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We develop a grid method for multichannel scattering of atoms in a waveguide with harmonic confinement.
This approach is employed to extensively analyze the transverse excitations and deexcitations as well as
resonant scattering processes. Collisions of identical bosonic and fermionic as well as distinguishable atoms in
harmonic traps with a single frequency � permitting the center-of-mass �c.m.� separation are explored in depth.
In the zero-energy limit and single mode regime we reproduce the well-known confinement-induced reso-
nances �CIRs� for bosonic, fermionic, and heteronuclear collisions. In the case of the multimode regime up to
four open transverse channels are considered. Previously obtained analytical results are extended significantly
here. Series of Feshbach resonances in the transmission behavior are identified and analyzed. The behavior of
the transmission with varying energy and scattering lengths is discussed in detail. The dual CIR leading to a
complete quantum suppression of atomic scattering is revealed in multichannel scattering processes. Possible
applications include, e.g., cold and ultracold atom-atom collisions in atomic waveguides and electron-impurity
scattering in quantum wires.
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I. INTRODUCTION

Recently the field of ultracold few-body confined systems
has progressed remarkably. By employing optical dipole
traps �1� and atom chips �2–4� it is possible to fabricate
mesoscopic structures in which the atoms are frozen to oc-
cupy a single or a few lowest quantum states of a confining
potential such that in one or more dimensions the character-
istic length possesses the order of the atomic deBroglie
wavelength. These configurations can be well described by
effective one-dimensional �1D� systems. Well-known ex-
amples are quantum wires and atom waveguides or quasi-
two-dimensional systems such as 2D electronic gases. The
quantum dynamics of such systems is strongly influenced by
the geometry of the confinement.

To control the coherent propagation of particle beams
through 1D or 2D traps it is crucial to very well understand
the impact of the confinement on the collisional properties
�see Refs. �5–29�, and references therein�. Free-space scatter-
ing theory is no longer valid in such systems and a new
theory is needed. This stimulated the development of quan-
tum scattering theory in low dimensions. For a sufficiently
dilute gas under a strong transverse confinement, one may
expect both the chemical potential and the thermal energy
kBT being less than the transverse level spacing. With this
assumption, the dynamics of ultracold atoms in low-
dimensional structures, e.g., tight wave guides has been stud-
ied using the simplification that the atoms occupy only the
ground state of the transverse confining potential. Neverthe-
less, the virtual transverse excitations in the course of the

collision process can play a crucial role in the scattering
leading to the so-called confinement-induced resonances
�CIRs�, predicted by Olshanii �13,14�. s-wave zero-energy
scattering of bosons is mapped to an effective longitudinal
zero-range pseudopotential approximating the 1D atom-atom
interaction in a transverse harmonic confinement. It was
shown �13,14� that CIRs appear if the binding energy of the
pseudopotential, approximating the two-atom molecular state
in the presence of the confinement, coincides with the energy
spacing between the levels of the transverse harmonic poten-
tial. In the vicinity of the CIR the coupling constant g1D can
be tuned from −� to +� by varying the strength of the con-
fining potential over a small range. This can result in a total
atom-atom reflection, thereby creating a gas of impenetrable
bosons. CIRs have also been studied for the three-body
�15,16� and the four-body �17� scattering under confining
potential, as well as for a pure p-wave scattering of fermions
�18�. Experimental evidence for the CIRs for bosons �19,20�
and fermions �21� has recently been reported. A general ana-
lytical treatment of low-energy scattering under action of a
general cylindrical confinement involving all partial waves
and their coupling, was first provided in Ref. �22� for a
spherically symmetric short-range potential. The effect of the
c.m. motion on the s-wave collision of two distinguishable
atoms �i.e., a two-species mixture� in a harmonic confine-
ment as well as for two identical atoms in a nonparabolic
confining potential has been investigated in Ref. �23� in the
zero-energy limit neglecting the s-and p-wave mixing. A de-
tailed study including the effect of the c.m. nonseparability
and taking into account the s- and p-wave mixing for har-
monic confinement was performed in the single-mode re-
gime in Ref. �26�. Recently a so-called dual-CIR was discov-
ered �24–26�, which is characterized by a complete
transmission �suppression of quantum scattering� in the
waveguide due to destructive interference of s and p waves
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although the corresponding collisions in free space involve
strong interactions.

The problem of atomic pair collisions under the action of
a harmonic trap in the multimode regime when the energy of
the atoms exceeds the level spacing of the transverse trap-
ping potential is much more intricate than the single-mode
regime due to several open transverse channels. It demands
the development of a multichannel scattering theory account-
ing for the possible transitions between the levels of the con-
fining potential. Using as a starting point the formalism for
scattering in restricted geometries suggested in Refs. �27,28�,
the multichannel scattering problem for bosons in a har-
monic confining potential has been analyzed analytically by
Olshanii et al. �29� in the s-wave pseudopotential approxi-
mation and the zero-energy limit. Without detailization of the
interatomic interaction but using only two input
parameters—the s-wave two-body scattering length in free
space and the trap frequency—they have derived an approxi-
mate formula for the scattering amplitude describing two bo-
son collisions confined by transverse harmonic trap in the
multimode regime.

In the present work we develop a general grid method for
multichannel scattering of identical as well as distinguishable
atoms confined by a transverse harmonic trap. The method
applies to arbitrary atomic interactions, permitting a rich
spectral structure where several different partial waves are
participating in the scattering process, or even the case of an
anisotropy of the interaction. The only limitation is that we
consider harmonic traps with a single frequency for every
atom causing a separation of the c.m. and relative motion.
With our approach we analyze transverse excitations and de-
excitations in the course of the collisional process �distin-
guishable or identical atoms� including all important partial
waves and their couplings due to the broken spherical sym-
metry. Special attention is paid to the analysis of the CIRs in
the multimode regimes for nonzero collision energies, i.e., to
suggest a nontrivial extension of the CIRs theory developed
so far only for the single-mode regime and zero-energy limit.

In detail we proceed as follows. Section II contains the
derivation of the Hamiltonian, definitions of the interatomic
interaction and the scattering asymptotics in the confined ge-
ometry, and a discussion of the scattering parameters and the
transition probabilities characterizing the two-body collisions
in the trap. Our computational method is outlined in Sec. III,
important technical details are given in the appendixes. In
Sec. IV our results are presented and analyzed. A summary
and conclusions are given in Sec. V.

II. HAMILTONIAN AND TWO-BODY SCATTERING
PROBLEM IN A WAVEGUIDE

Let us consider collisions of two atoms under the action
of the transverse harmonic confinement. We address both
cases, distinguishable and indistinguishable atoms under the
action of the same confining potential, i.e., the trap is char-
acterized by a single frequency � for every atom. The cor-
responding Hamiltonian is given by

H = −
�2

2m1
�1

2 −
�2

2m2
�2

2 +
1

2
m1�2�1

2 +
1

2
m2�2�2

2 + V�r1 − r2� ,

�1�

where mi is the mass of the ith atom, V�r1−r2� is the two-
body potential describing the interaction between two collid-
ing atoms in free space, and ri= ��i ,zi�= �ri ,�i ,�i� is the co-
ordinate of the ith atom. The Hamiltonian is separable with
respect to the relative r=r1−r2 and c.m. R= �m1r1
+m2r2� / �m1+m2� variables

H = Hc.m. + Hrel, �2�

where

Hc.m. = −
�2

2M
�R

2 +
1

2
M�2�R

2 , �3�

and

Hrel = −
�2

2	
�r

2 +
1

2
	�2�2 + V�r� . �4�

Here M =m1+m2 and 	=m1m2 / �m1+m2� are the total and
reduced masses, respectively. The problem, thus, reduces to
scattering of a single effective particle with the reduced mass
	 and collision energy 
���, off a scatterer V�r� at the
origin, under transverse harmonic confinement with fre-
quency �

�−
�2

2	
�r

2 +
1

2
	�2�2 + V�r����r� = 
��r� . �5�

Here the energy of the relative two-body motion 
=
�+
� is
a sum of the transverse 
� and longitudinal collision 
� en-
ergies. Due to our definition of the confining potential, the
transverse excitation energies 
� can take the possible values

�=
−
� =���2n+ �m�+1��0 of the discrete spectrum of
the 2D oscillator 1

2	�2�2.
For the two-body interaction we choose a screened Cou-

lomb potential

V�r� = V0
r0

r
e−r/r0, �6�

already employed in Refs. �24–26� for analyzing the ultra-
cold scattering in cylindrical waveguides in the single-mode
regime as 
�=
−
� =��. The chosen potential �6� depends
on two parameters—the depth V0
0 and the screening
length r0�0. Following the computational scheme already
developed in Ref. �26�, we implement different spectral
structures of the atomic interaction by varying the single
parameter V0 for a fixed length scale r0. Obvious advantages
of the screened Coulomb potential �6� compared to the
s-wave pseudopotential used in Ref. �29� that is devoted to
the multichannel scattering of bosons are the following.
First, by varying V0 one can vary the number of bound states
of s-wave character in the interaction potential, and second,
one can create new bound and resonant states of higher par-
tial wave character. As a consequence we can consider not
only bosonic but also fermionic as well as mixed collisions
in a trap and including the case of higher energies. This will,
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as we shall see below, permit us to investigate new regimes
and effects of multichannel confined scattering.

Performing the scale transformation

r →
r

a0
, 
 →





0
, V0 →

V0


0
, and � →

�

�0
�7�

with the units a0=�2 / �	V0r0�, 
0=�2 / �	a0
2�, and �0=
0 /�,

it is convenient to rewrite the Eq. �5� in the rescaled form

�−
1

2
�r

2 +
1

2
�2�2 + V�r����r� = 
��r� , �8�

where V is now the correspondingly scaled potential and we
fix 	=1 and r0=1 in the subsequent consideration. In the
asymptotic region �z�→�, where the transverse trapping po-
tential dominates the interaction potential, the axial and
transverse motions decouple and the asymptotic wave func-
tion can be written as a product of the longitudinal and trans-
verse �n,m�� ,�� components with

�n,m��,�� = ��a�
2 �n + �m��!

n!
�−1/2	 �

a�


�m�

e−�2/�2a�
2 �Ln

�m�

���2/a�
2 �eim� �9�

being the eigenfunctions of the transverse trapping Hamil-
tonian

H� = −
1

2
	 �2

��2 +
1

�

�

��
+

1

�2

�2

��2
 +
1

2
�2�2, �10�

with the corresponding eigenvalues 
�=��2n+ �m�+1� and
the angular momentum projection m onto the z axis. Here
Ln

m�x� are the generalized Laguerre polynomials and a�

=1 /��, is the transverse oscillator length. The radial and
azimuthal quantum numbers n and m of the 2D harmonic
oscillator independently take the values n=0,1 ,2 , . . . ,� and
m=0, �1, �2, . . . , ��. Due to the axial symmetry of the
transverse confinement and the spherical symmetry of the
interatomic interaction �6� the angular momentum compo-
nent along the z axis is conserved. Therefore, the problem �8�
is reducible to a 2D one by separating the � variable and can
be solved for every m independently. The quantum number n
is a good one only in the asymptotic region �z�→� and used
for the definition of the initial �incident� asymptotic state,
i.e., channel

�n,m
in �r� = eiknz�n,m��,�� , �11�

of two infinitely separated atoms confined in a transverse
state ��� �nm
. In addition to the quantum numbers n and m
the asymptotic scattering state is defined also by the momen-
tum kn of the channel

kn =
2

a�

�� − n −
�m�
2

, �12�

which we express through the dimensionless energy �
=
 / �2��−1 /2. It is clear that the integer part of the
dimensionless energy � coincides with the number ne
of open excited transverse channels. For n�ne we have
��−n− �m�

2 ��0. The spherically symmetric interatomic inter-

action �6� mixes different transversal channels and leads to
transitions n→n� between the open channels n ,n��ne, i.e.,
to transverse excitation and deexcitation processes during the
collisions.

Assuming the system to be initially in the channel n, the
asymptotic wave function takes at �z�→ +� the form �29�

�n,m�r� = eiknz�n,m��,�� + �
n�=0

ne

�fnn�
e + sgn�z�fnn�

o �

�eikn��z��n�,m��,�� , �13�

where fnn�
e and fnn�

o are the matrix elements of the inelastic
scattering amplitudes for the even and odd partial waves,
respectively, which describe transitions between the channels
n and n�. For a bosonic �fermionic� collision just the sym-
metric �antisymmetric� part of Eq. �13� should be considered.

It is clear that the scattering amplitude depends also on
the index m which, however, remains unchanged during the
collision due to the axial symmetry of the problem. Hereafter
we consider only the case m=0 and the index is omitted in
the following.

Using the asymptotic wave function �13� and the total
current conservation one obtains

�
n�=0

ne

�Tnn� + Rnn� − �nn�� = 0 �14�

for the inelastic transmission �reflection� coefficients Tnn�
�Rnn��. kn �kn�� is the initial �final� relative wave vector and n
�n�� the transverse excitation number according to Eq. �12�.
We have �29�

Tnn� = ��� − n��
kn�

kn
��n,n� + fnn�

e + fnn�
o �2, �15�

Rnn� = ��� − n��
kn�

kn
�fnn�

e + fnn�
o �2, �16�

where ��x� is the Heavyside step function. The transition
probability Wnn�, characterizing the transverse excitation/
deexcitation, into a particular channel n� from the initial state
n is given by the sum of the corresponding transmission and
reflection coefficients

Wnn� = Tnn� + Rnn�. �17�

Due to the time reversal symmetry of the Hamiltonian we
have Tnn�=Tn�n, Rnn�=Rn�n, and Wnn�=Wn�n. The total trans-
mission �reflection� coefficient T=�n�Tnn� �R=�n�Rnn�� is
given by the sum of the transmission �reflection� coefficients
of all the open channels. Equation �14� leads to T+R=1.

III. NUMERICAL APPROACH

To obtain the observable quantities Tnn�, Rnn�, and Wnn� of
the scattering process, we have to calculate the matrix ele-

ments fnn� of the scattering amplitude f̂ by matching the
numerical solution of the Schrödinger Eq. �8� with the scat-
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tering asymptotics �13�. To integrate this multichannel scat-
tering problem in two dimensions r and � �z and �� we adopt
the discrete-variable method suggested in Ref. �30� for solv-
ing the nonseparable 2D scattering problems. This approach
was applied in Ref. �31� to the case of a 3D anisotropic
scattering problem of ultracold atoms in external laser fields.

First, we discretize the 2D Schrödinger Eq. �8� on a 2D
grid of angular �� j� j=1

N� and radial �rj� j=1
N variables. The angu-

lar grid points � j are defined as the zeroes of the Legendre
polynomial PN�

�cos �� of the order N�. Using the complete-
ness property of the normalized Legendre polynomials which
remains valid also on the chosen angular grid

�
l=0

N�−1

Pl�cos � j�Pl�cos � j���� j� j� = � j j�, �18�

where � j are the weights of the Gauss quadrature, we expand
the solution of Eq. �8� in the basis f j���
=�l=0

N�−1Pl�cos ���P−1�lj according to

��r,�� =
1

r
�
j=1

N�

f j���uj�r� . �19�

Here P−1 is the inverse of the N��N� matrix P with the
matrix elements defined as P jl=�� jPl�cos � j�. Due to this
definition one can use the completeness relation �18� in
order to determine the matrix elements �P−1�lj as
�P−1�lj =�� jPl�cos � j�. It is clear from Eq. �19� that the un-
known coefficients uj�r� in the expansion are the values
��r ,� j� of the two-dimensional wave function ��r ,�� at the
grid points � j multiplied by �� jr. Near the origin r→0 we
have uj�r��r→0 due to the definition �19� and the demand
for the probability distribution ���r ,� j��2 to be bounded. Sub-
stituting Eq. �19� into Eq. �8� results a system of N�

Schrödinger-like coupled equations with respect to the
N�-dimensional unknown vector u�r�= �� j

1/2uj�r��1
N�

�H�0��r� + 2�
I − V�r���u�r� = 0, �20�

where

H j j�
�0��r� =

d2

dr2� j j� −
1

r2 �
l=0

N�−1

P jll�l + 1��P−1�lj�, �21�

V j j��r� = V�r,� j�� j j� = �V�r� +
1

2
�2� j

2�� j j�, � j = r sin � j ,

�22�

and I is the unit matrix. We solve the system of Eqs. �20� on
the quasiuniform radial grid �32�

rj = R
e�xj − 1

e� − 1
, j = 1,2, . . . ,N �23�

of N grid points �rj� defined by mapping rj � �0,R→ +��
onto the uniform grid xj � �0,1� with the equidistant distri-
bution xj −xj−1=1 /N. By varying N and the parameter ��0
one can choose more adequate distributions of the grid points
for specific interatomic and confining potentials.

By mapping the initial variable r in Eq. �20� onto x we
obtain

„H�0��x� + 2�
I − V�r�x���…u„r�x�… = 0, �24�

with

H j j�
�0��x� = f2�x�� j j�	 d2

dx2 − �
d

dx

 −

1

r2�x� �
l=0

N�−1

P jll�l + 1��P−1�lj�,

�25�

where

f�x� =
e� − 1

Re�x �
. �26�

The uniform grid with respect to x gives six-order accuracy
for applying a seven-point finite-difference approximation of
the derivatives in the Eq. �24�. Thus, after the finite-
difference approximation the initial 2D Schrödinger Eq. �8�
is reduced to the system of N algebraic matrix equations

�
p=1

3

A j−p
j u j−p + �A j

j + 2�
I − V j��u j + �
p=1

3

A j+p
j u j+p = 0,

j = 1,2, . . . ,N − 3,

u j + � j
�1�u j−1 + � j

�2�u j−2 + � j
�3�u j−3 + � j

�4�u j−4 = g j ,

j = N − 2,N − 1,N �27�

where each coefficient A j�
j is a N��N� matrix, each � j is a

diagonal N��N� matrix, and each g j is a N�-dimensional
vector. Here the functions u−3, u−2, u−1, and u0 in the first
three equations of the system �for j=1,2, and 3� are elimi-
nated by using the “left-side” boundary conditions: u0=0
and u−j =u j �j=1,2 ,3�. The last three equations in this sys-
tem for j=N, N−1, and N−2 are the “right-side” boundary
conditions approximating at the edge points rN−2, rN−1, and
rN=R of the radial grid, the scattering asymptotics �13� for
the desired wave function u�rj�. In order to construct the
“right-side” boundary conditions �27� at j=N−2, N−1, and
N we used an idea of Ref. �31�, i.e., the asymptotic behavior
�13� at the edge points rN−2, rN−1, and rN=R are considered
as a system of vector equations with respect to the unknown
vector fnn� of the scattering amplitude for a fixed n. By elimi-
nating the unknowns fnn� from this system we implement the
“right-side” boundary conditions defined by Eqs. �27� at
j=N−2, N−1, and N �see Appendix A�.

The reduction of the 2D multichannel scattering problem
to the finite-difference boundary value problem �27� permits
one to apply efficient computational methods. Here we use,
in the spirit of the LU decomposition �33�, and the sweep
method �34� �or the Thomas algorithm �35��, a fast implicit
matrix algorithm which is briefly described in Appendix B.
The block-diagonal structure of the matrix of the coefficients
in the system of Eqs. �27� with the width of the diagonal
band equal to 7�N� makes this computational scheme an
efficient one.

Solving the problem �27� for the defined initial vector kn
and a fixed n from the possible set 0�n�ne we first calcu-
late the vector function ��kn ,r ,� j�. Then, by matching the
calculated vector ��kn ,R ,� j� with the asymptotic behavior
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�13� at r=R, we calculate the nth row of the scattering
amplitude matrix fnn� describing all possible transitions
n→n�=0,1 , . . . ,ne. This procedure is repeated for the next n
from 0�n�ne. After calculating all the elements fnn� of the
scattering amplitude we obtain any desired scattering param-
eter T, R, or W.

IV. RESULTS AND DISCUSSION

With the above-described method being implemented we
have analyzed the two-body scattering under the transverse
harmonic confinement for both cases of identical and distin-
guishable colliding atoms. For confined scattering of identi-
cal atoms one has to distinguish the bosonic and fermionic
cases. In the case of two colliding bosons the two-body wave
function must be symmetric and only even scattering ampli-
tude provides us with a nonzero contribution. First, we show
that our result for the special case �
1 of a single-channel
scattering is in agreement at �→0 with the s-wave pseudo-
potential approach �13�, and, particularly, reproduces s-wave
CIR predicted and analyzed in Refs. �13,14,24,26,29� for
bosons. Then we extend our consideration to the multichan-
nel scattering ��1. We demonstrate that our results are in a
good agreement in the limit of a long-wavelength trap
�=2�c /�→0 with the analytical expression given in Ref.
�29� which has been obtained in the s-wave pseudopotential
approach for the zero-energy limit. The range of validity of
the analytical investigation in Ref. �29� is explored. Next we
present results for multichannel scattering of two fermions
under transverse harmonic confinement. For a fermionic col-
lision the two-body wave function is antisymmetric, i.e.,
only the odd scattering amplitude is nonzero. In the special
case of single-channel scattering we reproduce the p-wave
CIR for fermions �18�. These results are also in agreement
with our previous investigations in Refs. �24–26� performed
within a wave-packet propagation method �26�. Finally we
consider the confined multichannel scattering of two distin-
guishable atoms. In this case both even and odd amplitudes
contribute to the scattering process.

For modeling different interatomic interactions in the sub-
sequent sections we vary the depth V0 of the potential �6� in
the wide range −10
V0
0 for a fixed width r0=1. In free
space, this potential being superimposed with the centrifugal
term l�l+1� / �2r2� makes an effective potential which may
support some even or odd bound states depending on the
value of the quantum number l and the parameter V0. For l
�0 there might be also some shape resonances for certain
relative energies. These shape resonances may enhance
strongly the contribution of l�0 partial waves in the energy
domain where one would have expected a pure l=0 scatter-
ing.

It is known that in the zero-energy limit, when the scat-
tering process does not depend on the details of the potential,
the collision can be described by a single parameter: the
s-wave scattering length as=−limk→0 tan �s�k� /k for l=0
�bosonic collision� and the p-wave scattering volume
Vp=−limk→0 tan �p�k� /k3 for l=1 �fermionic collision�. For
sufficiently low collision energy the contribution of the par-
tial waves with larger l can be neglected. In Fig. 1 we have

plotted as and Vp in the region −10
V0
0. Figure 1 dem-
onstrates the rich spectral structure of the chosen form of the
interatomic interaction: the scattering parameters as and Vp
can be positive or negative and they diverge for the values of
V0 corresponding to the appearance of new bound states. In
the case of p-wave scattering the increase of the depth V0 of
the potential first leads to a shape resonance which ap-
proaches zero energy and finally transforms to a p-wave
bound state.

A. Multichannel scattering of bosons

For two bosons colliding in a transverse harmonic con-
finement the scattering wave function is symmetric with re-
spect to the exchange z→−z, i.e., fnn�

o =0 in Eq. �13�. We
consider multichannel scattering with the dimensionless en-
ergy �=
 / �2��−1 /2
4 �12� permitting the collisional
transverse excitations and deexcitations n→n�
4 up to four
open channels �four-mode regime�. For comparison with
analytical results �14,29� obtained in the s-wave pseudopo-
tential approach, we have extracted the effective quasi-1D
coupling constant g1D=limk→0 Re�f00

e �k�� / Im�f00
e �k��k /	 as

well as the transmission coefficient T=T00 �15� and the scat-
tering amplitude f00

e �13�, as a function of the scattering
length as in the single-mode regime �0
�
1�. The calcu-
lated parameters are presented along with the analytical re-
sults in Fig. 2 for �=0.002 and the longitudinal relative
energy 
� =
−
�=0.0002. Figure 2�a� shows the coupling
constant g1D as a function of the scattering length as.
Our numerical result clearly exhibit a singularity at
as /a��1 /C with C=−��1 /2�=1.4603. . ., which corre-
sponds to the well-known s-wave CIR �13,14�. In Fig. 2�b�
we present the transmission coefficient T versus as. The
transmission coefficient T goes to unity �total transmission�
when as tends to zero �i.e., no interaction between the at-
oms�, while at the CIR position, it exhibits the well-known
minimum �blocking of the atomic current by the CIR�. Fig-
ure 2�c� shows the scattering amplitude f00

e as a function of
as. The amplitude approaches zero at as /a�=0 and −1 at the
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FIG. 1. �Color online� s- and p-wave scattering parameters as

and Vp as a function of the potential depth V0 for the free-space
effective potential V�r�+ l�l+1� / �2r2�. Divergences correspond to
the appearance of new bound state in the case of s-wave scattering
or shape resonant in the case of p-wave scattering, in the effective
potential. All quantities are given in the units �7�.
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CIR position, which results in total transmission and total
reflection, respectively. In general the presented values of f00

e

are in very good agreement with the analytical results.
In the multimode regime our results are in good agree-

ment with the analytical ones obtained within the s-wave
pseudopotential approach in the zero-energy limit �29� for
long-wavelength traps �tight confinement: �=2�c /�→0�.
In Fig. 3 we present our scattering amplitude f00

e along with
the analytical results as a function of the dimensionless en-
ergy � for �=0.0002 and V0=−3.0. Apart from energies

close to the channel thresholds, the real and imaginary part
of the scattering amplitude f00

e show a monotonous behavior:
Re�f00

e � is monotonically increasing and approaching zero as-
ymptotically whereas Im�f00

e � decays monotonically and also
approaches zero for large values of �. The peak structure
located at integer values of � is due to the resonant scattering
once a new previously closed channel opens with increasing
energy. There is a good agreement between our results and
the analytical ones given by Eq. �6.9� in Ref. �29� for the
complete range 0
�
4. However, we encounter major de-
viations with increasing � except for narrow regions close to
the channel thresholds �as � approaches integer values� for
the real parts of the scattering amplitudes �see Fig. 4�. These
deviations are most presumably due to the energy depen-
dence of the s-wave scattering length which is neglected in
Ref. �29�.

For the multichannel regime ���1� we find a strong de-
pendence of the total transmission coefficient T on the popu-
lation of the initial state n, except for the case as /a�→0 of
noninteracting bosons in free space. Figure 5 shows the cal-
culated transmission coefficients �15� as a function of as /a�

for �=0.002 for the �a� two-mode regime with �=1.05 and
�b� three-mode regime with �=2.05. Note, that all these
cases correspond to near-threshold collision energies if the
maximal integer is subtracted from �. Similar to the single-
mode regime, T goes to unity �total transmission� when as
tends to zero. We also encounter a minimum. However, the
value of the transmission at the minimum is not zero any-
more in the multimode regime, the larger the number of open
channels, the position of the minima will be more shifted to
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FIG. 2. �Color online� �a� The effective quasi-1D coupling con-
stant g1D, �b� the transmission coefficient T, and �c� the scattering
amplitude f00

e , as a function of the scattering length as for one-
channel scattering of two bosons under a harmonic confining poten-
tial with �=0.002 for a longitudinal relative energy 
� =0.0002.
Solid curves shows the analytical results obtained for the s-wave
pseudopotential zero-energy limit �13,14,29�. The constant V0 is
varied in the region −2.30
V0
−0.32.
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the left. For a fixed value of the ratio as /a��0, a lower
initially populated transverse level n, leads to a larger total
transmission.

In Fig. 6 we present the transmission as a function of the
dimensionless energy � for the two cases of the system being
initially in the ground transverse states n=0 �a� or first ex-
cited transverse states n=1 �b�, for different values of the
ratio as /a�. With increasing collision energy the transmis-
sion coefficient exhibits a nonmonotonic behavior: we ob-
serve a sequence of minima and peaks. For 0
�
1 the
value of T at the minimum is zero. As the number of open
channels increases with increasing collision energy 
, the
transmission values at the corresponding minima increase
strongly. The corresponding transmission peaks T=1 are lo-
cated at the channel thresholds. The shape of the transmis-
sion “valleys” in between two integer values of � as well as
the positions of the minima strongly depend on the ratio
as /a� which can be changed by varying the strength of the
interatomic interaction V0 or the trap frequency �. Both,
changing V0 and/or � leads to energetic shifts of the bound
states �in particular for the excited transversal channels� of
the atoms in the presence of the confinement. If the collision
energy coincides with a bound state of the corresponding
closed channel we encounter an occupation of the closed
channel in the course of the scattering process, i.e., a Fesh-
bach resonance occurs. The interpretation of the minimum of
the transmission T in terms of a Feshbach resonance at the
point as /a�=1 /C for the zero-energy limit was provided in
Refs. �13,14�, where it was shown that the origin of the CIR

is an intermediate occupation of a bound state belonging to
an excited transverse �closed� channel.

To demonstrate that the above-discussed behavior
�minima� of the transmission coefficient T��� in certain re-
gions of � is due to Feshbach resonances we have analyzed
the probability density of the scattering wave function of the
atoms in the trap. In the single-mode regime and in the zero-
energy limit we encounter the well-known CIR: Fig. 7 shows
the corresponding probability density ���x ,z��2 for an initial
transverse ground state n=0 and �=0.05 as well as
as /a�=0.68. For small �z� one observes additional two pro-
nounced peaks along the transverse �x� direction correspond-
ing to the occupation of the bound state �with the binding
energy �n=1

B �0� in the first excited closed channel of the
transverse potential. The probability density tends to zero as
z→ +�. This leads to a zero of the transmission T��� for
�→0 �see Fig. 6�a�� corresponding to the zero-energy CIR.

In Fig. 8 we show the probability densities ���x ,z��2 at
as /a�= +4.39 for several values of the dimensionless energy
� for �a� the single- and �b� two-mode regimes for collisions
with initial transverse state n=0. The corresponding prob-
ability density exhibits for small values of �z� additional two
�for the single-mode regime� and four �for the two-mode
regime� pronounced peaks with respect to the transverse �x�
direction as � approaches the CIR position. This demon-
strates the occupation of bound states of higher, namely first
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excited �with binding energy �n=1
B � and second excited �with

binding energy �n=2
B � channels in the course of the scattering

process. The corresponding transmission values are also in-
dicated in Fig. 8. Zero transmission is observed also for
as /a�= +4.39 and �=0.75 with no probability density being
present for large positive values of z, see Fig. 8�a�.

The energy of the bound state �n=1
B , that leads to a mini-

mal transmission due to a resonant scattering process,

changes with varying as /a� as follows. It is below �=0 for
0
as /a�
0.68 and consequently no minimum is encoun-
tered for T��� in the range 0
�
1 �see Fig. 6�. At the
position of the zero-energy CIR it is located just above the
threshold �=0 leading to a zero transmission for �→0. For
as /a��0.68 the bound state energy is somewhere in be-
tween the channel thresholds �=0 and 1 whereas for
as /a�
0 it is below but close to �=1 leading again to a
corresponding minimum of T. For both cases, as /a�
0 and
as /a��0.68, an increase of as /a� leads to a narrow trans-
mission well and the corresponding transmission minimum is
shifted toward the next higher channel threshold. The depen-
dence of �n=1

B on the parameter as /a� is in agreement with
the pseudopotential analysis given in Ref. �14� �see Fig. 2 of
this reference�.

In Fig. 9�a� we show the transition probabilities Wnn� as a
function of as /a� for �=0.002 and �=3.05 corresponding to
four open channels. We observe that the probability of re-
maining at the same initial state Wnn �i.e., elastic scattering�
is in the complete range of the ratio as /a� much larger than
the probability of a transition into a different state Wnn� �i.e.,
inelastic scattering�. With increasing n or n� the inelastic
transition probabilities Wnn� increase but the elastic prob-
abilities Wnn decrease. In an inelastic �elastic� collision Wnn�
�Wnn� goes to zero �unity� as as tends to zero. Wnn� �Wnn�
possess a maximum �minimum� at the resonance position
as /a��0.35 consistent with the minimum of T��� at
�=3.05. It is instructive to see how the distribution of the
initial flux among the open channels changes due to pair
collisions as a function of the collision energy. Figure 9�b�
shows the transition probabilities Wnn� as a function of the
dimensionless energy up to four open channels. The prob-
ability of elastic scattering remains larger than that of inelas-
tic scattering in the complete range of the energy. For two
open channels the elastic collision probability Wnn is inde-
pendent of the initial state �W00=W11�. For a higher number
of open channels Wnn is decreasing with increasing initial
value of n. Near the thresholds, the probabilities of the in-
elastic �elastic� transitions Wnn� �Wnn� go to zero �unity�.

B. Multichannel scattering of fermions

In this section we focus on fermionic collisions in har-
monic traps. In this case the interatomic wave function is
antisymmetric with respect to the interchange of the two
fermions and the even amplitude fnn�

e in Eq. �13� is zero.
We have analyzed the multichannel scattering of fermions
up to four open transverse channels for different interatomic
interactions, by varying the potential strength V0 in the
vicinity of the value V0=−4.54 �see Fig. 1� generating a
resonant p-wave state in free space. Figure 10
shows corresponding results for the single-mode regime.
Figure 10�a� shows the mapped coupling constant
g1D

map=limk→0 Im�fo�k�� /Re�fo�k��	k �18,26� as a function of
the p-wave scattering length ap=�3Vp. The mapped coupling
constant g1D

map goes to zero at the position of the mapped CIR
�18�, which for �=0.002 and 
� =0.0002 is equal to
ap /a�=−0.31. The position of the mapped CIR obviously
depends on the values of � and �. In Fig. 10�b� we have
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FIG. 6. �Color online� The total transmission coefficients T for
bosonic collisions as a function of the dimensionless energy � for
the two cases of the system being initially in �a� the ground trans-
verse state n=0 and �b� the first excited transverse state n=1, for
several ratios of as /a� and �=0.002. The black �solid� curve cor-
responds to as /a�=1 /C for which the zero-energy CIR in the
single-mode regime is encountered.
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plotted the transmission coefficient T as a function of ap. The
transmission coefficient exhibits a minimum and an accom-
panying well �i.e., the blocking due to the resonance� at the
position of the CIR, and tends to unity �i.e., total transmis-
sion� for ap far from the CIR position. For larger � the well
becomes wider, and its minimum is shifted to the left, see
also Ref. �24�. Figure 10�c� shows the scattering amplitude
f00

o as a function of ap for �=0.002 and 
� =0.0002. The
amplitude approaches zero far from the CIR position and −1
at the CIR position, which results in total transmission T
= �1+ f00

o �2→1 �i.e., the fermions do not scatter each other�
and total reflection T= �1+ f00

o �2→0 �i.e., strongly interacting
and impenetrable fermions�, respectively.

In Fig. 11 we present the total transmission coefficient as
a function of ap in �a� two-mode regime for �=1.05 and �b�
three-mode regime for �=2.05 for �=0.002. Similar to the
single-mode regime, T exhibits a minimum and accompany-
ing well, however, the position of the minimum is shifted to
the right and the value at the minimum is nonzero. For the
lower degree of transversal excitation, we observe a deeper
and narrower transmission well. With increasing energy the
transmission well becomes wider and more shallow and its
position is shifted to larger values of ap /a�. This is also
demonstrated in Fig. 12, where the transmission coefficient
is plotted as a function of � for several values of ap /a� for
the two cases of being initially in �a� the ground transverse
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state n=0 and �b� the first excited transverse state n=1 for
�=0.002. We observe that for any number of open channels,
T exhibits a minimum for some value of ap /a�. With in-
creasing ap /a� the transmission well becomes more shallow
�except for the single-mode regime� and wider. In contrast to
the bosonic case, there is no specific threshold behavior. This
is a consequence of the fact that the relative motion does not
feel the interatomic interaction in the closed channels which
are strongly screened by the centrifugal repulsion playing a
dominant role for near-threshold collision energies or in
other words, we encounter a weak coupling of the different
scattering channels.

In Fig. 13 we show the transition probabilities Wnn� as a
function of ap /a� for four open channels. We see that the
probability of an elastic scattering process �i.e., to remain in
the same transversal state� is much larger than that of an
inelastic collision �i.e., the transition to a different transversal
state�. For an elastic collision the probability Wnn shows a
minimum and corresponding well which becomes wider and
more shallow with increasing initial quantum number n �i.e.,
with the population of a higher excited initial transversal
state�. For an inelastic collision Wnn� �n�n�� exhibits a peak
which becomes less pronounced as the quantum numbers n
or n� increase.

C. Multichannel scattering of distinguishable particles

In this section we analyze the multichannel scattering of
two distinguishable particles in a harmonic trap with the

same trap frequency �1=�2=� allowing the separation of
the c.m. motion. Such a case corresponds to the different
atomic species confined by the same potential as it is the
case, e.g., for two different isotopes in the same optical di-
pole trap. The two-body scattering wave function of the dis-
tinguishable atoms does not possess a well-defined symmetry
with respect to the reflection z→−z, i.e., both s- and p-state
contributions �fe and fo� must be taken into account for the
scattering amplitude. Figure 14 shows our results for the
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FIG. 9. �Color online� �a� The transition probabilities Wnn� as a
function of as /a� in the four mode regime for �=3.05. �b� The
calculated transition probabilities Wnn� as a function of � up to four
open channels for as /a�=−30.08. �=0.002 for both subfigures.
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FIG. 10. �Color online� �a�,�b� The mapped coupling constant
g1D

map and the transmission coefficient T as a function of the scatter-
ing length ap for single-channel scattering of two fermions under
a harmonic confinement with �=0.002 and for the longitudinal
energy 
� =0.0002—red �square�, �=0.02, 
� =0.002—black �plus�,
and �=0.06, 
� =0.002—blue �dot�. �c� The scattering amplitude f00

o

as a function of the scattering length ap for �=0.002 and

� =0.0002. The corresponding constant V0 is varied in the region
−4.54
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transmission coefficient T in the single-mode regime
�0
�
1�, which is plotted as a function of the tuning pa-
rameter −V0 of the interparticle interaction. In general the
scattering process cannot be described by a single scattering
length as or ap for this case. In regions with a negligible
p-wave contribution �see the regions in Fig. 1 with Vp→0�,
T exhibits a behavior similar to bosonic scattering. We ob-
serve the well-known s-wave CIRs which lead to zeros of the
transmission T at the positions as /a�=1 /C and tend to
unity when as goes to zero �together with ap�. In regions,
where as and ap are comparable we observe the effect
reported in Ref. �24�: remarkable peaks of the transmission
T= �1+ f00

e + f00
o �2→1, i.e., almost complete transmission in

spite of the strong interatomic interaction in free space. This
is the so-called dual CIR: Quantum suppression of scattering
in the presence of confinement due to destructive interfer-
ence of odd and even scattering amplitudes. Equally minima
of T= �1+ f00

e + f00
o �2→0 due to the interference of even and

odd scattering amplitudes under the action of the transverse
confinement can occur �see Fig. 14�. Complete transmission
corresponds to f00

e + f00
o =−1− i while total reflection corre-

sponds to f00
e + f00

o =−1. Figure 15 shows the corresponding
amplitudes f00

e + f00
o as a function of −V0.

Figure 16 shows the total transmission coefficient versus
−V0 in the three-mode regime for �=0.002 and �=2.05.

Similar to the single-mode regime, when ap is negligible
compared to as, T behaves analogously to the case of a
bosonic collision, and tends to unity �complete transmission�
when as tends to zero, while at the s-wave CIR position, it
exhibits a minimum with a nonzero value. For a lower de-
gree of transversal excitation of the initial state, we encoun-
ter a larger transmission coefficient. For the same reasons as
in the single-mode regime, we observe in the regions of V0
where the p-wave scattering length ap is comparable to as,
sharp peaks of T. However, in contrast to the single-mode
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FIG. 11. �Color online� Total transmission coefficient T in a
fermionic collision as a function of ap for �=0.002 being initially
in transverse level n for �a� two-open channels with �=1.05 and �b�
three-open channel with �=2.05.
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regime we do not observe complete transmission, i.e., T�1
�see, e.g., T at V0=−8.85 in Fig. 16�.

Figure 17 presents the transmission coefficients as a func-
tion of the dimensionless energy � for �=0.002. Figure 17�a�
shows the results for several ratios of as /a� when ap is neg-
ligible compared to as. Here the system is initially in the
transversal ground state. The behavior of the transmission
coefficient is similar to the case of two-boson scattering �see
Fig. 6�a��. Figure 17�b� shows the transmission for the scat-
tering of two distinguishable atoms together with the results
for bosonic-collisions blue �square� and fermionic-collisions
black �dashed�, for −V0=−4.505 when both scattering length
as and ap are large. In the limit �→0 the behavior of the
transmission for the distinguishable and the bosonic case are
very similar while in the vicinity of the energy of the p-wave
shape resonance ��0.7, apart from a small shift to larger
energies, we can find a complete coincidence of the trans-
mission behavior for the case of distinguishable and fermi-
onic scattering. At the threshold energy �=1 the latter two
transmission curves cross. Figure 17�c� shows the transmis-
sion coefficient versus � for −V0=−4.505 initially occupying
the ground state n=0 blue �solid�, the first excited state n
=1 black �dashed�, the second excited state n=2 red �dotted�,
and the third excited state n=3 green �dash-dotted�. In the
limit ��→0, T drops rapidly to zero. Apart from the single

mode regime, it is for �� �0 approximately constant with
T�1.

In Fig. 18 we present the transition probabilities Wnn� as a
function of −V0 for four open channels. For the regions of V0
where ap is negligible compared to as, a very good agree-
ment of the transmission behavior for distinguishable and
bosonic atoms is observed. In regions where as and ap are
comparable, similar to the fermionic case, we observe nar-
row and deep wells �for elastic collision� and narrow as well
as strongly pronounced peaks �for inelastic collision�.

V. SUMMARY AND CONCLUSIONS

We have analyzed atomic multichannel scattering in a 2D
harmonic confinement. Identical bosonic and fermionic scat-
tering as well as scattering of distinguishable atoms in traps
with the same frequency for the different species have been
explored. Equal frequencies allows us to separate the c.m.
and relative motion.

First we reproduced the well-known s-wave CIR
for bosonic collision in the single-mode regime
�13,14,24–26,29�. Next bosonic collisions in the multichan-
nel regime including elastic and inelastic processes, i.e.,
transverse excitations and deexcitations have been investi-
gated. Transmission coefficients as well as transition prob-
abilities for energies covering up to four open channels are
reported on. It is shown that the transmission coefficient as a
function of the scattering length exhibits a minimum at the
CIR position. Except for 0
as /a�
1 /C in the first chan-
nel, the transmission curves show, with varying energy, a
minimum and accompanying well. For a single open channel
the value of the minimum of the transmission is zero. In-
creasing the degree of transverse excitation leads to an in-
crease of the transmission minima. A distinct threshold be-
havior is observed at every �=n.

For as /a�
0 the accompanying transmission well is
more pronounced compared to the case as /a��0 and it is
also deeper in the case of several open channels. The posi-
tion of the minimum is closer to the upper threshold again
when compared to the case as /a��0. With increasing ratio
as /a� for either as /a��0 or as /a�
0, the corresponding
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transmission well becomes also more pronounced, i.e., we
encounter a deeper and narrower well for more open chan-
nels and the energetic position of the minimum moves to the
neighboring upper threshold. Our results for the transition
probabilities Wnn� show that the probability of remaining in
the same state �elastic collision� is larger than transitions into
a different transversal state �inelastic collision�. In the case of
elastic collisions �inelastic collisions� it has to go to unity
�zero� as as tends to zero. The inelastic transition probability
Wnn� increases as the numbers n or n� increase while the
elastic transition probability Wnn� decreases.

Our next focus has been the multichannel scattering of
fermions addressing up to four open channels in the wave-
guide. In the regime of a single open channel we reproduced
the well-known p-wave mapped CIR in the zero-energy limit
�18,26�. We have analyzed the p-wave CIR dependence on
the collision energy 
 and the trapping frequency �. Conse-
quently the multimode regime has been explored by deter-
mining the behavior of the transmission as well as the tran-
sition probabilities. The dependence of the transmission on
the p-wave scattering length exhibits a minimum with zero
transmission and an accompanying well for the single-mode
regime. Increasing the energy, this well becomes more shal-
low �except for the single-mode regime�, wider and its posi-
tion is shifted to the region of higher energies. In the multi-
mode regime the transmission well depends also on the
degree of the initial transverse excitation. Increasing the de-
gree of initial transverse excitation the transmission well be-
comes shallower and wider and the transmission is overall
increased. For a fixed number of open channels the transmis-
sion exhibits as a function of the energy a minimum for some
value of the p-wave scattering length. Increasing ap /a� leads
to a shift of the transmission minimum to higher energies and
an increasingly shallower well. This holds except for the
single mode regime in which the minimal value is zero.

In contrast to the bosonic case, we do not observe a dis-
tinct threshold behavior. The transition probabilities Wnn� for
fermionic collisions show that elastic collisions are more
probable than inelastic ones. The probability Wnn for an elas-
tic process shows a well which becomes wider and shallower
as the initial population of the excited states n increases,
while for an inelastic collision it exhibits a peak which be-
comes smaller as the channel numbers n or n� increase. By
varying the potential parameter V0 in the vicinity of the value
V0=−4.54, we found a set of shape resonances.

Finally we analyzed the multichannel-1D scattering of
distinguishable atoms in the trap. Here both s- and p-wave
contributions have been taken into account. We have studied
the transmission coefficient in the single-mode regime and
reproduced the CIR �13,14,18,29� as well as the dual-CIR
�24–26� corresponding to total reflection and transmission,
respectively. In the multimode regime the transmission ver-
sus −V0 shows except for the regions where ap is comparable
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with as a behavior analogous to the situation of bosonic scat-
tering. We encounter T→0 for as→0. At the position of the
CIR, T exhibits a minimum with a nonzero value. The lower
is the transverse excitation of the initial state, the larger is the
transmission coefficient. In regions of V0 where the p-wave
scattering length ap is comparable to as, T exhibits sharp
peaks or dips near the dual-CIRs due to comparable contri-
butions of both s and p waves. In contrast to the single-mode
regime there is not a complete transmission at the dual CIR
points. Our results for the transmission coefficient versus en-
ergy show that in the limit of zero longitudinal relative en-
ergy the distinguishable atoms behave similar to bosons,
while in the vicinity of the position of a shape resonance,
they behave similar to fermions. For larger energies ��1 T
is close to unity. Finally we have analyzed the transition
probability as a function of −V0. For values of V0 where ap is
negligible compared to as we find an excellent agreement
with the results for bosonic collisions. In regions where these
two scattering parameters are comparable, we observe, simi-
lar to the fermionic case, sharp downward �for elastic colli-
sion� and upward �for inelastic collision� peaks but with dif-
ferent values. We conclude with the general statement that
our multichannel scattering results in waveguides are of im-
mediate relevance to cold or ultracold atomic collisions in
atomic waveguides or impurity scattering in quantum wires.
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APPENDIX A: BOUNDARY CONDITIONS

In the limit r tends to zero, u goes to zero. This boundary
condition can be satisfied easily by putting u�r=0�=0 and
u−j =u j in the vicinity of r=0. The latter is needed for ap-
proximating the derivatives d2

dx2 u(r�x�) and d
dxu(r�x�) near the

point r=0.
The boundary condition for u approximating the

asymptotic form �13� at large r can be written in the form

u j + � j
�1�u j−1 + � j

�2�u j−2 + � j
�3�u j−3 + � j

�4�u j−4 = g j ,

j = N − 2,N − 1,N , �A1�

where � j’s are diagonal N��N� matrices and g j is a
N�-dimensional vector. The above boundary conditions are
constructed by eliminating the unknown amplitudes fnn�
from the asymptotic Eq. �13� written for a few rj’s neighbor-
ing to the point rN=R. This gives the values for the coeffi-
cients � j’s and g j. In general for up to four open channels we
have

�� j
�l��mm� = �− 1�i�Tj

l−1,m + Tj
l,m�

rj

rj−l

�ne
�� j

m�

�ne
�� j−l

m �

�eikne
��zj

m�−�zj−l
m ���mm�, l = 1,2,3,4 �A2�

and

�g j�m = 2��mrj�ne
�� j

m�eikne
�zj

m��
n=0

ne

�
l=0

4

�− 1�ie−ikne
�zj−l

m �eiknzj−l
m

��Tj
l−1,m + Tj

l,m�
�n�� j−l

m �
�ne

�� j−l
m �

. �A3�

For the case of bosonic �fermionic� collisions we must con-
sider just the even �odd� part of the Eq. �A3�, i.e., we just

need to replace the term eiknzj−l
m

by cos knzj−l
m �i sin knzj−l

m �.
Here �n���=�n,0�� ,�� is the eigenfunction of the transverse
trapping Hamiltonian �see Eq. �9��, � j

m=rj sin �m,
zj

m=rj cos �m, n is the channel number of the initial state, and
ne is the number of transversely excited open channels. The
complex numbers Tj

i,m’s are given through

Tj
l,m = �l,0 + �l,1�aj

m + bj
m + cj

m� + �l,2�aj
mbj−1

m + aj
mcj−1

m + bj
mcj−1

m �

+ �l,3aj
mbj−1

m cj−2
m . �A4�

If ne
1 �a single-mode regime� aj
m=0, otherwise

aj
m = ��0,j

m − �1 + bj
m + cj

m��0,j−1
m

+ �bj
m + cj

m + bj
mcj−1

m ��0,j−2
m − bj

mcj−1
m �0,j−3

m �

���0,j−1
m − �1 + bj

m + cj
m��0,j−2

m

+ �bj
m + cj

m + bj
mcj−1

m ��0,j−3
m − bj

mcj−1
m �0,j−4

m �−1 �A5�

if ne
2, bj
m=0, otherwise

bj
m = ��1,j

m − �1 + cj
m��1,j−1

m + cj
m�1,j−2

m �

���1,j−1
m − �1 + cj

m��1,j−2
m + cj

m�1,j−3
m �−1 �A6�

if ne
3, cj
m=0, otherwise

cj
m = ��2,j

m − �2,j−1
m � � ��2,j−1

m − �2,j−2
m �−1 �A7�

where �n,j
m =ei�kn−kne

��zj
m� �n�� j

m�
�ne

�� j
m� . kn and kne

are given by Eq.

�12�.

APPENDIX B: FAST IMPLICIT MATRIX ALGORITHM

Following the idea of the LU decomposition �33� and the
sweep method �34� �or the Thomas algorithm �35��, we
search the solution of the system of N vector equations with
any coefficient being a N��N� matrix �27� in the form

u j = Cj
�1�u j+1 + Cj

�2�u j+2 + Cj
�3�u j+3, j = 1, . . . ,N − 3.

�B1�

Here we define u(r�xj�) as u j for simplicity. The Cj’s are
unknown N��N� matrices. To find the solution, first we
should calculate the unknown Cj matrices. The plan is the
following: Due to Eq. �B1� we have
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u j−p = Cj−p
�1� u j−p+1 + Cj−p

�2� u j−p+2 + Cj−p
�3� u j−p+3, p = 1,2,3,

�B2�

then one obtains

u j−1 = Cj−1
�1� u j + Cj−1

�2� u j+1 + Cj−1
�3� u j+2, �B3�

u j−2 = �Cj−2
�1� Cj−1

�1� + Cj−2
�2� �u j + �Cj−2

�1� Cj−1
�2� + Cj−2

�3� �u j+1

+ Cj−2
�1� Cj−1

�3� u j+2, �B4�

and

u j−3 = �Cj−3
�1� Cj−2

�1� Cj−1
�1� + Cj−3

�1� Cj−2
�2� + Cj−2

�2� Cj−1
�1� + Cj−2

�3� �u j

+ �Cj−3
�1� Cj−2

�1� Cj−1
�2� + Cj−3

�1� Cj−2
�3� + Cj−2

�2� Cj−1
�2� �u j+1

+ �Cj−3
�1� Cj−2

�1� Cj−1
�3� + Cj−2

�2� Cj−1
�3� �u j+2. �B5�

By substituting uj defined by Eqs. �B3�–�B5� into Eq. �27�
one can calculate u j in terms of u j+1, u j+2, and u j+3. Then, by
comparing with Eq. �B1� we find a recurrence formula for
calculating the unknown matrices Cj:

− DCj
�1� = A j−3

j �Cj−3
�1� Cj−2

�1� Cj−1
�2� + Cj−3

�1� Cj−2
�3� + Cj−3

�2� Cj−1
�2� �

+ A j−2
j �Cj−2

�1� Cj−1
�2� + Cj−2

�3� � + A j−1
j Cj−1

�2� + A j+1
j ,

�B6�

− DCj
�2� = A j−3

j �Cj−3
�1� Cj−2

�1� Cj−1
�3� + Cj−3

�2� Cj−1
�3� �

+ A j−2
j Cj−2

�1� Cj−1
�3� + A j−1

j Cj−1
�3� + A j+2

j , �B7�

and

− DCj
�3� = A j+3

j . �B8�

Here

D = A j−3
j �Cj−3

�1� Cj−2
�1� Cj−1

�1� + Cj−3
�1� Cj−2

�2� + Cj−3
�2� Cj−1

�1� + Cj−3
�3� �

+ A j−2
j �Cj−2

�1� Cj−1
�1� + Cj−2

�2� � + A j−1
j Cj−1

�1� + A j
j + 2�
I − Vj� .

�B9�

By using the left-side boundary conditions and Eq. �B1� one
can calculate the Cj matrices for j=1, 2, and 3. Then by
using Eqs. �B6�–�B9� we calculate all the matrices Cj. Sub-
sequently by using the right-side boundary conditions �A1�
and recurrence formula �B1� we first calculate u j for
j=N−2, N−1, and N and then u j for j=1, . . . ,N−3.
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