binary peak than in
the recoil peak, in agreement with state-of-the-art CCC and
3C calculations and experiments on helium. As in the L-shell
ionization case, the unbalanced amount of intensity shared

by the two peaks stems from the natural asymmetry between

the �K̂ directions, which in �e ,3e� are no longer equivalent.
Interestingly enough, the contrast between the amounts of
intensity placed on each of the two peaks is much more
marked here than it was for L-shell ionization. This is a
consequence of K’s characteristic property to increase �for a
scattering angle kept fixed� in the same proportion as the
values of the incident and scattered electron energy, hence
further enhancing the asymmetry between the two opposite

�K̂ directions. The same conclusions as those for the L-shell
ionization case are also drawn about the way in which the
electron correlation in the initial state affects the extent of the
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central zone and of the adjoint straps. According to Fig. 10,
the K-shell ionization affects the angular widths of the
shapes more significantly than does the L-shell ionization,
showing both the binary peak and the recoil peak to broaden
on passing from the Clementi wave function to the fully
correlated Jastrow function. This trend, which is opposite to
an expected narrowing upon gradual increase of the electron
correlation in the ground state, should shed more light on the
controversy �31,58� as to the origin of the effect, and the
possible role of the Compton profile of the target orbital.
While in the ionization case at hand the effects of improve-
ment in electron correlation on the height of the peaks are
less pronounced than before, now these effects produce both
negative and positive contributions. Clearly, this is the im-
print of some delicate interplay between two heavily mixed
f1 and f2 integrals. The latter finding once more underlines
the need for a global treatment of all four electrons as “per-
formers.”

The characteristic of the double ionization problem in be-
ryllium, as compared to that in helium, is that we are left
with a two-electron ion. In past treatments, the influence of
the inner electrons has been effectively considered with
model or polarization potentials for core effects. In the
present paper, all the electrons participate actively in the
FDCS. In order to assess the relative effects of the residual
ion electrons on the ionization FDCS, final state wave func-
tions with varying degree of correlation are now checked for
the same initial state wave function. Figures 11 and 12 show
polar plots of the variation of the FDCS, for L-shell ioniza-
tion and for K-shell ionization, respectively. In these plots,
the polar radius represents the magnitude of the FDCS and
the polar angle is �2. The ejection angle �1 is kept fixed at
50° and the ejection energies are E1=E2=10 eV. The inci-
dent energy values are Ei=1.5 �L-shell ionization� and 11
keV �K-shell ionization�. In the case of the L-shell ionization

�Fig. 11�, any variations in the electron correlation of the 1s2

Be2+ state are of virtually no effect on the pronounced two-
lobe FDCS structure. At the end of the process, we are left
with an effective “helium bare nucleus” target.

This is not the case with the ionization of the K shell, in
which the effects of improvement in electron correlation on
the shape and magnitude of the two lobes are substantial.
Thus, increase of the degree of correlation in the ion state
wave function results in striking enhancement of the FDCS,
along with significant increase of the recoil lobe �known to
favor the backward ejection of one of the electrons� relative
to its dominant counterpart. This is a consequence of now
strongly interfering exchange integrals f1 and f2, and of elec-
tron orbital overlaps that are particularly sensitive to the
variations of the electron correlation in the ion state. Re-
markably, the two wave functions of Figs. 1�a� and 1�b�,
whose plots look virtually identical, turn out to produce pro-
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nounced changes both in the magnitude and in the shape of
the FDCS. This observation once more underlines the need
for a rigorous all-electron treatment and for highly correlated
functions.

In view of the different trends observed in the two cases
of ionization as a function of the quality of the final state
input wave functions, working experimentally, in the condi-
tions described above, with both K-shell and L-shell chan-
nels, and then establishing FDCS�LL� to FDCS�KK� ratios
�which are measurable quantities free of calibration factors�,
can be particularly effective in quantifying electron-electron
correlation.

IV. SYNOPSIS

The primary aim of this work was to predict and probe
measurable quantities in the �e ,3e� process with as target
neutral atomic beryllium. To this purpose, we carried out
calculations of fully differential cross sections for double
ionization of the L and K atomic shells. The 3C method was
employed to represent the correlated wave function in the
double continuum of the ejected electrons. In order to assess

the relative effects of electron-electron interactions, compact
Jastrow and other analytical wave functions were developed
for the bound or quasibound initial or final states of the tar-
get. Favorable suitable conditions were determined, in terms
of geometry, incident electron energy, scattering angle, ejec-
tion energy, and angles of ejection, in order for the yield to
be optimal and the process technically feasible. The �e ,3e�
process was found, as to some trends, to have much in com-
mon with �� ,2e�, allowing to some extent for parallels be-
tween double ionization by fast electron impact and photo-
double-ionization. It was shown that quantum-mechanical
simulations, when sufficiently accurate to realistically model
the complex electronic interactions of bound, quasibound, or
continuum states, can provide concrete predictions to guide
future �e ,3e� experiments. �e ,3e� experiments, which at the
current state of the art solely address low-complexity atomic
targets, bring much insight into the study of hollow atoms
and ions, whose states are known to contain a huge amount
of electronic correlation. We believe that our results will be
an important support for ongoing experimental investigations
in beryllium using existing setups for coincidence experi-
ments.
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