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An investigation of the lifetime of the 3d94s 3D3 level along a part of the nickel-like isoelectronic sequence
has been performed. The focus of this work has been to evaluate the importance of the hyperfine induced
electric quadrupole channel of the 3d10 1S0−3d94s 3D3 transition for isotopes with nuclear spin. Comparisons
between the magnetic octupole transition rate and the hyperfine-induced electric quadrupole transition rate
shows that the hyperfine quenching is of importance along the whole isoelectronic sequence. At the low-Z end
the hyperfine induced electric quadrupole transition channel dominates, being several orders of magnitude
larger than the rate for the magnetic octupole transition channel, while for higher Z the two rates are of
comparable size.
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I. INTRODUCTION

Forbidden transitions play an important role in many
branches of physics and they are in general delicate probes of
the structure of atomic ions. At the same time they are im-
portant tools for diagnostics and modeling of astrophysical
and laboratory plasmas. In this paper we will focus on two
different kinds of forbidden transitions. The first is a mag-
netic octupole transition �M3�, usually modeled as a higher-
order correction to the “allowed” electric dipole transitions.
The second is a hyperfine induced electric quadrupole
�hpf-E2�, which is opened up in ions with a nonzero nuclear
magnetic moment. The interaction between the magnetic mo-
ment of the nucleus and the magnetic field created by the
electrons will not preserve the total electronic angular mo-
mentum, giving rise to mixing between electronic states with
different J quantum numbers.

In Ni-like ions the ground term and first excited terms are,
for all ions except neutral nickel, 3d10 1S, 3d94s 3D, and 1D.
The lowest excited level is therefore 3d94s 3D3, which can
only decay to the ground level 1S0 through an M3 transition,
in the absence of nuclear spin. The second excited level, 3D2,
however has an open E2 decay channel to the ground level.
Cases such as these, when a level with a dominant magnetic
decay of order k is adjacent to a level with a dominant elec-
tric decay of order k−1, are candidates for important hyper-
fine quenching.

A somewhat similar well-known example of hyperfine
quenching can be found in many two electron systems where
the lowest excited term is of the type nsnp 3P. In such sys-
tems, the J=0 level can only decay to the ns2 1S0 ground
level through a two-photon decay, while the neighboring J
=1 level has a �spin-forbidden� electric dipole �E1� decay
channel. In the presence of a nuclear spin, the hyperfine in-
duced decay rate from J=0 could be important �1,2�.

Nickel-like ions have been investigated extensively. On
the theoretical side, Dong et al. �3� used the MCDF method,
while Safronova et al. �4� used relativistic many-body per-
turbation theory. On the experimental side these ions have
been studied with beam-foil techniques �5�, tokamaks �6�, in
laser-produced plasmas �7–10� and capillary discharges
�11,12�. However, very few of these studies have dealt with
the more “exotic” M3 decay. The decay of this level was first
reported in the x-ray region of the spectra of the highly
charged ions Th62+ and U64+ by Beiersdorfer et al. �13� at
Lawrence Livermore National Laboratory electron beam ion
trap �EBIT�. These experimental results were later followed
by a theoretical investigation by Biémont et al. �14�. Träbert
et al. �15� did a more detailed investigation of the long-lived
3D3 in nickel-like xenon, reporting a lifetime of
�11.5�0.5 ms�. This was about 20–60 % shorter than the
theoretical result reported in the same publication, using an
average level �AL� multiconfiguration Dirac-Fock �MCDF�
method and the earlier result by Safronova et al. �16� using
relativistic many-body perturbation theory �RMBPT�. In Yao
et al. 2006 �17,18�, we showed that the reason for the devia-
tion between experiment and earlier theory is a hpf-E2 decay
channel, induced by hyperfine interaction between the 3D3
and 3D2 levels of the 3d94s configuration. In a recent paper
by Träbert et al. �19� our theoretical results were confirmed
by experimental lifetime measurements of pure 132Xe, which
has no nuclear magnetic moment, i.e., decay only through an
M3 transition channel, and 129Xe, with nuclear spin 1/2 and
where the hyperfine level F=7 /2 decay through only an M3
transition channel and F=5 /2 decays through both an M3
and an hyperfine induced E2 transition channel.

This paper is an extension of our recent report �Yao et al.
2006 �17,18�� and we investigate the lifetime of the
3d94s 3D3 level in the Ni-like isoelectronic sequence. From
our theoretical investigation of Cu+, Mo14+, Pd18+, In21+,
Sb23+, I25+, Xe26+, Cs27+, Ba28+, Pr31+, and Nd32+ we show
that the hyperfine induced E2 transition channel is of impor-
tance for all isotopes with an nonzero nuclear spin along the*chychen@fudan.edu.cn
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part of the sequence investigated here, i.e., from Cu+

�Z=29� to Nd32+ �Z=60�.

II. THEORY

A. Hyperfine interaction

The basic ideas behind hyperfine quenching is that in the
presence of a nuclear spin I, an additional hyperfine operator
Hhpf is introduced into the otherwise electronic Hamiltonian.
This Hamiltonian commutes with the total angular moment
F=J+I, instead of the total electronic angular moment J.
This hyperfine interaction therefore not only splits the fine
structure levels into hyperfine structure levels, but also intro-
duces a wave function mixing between states of different J
quantum number and can open new decay channels for some
transitions.

The possibility of hyperfine induced transitions was first
suggested by Bowen �stated in Ref. �20��. The effect was
used as a diagnostic of isotopic composition and densities of
low-density plasmas by Brage et al. �1�. F-dependent life-
times due to hyperfine mixing have been measured, in the
case of singlet and triplet mixing between 5s19d 1D2 and
5s19d 3D3 in neutral strontium by Bergström et al. �21�, and
in the 5p45d 4D7/2 state of Xe+ by Mannervik et al. �22�.

The hyperfine interaction operator can be described as a
multipole expansion �Lindgren and Rosén �23��

Hhpf = �
k�1

T�k� · M�k�, �1�

where T�k� and M�k� are spherical tensor operators of rank k,
operating on the electronic and nuclear part of the wave
function respectively. We only take the magnetic dipole in-
teraction into consideration and the hyperfine interaction ma-
trix elements can then be expressed as

��IJFMF�T�1� · M�1����IJ�FMF� = �− 1�I+J+F � 	 I J F

J� I 1



���J��T�1�����J���I��M�1���I� . �2�

The reduced nuclear matrix element is not calculated, but the
conventional definition of the nuclear magnetic dipole mo-
ment is used,

�II�M�1��II� = �I. �3�

Using Wigner-Eckarts theorem, the reduced matrix element
is given by

�I��M�1���I� = �I��2I + 1��I + 1�
I

�4�

and the hyperfine interaction can be calculated using

��IJFMF�T�1� · M�1����IJ�FMF� = �− 1�I+J+F

� �I��2I + 1��I + 1�
I

	 I J F

J� I 1

��J��T�1�����J�� .

�5�

In this work the nuclear magnetic dipole moments for the

different isotopes were taken from Kurucz �24�. When cal-
culating the hyperfine interaction for different isotopes of the
same ion and for different hyperfine levels belonging to the
same fine structure level, the differences in magnitude are
given by �I and the analytic expression before the reduced
matrix element. To be able to investigate the potential impor-
tance of the hyperfine interaction we therefore define the
electronic hyperfine constant Ahpf

elec, which is independent of
isotope and F value, as

Ahpf
elec��J,��J�� = ��J�T�1����J�� . �6�

B. Hyperfine induced transitions

There are two different hyperfine mixing which could be
important for the lifetime of the 3d94s 3D3 level, namely,
mixing with the 3d94s 3D2 and 1D2 levels. By using first
order perturbation theory, the mixing with these two levels
are given by

c�xD2F� = �I��2I + 1��I + 1�
I

� 	 I 2 F

3 I 1

 �xD2��T�1���3D3�

E3D3
− ExD2

, �7�

where x refers to the singlet or the triplet.
The transition rate of the electric quadrupole transition

between two hyperfine states ��JIF� and ���J�IF�� is given
by

AE2��JIF,��J�IF�� =
�2��5

15�5

1

2F� + 1
���JIF��E�2�����J�IF���2,

�8�

where the reduced matrix element can be expressed as

��JIF��E�2�����J�IF�� = ��2F + 1��2F� + 1�

��− 1�J+I+F�+2	 J I F

F� 2 J�



���J��E�2�����J�� . �9�

Using this and summing over all lower hyperfine levels de-

M3
E2

E2

3d94s

3d10 1S
0

1D
2 3D

1

3D
2

3D
3

FIG. 1. An overview of the first excited levels in the Ni-like
system and the transitions of interest in this work.
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rived from the same fine structure level, the total transition
rate from an upper hyperfine level to all lower is given by

AE2��J,��J�IF�� =
�2��5

15�5

1

2J� + 1
���J��E�2�����J���2,

�10�

where we have used the fact that the difference in wave-
length between the different hyperfine transitions is negli-
gible.

Using this and Eq. �7� we can express the hyperfine in-
duced electric quadrupole transition rate between 3d10 1S0
and 3d94s 3D3 as

Ahpf-E2�1S0 − 3D3F� =
�2��5

15�5

1

7
�I

2 �2I + 1��I + 1�
I

�	 I 2 F

3 I 1 
2
 �3D2��T�1���3D3�
E3D3

− E3D2

��1S0��E�2���3D2�

+
�1D2��T�1���3D3�

E3D3
− E1D2

��1S0��E�2���1D2�
2

. �11�

As mentioned in the Introduction, well-known examples of
hyperfine quenching arise from the lowest excited level of
many two electron systems nsnp 3P0. Brage et al. �1�
showed that for such systems and for low ionization stages, it
is important to include both the mixing with nsnp 3P1 and
1P1. For highly ionized Ni-like systems the 3d94s 3D2 and
1D2 are close to j j coupled and therefore the values of the
transition matrix elements for the 1S0− 3D2 and 1S0− 1D2
transitions are about equal, i.e.,

�1S0��E�2���3D2� � �1S0��E�2���1D2� . �12�

Considering the mixing of 3D2 and 1D2 with 3D3 their rela-
tive size are related as

�3D2��T�1���3D3�
E3D3

− E3D2

	
�1D2��T�1���3D3�

E3D3
− E1D2

. �13�

Because of this the mixing with 1D2 becomes less important
the more j j-coupled the system is and for the highly ionized
Ni-like systems only the mixing with 3D2 is of importance.
Hence for the higher Z member of the Ni sequence the hy-
perfine induced electric quadrupole transition rate is given by

Ahpf-E2�1S0 − 3D3F� =
�2��5

15�5

1

7
�I

2 �2I + 1��I + 1�
I

�	 I 2 F

3 I 1 
2
 �3D2��T�1���3D3�
E3D3

− E3D2

��1S0��E�2���3D2�
2

. �14�

An equivalent form of this expression can be written as

Ahpf-E2�1S0 − 3D3F� = �I
2 �2I + 1��I + 1�

I

�	 I 2 F

3 I 1 
2� �3D2��T�1���3D3�
E3D3

− E3D2

�2

� �E3D3
− E1S0

E3D2
− E1S0

�5

AE2�1S0 − 3D2� ,

�15�

where in the last row the AE2�1S0− 3D2� transition rate has
been rescaled to the 1S0− 3D3 transition energy. For the
higher end of the Ni-like isoelectronic sequence the rescaling
does not change the rate significantly, since the energy dif-
ference between 3D3 and 3D2 is very small compared to their
excitation energies. To investigate the possible importance of
the hyperfine induced transition channel along the isoelec-
tronic sequence we define a hyperfine induced transition rate,
similar to the hyperfine constant Ahpf

elec, which is independent
of �I, I, and F as

Ahpf-E2
elec �1S0 − 3D3� = � �3D2��T�1���3D3�

E3D3
− E3D2

�2

� �E3D3
− E1S0

E3D2
− E1S0

�5

AE2�1S0 − 3D2� .

�16�

C. The MCDHF method

The calculations were performed using the GRASPVU

package �Parpia et al. �25�� which is based on the multicon-
figuration Dirac-Hartree-Fock �MCDF� method �Grant et al.
�26��. Starting from the Dirac-Coulomb interaction

HDC = �
i

�c�i · pi + �
i − 1�c2 + Vi
N� + �

i�j

1

rij
, �17�

where Vi
N is the monopole part of the electron-nucleus Cou-

lomb interaction, the atomic state functions �ASFs� were ob-
tained as a linear combination of configuration state func-
tions �CSFs�

��JMJ� = �
i

ci��iJMJ� , �18�

where J and MJ are the angular and magnetic quantum num-
ber and �i denotes the configuration and all coupling infor-
mation to uniquely define the state. The CSFs were built
from one-electron Dirac orbitals and in the relativistic self-
consistent field procedure both the radial part of these orbit-
als and the expansion coefficients ci were optimized to self-
consistency �Fischer et al. �27��. The Breit interaction

Bij = −
1

2rij
��i · � j +

��i · rij��� j · rij�
rij

2 � �19�

was included in a subsequent configuration interaction �CI�
calculation �McKenzie et al. �28��.
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From the ASFs a number of atomic properties were cal-
culated. The parameters for a transition between the states
��JMJ� and ���JMJ�� can be expressed in terms of reduced
matrix elements

��J��O����J�� = �
ij

cicj��iJ��O��� jJ� , �20�

where O is the corresponding transition operator in the Cou-
lomb or Babushkin gauge �29�. In this paper the upper and
lower states were described by a linear combination of CSFs
described by independently optimized Dirac orbital sets. To
calculate the transition matrix element between two ASFs,
biorthogonal transformations of the ASFs were performed
�Olsen et al. �30��. In the new representation the matrix ele-
ment could be evaluated using standard Racah algebra. Us-
ing expression �5� the hyperfine interaction was calculated
from the reduced matrix elements in a similar way as above
using a modified version of HFS92 �Jönsson et al. �31�, Fis-
cher and Jönsson �32��

D. Method of calculation

Our calculations are based on the restricted active space
�RAS� method �Roos et al. �33�, Olsen et al. �34�, Brage and
Fischer �35��. For the high-Z end of the sequence, these cal-
culations are based on a quite straightforward approach,
while for the elements close to the neutral end, relaxation
effects for the orbitals are important and introduce some
complications. Let us start by outlining the method for high
Z.

1. High-Z approach

Separate calculations were performed for the lower �3d10�
and upper �3d94s� configurations. The importance of differ-
ent types of correlations were investigated and in the final
calculation, correlations between the valance orbitals �3d and
4s� and core-valence correlation with the 3s and 3p cores
were included. The active set of orbitals were expanded as

AS1 = �3s,3p,3d,4s,4p,4d,4f� ,

AS2 = AS1 + �5s,5p,5d,5f� ,

AS3 = AS2 + �6s,6p,6d,6f� ,

AS4 = AS3 + �7s,8s� .

In the first step, which we label Dirac-Fock, only the refer-
ence configurations were included and all orbitals of 3d10

and 3d94s were optimized in independent extended average
level calculations �EALs� �26�. In the second calculation we
included single and double excitations from 3d and 4s and
single excitations from 3s and 3p to the active set of orbitals
AS1. Only the new orbitals were optimized and the others
were kept fixed, i.e., all n=4 orbitals were optimized in the
3d10 calculation and 4p ,4d ,4f in the 3d94s calculation. In
the next step the calculations were enlarged allowing for the
same types of excitations using AS2 and the n=5 orbitals
were optimized. In the fourth step all CSF:s from last step
were used and all single and double excitations to AS3 was
added and the n=6 orbitals were optimized. By this step the
calculations had converged, but to allow for spin-polarization
�Jönsson �37�, Lindgren and Morrison �38�� a fifth calcula-
tion was performed including all configurations from the last
step and adding all single and double excitations, where one
of the excitations was from 1s, 2s, 3s, or 4s and the other
from 3d or 4s to AS4. All this resulted in an expansion of
79363 CSFs for the 3d94s calculation. As the final step we
added the transverse photon contributions, vacuum polariza-
tion and normal and specific mass shift to the Dirac-
Coulomb Hamiltonian through a configuration interaction
calculation. The convergence study of the results are given in
Tables I–III.

2. Low-Z approach, with relaxation

Dong and Fritzsche �39� pointed out that relaxation ef-
fects are important in the low-Z end of the nickel-like se-

TABLE II. Level structure of the 3d94s configuration in Mo14+

E�cm−1�

3D3
3D2

3D1
1D2

AS1 0 5018 27603 32346

AS2 0 5068 27648 32476

AS3 0 5063 27648 32471

AS4 0 5060 27648 32467

+Breit 0 5059 26638 31444

Ref. �36� 0 4950 26860 31500

TABLE I. Excitation energy of the 3d94s 3D3 level in Mo14+

E�cm−1�

AS1 1699935

AS2 1693450

AS3 1692936

AS4 1692921

+Breit 1692941

Ref. �36� 1694910
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quence. This implies that the difference in the 3d orbitals
between the ground 3d10 and excited 3d94s are significant
and this needs to be handled carefully. To take this into ac-
count we use a simplistic, but quite effective, method for
Cu+.

The first step is a Dirac-Hartree-Fock EAL calculation for
the excited 3d94s. To model the ground level, we then use
the same orbitals and optimize a 4d on the expansion

�3d10 + 3d94d� 1S0.

This was also used as a multi-reference set in the calculations
for the ground level. It is after this first step possible to
perform the calculation for the two configurations indepen-
dently, while keeping the orbitals up to 3d fixed.

The calculations were then expanded in the same manner
as for the high-Z approach. The convergence study of the
excitation energy of the 3d94s 3D3 level and the energy split-
ting of the 3d94s configuration is given in Table IV and V.

III. RESULTS AND DISCUSSION

In Tables I–III a convergence study of the calculations for
Mo14+ is presented. From Tables I and II it is found that the
excitation energies and the energy splittings between the lev-
els of the 3d94s configuration converged as the calculations
were systematically enlarged. Hence the CI calculations was
of limited importance for both the excitation energies and the
fine structure splitting of 3d94s3D, whereas it changed the
term splitting between 3D and 1D by 3%. It is also found that
the current calculations are in excellent agreement with ex-
perimental energies. From Table III it can also be seen that
the transition rates converged quickly and that the inclusion

of further relativistic effects was of limited importance and
had a maximal importance for the 3d10 1S0−3d94s3D2 E2
transition rate, which was lowered by 1.8%.

The calculations for Cu+ was based on a slightly different
model. In Tables IV and V our excitation energies and level
splittings are presented and it is found that our calculations
are in excellent agreement with experimental values. Table
VI indicates that the hyperfine induced transition dominates
the decay of the 3D3. The resulting lifetime is very long, so
this case can be seen as more of theoretical interest.

In the theory section we discussed the importance of in-
cluding the mixing with 3d94s 1D2. A study of this impor-
tance is presented in Table VI where the magnetic octupole
transition rate AM3 the hyperfine induced transition rate
Ahpf-E2, both with the mixing with 1D2 included and omitted,
and the total transition rate Atot are presented for Cu+, Mo14+,
and Xe26+. From this it is obvious that it is important to
include the mixing with 1D2 in the beginning of the isoelec-
tronic sequence whereas Ahpf-E2 is completely dominated by
the 3D2 mixing when dealing with heavily ionized Ni-like
ions. Including the 1D2 mixing change Atot with about 120%
for Cu+, 5% for Mo14+, and only 1% for Xe26+. As will be
seen in the discussion of Table VII 5% could be considered
within the error bars, and for simplicity we will present all
other results excluding the 1D2 mixing. To claim higher pre-
cision of the calculations, the nuclear electric quadrupole hy-
perfine interaction should also be included.

The results are presented in detail in Table VII and an
overview of the results along the isoelectronic sequence, ex-
cept Cu+, is presented in Figs. 1–3. In Fig. 2 we have plotted
the hyperfine induced transition rate Ahpf-E2 relative to the

TABLE III. Convergence of the transition rate for the two E2 transitions 3d10 1S0−3d94s 1,3D2 and the
M3 transition 3d10 1S0−3d94s 3D3 in Mo14+.

A�s−1�
E2�1S0− 3D2� E2�1S0− 1D2� M3�1S0− 3D3�

AS1 8.33 �6� 1.18 �7� 3.21�−1�
AS2 8.26 �6� 1.17 �7� 3.26�−1�
AS3 8.32 �6� 1.18 �7� 3.31�−1�
AS4 8.32 �6� 1.18 �7� 3.31�−1�
+Breit 8.17 �6� 1.19 �7� 3.31�−1�

TABLE IV. Excitation energy of the 3d94s 3D3 level in Cu+.

E�cm−1�

DF 38104

AS1 24305

AS2 22933

AS3 22541

AS4 22392

+Breit 22469

Ref. �36� 21928.754

TABLE V. Level structure of the 3d94s configuration in Cu+.

E�cm−1�
3D3

3D2
3D1

1D2

DF 0 1003 2152 5033

AS1 0 981 2155 4756

AS2 0 965 2170 4554

AS3 0 959 2173 4499

AS4 0 957 2174 4476

+Breit 0 912 2026 4371

Ref. �36� 0 918.377 2069.627 4335.814
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magnetic octupole transition rate, AM3. For ions with two
different isotopes with a nonzero nuclear spin, the relative
transition rates for both are shown in the diagram. Depend-
ing on the nuclear spin I of an isotope, there are always one
or two hyperfine levels which cannot mix with 3D2 �or 1D2�
and these have been excluded from the plot since they do not
have an electric quadrupole decay channel. From this figure
it is clear that the hyperfine induced transition is important
for all isotopes studied in this work and for some of them
this is the dominating decay channel. From Table VII it is
seen that even for Pd where Ahpf-E2 is least important, Ahpf-E2
is stronger than AM3 for some hyperfine levels.

The hyperfine induced transition varies with the nuclear
magnetic dipole moment �I according to

Ahpf-E2 
 �I
2. �21�

Since the isotopes have different �I it is hard to draw any
conclusion about the isoelectronic sequence using the normal
relative intensities. Ahpf-E2 also has an F dependence, and
since the isotopes have different nuclear spin, we have plot-
ted Ahpf-E2

elec , defined in Eq. �16�, relative to AM3 in Fig. 2 along
the sequence �the dashed line� to be able to draw conclusions
about the importance of the hyperfine induced decay channel
along the isoelectronic sequence. The trend in the diagram
shows that the hyperfine induced transition channel can be
expected to be most important in the lower end of the se-
quence and the importance appears to level out going to the
higher end. Also taking the result for Cu+, Ahpf-E2

elec /AM3�3,
into consideration we conclude that the hyperfine induced
transition is important for all Ni-like isotopes with a nuclear

spin unless the nuclear magnetic dipole moment is extremely
small.

In Fig. 3 the different isotope and F-dependent lifetimes
for each ion are plotted on a logarithmic scale and it is ob-
vious that the hyperfine induced transition can have an enor-
mous impact on the lifetime. The longest lifetime for each
ion are those states which do not have any hyperfine mixing
and are determined by the magnetic octupole transition rate.
The Z dependence of magnetic octupole transitions should be

AM3 
 �Z − ��10, �22�

where � is the screening parameter. To test our calculations,
a function of the form k�Z−��−10 has been fitted to the long-
est lifetimes and we found that we could get a good fit using
�=24.5.

In Tables VIII and IX comparisons with other results are
presented. Before the publication of our recent paper �Yao et
al. �17,18��, no calculations known to us included the hyper-
fine induced branches and have only treated the decay of the
3D3 as pure M3.

In Table VIII we have compared both the 3d10 1S0
−3d94s 3D3 M3 transition rate and the two E2 transition
rates 3d10 1S0−3d94s 3D2 and 3d10 1S0−3d94s 3D2 with
other works. The latter two are important, since they are the
driving transitions behind the hyperfine induced channel. In
relativistic quantum mechanics the E2 transition rates can be
calculated using either the Babushkin or the Coulomb gauge,
which are equivalent to the length and the velocity form in
the nonrelativistic quantum mechanics. The Babushkin
gauge is the most reliable of the two, but both gauges should

TABLE VI. Rates in s−1 from different approaches �see text� for the 3d10 1S0−3d94s 3D3 transition. �a�b�=a�10b� � from Ref. �24�.

only 3D2 include 1D2

F AM3 Ahpf-E2 Atot Ahpf-E2 Atot

63Cu I=3 /2 �=2.2233

9/2 3.097�−12� 0.0 3.10�−12� 0.0 3.10�−12�
7/2 3.097�−12� 4.127�−9� 4.13�−9� 9.191�−9� 9.19�−9�
5/2 3.097�−12� 3.913�−9� 3.92�−9� 8.715�−9� 8.72�−9�
3/2 3.097�−12� 1.926�−9� 1.93�−9� 4.289�−9� 4.29�−9�

65Cu I=3 /2 �=2.3817

9/2 3.097�−12� 0.0 3.10�−12� 0.0 3.19�−12�
7/2 3.097�−12� 4.736�−9� 4.74�−9� 1.055�−8� 1.06�−8�
5/2 3.097�−12� 4.490�−9� 4.49�−9� 1.000�−8� 1.00�−8�
3/2 3.097�−12� 2.210�−9� 2.21�−9� 4.922�−9� 4.93�−9�

95Mo I=5 /2 �=−0.9142

11/2 3.31�−1� 0.0 3.31�−1� 0.0 3.31�−1�
9/2 3.31�−1� 8.47�−1� 1.178 9.05�−1� 1.236

7/2 3.31�−1� 9.85�−1� 1.316 1.053 1.384

5/2 3.31�−1� 7.48�−1� 1.079 7.80�−1� 1.121

3/2 3.31�−1� 3.94�−1� 7.25�−1� 4.21�−1� 7.53�−1�
1/2 3.31�−1� 1.08�−1� 4.39�−1� 1.15�−1� 4.46�−1�

129Xe I=1 /2 �=−0.7780

7/2 6.62 �1� 0.0 6.62 �1� 0.0 6.62 �2�
5/2 6.62 �1� 2.861 �2� 3.522 �2� 2.899 �2� 3.560 �2�
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TABLE VII. Transition rates and lifetimes of the 3d94s 3D3 hyperfine levels along the Ni-like isoelectronic sequence. AM3 is the
magnetic octupole transition rate, Ahpf-E2 the F-dependent hyperfine induced electric quadrupole transition rate, Atot the F-dependent total
transition rate and � the F-dependent lifetime. All transition rates are given in s−1. � from Ref. �24�.

Fi AM3 Ahpf-E2 Atot � �ms�

95Mo I=5 /2 �=−0.9142

11/2 0.331 0.0 0.331 3.02�103

9/2 0.331 0.847 1.18 849

7/2 0.331 0.985 1.32 760

5/2 0.331 0.748 1.08 927

3/2 0.331 0.394 0.725 1.38�103

1/2 0.331 0.108 0.439 2.28�103

97Mo I=5 /2 �=−0.9335

11/2 0.331 0.0 0.331 3.02�103

9/2 0.331 0.875 1.21 829

7/2 0.331 1.02 1.35 741

5/2 0.331 0.773 1.10 906

3/2 0.331 0.407 0.738 1.36�103

1/2 0.331 0.111 0.442 2.26�103

105Pd I=5 /2 �=−0.642

11/2 2.82 0.0 2.82 355

9/2 2.82 3.01 5.83 172

7/2 2.82 3.50 6.33 158

5/2 2.82 2.66 5.48 182

3/2 2.82 1.41 4.22 237

1/2 2.82 0.383 3.20 313
113In I=9 /2 �=5.5289

15/2 10.6 0.0 10.6 92.6

13/2 10.6 586 596 1.68

11/2 10.6 777 788 1.27

9/2 10.6 711 721 1.39

7/2 10.6 500 510 1.96

5/2 10.6 239 249 4.01

3/2 10.6 0.0 10.6 92.6
115In I=9 /2 �=5.5408

15/2 10.6 0.0 10.6 92.6

13/2 10.6 588 599 1.67

11/2 10.6 781 791 1.26

9/2 10.6 714 724 1.38

7/2 10.6 502 513 1.95

5/2 10.6 240 250 4.00

3/2 10.6 0.0 10.6 92.6
121Sb I=5 /2 �=3.3634

11/2 23.0 0.0 23.0 43.5

9/2 23.0 604 627 1.59

7/2 23.0 703 726 1.38

5/2 23.0 534 557 1.80

3/2 23.0 281 304 3.29

1/2 23.0 76.9 99.9 10.0
123Sb I=7 /2 �=2.5498

13/2 23.0 0.0 23.0 43.5

11/2 23.0 293 316 3.16
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TABLE VII. �Continued.�

Fi AM3 Ahpf-E2 Atot � �ms�

9/2 23.0 371 394 2.54

7/2 23.0 319 342 2.92

5/2 23.0 206 229 4.36

3/2 23.0 87.0 110 9.09

1/2 23.0 0.0 23.0 43.5
127I I=5 /2 �=2.8133

11/2 47.2 0.0 47.2 21.2

9/2 47.2 848 895 1.12

7/2 47.2 987 1.03�103 0.967

5/2 47.2 749 797 1.26

3/2 47.2 395 442 2.26

1/2 47.2 108 155 6.45
129Xe I=1 /2 �=−0.7780

7/2 66.2 0.0 66.2 15.1

5/2 66.2 286 352 2.84
131Xe I=3 /2 �=0.6919

9/2 66.2 0.0 66.2 15.1

7/2 66.2 96.4 163 6.15

5/2 66.2 92.5 157 6.30

3/2 66.2 46.0 112 8.92
133Cs I=7 /2 �=2.5820

13/2 91.6 0.0 91.6 10.9

11/2 91.6 1.15�103 1.25�103 0.803

9/2 91.6 1.46�103 1.55�103 0.644

7/2 91.6 1.26�103 1.35�103 0.742

5/2 91.6 812 903 1.11

3/2 91.6 343 424 2.36

1/2 91.6 0.0 91.6 10.9
135Ba I=3 /2 �=0.8379

9/2 125 0.0 125 8.00

7/2 125 268 393 2.54

5/2 125 254 379 2.64

3/2 125 125 250 4.00
137Ba I=3 /2 �=0.9374

9/2 125 0.0 125 8.00

7/2 125 336 461 2.17

5/2 125 318 443 2.26

3/2 125 157 282 3.55
141Pr I=5 /2 �=4.136

11/2 302 0.0 302 3.31

9/2 302 1.16�104 1.19�104 0.0841

7/2 302 1.35�104 1.38�104 0.0725

5/2 302 1.02�104 1.05�104 0.0949

3/2 302 5.39�103 5.70�103 0.176

1/2 302 1.48�103 1.78�103 0.563
143Nd I=7 /2 �=1.065

13/2 397 0.0 397 2.52

11/2 397 859 1.26�103 0.796
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give the same result, so a comparison of the two give a good
indication of the accuracy. In Table VIII we have presented
the transition rates in both gauges and we find good agree-
ment between the two for all ions except Cu+. The accuracy
of the Cu+ calculation could therefore be expected to be
lower than for the other ions.

Träbert et al. �15� performed calculations of the M3 and
the two E2 transition rates using the multiconfiguration
Dirac-Hartree-Fock method for Xe26+ and from Table VIII it
is seen that their E2 transition rates are in good agreement
with ours, whereas their M3 transition rate is 8% higher than
ours. Biémont �14� did calculations for the three transition
rates of interest, also using the multiconfiguration Dirac-
Hartree-Fock method, for Nd32+. From Table VIII it is found
that all their rates are higher than ours by 5–9 %. It is hard
to draw any conclusions from comparing our calculation
with those presented in �14,15� since both of those works are
limited to just one ion.

Safronova et al. �16� performed theoretical calculations,
using the relativistic many-body perturbation theory

�RMBPT�, for all ions included in this work except Cu+.
Comparing the M3 transition rates along the isoelectronic
sequence it is found that all their results are lower than ours,
ranging from 33% lower for Mo14+ in the beginning of the
sequence, to 15% for Nd32+ toward the end of the sequence.
Comparing the E2 transition rates for the 3d10 1S0
−3d94s 3D2 transition the same pattern is found. Again their
rates are lower than ours, �35% for Mo14+ down to 13% for
Nd32+�. Making the same comparison for the 3d10 1S0
−3d94s 1D2 E2 transition rates again the same pattern is
found with their rate being 29% lower for Mo14+ going down
to 12% for Nd32+. From these comparisons it seems likely
that there are some systematic differences between our two
theoretical models or methods. Safronova et al. �16� include
the same type of correlations as used in our work, i.e., val-
ance correlation and core-valance correlation with 3s and 3p,
but made large spectroscopic calculations of the Ni-like sys-
tem including 76 different transitions whereas we have con-
centrated on a few transitions. Comparing the transition en-

TABLE VII. �Continued.�

Fi AM3 Ahpf-E2 Atot � �ms�

9/2 397 1.09�103 1.48�103 0.674

7/2 397 935 1.33�103 0.751

5/2 397 604 1.00�103 0.999

3/2 397 255 652 1.53

1/2 397 0.0 397 2.52
145Nd I=7 /2 �=0.656

13/2 397 0.0 397 2.52

11/2 397 326 723 1.38

9/2 397 413 810 1.24

7/2 397 355 752 1.33

5/2 397 229 626 1.60

3/2 397 96.7 494 2.03

1/2 397 0.0 397 2.52
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FIG. 2. The hyperfine induced E2 transition rate relative the M3
transition rate for the 3d10 1S0−3d94s 3D3 transition along the Ni-
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ergies from our and their calculations it is found that we are
in good agreement, and even if the M3 transition scales with
the energy to the power of seven, rescaling the transition
rates only brings our results about 1% closer to each other at
maximum. Correlation effects are in general most important
for ions of low ionization stages and decrease with increas-
ing Z. Considering that Safronova et al. results approach ours
for high Z, it seems likely that Safronova et al. did not
caught all important correlation for the 3d94s levels in their
large scale spectroscopic calculation of the Ni-like system.

The last comparison is with a recent paper by Träbert et
al. �19� that followed our paper �17,18�, where we explained
the differences between theory and experiment in the previ-
ous experimental work by Träbert et al. �15�. In Ref. �19�
Träbert et al. made lifetime measurements of the 3d94s 3D3
level in 132Xe, an isotope without nuclear spin, and 129Xe, an
isotope with a nuclear spin of I=1 /2. The 3D3 level in 132Xe
can only decay through the M3 transition channel and from

Table IX it is found that their results are in excellent agree-
ment with our calculations. This is also true for their experi-
mental lifetimes of the two hyperfine levels F=7 /2 and F
=5 /2 in 129Xe, where the former is a pure M3 transition
whereas the latter has a hyperfine induced E2 transition
channel. These results give us confidence in our results also
for the other ions in the isoelectronic sequence.

IV. CONCLUSIONS

An investigation of the lifetime of the 3d94s 3D3 level
along a part of the Ni-like isoelectronic sequence has been
presented. The importance of the hyperfine induced electric
quadrupole transition channel for isotopes with a nonzero
nuclear magnetic dipole moment has been evaluated and it
has been found that the lifetime of the 3d94s 3D3 level is
sensitive to this transition channel for all Ni-like ions in the
range Z=29 to 60. We have found excellent agreement be-

TABLE VIII. Comparisons of our transition rates with earlier results. All others works treated the 3d10 1S0−3d94s 3D3 transition as a
pure M3 transition. All transition rates are given in s−1.

ion 1S0− 3D3�M3� 1S0− 3D2�E2� 1S0− 1D2�E2�
Our Other Our Other Our Other

Babushkin Coulomb Babushkin Coulomb

Cu+ 3.10�10−12 0.104 0.157 1.937 2.687

Mo14+ 0.331 0.223a 8.17�106 8.10�106 5.29�106 a 1.19�107 1.18�107 8.43�106 a

Pd18+ 2.82 2.03a 3.46�107 3.43�107 2.67�107 a 4.01�107 3.98�107 3.15�107 a

In20+ 10.6 7.90a 8.21�107 8.14�107 6.69�107 a 8.49�107 8.42�107 6.97�107 a

Sb23+ 23.0 17.7a 1.36�108 1.35�108 1.12�108 a 1.33�108 1.32�108 1.10�108 a

I25+ 47.2 37.8a 2.15�108 2.14�108 1.81�108 a 2.00�108 1.99�108 1.68�108 a

Xe26+ 66.2 53.1a 2.67�108 2.65�108 2.26�108 a 2.43�108 2.41�108 2.06�108 a

66.4b

71.4c 2.72�108 c 2.49�108 c

Cs27+ 91.6 75.5a 3.29�108 3.26�108 2.81�108 a 2.93�108 2.91�108 2.48�108 a

Ba28+ 125 104a 4.01�108 3.98�108 3.44�108 a 3.52�108 3.50�108 2.96�108 a

Pr31+ 302 255a 6.98�108 6.92�108 6.07�108 a 5.87�08 5.83�108 5.15�108 a

Nd32+ 397 337a 8.30�108 8.23�08 7.24�108 a 6.89�108 6.84�108 6.06�108 a

418a 8.86�108 d 7.50�108 d

aTheoretical, many body perturbation theory �16�.
bExperimental �19�.
cTheoretical, multiconfiguration Dirac-Hartree-Fock method �15�.
dTheoretical, multiconfiguration Dirac-Hartree-Fock method �14�.

TABLE IX. Comparison of our calculated lifetime of the 3d94s 3D3 level with measurements by Träbert
et al. �19�

Lifetime �ms�
isotope I F Our �19�a �16�b �15�c

132Xe 0 15.1 15.06�0.24 18.6 14.0
129Xe 1/2 7/2 15.1 15.1�0.5

1/2 5/2 2.84 2.7�0.1

aExperimental.
bRelativistic many-body perturbation calculation.
cMulticonfiguration Hartree-Fock calculation, GRASPVU code.
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tween our theoretical results and Träbert et al. �19� measure-
ments of the lifetime of the level in 129Xe and 132Xe which
give us confidence in our results not only for Xe26+, but also
for the other ions.

Further investigation of this system would be of interest.
To further investigate the accuracy of our theoretical results
for the isoelectronic sequence we can suggest a few measure-
ments similar to those by Träbert et al. in Ref. �19�, but for
other ions. Isotopes with spin I=1 /2 are preferable from an
experimental point of view, since then there will only be two
hyperfine levels, one with a pure M3 transition channel and
one with the additional hpf-E2 channel. Unfortunately there
are only a few of these isotopes. A more limited measure-
ment, where only the lifetime of the states without hyperfine
mixing would also be of interest. A good candidate for such
a test of the M3 transition rate would be Ce30+ which has no
natural isotopes with nuclear spin. Another possibility is to
look for ions with large magnetic nuclear moments. A can-
didate for this would be indium. This ion has two isotopes,
5% 113In and 95% 115In, both with nuclear spin I=9 /2 and
very similar nuclear magnetic dipole moment �I�113�=5.53
and �I�115�=5.54, resulting in �=92.6 ms for F

=15 /2,3 /2 and � ranging from 1.26 to 4.01 ms for the other
hyperfine levels. Because of the large differences in lifetime
between the states with and without hyperfine mixing it
might be possible to measure the lifetime of the F
=15 /2,3 /2 hyperfine levels rather accurate. Since the hyper-
fine induced E2 transition rates are sensitive to the 3d10 1S0
−3d94s 3D2 E2 transition rate, comparisons with experimen-
tal lifetime measurements of the 3d94s 3D2 level would be of
great interest, but to our knowledge no such results are avail-
able.
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