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Calculations of positron and electron ejection cross sections are made for collisions of Ps �1s� with the noble
gases He, Ne, Ar, Kr, and Xe, allowing for target excitation �i.e., discrete excitation and ionization�. Cross
sections doubly differential and singly differential with respect to ejected energy and angle are reported, as well
as total ionization cross sections. Our results show clearly that excitation of the target becomes very important
at impact energies greater than about 2 times the ionization threshold of the atom. Comparison is made with
absolute experimental measurements on He and Xe targets and, with one exception, good agreement is found
at both total and single differential levels. Unfortunately, most of the measurements are at impact energies
where target excitation is small or negligible. There is a need for experiments at higher impact energies to
assess the predictions for target excitation.
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I. INTRODUCTION

In a previous publication �1� we studied fragmentation of
positronium �Ps� in collision with noble-gas targets, but un-
der the assumption that the target was not excited or ionized
�so-called “target elastic” �TE� collisions �2��. The vehicle
for this study was the impulse approximation �IA� which
treats the scattering of Ps by the target as a coherent combi-
nation of free electron and free positron scattering. Compari-
son was made with absolute experimental data for a He tar-
get �3,4� on total Ps fragmentation and on the cross-section
differential in the longitudinal �with respect to the direction
of the incident Ps beam� energy of the ejected positron. Re-
markably good agreement was found with all aspects of the
experiments. For comparison with experiment, restriction to
TE collisions was appropriate since the impact energies were
sufficiently low ��33 eV� that either the He target could not
be excited or ionized ��27 eV� or, if it could, such pro-
cesses would be negligible. With increasing impact energy
we are faced with having to take account of inelastic pro-
cesses in the target. Whether these be discrete excitations or
ionization of the target we shall, for convenience, henceforth
refer to them simply as target “excitation.” It is the purpose
of this article to address this issue.

In dealing with target excitation we need to sum over all
final states of the target atom that can be accessed at a par-
ticular impact energy. This in itself is a difficult enough prob-
lem. In order to have a feasible approach, we have therefore
elected to calculate target excitation collisions in the first
Born approximation �FBA�, employing ideas of Hartley and
Walters �5� for performing the sum over excited states. The
use of the FBA for target inelastic �TI� collisions contrasts
with the use of the IA for TE collisions and so some words
need to be said about this.

In the FBA the amplitude for a collision in which the Ps
goes from state �a to �a� while the atom changes from state
�b to �b� is given by �1,6�

fB1�Ps:a → a�;atom:b → b�� = −
4

q2 Iaa�
Ps �q�Ibb�

at �q� , �1�

where

Iaa�
Ps �q� � ��a��t��e

−iq·t/2 − eiq·t/2��a�t�� , �2a�

Ibb�
at �q� � ��b��X���Z − 	

i=1

Z

eiq·ri���b�X�� . �2b�

In �1�, �2a�, and �2b�, q=p0−p f is the momentum transfer in
the collision, p0�p f� is the initial �final� momentum of the Ps,
t is the Ps internal coordinate, X stands for the space and spin
coordinates of the atomic electrons, ri is the space coordinate
of the ith atomic electron, and it is assumed that the target is
a neutral atom containing Z electrons. It is noteworthy that
the amplitude �1� is the product of two form factors Iaa�

Ps and
Ibb�

at , which refer separately to the transitions in the Ps and the
atom, respectively.

When the final state of the atom is the same as the initial
state, �b�=�b �a TE process�, the matrix element �2b� scales
with Z with the result that the magnitude of the FBA ampli-
tude grows as the target atom increases in size. This eventu-
ally results in a violation of unitarity, giving cross sections
that are too large. This point has been well documented
�2,7–10�. Since we wish to treat targets of any size we must
therefore seek a nonperturbative approximation for TE colli-
sions. The IA provides a good practical solution.

By contrast, when the atom is excited, �b���b �a TI pro-
cess�, the nuclear charge Z disappears from �2a� and �2b� by
orthogonality. Further, in an independent-particle model of
the atom in which the wave functions are represented by
single Slater determinants composed out of orthonormal spin
orbitals �i, Eq. �2b� reduces to

Ibb�
at = − ��b��e

iq·r��b� , �3�

where we assume that the states �b and �b� differ only by the
spin orbitals �b and �b�; if they differ by more than one spin
orbital, then Ibb�

at =0. The result �3� tells us that, in the FBA,
excitation of the atom is very much a one-electron process.
We therefore expect the FBA for an inelastic transition in the
atom to remain reasonable irrespective of the size of the
atom, unlike TE scattering. Experience �8–11� bears this out.
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This is not to say that the FBA is perfect, but rather that it
gives a reasonable estimate of the inelastic events. The im-
portant practical point, however, is that the FBA provides a
feasible route for summing over all final excited states of the
target.

In studying fragmentation of Ps we may choose either to
measure the positrons that come off or the electrons. It was
shown in �1� that for TE collisions differential cross sections
for positron and electron ejection are, in general, different;
although asymptotically in impact energy, when the FBA is
valid, they become identical. A weakness in using the FBA to
describe TI fragmentation is that this distinction between the
ejected positron and electron is lost. While detection of a
positron is a definite signal that the Ps has fragmented, a
detected electron may have come either from fragmentation
of the Ps or from ionization of the atom, if both fragment we
get two counts in our detector �assuming that the atom is
only singly ionized, multiple ionization of the atom is much
less likely�. In looking at electron detection we must there-
fore take account of electrons ionized from the target. We
also address this problem here.

The structure of this paper is as follows. In Sec. II we
introduce the cross sections of interest: double-differential
�DDCS�, single-differential �SDCS�, and total ionization
cross sections, for both electron and positron ejection. Sec-
tion III A develops a model of TI collisions based on the
FBA using the approximation of Hartley and Walters �5� to
sum over all final atom states. In Sec. III B the FBA is used
again to model electrons ejected from the target atom while
the final state of the Ps remains unobserved �a �TT� process�.
Section IV reviews necessary calculational details while in
Sec. V results are presented. In Sec. V A we look at total
ionization cross sections for the noble gases He, Ne, Ar, Kr,
and Xe, with experimental comparisons for He and Xe. Sec-
tion V B describes our SDCS results, where now and hence-
forth we limit ourselves to the extreme cases of He and Xe.
Here experimental comparison is made for He. Last, the
DDCSs are presented in Sec. V C, where a select sample of
results is used to give a flavor of these cross sections. Finally,
conclusions are drawn in Sec. VI.

II. CROSS SECTIONS

From �1� and formula �22� of �1�, the triple-differential
cross section �TDCS� for fragmentation of the Ps in the FBA
is given by

d3�bb�
B1

dE d�e d�p
=

4vpve

v0

1

q4 �Ia�
Ps �q��2�Ibb�

at �q��2, �4�

where we consider a specific transition �b→�b� in the atom,
vp �ve� is the velocity of the positron �electron� emitted into
a solid angle d�p�d�e�, v0 is the velocity of the incident Ps,

� =
1

2
�vp − ve� �5�

is the momentum of the positron relative to the electron, and
�see �2a��

Ia�
Ps �q� = ���

−�t��e−iq·t/2 − eiq·t/2��a�t�� . �6�

In �6�, ��
− is a continuum state of the Ps with relative mo-

mentum � and ingoing scattered waves, normalized to

�������� = ��� − ��� . �7�

Conservation of energy requires that

v0
2 + �b =

1

2
vp

2 +
1

2
ve

2 + �b� + Qa
Ps �8a�

=	2 + v f
2 + �b� + Qa

Ps, �8b�

where �b is the energy of the atomic state �b, Qa
Ps is the

ionization potential of the Ps state �a, and

v f �
1

2
�vp + ve� �9�

is the velocity of the center of mass of the fragmented Ps.
The DDCS for positron ejection, d2�bb�

B1 /dEpd�p �12�, is
the integral of �4� over all directions of the ejected Ps elec-
tron. In �1� it is shown that, in the FBA, electron and positron
ejection are identical—i.e.,

d2�bb�
B1

dEpd�p
�vp = v� =

d2�bb�
B1

dEed�e
�ve = v� . �10�

The �complete� TI contribution to the DDCS for positron or
electron ejection is

d2�TI
B1

dEpd�p
= 	

b��b

d2�bb�
B1

dEpd�p
=

d2�TI
B1

dEed�e
, �11�

where the sum is over all atom states that can be excited at
the given impact energy �see �8a� and �8b��.

Thus the �complete� cross section for positron ejection is
the sum of two parts: a TE contribution considered in �1� and
a TI contribution �11�; we label this sum TOTPOS. Hence,
the DDCS for positron ejection is

d2�TOTPOS

dEpd�p
=

d2�TE
IA

dEpd�p
+

d2�TI
B1

dEpd�p
. �12�

Integration of �12� over all positron ejection angles gives the
SDCS

d�TOTPOS

dEp
=

d�TE
IA

dEp
+

d�TI
B1

dEp
. �13�

Or integration of �12� over positron ejection energies gives
the SDCS

d�TOTPOS

d�p
=

d�TE
IA

d�p
+

d�TI
B1

d�p
. �14�

The total cross section for positron ejection, or equivalently
for Ps fragmentation, is then obtained by further integration
of �13� or �14�:

�TOTPOS = �TE
IA + �TI

B1. �15�
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The cross section for electron ejection is the sum of three
parts: a TE contribution which was considered in �1�; the TI
contribution �11� corresponding to the case where the ejected
electron comes from fragmentation of the Ps; and a target
�TT� contribution where the ejected electron comes from
ionization of the target atom and the final state of the Ps,
whether discrete or ionized, remains unobserved. We label
this sum TOTELE. The DDCS for electron ejection is thus

d2�TOTELE

dEed�e
=

d2�TE
IA

dEed�e
+

d2�TI
B1

dEed�e
+

d2�TT
B1

dEed�e
, �16�

where

d2�TT
B1

dEed�e
= 	

a�

d2�aa�
B1

dEed�e
�17�

and the sum in �17� is over all final Ps states �a�. The SDCSs
are

d�TOTELE

dEe
=

d�TE
IA

dEe
+

d�TI
B1

dEe
+

d�TT
B1

dEe
�18�

and

d�TOTELE

d�e
=

d�TE
IA

d�e
+

d�TI
B1

d�e
+

d�TT
B1

d�e
, �19�

and the total cross section for observing an electron is

�TOTELE = �TE
IA + �TI

B1 + �TT
B1 . �20�

While there is hope of a DDCS measurement in the near
future �13�, existing experimental data on fragmentation
�3,4,14,15� are only available for single-differential cross
sections and the total cross sections �15� and �20�. The mea-
sured SDCSs are with respect to the longitudinal energy of
the ejected positron �Epl� �see �1��:

d�TOTPOS

dEpl
=

d�TE
IA

dEpl
+

d�TI
B1

dEpl
. �21�

It is hoped to have measurements with respect to the longi-
tudinal energy �Eel� of ejected electrons soon �13�—i.e.

d�TOTELE

dEel
=

d�TE
IA

dEel
+

d�TI
B1

dEel
+

d�TT
B1

dEel
. �22�

III. THEORY

A. TI collisions

To evaluate �11� we follow the scheme of Hartley and
Walters �5�. We restrict ourselves to noble-gas targets and
take the initial state �b to be the ground state which we
represent by a single Slater determinant composed out of
orthonormal spin orbitals �nlm�r�
sz

�s� �16�. We first assume
that all excitations of the target are single-electron ioniza-
tions, the ionized states being created by removing a spin
orbital �nlm�r�
sz

�s� from the ground state �b and replacing it
by a continuum spin orbital �nlvT

− �r�
sz
�s� with the same spin

function 
sz
�s�. We require �nlvT

− �r� to be orthogonal to all the
orbitals in �b and to be normalized as

��nlvT

− ��nlvT�
− � = ��vT − vT�� . �23�

We assume that the ionized electron moves in a spherically
averaged potential Vnl�r� which we take to be the static po-
tential Vstatic�r� of �b less the spherically averaged contribu-
tion from the removed spin orbital �nlm�r�
sz

. Writing

�nlm�r� =
�nl�r�

r
Ylm�r̂� , �24�

where Ylm is a spherical harmonic as defined by Rose �18�,

Vstatic�r� = 2	
n�l�

�2l� + 1�

0

�

�n�l��r���−
1

r
+

1

r�
��n�l��r��dr�,

�25�

where the sum is over all the shells of �b and r�

=max�r ,r��. The potential Vnl�r� is then given by

Vnl�r� = Vstatic�r� −
 �nl�r��
1

r�

�nl�r��dr�. �26�

Expanding �nlvT

− in partial waves according to

�nlvT

− �r� =
1

�2�3/2 	
�=0

�

i��2� + 1�e−i��
C unl��vT,r�

vTr
P��v̂T · r̂� ,

�27�

where

��
C = arg ��� + 1 −

i

vT
� �28�

is the Coulomb phase shift and P� is the Legendre polyno-
mial of order �, we require unl� to satisfy the partial wave
Schrödinger equation

� d2

dr2 −
��� + 1�

r2 − 2Vnl�r� + vT
2�unl��vT,r� = 	

n�

�n���n���r� ,

�29�

where the �n�� are Lagrange multipliers that make unl� or-
thogonal to all the orbitals in �b with angular momentum �
�17�. We must choose �nlvT

− to have ingoing scattered wave
boundary conditions, so we require that

unl��vT,r� →
r→�

sin �� + fnl�e−i��, �30�

where

�� � vTr −
1

2
� +

1

vT
ln 2vTr + ��

C �31�

and fnl� is a constant. With this choice �nlvT

− satisfies the
normalization condition �23�. The Lagrange orthogonaliza-
tion to all the orbitals of �b is a reasonable approximation to
electron exchange effects between the ionized electron and
its parent ion �17�.
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In this picture of atom excitation

Ibb�
at �q� → Inlm

at �vT,q� , �32�

where, from �3�,

Inlm
at �vT,q� � − ��nlvT

− �r��eiq·r��nlm�r�� . �33�

The sum over excited atom states required in �11� then be-
comes an integral over the energetically allowed values of vT
and a sum over the spin orbitals in �b from which the target
electron can be ionized. Using �4�, �11�, and �32�, we there-
fore write

d2�TI
B1

dEpd�p
= 	

nl

d2�nl
B1

dEpd�p
, �34a�

d2�nl
B1

dEpd�p
=

8vp

v0



0

vTmax

dvTvT
2
 dv̂e

ve

q4 �Ia�
Ps �q��2Gnl

at�vT,q� ,

�34b�

where a caret denotes a unit vector,

Gnl
at�vT,q� � 
 dv̂T 	

m=−l

+l

�Inlm
at �vT,q��2, �35�

and the upper limit on the integration over vT is determined
by the conservation of energy condition �see �8a��

v0
2 =

1

2
vp

2 +
1

2
ve

2 +
1

2
vT

2 + Qa
Ps + Qnl

at; �36�

i.e.,

vTmax
= 2v0

2 − 2Qa
Ps − 2Qnl

at − vp
2, �37�

Qnl
at being the ionization potential of the atomic nl shell. In

�34a� and �34b�, ve is a function of vT defined by �36�, and q
and � are functions of vT and v̂e defined by

q = 2v0 − ve − vp �38�

and �5�. From �24� and �27�, it can be shown that

Inlm
at �vT,q� = 	

�=0

�

	
l�=��−l�

��+l�

A��,l�,l�R��,l�,l,vT,q,n�

�	
m�

C��,l�,l,m�,m − m�,m�

�Y�m��v̂T�Yl��m−m���q̂� , �39�

where

A��,l�,l� � �− 1��+1i�+l�23/2� �2� + 1��2l� + 1�
�2l + 1� �1/2

�C��,l�,l,0,0,0� , �40�

R��,l�,l,vT,q,n� �
ei��

C

vT



0

�

unl��vT,r�jl��qr��nl�r�dr ,

�41�

C�j1 , j2 , j3 ,m1 ,m2 ,m3� is a Clebsch-Gordan coefficient as
defined by Rose �18�, and jl�x� is a spherical Bessel function
as defined by Abramowitz and Stegun �19�. From �35� and
�39� it follows that

Gnl
at�vT,q� =

�2l + 1�
4

	
�=0

�

	
l�=��−l�

��+l�

�A��,l�,l��2�R��,l�,l,vT,q,n��2,

�42�

which shows explicitly that Gnl
at�vT ,q� depends only upon the

magnitudes on vT and q and not on their directions, as indi-
cated by the notation. The other matrix element Ia�

Ps required
in �34a� and �34b� may be obtained analytically using the
Nordsieck integration technique �20,21�.

Following Hartley and Walters �5� we now correct �34a�
and �34b� to allow for the existence of excitations other than
single ionization �principally discrete excitations� and to
compensate for any weaknesses in our approximations to �b
and the singly ionized states. This is done by introducing a

factor S�q� / S̄�q� where S�q� is the incoherent scattering func-
tion

S�q� = 	
b��b

���b��X��Z − 	
j=1

Z

eiq·rj��b�X���2 �43a�

=��b�X��	
j=1

Z

	
k=1

Z

eiq·�rj−rk���b�X��

− ���b�X��	
j=1

Z

eiq·rj��b�X���2 �43b�

and S̄�q� is its analog in our approximation that all excita-
tions are single ionizations. From �2b�, �32�, �35�, �43a�, and
�43b�,

S̄�q� = 2	
nl



0

�

dvTvT
2Gnl

at�vT,q� . �44�

The factor of 2 in �44� arises from the double-spin occupancy
associated with each spatial orbital �nlm�r�. From �43b� it is
clear that S�q� is determined entirely by the atomic state �b,
tabulations are available in the literature �see Sec. IV�. In-

cluding the factor S�q� / S̄�q�, Eq. �34a� and �34b� finally be-
comes

d2�TI
B1

dEpd�p
= 	

nl

d2�nl
B1

dEpd�p
, �45a�
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d2�nl
B1

dEpd�p
=

8vp

v0



0

vTmax

dvTvT
2
 dv̂e

ve

q4 �Ia�
Ps �q��2Gnl

at�vT,q�
S�q�

S̄�q�
.

�45b�

As Hartley and Walters �5� point out, the introduction of the

S / S̄ factor ensures that d2�TI
B1 /dEpd�p is correct in the high-

impact-energy asymptotic limit. The approximation �45a�
and �45b� is appropriate when excitation of the atom is domi-
nated by single-electron ionization. This is expected to be the
case for the noble-gas targets studied here �5�.

In the FBA the TI contribution to the longitudinal cross
section d� /dEpl is given by �see �1��

d�TI
B1

dEpl
= 	

nl
	

�=−1

+1


Epl



Epl

Ēnl d2�nl
B1

dEpd�p

��E0,Ep,cos �p = �Epl

Ep
� dEp

Ep

, �46�

where

Ēnl = v0
2 − Qa

Ps − Qnl
at �47�

and � takes on the values −1 and +1. In �46� it is assumed
that the DDCS depends only upon the incident Ps energy
E0=v0

2, the ejected positron energy Ep= 1 / 2vp
2, and the angle

�p which the positron makes with the incident direction. This
is true for the cases studied here where the Ps is in the 1s
state and the target is a ground-state noble-gas atom. The
sum over � is explained by the fact that experiment collects
positrons moving in both the forward �cos �p�0� and back-
ward �cos �p�0� directions �see �1��. Again, we note the
equivalence of ejected electron and positron spectra in the
FBA �i.e., see �1��:

d2�TI
B1

dEed�e
�ve = v� =

d2�TI
B1

dEpd�p
�vp = v� , �48a�

d�TI
B1

dEel
�Eel = El� =

d�TI
B1

dEpl
�Epl = El� , �48b�

d�TI
B1

dEe
�Ee = E� =

d�TI
B1

dEp
�Ep = E� , �48c�

d�TI
B1

d�e
�v̂e = v̂� =

d�TI
B1

d�p
�v̂p = v̂� . �48d�

To calculate the TI contribution to the total Ps fragmentation
cross section �TI

B1, it is more convenient to start from

d3�bb�
B1

dv̂ fd�
=

16v f

v0

1

q4 �Ia�
Ps �q��2�Ibb�

at �q��2, �49�

where we have used �1� and �6� and Eq. �19� of �1�. We
obtain the FBA to �TI

B1 by integrating �49� over 	 and v̂ f and
using the Hartley-Walters approach described above to sum
over all the final atomic states. If the initial Ps state �a is an
s state, then, in analogy with �35�, we may define

Ga
Ps�	,q� � 
 d�̂�Ia�

Ps �q��2 �50�

and, using q=2�v0−v f�, convert the integral over dv̂ f into an
integral over q according to

dv̂ f → −
qdq

2v0v f
, �51�

with the result

�TI
B1 =

16

v0
2 	

nl



0

2Ēnl
dvTvT

2

0

	max

d	 	2

�

2�v0−vf �

2�v0+vf � dq

q3 Ga
Ps�	,q�Gnl

at�vT,q�
S�q�

S̄�q�
, �52�

where v f is defined as a function of 	 and vT by �see �8b��

v0
2 = 	2 + v f

2 +
1

2
vT

2 + Qa
Ps + Qnl

at �53�

and

	max =v0
2 − Qa

Ps − Qnl
at −

1

2
vT

2 . �54�

B. TT collisions

Now we consider the TT contribution, again using the
FBA. Let the electron be ionized from the nl shell of the
target and be ejected with velocity ve �22� into a solid angle
d�e, and let the Ps transit from the state �a to �a�. Then,
from �1� and �32�, the FBA to the corresponding DDCS is

d2�aa�,nl
B1

dEed�e
=

32v fve

v0

 1

q4 �Iaa�
Ps �q��2�Inl

at�ve,q��2dv̂ f , �55�

where

�Inl
at�ve,q��2 � 	

m

�Inlm
at �ve,q��2. �56�

Using q=2�v0−v f� the integral over v̂ f may be changed to an
integral over q and the azimuthal angle �q of q relative to v0
as z axis. Then �55� becomes

d2�aa�,nl
B1

dEed�e
=

8ve

v0
2 


0

2

d�q

2�v0−vf �

2�v0+vf � dq

q3 �Iaa�
Ps �q��2�Inl

at�ve,q��2.

�57�

The first Born cross section d2�TT
B1 /dEed�e is obtained by

summing �57� over all final Ps states �a� and over all atom
shells nl:

d2�TT
B1

dEed�e
= 	

nl

d2�TT,nl
B1

dEed�e
, �58�

where
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d2�TT,nl
B1

dEed�e
= 	

a�

d2�aa�,nl
B1

dEed�e
. �59�

Let us now assume that the initial Ps state �a is an s state.
Then, if �a� is a discrete state with quantum numbers
na�la�ma�, the sum

	
ma�

�Iaa�
Ps �q��2 �60�

will be a function only of q. The integral over �q in �57� then
acts only upon �Inl

at�ve ,q��2. Using �6�, �50�, �54�, and �56�,
the contribution to �59� from Ps ionization may be written

d2�a,ion,nl
B1

dEed�e
=

8ve

v0
2 


0

	max

d	 	2

2�v0−vf �

2�v0+vf � dq

q3 Ga
Ps�	,q�

�

0

2

d�q�Inl
at�ve,q��2, �61�

where �53� �with vT replaced by ve� gives the functional
dependence of v f on 	. From �61� we again see that the
integral over �q acts only upon �Inl

at�ve ,q��2. Consider there-
fore



0

2

d�q�Inl
at�ve,q��2. �62�

From �39� and �56� it can be shown that

�Inl
at�ve,q��2 = 	

�=0

�

	
l�=��−l�

��+l�

	
��=0

�

	
l�=���−l�

���+l�

	
L=��−���

��+���

A���,l�,l�

�A���,l�,l�R���,l�,l,ve,q,n�

�R���,l�,l,ve,q,n�

�B��,l�,��,l�,l,L�PL�v̂e · q̂� , �63�

where

B��,l�,��,l�,l,L� � �− 1���+l�−L �2l + 1�
�4�2 ��2� + 1��2l� + 1�

��2�� + 1��2l� + 1��1/2C��,��,L,0,0,0�

�C�l�,l�,L,0,0,0�W��,l,L,l�;l�,��� .

�64�

� denotes complex conjugation, and W�abcd ;ef� is the Ra-
cah coefficient as defined by Rose �18�. It is now a simple
matter to integrate �63� over �q. The result for �62� is the
same as �63�, but with the replacement

PL�v̂e · q̂� → 2PL�v̂e · v̂0�PL�q̂ · v̂0� . �65�

Finally, we note that

q̂ · v̂0 =
v0

2 − v f
2 + q2/4

v0q
. �66�

IV. CALCULATIONAL DETAILS

We consider collisions of Ps �1s� with the ground-state
noble gases He, Ne, Ar, Kr, and Xe. All of our TE calcula-
tions have been made using the impulse approximation of
�1�. The atomic orbitals �nlm�r� have been taken from �23�.
The atomic ionization potentials Qnl

at have been taken to be
the Hartree-Fock orbital energies of �23� with the exception
of that for the outermost shell where the accurate values of
�24� have been used. Tabulations of the incoherent scattering
function for the noble gases are available in �25–29�.

In calculating the infinite sum over discrete Ps states re-
quired in �59� it is found that for large enough na�, where na�
is the principal quantum number of the state �a�, the contri-
bution of the state to the sum varies with na� as �constant�
na�

3 . Consequently, the infinite sum is easily evaluated by
summing up to a maximum na�, usually na�=10, and extrapo-
lating beyond using a 1 /na�

3 scaling. The extrapolated contri-
bution is typically small.

V. RESULTS

A. Total ionization cross sections

Figure 1 shows the total fragmentation cross sections
�TOTPOS and �TOTELE of �15� and �20�. Also exhibited are
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FIG. 1. Total ionization cross sections for Ps �1s� collisions with
ground-state �a� helium, �b� neon, �c� argon, �d� krypton, and �e�
xenon. Solid curve, TE; dotted curve, TI; dash–double-dotted curve,
TT; dashed curve, TOTPOS=TE+TI; dash-dotted curve,
TOTELE=TE+TI+TT.
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their TE, TI, and TT components. The figure starkly demon-
strates the need to take account of the TI and TT contribu-
tions at impact energies above about twice the ionization
potential of the atom. Except for He beyond about 200 eV
and Xe between 100 and 225 eV, the TI contribution is ev-
erywhere smaller than the TE cross section. The TT compo-
nent, due to electrons ejected from the target, is consistently
larger than the TI contribution. This effect is magnified with
increasing target size as is to be expected since the larger
targets have both more electrons and lower first ionization
potentials.

Figure 2 highlights the contribution to �TI
B1 coming from

inner-shell excitations �see �45a� and �45b�� and the contri-
bution of discrete Ps excitations to �TT

B1 �see �59��. The case
shown is Xe in the impact energy range up to 500 eV. Al-
though �TI

B1 is dominated by excitation from the outer 5p
shell and �TT

B1 by Ps ionization, it is clear that we should not
neglect the inner shells nor discrete excitation of the Ps,
which �see Fig. 2�b�� is mostly Ps�1s�→Ps�2p� excitation.
The same pattern is observed for the other targets, but with
decreasing relative importance of inner shells and discrete Ps
excitation as we move down the sequence from Xe to He
�30�. At impact energies above 500 eV it is to be anticipated
that the relative importance to �TT

B1 of inner-shell excitations
will increase.

Figure 3 compares our results for �TOTPOS and �TOTELE

with the available experimental data �3,4,14,15�; these mea-
surements have only been made for He and Xe targets. There
is good agreement between our calculations and the mea-
surements of �TOTPOS for both targets. Unfortunately, accord-
ing to our calculations, all except one of these measurements
are at energies where TI effects are unimportant and so they
do not test the theory. The exceptional point, at 100 eV for
the He target, is certainly in the region where target inelas-
ticty is significant, but again unfortunately, has error bars
which are too large to reveal the TI component.

There are two measurements of �TOTELE, one for He and
one for Xe, and both at 30 eV. According to our calculations

there is little difference between �TOTPOS and �TOTELE at 30
eV, for both targets. The measurement in He is in agreement
with this result, but the experimental point for Xe indicates
that �TOTELE is significantly larger than �TOTPOS at 30 eV.
Since �see �15� and �20��

�TOTELE = �TOTPOS + �TT, �67�

this implies that we are grossly underestimating �TT. It is
therefore pertinent to examine our approximation to �TT
more closely.

One, perhaps significant in this context, defect of the ap-
proximation �TT

B1 is that it does not have the correct threshold.
The threshold for the TT process should be at the ionization
potential of the atom; in the case of Xe, this is 12.13 eV.
However, because the matrix element �2a� and �2b� is zero
when �a and �a� have the same parity, the threshold in �TT

B1 is
only reached whenever the Ps �1s� projectile can be excited
to Ps �2p�—i.e., at 12.13+5.10=17.23 eV. This delays the
rise of the TT cross section, making it possibly smaller at 30
eV than it should be. Whether a better approximation could
make �TT rise more quickly so that �TOTELE could pass
through the error bar on the measurement at 30 eV is debat-
able.

Our approximation �TI
B1 also has an incorrect threshold. In

the Hartley-Walters approximation the excitation of the atom
is modeled on pure ionization. Consequently, �TI

B1 has its
threshold at the ionization potential of the atom—i.e., 24.58
eV for He and 12.13 eV for Xe. However, the discrete exci-
tations of He and Xe begin earlier at 19.81 eV and 8.32 eV,
respectively. However, the agreement between experiment
and our calculations of �TOTPOS for both He and Xe suggests
that this failure does not have serious consequences.

B. Single-differential cross sections

In Figs. 4 and 5 we show the SDCSs d� /dEe and d� /dEp
for He and Xe targets at a selection of impact energies. With
increasing impact energy the pattern of the cross sections for
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dashed curve, contributions from all discrete excitations; dash-
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both targets is similar although differing in some details and
in scale, the Xe cross sections being generally about a factor
of 10 larger than those for He. At 50 eV the TI and TT
components are almost negligible for He, but quite signifi-
cant for Xe. The TE components exhibit a peak at roughly
half the residual energy Er=v0

2−Q1s
Ps. At high enough impact

energy the TI components also give a peak at approximately
half the maximum residual energy allowed for TI collisions
in our approximation—i.e., v0

2−Q1s
Ps−Qat where Qat is the

first ionization potential of the atom. The TE and TI peaks

combine to form a single peak in the total cross section po-
sitioned between the two components. For d� /dEe there is
also a TT contribution from the ionized target electrons peak-
ing at or near �see the case of Ar in �30�� zero ejection en-
ergy. As a result, d�TOTELE /dEe has two peaks, one close to
1 / 2Er coming from the electron ionized from the Ps, the
other arising from ionized target electrons. By increasing the
impact energy we can effectively separate the electrons com-
ing from the target and the Ps.

Figures 6 and 7 show d� /d�e and d� /d�p for He and Xe
at a selection of impact energies. At forward angles these
cross sections are dominated by TE or TI scattering, or both,
depending upon the impact energy. With increasing ejection
angle the TI cross section falls rapidly becoming very much
smaller than the other components. This is a failing of our TI
approximation. Recall that our TI cross sections are calcu-
lated in the FBA. In this approximation the interaction of the
Ps with the target nucleus does not contribute to collisions in
which the target is excited due to orthogonality of the initial
and final states �see �2b�, also �33��. Ejection of the Ps elec-
tron or positron into large angles is very much more probable
when it collides with the heavy target nucleus rather than
when it collides with a light target electron. Our TI approxi-
mation is deprived of the nuclear collision, and so our large-
angle TI cross sections are much too small. Nevertheless, we
would still expect them to be smaller than the TE cross sec-
tion, but only a better approximation than that reported here
can tell us by exactly how much. For electron ejection, the
TT cross section, the electron from the target, tends to domi-
nate at large angles with increasing impact energy. We note
also the structure in the TE cross section for electron ejection
in Xe at the larger angles. As discussed in our previous paper
�1�, this reflects the structure seen in the larger-angle cross
sections for elastic scattering of free electrons by Xe. Figure
7 shows that this structure is largely washed out in the full
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cross section d�TOTELE /d�e due to masking by electrons
ejected from the target. However, with a better approxima-
tion for TI scattering we would expect to see such structure
emerging in the TI cross section which would make it more
visible in the total d�TOTELE /d�e.

Similar to Figs. 4–7, Figs. 8 and 9 show cross sections for
He and Xe differential in the longitudinal energy of the

ejected positron and electron. The longitudinal cross section
is a particular sample of the DDCS with respect to energy
and angle of the ejected particle over a range of ejected en-
ergies and angles �see �46��. Its significance stems from what
is presently possible in experiment. Because of the need to
have a magnetic field in the apparatus, only the energy of the
liberated positron or electron in the direction of incidence
can be measured. Our calculations assume that particles
ejected in both the forward and backward cones are collected
�see �46��. That is the case for the positron ejection measure-
ments that have so far been reported.

Figures 8 and 9 show a certain degree of similarity to
Figs. 4 and 5 for d� /dEe and d� /dEp, especially with in-
creasing impact energy. However, unlike the former cross
sections which go to zero for TE and TI scattering at zero
ejection energy and are finite for TT scattering at zero en-
ergy, the longitudinal cross sections become infinite as 1 /El
as the longitudinal energy El→0 �see �46��. This tends to
give them a more accentuated tail at low ejected energies
which becomes more prominent as the impact energy is re-
duced. As before, there is a peak in the TE, TI, and full cross
sections at roughly half the residual energy, eventually, in the
case of electron ejection, leading with increasing impact en-
ergy to a, more or less, separation of electrons originating
from the target and the electron ejected from the Ps.

Since our original publication on TE fragmentation �1�
new measurements of the longitudinal cross section for pos-
itron ejection have been made at 60 eV �14�. These are com-
pared with our calculations in Fig. 8�a�. The measurements,
which are absolute, agree well with our results, although the
error bars are large �the experimental data in �14� are de-
scribed as “preliminary”�. Unfortunately, the measurements
do not test the TI component of our cross section which,
from Fig. 8�a�, is seen to be small at 60 eV.
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C. Double-differential cross sections

Measurement of the double-differential cross sections
d2�TOTELE /dEed�e and d2�TOTPOS /dEpd�p is now a real
possibility �13�. In Fig. 10 we consider the TI component of
both of these cross sections for a He target at an impact
energy of 150 eV. In our approximation this component is the
same for both cross sections �see �48a��. At other impact
energies and for other targets the general trends shown in
Fig. 10 do not change. Figure 10 shows that for TI collisions
the ejected electrons and positrons coming from the Ps
emerge predominantly in the forward direction with approxi-
mately half the maximum residual energy �v0

2−Q1s
Ps−Qat�.

Forward ejection becomes more pronounced the higher the
ejection energy. Again, we remind the reader that, because of
our use of the FBA, the cross section at larger angles is
unreliable, almost certainly being much too small. Neverthe-
less, the cross section at smaller angles should be reasonable.

In Fig. 11 we present the TT cross section d2�TT
B1 /dEed�e

for a He target at impact energies of 150 eV and 500 eV; the
situation is similar for the other targets. Low electron ejec-
tion energies are considered since this is where this cross
section is largest, see Fig. 4. At 150 eV impact energy the TT
cross section at the lowest ejection energies is peaked in the
backward direction. As the ejection energy increases forward
electron ejection begins to dominate. For 500 eV impact en-
ergy the situation changes somewhat. Initially, for small ejec-
tion energy, electrons are most likely to be ejected into the
backward cone �90°–180°�. With increasing ejection energy

a maximum in the cross section appears in the forward cone
�0°–90°�.

It is of interest to see how the different components, TE,
TI, and TT, contribute to the full DDCSs. This is illustrated
in Fig. 12 for the case of Xe at an impact energy of 50 eV.
This energy �see Fig. 3� is within the range of present ex-
perimental capability and is an energy at which the cross
sections are not just dominated by TE fragmentation. We
have chosen ejection energies of 6, 18, and 12 eV which,
according to Figs. 5�a� and 5�b�, are in regions where
d�TOTELE /dEe �d�TOTPOS /dEp� is dominated by the TT �TI�,
TE, and none of the components, respectively. Figures 7�a�
and 7�b� show that at the same impact energy TE and TI
contribute most to d�TOTELE /d�e and d�TOTPOS /d�p at
small angles and TE and TT at large angles. How then does
all this work out for the DDCSs?

Consider d2� /dEed�e first, Figs. 12�a�, 12�c�, and 12�e�.
At 6 eV ejection the cross section is mostly TT except near
the forward direction where TI and TT are comparable; TE is
everywhere negligible. At 12 eV TI dominates at small
angles, followed by TE, and TT is negligible; at large angles,
TE dominates. At 18 eV the cross section is mostly TE ex-
cept in the near-forward region where the TE and TI contri-
butions are comparable. For d2� /dEpd�p, Figs. 12�b�, 12�d�,
and 12�f�, TI is dominant at forward angles for 6 eV and TE
at large angles. At 12 eV, TI is still dominant at small angles,
but less so, and TE at large angles, but now over a larger
angular range. At 18 eV TE dominates at all angles although
TI is comparable near the forward direction. Figure 12 illus-
trates that it should be possible to more or less separate the
different contributions in the DDCSs by a suitable choice of
ejected energy and angular range.

This separation is again illustrated in Fig. 13 for
d2� /dEed�e for Xe at an impact energy of 500 eV. Most
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interesting here is the clear separation of the structure in the
large-angle TE cross section at an ejection energy of 250 eV.
In d� /d�e for Xe at the same impact energy �Fig. 7�e�� we
saw that this structure was masked by the TT contribution.
Again, we emphasize that our TI cross section should be too
small at large angles in both Figs. 12 and 13, but we do not
expect that a better estimate would radically alter the general
picture seen in the figures.

VI. CONCLUSIONS

We have formulated the theory of Ps fragmentation for
collisions in which the atomic target is excited or ionized.
Because of the need to sum over all final atomic states, or
final Ps states if ionized atomic electrons are being observed,
we have elected to use the FBA. While the FBA has a num-
ber of failings, we do not consider any of them to be suffi-
ciently severe to invalidate the generality of our results. The
practicalities are that, even within the FBA, the summing
over final states is a major task. The three obvious failings of
the FBA are �i� that it predicts identical cross sections
�48a�–�48d� for electron and positron ejection, a result which
is technically only correct in the asymptotic limit; �ii� that
the threshold for the TT process occurs at 5.1 eV+Qat rather
than Qat, due to the vanishing of the elastic Ps form factor
�2a�; �iii� that the large-angle TI cross sections for electron
and positron ejection from the Ps are too small, a result of

the elimination of the interaction between the Ps and the
atomic nucleus in the FBA for a TI collision �see �2b��. We
do not consider �i� and �ii� to be too important. Case �iii�
should only be significant when we explicitly look at large
angle ejection—for example, in d� /d� or d2� /dE d�. Here
we must be aware of this failing, but even if we had a better
approximation to TI, we would still expect the TE and TT
cross sections to dominate at large angles. In this context it is
important to emphasize that the FBA to TT processes does
not suffer from this large-angle failure since the ejected tar-
get electron does interact with the target nucleus through the
potential Vnl�r� of �26�, the Z in the form factor �2b� pertains
only to the Ps-nucleus interaction. Another failing, not of the
FBA itself, but of the Hartley-Walters approximation that we
use to sum over atomic states, is that our threshold for TI
processes is at 6.8 eV+Qat rather than 6.8 eV+Qex where
Qex is the lowest discrete excitation threshold of the atom.
Again, we do not consider this to be particularly important.

Our results show clearly that excitation of the target be-
comes very important at impact energies greater than about 2
times the first ionization threshold of the atom. For the cross
sections differential with respect to the ejected energy—e.g.,
d� /dE and d� /dEl—we find, except possibly at very low
impact energies, that there is a peak at roughly one-half the
impact energy of the Ps. This peak corresponds to electron or
positron ejection from the Ps and moves with the Ps as the
impact energy is changed. When ejected electrons are ob-
served there is also a peak toward zero ejection energy com-
ing from electrons ionized from the target atom. As a result,
by increasing the impact energy we can effectively separate
electrons coming from the target and the Ps. By looking at
the DDCS d2� /dE d� it should also be possible to separate
the TE, TI, and TT contributions by a judicious choice of
ejected energy and angular range.

Presently experiment has only measured at a few impact
energies, and only for He and Xe targets, the total fragmen-
tation cross sections and the cross-section differential in the
longitudinal energy of the ejected positron. Except in one
case, electron ejection with a Xe target at 30 eV, there is
excellent agreement between our calculations and experi-
ment. Unfortunately, according to our theory, nearly all of
the measurements are at energies where TE collisions domi-
nate and of the two measurements which are not; the error
bars are too large to test our theories of target excitation. The
anomalous case of electron ejection with a Xe target at 30 eV
remains a puzzle to be resolved.

Other results not shown here may be found in �30�.
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