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An efficient and selective laser-induced molecular stabilization with respect to dissociation is obtained by an
appropriate shaping of an intense ultraviolet-visible laser pulse which ensures the adiabatic transport of the
system onto an infinitely long-lived, zero-width Floquet resonance. Such a resonance is obtained for a
frequency-dependent critical field intensity specific to each field-free initial vibrational state. This mechanism,
illustrated here for the photodissociation of H2

+ under a �=400 nm intense laser pulse, opens the way to a
control scenario of a selective preparation of a given vibrational level that could be used in the context of
molecular cooling.
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I. INTRODUCTION

By applying forces that, in energetic terms, are compa-
rable to electron binding energies, intense laser fields can
induce unexpected dynamical behaviors in molecules. Thus,
while it appears quite natural that the strong radiative inter-
actions would generally facilitate molecular fragmentation, a
stabilization of the laser-driven molecular system with re-
spect to its fragmentation has been shown to occur under
certain conditions. The underlying mechanism of this strong
field stabilization depends on the frequency domain which is
addressed.

In the ultraviolet-visible �uv-vis� spectral range �with
wavelengths lying within 10 nm to 750 nm�, the photon en-
ergy �a few electron-volts� is resonant with an electronic
transition at finite internuclear distances. The theory of
above-threshold dissociation �ATD� �1� and its experimental
confirmation �2� then provides a satisfactory understanding
of the excitation steps involved in the photofragmentation
process: While a single photon brings enough energy for the
dissociation to occur, the high intensity of the field may
cause the molecule to absorb further photons to go above its
dissociation threshold. Important cycle-averaged modifica-
tions are then induced in the molecular force field. These
modifications first result into the weakening of some chemi-
cal bond, by an effect called barrier suppression or bond-
softening effect �BS� �2,3�. But by the same token, the modi-
fied molecular force field may also lead to the stabilization of
the molecule with respect to its dissociation by a mechanism
known as the bond-hardening or vibrational trapping �VT�

mechanism �4–6�. The interplay between these two comple-
mentary mechanisms leads to control scenarios which may
be exploited to favor a given reaction pathway or produce
velocity and angular selected photofragments �7�.

In the infrared �ir� spectral region �with wavelengths rang-
ing from 750 nm to 106 nm�, a single photon is not energetic
enough to induce dissociation and the molecular breakup re-
quires a multiphoton process. In contrast to a uv-vis light, the
ir field frequency is of the same order of magnitude as the
molecular vibrational frequencies, so that the molecule fol-
lows the optical cycle oscillations of the electromagnetic
field. In this ir spectral range, the counterpart of VT mecha-
nism is then the dynamical dissociation quenching �DDQ�
mechanism �8�, which relies on a proper synchronization of
molecular wave packets with the fluctuations in time of adia-
batic potential energy curves �PECs� which result from the
instant distortion of the molecular force field by the laser.
Whenever the synchronization ensures a good, almost total,
reflection of the vibrational wave packets on a potential en-
ergy barrier that is closing as the field is attaining its zero
amplitude within the optical cycle, an efficient stabilization
is obtained. The DDQ mechanism has recently received an
experimental confirmation �9�.

One can bring together, within a single laser pulse, these
two basic mechanisms �VT and DDQ� which were operating
at different frequency ranges �uv-vis and ir, respectively�, in
a cooperative manner such as to enhance molecular stabili-
zation. We show how this can be done in Ref. �10�, by con-
sidering the synchronization of the vibrational motion, not
with the carrier-wave oscillations, which were chosen in the
uv-vis range, but with a pulse envelope that is periodically
modulated on a time scale corresponding to an ir frequency.
It is then the absolute phase and the modulation frequency of
the envelope which play a central role in this synchroniza-
tion. The relevant force field then consists of adiabatic
photon-dressed potentials in the Floquet scheme defined by
the uv-vis carrier-wave frequency, with a “breathing” gap at
the one-photon avoided crossing, as this gap is modulated in
time by the pulse envelope.

Among the new observations made in Ref. �10� on the
photodissocation of H2

+, we noted an enhancement of the VT
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effect that suggested a mechanism involving an adiabatic
transport of high-energy field-free vibrational states onto
some particularly long-lived Floquet resonances supported
by the VT channel. It was suggested that this further stabili-
zation arises when an energy coincidence between the initial
vibrational level and the resonance position is encountered, a
fact well known in adiabatic-diabatic dynamics �11�. A recent
work �12� establishes indeed the existence of such instances
and shows that they can even lead to the formation of reso-
nances that are stabilized to the extent of becoming bound
states embedded in the continuum �BICs�, or zero-width
resonances �ZWRs�. Such circumstances have already been
described in the literature in the context of predissociation
�13� or of two interacting resonances �14�. What is the role of
these ZWRs in the laser-driven photodissociation dynamics
of a generic molecule? Can they be exploited in control
problems? The present paper addresses these questions. We
start in Sec. II A with the description of the typical
molecule+field model system we are considering in our
computations. It gives a time-dependent two-state problem
of the same form as previously considered for the H2

+ system,
although the intent is to represent a generic situation where
the laser field essentially couples a bound electronic state �of
some molecule� to a repulsive one, to yield a laser-dressed
scheme exhibiting, at the one-photon avoided crossing of
these states, BS-like and VT-like adiabatic channels. The
birth of ZWRs as the field intensity is varied is unveiled in
time-independent calculations of multichannel eigenstates of
the Floquet Hamiltonian. Time-dependent two-channel
wave-packet calculations, corresponding to solving directly
the time-dependent Schrödinger equation for the model
laser-driven system, can be interpreted by these resonances
to discuss how they are encountered and how they affect the
dissociation yield as the dynamics actually unfolds in time.
The detailed methodology for the two types of calculations is
presented in Secs. II B and II C, while Sec. II D classifies the
Floquet resonances. Section III presents and discusses the
results of these calculations, with a particular emphasis
placed upon the laser conditions to encounter a ZWR, in
correlation with a specific field-free vibrational state, and
upon the dynamical effect of such an encounter. We discuss
in Sec. III C the role that ZWRs may play in vibrational
control problems, in particular in vibrational purification pro-
cesses, with a possible application to laser cooling. We fi-
nally address in Sec. III D questions that may arise from the
limitations that were initially imposed on the molecular mod-
els to simplify the computational workload. These include
the restriction to a rotating wave approximation �RWA�, the
consideration of a one-dimensional, hence rotationless
model, and the omission of possibly strong permanent dipole
effects. The results obtained by including further channels,
either by going beyond the RWA or by taking into account
rotational-state couplings, indicate that the existence of
ZWRs is a universal concept, and that a control scheme
based on them is generic.

II. MODEL AND METHODOLOGY

A. Model

The diatomic molecular system, represented by a one-
dimensional model, has two electronic states. The states �1�

and �2�, taken within the Born-Oppenheimer approximation,
have energies V1,�2��R� and transition dipole moment �12�R�,
function of the nuclear geometry R. V2�R� is supposed to be
purely dissociative, whereas V1�R� may support discrete lev-
els in addition to a dissociative continuum. With the restric-
tions to a one-dimensional, two-state model without perma-
nent dipoles �in each electronic state� that we are adopting
for now, the following considerations, in particular those
concerning the concept of laser-induced ZWRs to be found
in Sec. III, are directly applicable to a rotationless homo-
nuclear diatomic system. We will discuss in Sec. III D how
these resonances will behave as we relax these restrictions
and consider more general situations. The field-induced dy-
namics is described by the complete time-dependent state,
including nuclear motion,

���R,t�� = �1�R,t��1� + �2�R,t��2� . �1�

The nuclear wave functions, �1�R , t�, �2�R , t�, are governed
by the time-dependent Schrödinger equation �TDSE�, written
in the length gauge as

i�
�

�t
��1�R,t�

�2�R,t�
� = 	TN + �V1�R� 0

0 V2�R�
�

− �12�R�E�t��0 1

1 0
�
��1�R,t�

�2�R,t�
� , �2�

where TN is the nuclear kinetic energy operator, �12=�21 the
transition dipole and E�t� the laser electric field amplitude.
This consists of a carrier wave of frequency � �wavelength
��, lying in the uv-vis spectral range, modulated by a pulse
envelope with a frequency � lying in the ir range,

E�t� = 	E0 sin �t cos �t for 0 � t � 	/� ,

0 for t 
 	/� .

 �3�

Two forms of solutions to the nuclear TDSE �Eq. �2�� will be
considered and discussed in the following: Time-dependent
wave packets are direct solutions of the TDSE in time do-
main, starting from some initial wave function; quasistation-
ary or Floquet solutions are frequency-domain representa-
tions of periodic, or quasiperiodic, solutions to the TDSE.
Results of wave-packet propagations will be analyzed in
terms of Floquet resonance states, and emphasis will be
placed on certain types of Floquet resonances. It is thus use-
ful to review briefly the basic concepts of Floquet theory as
applied to the present model.

The time dependence of the laser field E�t� as given by
Eq. �3� is characterized by two time scales: Fast oscillations
of the uv-vis carrier wave occur at the frequency �; they are
modulated by an envelope that involves a much lower fre-
quency �. Within some time interval �t̄−�t , t̄+�t� ,�t
=Tir /N ,Tir=2	 /� around t̄, with N large enough so that the
variations of the pulse envelope over 2�t can be neglected,
but still ensuring that some oscillations of the high-frequency
wave do occur during that time interval, the laser field E�t�
can be considered of constant amplitude, i.e., it can be writ-
ten E�t�=E0 cos �t, with E0 : =E0 sin �t̄. Without the ampli-
tude modulation, the dynamics under the uv-vis field is well
captured by the Floquet representation. Since the amplitude
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modulation is slow, the Floquet ansatz can still be applied to
Eq. �2� with this locally periodic field, albeit approximately,
and consists of writing �15�

��1�R,t�
�2�R,t�

� = e−iEt/���1�R,t�
�2�R,t�

�, t � �t̄ − �t, t̄ + �t� , �4�

with �k�Rt� , �k=1,2�, time-periodic functions �over �t̄
−�t , t̄+�t� of course�. They can thus be Fourier expanded as

�k�R,t� = �
n=−

+

ein�t�k,n�R� , �5�

so that, substituting this Floquet form, Eq. �4�, together with
Eq. �5� into the TDSE, Eq. �2�, one gets, after time integra-
tion over an optical cycle, an infinite set of coupled equations
for the nuclear wave function Floquet components
�k,n�R� ,k=1,2,

�TN + V1�R� + n�� − E��1,n�R�

= 1/2E0�12�R���2,n−1�R� + �2,n+1� ,

�TN + V2�R� + n�� − E��2,n�R�

= 1/2E0�21�R���1,n−1�R� + �1,n+1� . �6�

The structure of these equations is such as to define a parity
selection rule: Once a parity of the Fourier indices �“number
of photons”� n associated with the state �1� is chosen, the
nuclear amplitudes �1,n supported by this state, dressed by “n
photons,” �i.e., V1�R�+n���, are coupled only to the ampli-
tudes �2,n�, supported by the state �2� with a number n� of
opposite parity. A typical illustration of the photon-dressed
potentials �solid lines� is given in Fig. 1�a�, with only four
Floquet blocks retained. The reference block corresponds to
a single �-photon absorption described by the crossing of
two potentials curves, V1�R�+�� and V2�R�. The two
“dressed” electronic states of this block are labeled by two
indices, the first denoting the molecular electronic state �1 or

2� and the second the number of photons exchanged with the
field �0 for no photon exchange, −1 for the absorption of one
photon from the field�. The additional blocks correspond to
multiphoton processes �−2 and −3 for two- and three-photon
absorptions; +1 to +4 for one- through four-photon emis-
sions�. The diagonalization of the radiative couplings be-
tween the dressed potentials leads to the dressed adiabatic
representation, characterized by avoided curve crossings
�1,15� �represented by the dotted lines of Fig. 1�a��, and re-
sidual nonadiabatic interactions.

As announced above, we have performed two types of
calculations to obtain the direct, time-dependent wave-packet
solutions of the TDSE �Eq. �2�� on one hand, and its quasis-
tationary Floquet solutions on the other hand.

B. Time-dependent methodology

Starting with an initial state of the form

���R,t = 0�� = �R��1
�v��t = 0���1� = �R�v��1� , �7�

where �v� is one of the discrete vibrational states associated
with the electronic state �1� and ��1

�v��t=0��= �v�, we propa-
gate nuclear wave packets by solving Eq. �2� following a
procedure thoroughly documented in previous works �15�:
For the inner part of the nuclear wave functions defined over
the region of the potentials where Hellmann-Feynman forces
are nonzero, numerical propagation on a grid uses the stan-
dard third-order split-operator algorithm �16�, while for the
outer part of the wave functions, defined over the asymptotic
region of the potential energy curves where these level off
each to a constant value, an analytical propagation can be
made. If the transition dipole moment behaves as a linear
function of R, then this analytical propagation is done by
projecting the asymptotic nuclear wave functions onto
Volkov-type states �17,18�. The wave-packet propagation is
restricted to a time interval �0, tf =Tir /2�.

The observable of interest here is the survival probability,
i.e., the probability for the system to remain bound at the end
of the pulse, is

Pb�v;tf� = �
v�

pb�v,v�;tf� , �8�

where

pb�v,v�;tf� =
��v���1

�v��tf���2

���1
�v��tf���1

�v��tf���2 + ���2�tf���2�tf���2
, �9�

the sum being taken over all the discrete vibrational levels v�
of state �1�. Note that Pb�v ; tf� actually represents the total
bound state population at any time exceeding tf, since no
further decay is possible after tf. Also, in general, the mo-
lecular initial state will be a coherent �pure state case� or
incoherent �ensemble case� sum of vibrational states v, rather
than being just one of these as considered here. Nevertheless,
what we obtain here as Pb�v ; tf� should be useful either to
reconstruct the result for any initial state of the molecular
system, or to serve as a basis for a specific control scenario
concerning a particular v. The understanding we wish to
reach is how the dissociation dynamics is unraveled in terms
of individual laser-induced resonances.

FIG. 1. �Color online� �a� Diabatic �black solid line� and adia-
batic �blue dotted and red dashed line� dressed potentials of H2

+ as a
function of the internuclear distance R with their asymptotic chan-
nel labels. The adiabatic potentials V� at the one-photon crossing
�red dashed line� are highlighted in panel �b�, together with two
shape resonances v−=7,10 and a Feshbach resonance v+=0.
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C. Determination of Floquet resonances

In the Floquet representation, the field-free bound vibra-
tional levels of the electronic state �1�, labeled by v, become
multichannel Floquet resonances which are exact solutions
of Eqs. �6� with appropriate boundary conditions. The calcu-
lations of these complex energy resonance wave functions is
here conducted by solving the close-coupled equations �6�,
with Siegert-type boundary conditions �the wave function
vanishes in all channels at the origin R=0, whereas it satis-
fies outgoing-wave boundary condition at large R� �19�.
These solutions are obtained by the Fox-Goodwin-Numerov
shooting-matching procedure on a spatial grid with complex
rotation of the coordinate R. This procedure leads to highly
accurate, converged results for a broad range of long- to
short-lived multichannel resonances, provided the grid char-
acteristics �position of the matching point, complex coordi-
nate rotation angle, step size� are well chosen �20,21�. In
practice, the numerical calculations are made with Eqs. �6�
truncated to a finite number N of Floquet blocks, i.e., to 2N
channels, and we will refer to the calculated Floquet states as
2N-channel resonances. For a given �local� field intensity I
=E0

2, the Floquet resonances are labeled by the quantum
number v, in reference to their field-free counterpart. Their
complex energies are denoted as Ev− i�v /2. As the laser in-
tensity is lowered to vanishing value, Ev− i�v /2 tends to the
real energy of the corresponding discrete vibrational level v
of the photon-dressed potential V1�R�+��.

For a purely time-adiabatic pulse shape, Floquet reso-
nances are parametrized by the time t̄ through the field am-
plitude E0 : =E0 sin �t̄. As mentioned above, their time-
dependent complex energies Ev�t̄�− i�v�t̄� /2, are such that
Ev�0� reduces to the field-free vibrational energy Ev, and
�v�0�=0. The probability for the system to remain bound,
while it adiabatically evolves as a pure Floquet resonance v
under the pulse can then be calculated as

Pb�v;tf� = exp�− 
o

tf

�v�t��dt�� . �10�

The possibility of considering Eq. �10� as a valid approxima-
tion for a full time-dependent wave-packet evolution model
�Eq. �8�� rests on the assumption of an adiabatic transport of
Floquet states, assumption which will constitute the subject
matter of the discussions in the following sections.

D. Floquet resonance classification

Just to define a simple classification scheme of the Flo-
quet resonances, we will consider two simplifications. First,
focusing on single photon processes, we would restrict the
coupled equations �6� to a single Floquet block, as illustrated
in Fig. 1�b�. Second, going to the dressed adiabatic represen-
tation, we would omit, in a zeroth-order approximation, the
residual nonadiabatic couplings between the adiabatic poten-
tials V+�R� and V−�R�. The stronger the field intensity is, the
better this last approximation would be. On the other hand,
we will also need to assume that the field intensities involved
are weak enough to allow for a single photon description.

By referring to this simplified scheme, Floquet resonances
can be said to belong to one of the two following categories,

depending on the adiabatic potential they are associated with
and within the limit of the intermediate field intensity range
we just delineated. Actually, we do recalculate the reso-
nances using the same Fox-Goodwin-Numerov algorithm
within this single-block dressed adiabatic Floquet approxi-
mation and, by comparing them with the multichannel reso-
nances, we can check the validity of this classification. The
resonances that are accommodated by the lower adiabatic
potential V−�R� are of shape type �22�, whereas those belong-
ing to zeroth order to the upper adiabatic potential V+�R� are
of Feshbach type �22�. The shape resonances are labeled by
v−, their complex energies being Ev−

− i�v−
/2. These can in

turn be distinguished either as long-lived tunnel resonances
�the lowest-energy ones�, which are well protected against
dissociation by the field-induced potential barrier, or as
short-lived above-the-barrier resonances. The field strength
dependence of the lifetimes is accounted for by the BS
mechanism. The stronger the field is, the lower the potential
barrier will be, leading to shorter lifetimes. Two typical ex-
amples of short-lived shape resonances are illustrated in Fig.
1�b�: one, the v−=7 level, at low energies, and one at higher
energies, the v−=10 level. As for the Feshbach resonances,
they are in principle long lived. Their behavior with respect
to the field strength is opposite to that of the shape reso-
nances: The stronger the field is, the lower will the residual
nonadiabatic couplings be, resulting in a more efficient VT
mechanism. Moreover, within the single-block uncoupled
adiabatic assumption defined above, the Feshbach reso-
nances are nothing else than �at zeroth-order approximation�,
the discrete bound states v+ of the V+ potential, with real
energies Ev+

. The position of v+=0 is given as an example in
Fig. 1�b�.

III. RESULTS AND DISCUSSION

Both types of calculations �time-dependent wave-packet
propagation and time-independent, or rather, time-
parametrized Floquet resonance determination� were made
for a one-dimensional representation of H2

+ taken as an illus-
trative example. The two electronic states are then identified
as the ground state �1���g�= �2�g

+� and the first excited state
�2���u�= �2�u

+� of the molecular ion. The potentials Vg�u��R�,
as well as the transition dipole moment �gu�R� are taken
from �23�. It is precisely these potentials, dressed by a uv-vis
��=400 nm,�=0.1139 a.u.� photon, which are displayed
in Fig. 1. The laser peak intensity is Imax=1.2
�1013 W /cm2 �0.0003 a.u.� which corresponds to E0
= Imax

1/2 =9.494�109 V /m �in Eq. �3��, whereas the pulse
shape is characterized by �=635 cm−1 �0.0029 a.u.�. The
electronic ground manifold accommodates 19 vibrational
levels ��v� ,v=0−18�, that would, in principle, lead to 19
Floquet resonances when the laser field is switched on, re-
sulting from the interplay of all the potential channels dis-
played in Fig. 1. Calculations of multichannel Floquet reso-
nances were made by keeping four Floquet blocks, i.e., eight
channels, to ensure convergence of resonance properties, i.e.,
field-induced Stark shifts and widths �with four significant
figures accuracy�, for the whole range of instantaneous inten-
sities covered by the laser pulse.
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A. Adiabatic transport

The most critical point when comparing the bound prob-
abilities calculated through Eq. �8�, using the direct solutions
of the TDSE, and through Eq. �10�, using a time-
parametrized Floquet resonance’s width, is the question of
adiabaticity in the Floquet dynamics. This adiabaticity im-
plies that a field-free initial v-state population is continu-
ously transported onto a single Floquet resonance v during
the pulse rise and evolves according to this Floquet reso-
nance characterized by a time-parametrized dissociation rate
�v�t�. During the fall of the pulse, the population transfer
occurs from the Floquet resonance v back to the initial vi-
brational state. There is thus no population loss of the initial
vibrational population, except for the continuous decay of
the single active Floquet resonance, which is precisely ac-
counted for by Eq. �10�. Figure 2 illustrates the dynamical
behavior of a series of Floquet resonances calculated by
solving the close-coupled equations �6�, within the total du-
ration of the laser pulse �i.e., for t=0 to 1086 a.u. �26 fs��;
only the resonances’ positions, i.e., the real part of their en-
ergies, are shown as a function of time. The “trajectories” of
these energies are symmetric with respect to the mid-pulse
time �t=543 a.u.�13 fs�� reflecting the symmetric intensity
distribution of the pulse shape. At t=0 and t=1086 a.u. one
recovers the eigenenergies of the field-free initial vibrational
states, �v=4−11�, of the ground electronic potential Vg�R�.
On the same figure, we also show the variations of single-
channel resonance energies defined by the dressed adiabatic,
single-Floquet-block, potentials. More precisely, we exhibit
the eigenenergies �Ev+

� of levels supported by the upper,
closed, adiabatic potential V+�R� �red dotted lines� as well as
the real part of the eigenenergies �Ev−

� of the shape reso-
nances accommodated by the lower open adiabatic potential
V−�R� �blue dashed lines�. The aforementioned two classes of
Floquet resonances can clearly be identified. Floquet reso-
nances up to v�7 follow trajectories similar to those of the
shape resonances. Higher energy Floquet resonances follow

closely the energies Ev+
of the bound states supported by

V+�R� �which are zeroth-order approximations to Feshbach
resonances�. This is in particular the case for v=8,9 ,11. Al-
though the v=10 Floquet resonance lies in the same energy
range, it does not follow the trajectory of a discrete level of
V+�R�; it appears rather to belong to the first class of reso-
nances, and is more appropriately qualified as an above-the-
barrier shape resonance. This can be understood by invoking
a density-of-states argument: There is only a limited small
number of eigenstates of V+�R� and they cannot account for
all the Floquet resonances within a given energy window. We
now focus on four typical Floquet resonances, namely, the
v=7 and 10 states, representing the class of shape-type reso-
nances and the v=8 and 9 states, illustrating the class of
Feshbach-type resonances. That the dressed adiabatic repre-
sentation effectively captures the effect of the radiative cou-
plings, within and between the Floquet blocks, can directly
be judged by looking at probability densities associated with
the multichannel wave function of the Floquet resonances
�defined by Eq. �5� with four Floquet blocks�, and by com-
paring them to the ones of the corresponding shape or Fesh-
bach resonance wave functions. This is shown in Fig. 3 with
all resonance wave functions calculated at the mid-pulse,
peak intensity. The solid �black� line gives, as a function of
the internuclear distance, the probability density of the Flo-
quet resonances. As expected, the v=7 Floquet resonance
which, on energetic grounds, cannot be trapped on the upper
adiabatic potential, shows a fast decay �i.e., a large escaping
population�, as seen through the large values of the densities
at large distances R. A completely different situation prevails
for v=8 and 9 with densities well localized at short internu-
clear distances, precisely around the avoided crossing, Rc
�4 a.u., indicating that they are vibrationally trapped. In
contrast, the v=10 Floquet resonance which energetically
lies above the bottom of the upper adiabatic potential V+�R�,
is not trapped. We can actually make a more accurate iden-
tification of these multichannel Floquet resonances by plot-

FIG. 2. �Color online� Trajectories, as a function of the pulse
time, of the real part of the energies Ev of the Floquet resonances
�black solid line� for v=4−11, of the real part of the energies Ev−

of
the shape resonances of the lower adiabatic potential �blue dashed
line� and of the eigenvalues Ev+

of the upper adiabatic potential �red
dotted line� at the one-photon crossing.

FIG. 3. �Color online� Probability densities as a function of R
for v=7,8 ,9 ,10. Solid black lines are for the Floquet resonances,
red dotted lines are for the corresponding shape �v=7 and 10� or
Feshbach �v=8 and 9� resonances accommodated, respectively, by
the adiabatic potential V− and V+ of the reference Floquet block.
The blue dashed lines represent the sum of the probabilities on all
the other channels.
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ting on the same graphs the probability densities of the
single-channel dressed adiabatic shape and Feshbach reso-
nances. These are shown by the dotted �red� line. For v=8
and 9, a quasiquantitative comparison can be made between
the Floquet and the corresponding Feshbach resonance wave
functions, beyond the similarity in their nodal structures �i.e.,
one finds 0 and 1 node in the v=8 and 9 resonances, as in the
v+=0 and v+=1 states, respectively�. This clearly shows that
the Floquet resonances v=8 and 9 are, at the peak intensity
of the pulse, very close to the v+=0 and v+=1 Feshbach
resonances. A somewhat similar conclusion holds for the
v=7 and 10 Floquet resonances, but now the corresponding
single-channel resonances are shape resonances. The quality
of the agreement, between the v=7 and 10 multichannel
Floquet wave functions and the corresponding single-
channel shape-resonance wave functions, can be judged
through the oscillatory structures and the increasing wings
found at R
3 a.u. in the densities shown in the correspond-
ing panels of Fig. 3.

B. Zero-width resonances

The most important information, in so far as the dissocia-
tion dynamics is concerned, is the width of the multichannel
Floquet resonances for the field intensities covered by the
laser pulse. Figure 4�a� collects, for v=7−10, the behaviors
of the corresponding widths �v as a function of time. Here
again the difference between the two classes of resonances is
clearly marked. The Floquet resonances v=7 and 10, identi-
fied above to be of the shape-resonance type, show large
widths, that can go up to 4000 cm−1 at mid-pulse �i.e., at
peak intensity�. These are broad, fast-decaying resonances.
They are to be contrasted with the long-lived Feshbach-type
Floquet resonances v=8 and 9, whose widths do not exceed
500 cm−1 for the range of intensity covered by the full pulse
shape. Figure 4�b� shows an enlargement of the curves for
v=8 and v=9. It points to an important and astonishing ob-
servation specific to v=8. At t=244 a.u. �corresponding to a
critical intensity Ic=4.996�1012 W /cm2�, �v=8 vanishes
completely, i.e., it is strictly zero. This is a very peculiar

situation of a zero-width resonance �12�, where for a particu-
lar field intensity, a Feshbach-type resonance becomes �very
accurately� an infinite-lived discrete bound state. Such reso-
nances have already been discussed in the literature in terms
of real poles of the scattering amplitude as BICs �14�. The
critical intensity can be numerically derived, within arbitrary
accuracy, leading to values of �v of the order of 10−10 cm−1,
in a numerically converged and robust scheme. It is worth-
while noting that there is also a critical intensity for the Flo-
quet resonance v=9, which is precisely Ic=1.694
�1013 W /cm2. This intensity, being higher than the peak
intensity of the pulse under consideration presently, is simply
not reached in this case, and hence the transformation of the
v=9 resonance into a BIC is not observed with the present
pulse, and �v=9 remains finite at all times. An interpretation
can be given, of the appearance of ZWRs at critical intensi-
ties, within a semiclassical approach, in terms of a destruc-
tive interference between different components of the semi-
classical resonance wave function; these are governed by
diabatic and adiabatic phase factors associated with V��R�
�11� of the single-block adiabatic representation, and their
interplay is best expressed by referring to Child’s diagram-
matic method �24�. Very sharp resonances are obtained, re-
gardless of the value of the coupling parameter, provided that
the energy of a vibrational level ṽ of a “modified” �see below
for more precisions� ground diabatic potential is close to a
“modified” vibrational level ṽ+ of the adiabatic potential
V+�R�. More precisely, an approximate expression for the
resulting resonance width is �25�

� =
2	

�

e2	��e2	� − 1���+

��+ + �e2	� − 1���3 �Eṽ − Eṽ+
�2, �11�

where � and �+ are local energy spacing’s of the modified
diabatic and adiabatic potentials. � is the coupling parameter,
that, in a Landau-Zener type of approximation, is given by

� =
�gu

2 �Rc�I
�v̄��F�

, �12�

v̄ and �F being the classical velocity and difference of
slopes of the diabatic potentials at the diabatic crossing point
Rc. The “modification” affecting the ground diabatic poten-
tial is indicated in Fig. 5�b�. Actually, this is a piecewise
potential based on two adiabatic curves: V−�R� for R�Rc,
V+�R� for R
Rc, with a discontinuity at R=Rc. It is worth-
while noting that for low field strengths, the so-called “modi-
fied” diabatic potential is close to the original diabatic
ground-state potential Vg�R�. The energies Eṽ and Eṽ+

are
obtained from semiclassical quantization conditions involv-
ing energy-dependent phase factors,

�� = 
a�

Rc

k��R�dR, �+ = 
Rc

b+

k+�R�dR , �13�

k��R�, being the wave numbers associated with V��R�,
�k�

2 �R�= 2m
�2 �E−V��R���, and a� ,b+, the left and right turning

points. Specifically, Eṽ is obtained by the quantization con-
dition

FIG. 4. �Color online� �a� Rate � of Floquet resonances as func-
tion of the pulse time for v=7−10. Panel �b� is an enlargement for
v=8 �dashed red line� and v=9 �solid black line�
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�− + �+ = �ṽ + 1/2�	 . �14�

As for Eṽ+
, the quantization condition must be modified to

include an additional energy-dependent phase factor �,

�+ + �+ + � = �ṽ+ + 1/2�	 , �15�

where

� = arg ��i�� − � ln � + � + 	/4. �16�

It can be shown that in the strong coupling case � is close to
zero, whereas for low-field intensities it can be taken, within
a good approximation, to be −	 /4. The energies Eṽ and Eṽ+
resulting from an iterative resolution of Eqs. �14� and �15�,
using a Newton-Raphson algorithm, are plotted against time
as a parameter in Fig. 5�a� for levels ṽ=7−10 and ṽ+=0−2
�the “modified” counterparts of the v+ considered above to

be in correspondence with the v=8 and 9 multichannel reso-
nances�. At time t=244 a.u., corresponding to a field inten-
sity of Ic=4.996�1012 W /cm2, the trajectories followed by
Eṽ=8 and Eṽ+=0 cross each other. This corresponds to a coin-
cidence of the two modified vibrational states ṽ=8 and ṽ+
=0 �Fig. 5�b� shows a close coincidence situation, found ex-
actly at mid-pulse, i.e., at the peak intensity�. The conse-
quence of this, according to Eq. �11�, is precisely to produce
a ZWR as has been numerically found in Fig. 4. For the
intensities under consideration there are no energy coinci-
dence possible for ṽ=7,8 ,9 ,10, as these cannot be trapped
in any Feshbach resonance. For the case of ṽ=11, it turns out
that, at a different time t=405 a.u., a coincidence with ṽ+
=2 occurs, leading again to a ZWR with, however, a differ-
ent critical intensity Ic=1.02�1014 W /cm2.

C. Zero-width resonances and control of vibrational motions

How does the existence of ZWRs manifest itself in the
actual time-dependent wave-packet dynamics of the laser-
driven molecule? What role can they play in control prob-
lems? In a previous work �10�, we found an indication of a
marked selective enhancement of the VT process �which is a
form of what we called dynamical dissociation quenching
process, specific to the uv-vis spectral range� in H2

+, under
basically the same type of field as considered here, for an
initial vibrational state v=8. It was conjectured that this en-
hancement is due to a resonance stabilization at a diabatic-
adiabatic energy coincidence. Such a coincidence and its
consequence, the encounter of a ZWR, are now well estab-
lished above with the explicit calculation of the critical in-
tensity Ic for its occurrence, and by checking that Ic lies
within the range of the instantaneous intensities covered by
the pulse. It remains to compare the total survival probability
Pb�v ; tf� as calculated either by wave-packet time-dependent
calculations, i.e., by solving the TDSE �Eq. �2�� and using
Eq. �8�, or by accumulating dynamical Floquet resonance
lifetimes according to Eq. �10�, assuming time-adiabatic

FIG. 6. �Color online� �a� Total survival probabilities Pb�v ; tf� as a function of the initial states v=7−10 obtained by a time-dependent
calculation �blue, see main text Eq. �8�� and by a time-independent calculation �dashed red, see main text Eq. �10��. �b� Rate � of Floquet
resonances as a function of the pulse time, for v=7−10. The calculations are done with peak intensity I=3�1012 W /cm2.

FIG. 5. �Color online� �a� Trajectories as a function of the pulse
time of the modified diabatic energies of levels ṽ=7,8 ,9 ,10,11
�dashed black line� and those of the modified adiabatic levels ṽ+

=0,1 ,2 �red dotted line�. �b� Modified diabatic potential �dashed
black line� together with the upper �red dotted line� and lower �thin
black line� adiabatic potential. Semiclassical energy levels ṽ=8 and
ṽ+=0 are in a quasicoincidence situation.
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transport of Floquet states. Figure 6�a� gives this comparison
for the four initial vibrational states v=7,8 ,9 ,10 in the form
of a histogram, the corresponding widths � being plotted
against time in panel �b�. A qualitative agreement is reached,
in so far as the two calculations lead to a survival probability
distribution peaked on v=8, where Pb�v ; tf� is larger than
0.6. The results of the preceding section show that the par-
ticularly large survival probability affecting v=8 is due to
the fact that a ZWR was approached during the laser pulse
duration as shown in Fig. 6�b�. The differences, seen in Fig.
6�a�, between the results of the complete time-dependent
wave-packet propagations and those of the Floquet reso-
nance calculations reflect the degree of deviation from adia-
baticity, as found in the actual dynamics. Alternatively, the
degree of adiabaticity, and deviations from it, can also be
measured by computing the normalized distribution of prob-
ability to find the system on a given final vibrational level v�,
when its wave-packets dynamics starts from an initial level
v. This is defined by Eq. �9�. Figure 7 gives these distribu-
tions for v=7 �panel �a�� and 8 �panel �b�� for two field
intensities I=3�1012 W /cm2 and I=1�1012 W /cm2. Ob-
viously, the most adiabatic pulse �the one corresponding to

the lowest intensity� leads to a final probability distribution
peaked on the initial vibrational state, i.e., at v�=v. Devia-
tions from adiabaticity causes an appreciable population of
Floquet resonances that are distinct from the one correlating
to the initial v and hence, are characterized by different criti-
cal intensities. Returning to Fig. 6�a�, the lower survival
probability that the actual wave-packet dynamics leads to at
the end of the pulse for v=8 �when compared with the Flo-
quet resonance adiabatic transport result�, reflects this fact:
Nonadiabatic transitions to other Floquet resonances, be they
small, reduce the population of the v=8 resonance, the one
which acquires the narrowest width during the pulse.

We now turn to a second illustration of the role of ZWRs
in the time-resolved molecular dynamics and of its exploita-
tion in control problems. For this, consider again the H2

+

model system but this time, subjected to a quasirectangular
pulse with a peak intensity favoring the trapping of a specific
v, v=8 say. The constant central section of the pulse will be
preceded and succeeded by rise and fall sections that are
sufficiently smooth and slow to ensure the adiabatic trans-
ports of Floquet resonances from and to field-free vibrational
states. To fix the idea, consider the following pulse:

E�t� =�
Ec sin �t cos �t for 0 � t �

	

2�
,

Ec cos �t for
	

2�
� t �

	

2�
+ � ,

Ec sin ��t − ��cos �t for
	

2�
+ � � t � tf =

	

�
+ � ,
� �17�

where Ec= �Ic�1/2, Ic being the critical intensity for v=8, �
and � being the same as above. In an ideal case, the v=8
Floquet resonance is trapped as a ZWR when the pulse enters
the plateau region and the resonance width vanishes �this
will occur at t=	 /2��, its decay is in principle stopped dur-
ing the plateau duration �. This is based on the assumption of
an adiabatic transport leading to well separated resonances,
which is valid for sufficiently low critical intensities confer-
ring narrow enough widths for neighboring resonances �v
=7,9 ,10�. For � sufficiently large, all other Floquet reso-
nances, driven by the same pulse, would have decayed to
near complete depletion by the end of the pulse, so that only
the v=8 resonance would survive and will be, in the case of
a full adiabatic transport, transformed back to the v=8 vibra-
tional state of the field-free molecule.

To illustrate this strategy, we start from an initial wave
packet which is a coherent sum of four field-free vibrational
states lying in the neighborhood of v=8 state given by

���R,t = 0�� = �
v=7

10

cv�R��1
�v��t = 0���1� . �18�

With equal weight on each state, cv
2 =1 /4, we aim to show

that v=8 state is favored under this laser pulse. Figure 8

depicts, for increasing lengths ��� of the plateau, the residual
probabilities p�v ; tf�,

p�v;tf� =
��1��v���tf���2

���tf��2 �19�

for v=7,8 ,9, and 10. The calculations are done for four peak
intensities around the critical one �Ic=4.996�1012 W /cm2�,
which actually turns out to be the most efficient for trapping
the v=8 resonance when increasing �. One would expect, at
the largest value of � shown ��=5700 a.u.=139 fs�, that no
population is left on any vibrational level, except on v=8.
However, nonadiabatic transport, when switching on and off
the laser pulse, is responsible for residual population ob-
served on v=7; a situation that can be understood from the
broad width which v=7 resonance acquires at large field
intensities and which leads to overlap with v=8 resonance.
This can be attenuated by increasing adiabaticity, with a
lower peak intensities, as obtained with I=3�1012 W /cm2

for instance. Imagining now an arbitrary initial wave packet,
we can see that an adequate combination of pulse plateau
duration and intensity will selectively keep the nondissocia-
tive population in the v=8 vibrational state.
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The application of this strategy using the critical intensity
for v=8 would represent a very efficient control scheme for
purifying the vibrational content of a molecular state. This is
based on the existence of an intensity at which a vibrational
state becomes a zero-width Floquet resonance. The critical
intensity of a given vibrational state, as obtained from a two-
channel Floquet formalism, may be used as a guide to pro-
duce an even longer surviving state in the time evolution of
the wave packet. It turns out however that this requires a
delicate compromise �not solved yet�, between the adiabatic
attainability of the ZWR and the time that such an adiabatic
transport would necessitate. The longer the time is �for a
better adiabaticity�, the less efficient the process will be, as
the dissociation occurs during the preparation of the ZWR.
This strategy also relies on an adiabatic switch-on and
switch-off of the laser-molecule interactions to ensure the
adiabatic, i.e., one-to-one vibrational state/Floquet resonance
transformations during the pulse. The selective population
control of another vibrational state �v�8� would necessitate
a specific choice of a different photon wavelength involving
a different critical intensity. This will induce a reorganization
of the dressed scheme and, in particular, a displacement of
the one-photon curve-crossing region in such a way to ensure
a diabatic-adiabatic coincidence situation near the designated
vibrational level, i.e., the existence of a ZWR in this energy
range. Decreasing the laser wavelength also opens the possi-
bility of decreasing the critical intensity, a situation which
would facilitate the adiabatic attainability of the ZWR.
Moreover, the resulting Floquet resonances would be better
separated and bear resemblance to their corresponding field-
free states. It is then possible to prepare a pure molecular
vibrational state �of a given v�, when the initial state is a
coherent or incoherent superposition of these states. Such a
preparation scheme, which is also a vibrational purification,
could be extended to obtaining cold molecular species by

selectively populating the lowest rovibrational state �26,27�.
Research along these lines is actively pursued in our groups.

D. Robustness of the zero-width resonance concept

Will the zero-width resonances, and the above control
scheme based on their exploitation, survive variations in the
model potentials? These may arise for instance from nonzero
permanent dipole effects or from molecular rotations and/or
misalignment. In so far as both of these effects lead to an
enrichment of the Floquet scheme by the inclusion of new
channels, it suffices to take one of them specifically as an
example to assess the above question. Concentrating on the
effects of molecular rotations, we have thus extended the
time-independent resonance calculations of Sec. II C to in-
clude laser-coupled rotational states. This is done by writing
the Floquet state as a function of both R and �, the polar
angle of the internuclear axis with respect to the direction of
the linearly polarized electric field, considered to be the z
axis of the laboratory-fixed coordinate system. Because of
cylindrical symmetry, the azimuthal angle, �, can be sepa-
rated out and the rotational quantum number M associated
with the z component of the molecular rotational angular
momentum is conserved. Considering the M =0 component,

FIG. 7. �Color online� Normalized final probability distributions
pb�v ,v� ; tf� on different final v� levels for initial states �a� v=7 and
�b� 8 and for two field peak intensities I=1012 W /cm2 �dashed red�
and I=3�1012 W /cm2 �blue�.

FIG. 8. �Color online� Normalized final residual probability dis-
tributions p�v ; tf� on different final v levels for the initial state
���R , t=0��=�v=7

10 cv�R ��1
v�t0���1�, with cv

2 =1 /4 with the peak in-
tensities I=3�1012 W /cm2 �white�, 4�1012 W /cm2 �gray�,
4.996�1012 W /cm2 �blue�, and 6�1012 W /cm2 �dashed red� for
different pulse shapes with plateau duration �a� �=0, �b� �
=2280 a.u., and �c� �=5700 a.u.
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the g and u components of the Floquet wave function, pre-
viously defined in Eq. �5�, are now of the form

�k
M=0�R,�,t� = �

n=−

+

�
J�

ein�tYJ�,M=0����k,J��R� �k = g,u� ,

�20�

where YJ,M denotes the usual spherical harmonics. The
coupled equations �6� are then replaced by

�TN + Vg�R� +
�2

2M
J�J + 1�

R2 + n�� − E��g,n,J�R�

= 1/2E0�gu�R��
J�

�YJ,M=0�cos ��YJ�,M=0���u,n−1,J��R�

+ �u,n+1,J��R�� ,

�TN + Vu�R� +
�2

2M
J�J + 1�

R2 + n�� − E��u,n,J�R�

= 1/2E0�ug�R��
J�

�YJ,M=0�cos ��YJ�,M=0���g,n−1,J��R�

+ �g,n+1,J�� , �21�

where M is the reduced mass of the nuclei. The angular
couplings �28�

�YJ,M=0�cos ��YJ�,M=0� = ��2J + 1��2J� + 1��1/2�J 1 J�

0 0 0
�2

�22�

imply the selection rule J�=J�1 accompanying one-photon
��n= �1 selection rule� transitions between the two elec-
tronic states �g� and �u�. In the rotationless, one-dimensional
case discussed above, we have already seen that retaining but
a single Floquet block, i.e., the two dressed states
��g ,0� , �u ,−1��, corresponding to single photon processes, is
sufficient to capture the dynamics; indeed, within the inten-

sity range considered here, the ZWRs are preserved with the
inclusion of further Floquet blocks, which has little effect on
their appearance or on the values of the critical intensities.
We have thus limited our analysis of rotational effects to a
single Floquet block.

In addition to the dressing by the relative “photon num-
ber” n �which are 0 and −1 in the single Floquet block de-
scription�, the two electronic states �g� , �u� are further dressed
by the rotational quantum number J. We have restricted this
to the few values shown in Fig. 9, centered about J=2 and
accessible from this central value by applying the selection
rule J�=J�1 successively. Thus, the channel �g ,0 ,J=2� is
coupled to the �u ,−1 ,J=3� and �u ,−1 ,J=1� channels, the
latter being in turn coupled to �g ,0 ,J=0�. The upper panel of
Fig. 9 shows an enlarged view of the potentials in the region
of their field-induced crossings. Figure 10 shows the rate �
of the Floquet resonance issued from the diabatic level
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FIG. 9. �Color online� Ground
�black line� and excited �blue line�
dressed potentials as a function of
the internuclear distance R for dif-
ferent rotational quantum numbers
J=0,1 ,2 ,3. The energy of the di-
abatic level v=8,J=2 is indicated
by the thin horizontal line. The
upper panel is an enlargement of
the crossing region �red ellipse of
the lower panel�.
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FIG. 10. �Color online� Total dissociation rates of the diabatic
state v=8,J=2 as a function of the field intensity, with successive
inclusions of the rotational states J�=1 �dotted blue line�, J�=3
�dashed-dotted green line�, J�=1,3 �dashed red line�, J�=0,1 ,3
�full black line�.
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v=8,J=2 as a function of field intensity. The rotational
quantum number J� shown therein indicates which rotational
channels were considered coupled to the reference channel
J=2. The two curves labeled J�=1 and 3 thus correspond to
a two-channel calculation; they lead to almost the same criti-
cal intensity, Ic=2.08�1013 W /cm2, for the appearance of a
ZWR in the energy region of the v=8 state. This critical
intensity is about 4 times the one obtained in the rotationless
model, which was also limited to two potentials �channels�,
one closed, one open, of the same forms. This scaling effect
is related to the angular couplings in Eq. �21� which, for this
case �J=2,J�=1,3�, take on values close to 0.5. Since the
radiative coupling goes as 1 /2�I��R��YJ,M=0�cos ��YJ�,M=0�
we need an intensity 4 times larger to produce the same
effect as found in the rotationless case. The curves labeled
J�=1,3 in Fig. 10 corresponds to the situation where two
open J� channels are coupled to the reference closed channel
J=2. A ZWR is still found, but its critical intensity is re-
duced to about 1.00�1013 W /cm2. As mentioned above, the
two coupling strengths of the J=2↔J�=1 and J=2↔J�=3
transitions are similar; however, their effect is equivalent to
the addition of two nearly equal partial widths so that the
scaling effect amounts to a reduction of the critical intensity
by a factor 2. Finally the four-channel calculation involving
also the closed J=0 rotational channel produces the curve
labeled J�=0,1 ,3. The critical intensity is slightly shifted
down to 0.72�1013 W /cm2. A study has also been carried
out starting from J=0 as the reference closed channel, with
extension up to five values of J� and similar conclusions
about the survival of ZWRs were obtained.

The concept of control through zero-width resonances
thus appears to be robust with respect to variations of the
model itself, not just at the level of its parameters, but at the
level of its size and complexity, as reflected by the number of
channels that are involved in the dynamics. We have ex-
plored explicitly the case of the gradual enrichment of the
truncated Floquet scheme, as we go from the single-block
�two-channel� to a four-block �eight-channel� representation,
and the case of an enrichment of the coupled-channel scheme
by the inclusion of rotational states. In both cases, there is
always one channel that dominates and leads to the ZWR. In
this case, it was the ZWR associated with v=8 which was

preserved, and only its critical intensity was affected by the
addition of further coupled channels. In a similar manner, we
expect that the inclusion of permanent dipole terms to the
time-dependent laser-induced interaction potential matrix in
Eq. �2� will merely have the effect of displacing the appear-
ance intensity Ic of this ZWR.

IV. CONCLUSION

In conclusion, we have shown that efficient and selective
stabilization can be obtained in strong laser fields through a
mechanism which combines the adiabatic transport on a Flo-
quet resonance and the dynamical stabilization of this state in
terms of a long-lived ZWR. The efficiency of this stabiliza-
tion scheme rests on a compromise between the adiabatic
attainability of the ZWR, and the time that such an adiabatic
transport would necessitate. The selectivity is related to the
fact that different critical intensities characterize different
ZWRs which result from the adiabatic transport of corre-
sponding field-free initial vibrational states. In other words, a
critical intensity selectively stabilizes a given vibrational
state, while the others are dissociating.

The robustness of the overall enhancement of the stabili-
zation through ZWRs, with respect to the dimensionality of
the model, has successfully been checked, by partial inclu-
sion of the rotational dynamics. We are now exploring the
possibility offered by frequency chirping to modify critical
intensities, decreasing their values for a given vibrational
state. This would help to improve efficiency by a more fa-
vorable compromise between adiabaticity and dissociation
during the pulse’s rise time. An attractive and promising mo-
tivation for such a control scenario remains the production of
cold molecules by laser purification of all the rovibrational
populations, except the one corresponding to the vibra-
tionally cold ground state.
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