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Atom lasers are not monochromatic
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We study both numerically and analytically the possibility of using an adiabatic passage control method to
construct a Mach-Zehnder interferometer (MZI) for Bose-Einstein condensates in the time domain, in exact
one-to-one correspondence with the traditional optical MZI that involves two beam splitters and two mirrors.
The interference fringes one obtains from such a minimum-disturbance setup clearly demonstrates that, fun-
damentally, an atom laser is not monochromatic due to interatomic interactions. We also consider how the
amount of entanglement in the system correlates to the interference fringes.
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Atomic Bose-Einstein condensates (BECs) are often re-
ferred to as the “atom laser,” the matter-wave equivalent of a
laser. The fact that one of the earliest experimental attempts
involving BECs was that of realizing an atom laser is an
indication of its potential importance [1]. Although there are
attempts to be more specific about what an atom laser should
be in close analogy with a laser [2], the term “atom laser” is
generally defined only in broad terms as it is, at present, still
in the development phase. An atom laser is only meaningful
when it is used in some practical atom optical setup such as
atom interferometry. With this view, we define an atom laser
as an intense source of coherent atoms for atom optical trans-
formations. This slightly relaxed definition from that of Ref.
[2] is possible when one considers situations in which the
atoms are guided so that inherent difficulties such as the
natural line broadening due to output coupling [3] or the loss
of atoms are minimized.

Most theoretical and experimental examples of atom la-
sers so far involve freely evolving atoms such that the atoms
are in the noninteracting regime. Just as there are many dif-
ferent types of a laser, it is a logical next step to go beyond
the noninteracting regime and consider, for instance, very
intense atom lasers or atom lasers passing through tightly
confining atom optical elements so that the nonlinear inter-
atomic interaction cannot be ignored. In such situations the
question of monochromaticity of an atom laser becomes im-
portant. Although phase diffusion due to interaction in BEC
has been studied theoretically in various contexts [4], pos-
sible experimental schemes to extract information on the ex-
tent to which interatomic interactions compromise the mono-
chromaticity of an atom laser have not been studied. What is
normally considered is only projection onto phase states or
releasing the condensate from the trap, which can involve
additional effects such as loss of atoms, masking inherent
nonmonochromaticity due to nonlinear interactions. To ex-
tract this phase information experimentally, a matter-wave
interferometry needs to be performed.

There have been a number of interferometric schemes us-
ing BEC, some of which have shown remarkably clean re-
sults [5]. However these involve BECs which are essentially
evolving freely in space in the noninteracting regime. In or-
der to investigate the effect of interatomic interaction, we
propose the use of atom optics in the time domain based on
adiabatic passage. The adiabatic passage method is a well-
known technique in quantum mechanics that provides a way
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to “delicately” control a quantum system via slow passage
along an energy landscape, while preserving the quantum
system in one of the energy eigenstates, typically the ground
state.

We model both numerically and analytically an ideal
Mach-Zehnder interferometer (MZI) for BECs in the time
domain and deduce the spectral composition of an atom laser
from the interference pattern generated. The construction of
a MZI that uses BEC as the source of coherent atoms is one
of the goals in atom optics owing to the promise of, for
instance, high-precision matter-wave-based metrology. In a
typical optical MZI scheme, coherent light from a laser is
passed through a beam splitter which sends the light beam
into two paths; one of the beams passes through a phase
shifter and the two beams are then recombined by reflecting
off mirrors onto a second beam splitter. The phase shift ex-
perienced in one arm is reflected in the intensity variation at
the two detectors. We have simulated the time-domain MZI
by adding an optical potential to the usual quadratic trapping
potential and adiabatically varying its amplitude to simulate
exactly the action of the optical elements in an usual MZI,
namely the two beam splitters, mirrors and wave guides. The
phase shift is provided by adding an additional potential step
to one “arm” of the interferometer. The population difference
AP between the two arms is finally measured as a function of
the step height.

A schematic diagram of the required operations is pro-
vided in Fig. 1(a). Our proposal provides a complete one-to-
one correspondence with the traditional Mach-Zehnder inter-
ferometer including explicit beam recombination by way of
the second beam splitter. Indeed, given the fact that BECs
are an interacting many-body system, it is not at all clear
what the effect of beam recombination and subsequent split-
ting would be. Our work lays to rest any questions about
how the recombination might affect the interference pattern.
To the best of our knowledge, such a scheme has not yet
been experimentally implemented. Although there have been
several experiments on interference of BEC in optical poten-
tials and in atom chips [6], all of these release the conden-
sates to expand ballistically after the first beam splitter, mak-
ing it impossible to clearly test for the monochromaticity of
an atom laser.

The Gross-Pitaevskii equation (GPE) was used to simu-
late the dynamics of the condensate in the presence of the
spatiotemporal potential. The GPE has been extremely suc-
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FIG. 1. (Color online) (a) Schematic diagram of the transforma-
tions that the potential undergoes over time, starting with beam
splitting, addition of a potential step, recombination, and final beam
splitting. (b) Spatiotemporal probability density obtained by solving
the Gross-Pitaevskii equation describing the condensate passing
through the time-domain MZI.

cessful in describing the dynamics of BECs under a variety
of experimental conditions including optical lattices [7]. Spe-
cifically, we consider the one-dimensional GPE,
J h? d*

iﬁa—(tp=<— %E+V(x,t)+g|tﬁ(x,t)|2)zﬂ(x,t), (1)
where (x,t) denotes the condensate mean field and V(x,)
denotes the adiabatically changing time-dependent potential.
As shown later in our analysis, the dimensionality of the
GPE simulation does not affect the final results. We always
retain the parabolic trapping potential, so V(x,7)= %mwrx2
+Af(t)cos(kx) + Viep(x, Tyys <t <2T),4), where k=2m/\, A is
the amplitude of the optical lattice potential, and 7'}, denotes
1/4 of the total duration of the simulation 7. f(¢) provides the
time dependence for the adiabatically changing amplitude of
the optical lattice,

/T4, 0 <t < T, first beam splitter,

1, T4 <t<2T,, first beam splitter,
A= 3—-t/T,y, 2T4<t<3T,,, recombination,

t1Ty4—3, 3Ty, <t<4T),, final beam splitter.

(2)

The potential step was introduced during T, <t<2Ty,
using a  super-Gaussian in  one arm V. (x,?)
= hel=T19)/ )V 1-N 2100 it the spatial and temporal
width of o,=\/3 and o,=T),4/2, respectively. The probabil-
ity density of the condensate obtained from GPE dynamics
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FIG. 2. Interference fringes obtained by solving the Gross-
Pitaevskii equation (GPE) to model the time-domain MZI for vari-
ous values of the nonlinearity constant g: (a) g=0, (b) g=0.5, (c)
g=5, (d) g=10. The sinusoidal fringe for the linear g=0 case is
clearly modified for g>>0, i.e., in the presence of interatomic inter-
actions, showing that the atom laser is no longer monochromatic.

with g=5, A=25, T,,=400, and A =15 in harmonic oscillator
units of the initial trapping potential is shown in Fig. 1(b) as
a spatiotemporal plot. As is clear from the figure, the simu-
lation provides exact one-to-one correspondence to the MZI,
and the adiabatic condition ensures that the wave function
evolves extremely cleanly. One of the advantages of this
scheme of interferometry is that the area enclosed by the two
arms of the interferometer is readily controllable by chang-
ing A; in particular, with a larger enclosed area, higher sen-
sitivity is possible for use in, for instance, interferometric
rotational sensors used in space navigation.

We plot in Fig. 2 the final intensity difference as a func-
tion of step height 4 for different values of nonlinearity g. It
is noted that a relatively large phase shift is recorded even
for small variations in step height, indicating high sensitivity
of the condensate to changes in potential height. In the linear
case (non-BEC) g=0 one obtains perfect sinusoidal variation
as a function of s, while for g >0, the pattern clearly devi-
ates from the sinusoidal, implying that an atom laser loses
monochromaticity due to the presence of interatomic inter-
actions. This is confirmed by a Fourier transform which re-
veals four closely spaced frequency components. An interest-
ing observation is that, when compared to the linear case Fig.
2(a), the sensitivity of the interferometer with non-zero non-
linearity [e.g., Fig. 2(d)] is higher. This is evidenced by the
higher number of zero crossings within the same changes in
step height.

In order to better understand this result and to ensure that
the adiabatic assumptions are not violated, a detailed analysis
of this system can be given as follows. First, we assume that
the adiabatic passage we used above preserves the single
mode approximation. The condensate after beam splitting
and the potential step (which imparts relative phase

of ®) may then be written as g?/(x,t,@):¢L(x,d)éL(t)
+ ¢p(x,d)exp(i®)dg(r), where dyg)(1) are bosonic annihila-
tion operators for the modes of the matter-wave field in the
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left and right arms and ¢ g)(x,d) are the corresponding spa-
tial mode functions. These may be approximated by spatial
functions such as  shifted Gaussians  ¢pg)(x,d)
=(71'02)‘”4e‘("id)z/“"2 that, under adiabatic evolution, do not
change shape. The phase shift has been modeled by the ex-
plicit insertion of the exp(i®) term, which is clearly an ap-
proximation to the full GPE simulation where the phase shift
results from the passage of the condensate over a potential
step in one arm. The analysis is therefore best suited to the
cases with lower values of g for which interplay between the
potential step and repulsive atomic interactions do not com-
plicate the phase relationship.

Since we use the adiabatic passage method, there are no
additional net physical effects on the BEC undergoing the
remaining two operations that constitute the MZI (recombi-
nation and then second beam splitting), other than those of
the interatomic scattering and the natural tunneling flow be-
tween the left and right arms. This is due to the Josephson
effect and the geometry of the system though the tunneling
would be minimized when the arms are well separated. The
effective interference fringes are then given by the difference
in the number of atoms in the two arms after the system has
evolved a certain time 7 through the MZI. With the field
decomposition given above and introducing the Schwinger

angular momentum operators, J +(_)=&Z(R)dR(L) and J,
=%(dTLéL—&£dR), the Hamiltonian is equivalent to a Lipkin-

Meshkov-Glick-type Hamiltonian [8],
—(j+ei® +J )+ Zgjf, (3)

where AE(t)=fhw exp[—d*(t)/ 0?] gives the overlap of the
two spatial modes and is the time-dependent tunneling en-
ergy. This overlap clearly depends on the dimensionality of
the modes. However, change in dimensionality merely alters
this single scaling parameter and not the behavior we de-
scribe. The time evolution operator corresponding to this
nonlinear Hamiltonian has been studied previously [9]. The
measured intensity difference is given by (J.(7)) at time 7,
(jz(r,@))=(IéTe"H/TIé.}ZIé%e"H/TIé), where Ii’:exp[—jf(j_e"'@
—j+ei®)] is the well-known rotation operator and H' is the
transformed Hamiltonian diagonal in jz, H ’=IQI:II§T—1'IQ§I§+
=AEJ = gjf

Writing the quantum state in a general form |¥)
=3,,C,nlm)|N=m)g, where N is the total number of atoms in
the system, one obtains

igT

; et () (0 i(@+A
e DL

’
m

eigT
_ _(2 ,8(_,) 7;—/)*) o-i(O+A07)
2 ” m' m ’
m

where
Aw=AE/h

and
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FIG. 3. The interference fringe given by the fractional number

difference in the two arms of the interferometer, (jz>/N, obtained
using the analytical methods under the adiabatic assumption. The
figure, which shows remarkable agreement with the simulation re-
sults obtained above using the GPE, again clearly indicates the
presence of several frequency components in the atom laser from
the way it deviates from the sinusoidal pattern.

ﬁfni,) = Em c;Rm,m,\e"j(j +1)—-m'(m’" = 1)
and

+ * +i2m’
y£n’> = Em CmRm,m’ile_lzm &7

with the matrix elements R, ={(m|R|m') provided by an
analytical expression [10].

A natural choice of quantum state for the two component
BECs with a relative phase © is a coherent spin state or the
Bloch state with equal number of atoms in both arms such
that |W)=|0=7/2,$=0). In this case, the coefficients c,,
=(C7,)"2e"™m9 /2], where C}, denotes the combination
Cr=n!/[(n-m)!m!]. The resulting interference fringe with
(Aw) T chosen to be (2n+2) 7 and g7= (2n+%v)77, where n is
an integer, is plotted in Fig. 3 which shows remarkable
agreement with the result from the GPE simulation. With n
~ 127, we are simulating the g=0.5 case in the GPE simu-
lation above, and the effective magnitude of g of the order %\,
places the system in the Josephson regime. The amplitudes
are different from the GPE simulation simply due to our

choice of (jz> to be one-half the atom number difference.
Furthermore this result addresses the specific issue raised in
Ref. [4] on whether interactions between the atoms signifi-
cantly alter the type of entangled state.

The results confirm that the coherent spin state is a natural
state for BECs with relative phase arising from the adiabatic
passage method. With the current system, the initial state
prepared at the first beam splitter can be controlled so that
the number of atoms in each arm are not equally distributed.
For instance, this can be accomplished by adiabatically de-
forming the potential wells asymmetrically to collect more
atoms in one arm and then continue adiabatically to model
subsequent actions such as recombination. In such cases, a
coherent spin state with 6+ /2 can be generated, and con-
sequently the amount of entanglement between the left and
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FIG. 4. Entanglement parametrized by the von Neumann en-
tropy of the input state plotted against the visibility of the final
inference fringes. Inset: Visibility vs fractional atom number differ-
ence between the two arms AP of the input state. Solid, dashed, and
dotted lines: Equivalent nonlinearity in GPE of g=0, 0.25, and 0.5,
respectively, in both the main figure and the inset.

right arms is directly controllable. The state with 6=7/2 has
the largest entanglement while the state with =0 has the
least amount of entanglement [9].

Finally, how the presence of interatomic interaction modi-
fies the connection between the fringe visibility and
entanglement is of interest from the point of possible
experimental determination of parameters such as the
interatomic scattering length using this method. The de-
gree of entanglement between the left and right arms
can be quantified using the von Neumann entropy E(r)
2 which is clearly connected to

== logz(lN+1) E‘;1=fj|ctrl|210g2|cm
the interference pattern at time 7 given by (J .(7,0)). We plot
in Fig. 4 the von Neumann entropy of the input state against
visibility V of the fringes V= ax—Imin)/ Imax+ Imin)> Where
I=|(J(7))|* denotes the intensity of the fringe pattern. The
visibility of the interference fringes is obviously reduced
with an asymmetric beam splitting that corresponds to 6
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# ar/2. The different line shapes correspond to different val-
ues of nonlinearity. For a given value of visibility one ob-
tains lower entanglement with higher nonlinearity. This ini-
tially counterintuitive result can be understood from the inset
of Fig. 4, which provides the relationship between the frac-
tional number difference between the two arms of the initial
input state AP and the visibility of the fringes. As expected
V—0as AP—1. For AP<<0.75, V already reaches 1 as one

starts finding atoms in the other arm such that (.}) starts to
take on negative values as a function of ®. With higher non-
linearity one finds V— 1 even for larger values of AP. This
may be understood as the result of higher entanglement due
to collisions. With higher entanglement, the “wavelike” na-
ture of the wave function is enhanced (changing one arm
affects the other arm instantaneously) which encourages tun-
neling between the two arms, and subsequently higher vis-
ibility.

In conclusion, we have studied a potentially realizable
scheme for a MZI using BECs. The resulting intensity dif-
ference between the two arms as a function of phase shift is
found to demonstrate that, fundamentally, an atom laser is
not monochromatic but rather comprises of a number of fre-
quency components. The adiabatic passage method ensured
that the only “alteration” made to the condensate is that of
coherent splitting and the establishment of a relative phase
between the two arms which naturally puts the trapped con-
densate onto a coherent spin state. The dynamics of the split
condensate was then given simply by a standard many-body
Hamiltonian over a finite time interval. The fact that mono-
chromaticity is lost even in this idealized model implies that
one should exercise caution when discussing an atom laser as
simply a matter-wave equivalent of a laser, since additional
effects such as decoherence due to atom losses is expected to
degrade the quality even further. Finally we observed that
with higher nonlinearity, higher fringe visibility can be ob-
tained with very uneven beam splitting owing to the en-
hanced entanglement between the two arms. This work sug-
gests that there are many new aspects to be explored in
the time-domain quantum control of BEC using adiabatic
passage.
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