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The time evolution of quantum correlations of entangled two-mode continuous variable states is examined in
single-reservoir as well as two-reservoir models, representing noisy correlated or uncorrelated non-Markovian
quantum channels. For this purpose the model of quantum Brownian motion is extended. Various separability
criteria for Gaussian continuous variable systems are applied. In both types of reservoir models moderate
non-Markovian effects prolong the separability time scales. However, in these models the properties of the
stationary state may differ. In the two-reservoir model the initial entanglement is completely lost and both
modes are finally uncorrelated. In a common reservoir both modes interact indirectly via the coupling to the
same bath variables. Below a critical bath temperature entanglement between the two modes is preserved even
in the steady state. A separability criterion is derived, which depends on the bath temperature and the response
function of the open quantum system. Thus, the extended quantum Brownian motion model of a two-mode
continuous variable system in a common reservoir provides an example of environment-induced entanglement.
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I. INTRODUCTION

During the last decade quantum information and compu-
tation has been extended from discrete systems to quantum
systems with continuous variables such as position and mo-
mentum or the amplitudes of electromagnetic field modes.
This quantum information theory of continuous variable sys-
tems has received much attention in the past few years �1–3�
and has found various applications in quantum cryptography
and quantum teleportation �4,5�. In this context, Gaussian
states play a prominent role since they can be easily created
and controlled experimentally and are less affected by deco-
herence. Great advances have been made in characterizing
the entanglement properties of two-mode Gaussian states by
determining the necessary and sufficient criteria for their
separability �6,7� and by developing quantitative entangle-
ment measures �8,9�. The prototype of these states are the
two-mode squeezed states, which have been successfully
produced via nonlinear parametric down conversation and
applied to quantum teleportation �10,11�.

Due to the unavoidable interaction with the environment,
any pure quantum state used in some quantum information
process evolves into a mixed state. Thus, a realistic analysis
of continuous variable quantum channels must take decoher-
ence and dissipation into account. Within the theory of open
quantum systems �12,13� the dissipative dynamics are
mainly described by master equations of the reduced density
matrix. Initial quantum superpositions are destroyed and
quantum correlations are lost during characteristic decoher-
ence and separability time scales. The Markovian time evo-
lution of quantum correlations of entangled two-mode con-
tinuous variable states has been examined in single-reservoir
�14,15� and two-reservoir models �7,16–18�, representing
noisy correlated or uncorrelated Markovian quantum chan-
nels. Quantum correlations are found to be better preserved
in a common reservoir. Additionally the coupling to the same

bath variables might generate new quantum correlations be-
tween the parts of the subsystem. This effect of environment-
induced entanglement has already been studied for discrete
systems �15,19,20� including revivals of entanglement
�21,22� and even asymptotically entangled states �23–26�.
The underlying Born-Markov approximation assumes weak
coupling between the system and the environment to justify a
perturbative treatment and neglects short-time correlations
between the system and the reservoir. This approach has
been widely and successfully employed in the field of quan-
tum optics �27� where the characteristic time scales of the
environmental correlations is much shorter compared to the
internal system dynamics. Challenged by new experimental
evidence a growing interest in non-Markovian descriptions
can be observed. Very recently some phenomenological
�28,29� and microscopic models �30–33� of non-Markovian
quantum channels have been proposed. Using the analogy
between the Hilbert space of quantized electromagnetic
fields and the Hilbert space of quantum harmonic oscillators,
the Caldeira-Leggett model of quantum Brownian motion
�34–36� can be extended to describe the entanglement dy-
namics of two-mode squeezed states.

In this paper, the time evolution of quantum correlations
of initially entangled two-mode continuous variable states is
numerically examined in a common reservoir model. The
focus is on non-Markovian influences and strong coupling
effects. The non-Markovian dynamics are described by an
extended two-mode version of Hu-Paz-Zhang master equa-
tion of quantum Brownian motion. In the single or common
reservoir model both oscillators �modes� are coupled to the
same reservoir variables, whereas in the two-reservoir model
each oscillator �mode� is interacting with its own indepen-
dent reservoir. In both types of reservoir models moderate
non-Markovian effects prolong the separability time scales
which also depend on the interaction strength between the
system and the environment. However, in these models the
properties of the stationary state may differ. In the two-
reservoir model the initial entanglement is completely lost
and both modes are finally uncorrelated. In a common reser-
voir both modes interact indirectly via the coupling to the*christian.hoerhammer@uni-bayreuth.de
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same bath variables. Therefore, new quantum correlations
may emerge between the two modes. Below a critical bath
temperature entanglement is preserved even in the steady
state. A separability criterion is derived, which depends on
the bath temperature and the response function of the open
quantum system. Thus, the extended quantum Brownian mo-
tion model of a two-mode continuous variable system in a
common reservoir provides an example of environment-
induced quantum two-mode entanglement.

The paper is organized as follows. In Sec. II, we briefly
review various separability criteria for two-mode Gaussian
states and the Markovian separability times for two-mode
squeezed states in single- and two-reservoir models. In Sec.
III we shortly describe the Hu-Paz-Zhang master equation of
quantum Brownian motion �36� which is the basis for study-
ing non-Markovian effects. We resume the extended, two-
mode-version of the Caldeira-Leggett model for single and
two-reservoir models and introduce a modified common-
reservoir model. In Sec. IV we present and discuss the nu-
merical results of the entanglement dynamics of two-mode
squeezed states in the modified common-reservoir model.
Different scenarios are analyzed, including the case of noise-
induced steady state entanglement. A simple separability cri-
teria for the stationary two-mode state is derived. Finally, a
brief summary is given in Sec. V.

II. CONTINUOUS VARIABLE SYSTEMS

A. Separability criteria for two-mode Gaussian states

In the following we review the separability criteria for a
special class of continuous variable systems—the two-mode
Gaussian states. A Gaussian two-mode state with coordinates
q1, q2 and momenta p1, p2 has a Gaussian Wigner function in
semiclassical phase space

W�X� =
1

4�2�det V
exp�−

1

2
X · V−1 · XT� �1�

with X= �q1 , p1 ,q2 , p2� and commutation relation �qi , pj�
= i��ij for i , j=1,2. It is completely characterized by its first
and second moments.

The 4�4-covariance matrix

V = � A C

CT B
	, Vij =

1

2

XiXj + XjXi� �2�

�where all first moments 
Xj� have been set to zero� contains
four local symplectic invariants in form of the determinants
of the block-matrices A, B, C, and V. A Gaussian continuous
variable state is separable if and only if the partial transpose
�̃ of its density matrix � is non-negative �positive partial
transpose �PPT� criterion�. Based on the above invariants
Simon �6� has derived a PPT criterion for bipartite Gaussian
continuous variable states

S�t� = det V −
1

4
�det A + det B + 2�det C�� +

1

16
� 0 �3�

which is also a necessary separability criterion for non-
Gaussian states. The PPT criterion has a geometrical inter-

pretation as mirror reflection of the Wigner function in phase
space. In case of a Gaussian two-mode state the partial trans-
pose coincides with a change of the signs in those elements
of the covariance matrix, which connect the momentum of
the first mode to the coordinate of the second mode. Equiva-
lent to that is the criterion �̃−�

1
2 for separability where �̃�

are the symplectic eigenvalues of the partial transposed den-
sity matrix �̃:

�̃� =
1
�2

�	̃V � �	̃V
2 − 4 det V�1/2 �4�

with 	̃V=det A+det B−2 det C. With the symplectic eigen-
value �̃− the logarithmic negativity as a quantitative measure
of entanglement can be defined by �8,37�

EN��� = max
0,− ln 2�̃−� . �5�

In order to apply the PPT criterion the complete knowledge
of all second moments is required. For practical purposes
there are also weaker separability criteria based on linear or
quadratic combinations of only a few elements of the cova-
riance matrix. Duan et al. �7� derived such a criterion. Start-
ing point is the definition of a pair of EPR-like operators û
= �a�q̂1+ 1

a q̂2 and v̂= �a�p̂1− 1
a p̂2 with a�R \ 
0� fulfilling the

commutation relations �q̂k , p̂j�= i�kj, j ,k=1,2. Then, for ev-
ery separable bipartite quantum state �, the sum of the vari-
ances fulfills the relation


�	û�2�� + 
�	v̂�2�� � a2 +
1

a2 �6�

For Gaussian states this set of inequalities �for all possible
values of a� completely characterizes the set of separable
states and is equivalent to Eq. �3�. The product version of
this inequality for a=1 is given by �38–40�


�	û�2��
�	v̂�2�� � 1, �7�

which is a special case of the generalized curved quadratic
entanglement witnesses �41�. In general, the product wit-
nesses are stronger tests than the respective linear tests.
Thus, the set of entangled covariance matrices detected by
this quadratic test is strictly larger than that detected by lin-
ear combinations of second moments �41�.

We also will apply a classification scheme of quantum
states based on marginal and global purities of a bipartite
Gaussian quantum system whereas 
=Tr��2� is the purity of
the total system and 
1=Tr��1

2�, 
2=Tr��2
2� are the purities

of the reduced density matrices �1=Tr2���, �2=Tr1��� of the
two-mode system. According to Refs. �42,43�, a two-mode
Gaussian mixed state is separable if


1
2 � 
 �

1
2


1 + 
2 − 
1
2
�8�

and it is entangled for the case that


1
2

�
1
2 + 
2

2 − 
1
2
2

2
� 
 �


1
2


1
2 − �
1 − 
2�
. �9�

In between there is a coexistence region
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1
2


1 + 
2 − 
1
2
� 
 �


1
2

�
1
2 + 
2

2 − 
1
2
2

2
, �10�

where both separable and entangled states can be found. The
calculation of the global and marginal purities thus provides
analytical bounds on the entanglement of Gaussian states.

B. Markovian separability times for two-mode squeezed
states

The separability criterion �3� is simplified if the covari-
ance matrix V is transformed to standard form by symplectic
transformations

Vst =�
a 0 c+ 0

0 a 0 c−

c+ 0 b 0

0 c− 0 b
� , �11�

where the elements a, b, c+ and c− of Vst are determined by
the four symplectic invariants det A=a det B=b, det V
= �ab−c+

2��ab−c−
2�, and det C=c+c−. In a Markovian two-

reservoir model the dynamics of the two-mode state are de-
scribed by the quantum optical master equation of the
damped quantum oscillator �interaction picture�

�̇ = �
j=1

2



2

n̄L�aj

†�� + �n̄ + 1�L�aj��� , �12�

with mean bosonic occupation number n̄= �e���0 −1�−1,
damping constant 
, and L�o��=2o�o†−o†o�−�o†o. The
time evolution of the matrix elements is then given by a�t�
=ae−
t+	�t�, b�t�=be−
t+	�t�, and c��t�= �c�e−
t with
	�t�= �2n̄+1��1−e−
t� �17�. In the case of a two-mode
squeezed vacuum state

���� = e��â1â2−�â1
†â2

†
�0�1�0�2 �13�

with squeezing parameter �, the initial covariance matrix is
already given in standard form with elements a=b
= 1

2cosh�2���� and c�= �
1
2sinh�2����. Applying the above

separability criterion, a Markovian separability time can be
derived from the separability function �3� which is reduced
to S�t�=e−2���e−
t+	�t�−1. The time �1 after which the initial
entanglement is lost is given by the condition S��1�=0 and
reads

�1 =
1



ln�1 +

1 − e−2���

2n̄
	 �14�

�7,16,17� for the two-reservoir model yielding �1→� for n̄
→0. In the case of a single reservoir model where the cor-
responding master equation contains additional terms, the
time evolution of the covariance matrix elements is slightly
different and results in the separability time �14�

�2 =
1

2

ln�2n̄ + 1 − e−2���

2n̄ + 1 − e2��� 	 . �15�

Thus a common reservoir extends the Markovian separability
time. Furthermore the initial entanglement is partially pre-

served even for n̄�0 if the initial squeezing exceeds a criti-
cal value �c= 1

2 ln�2n̄+1�. These results change if the dynam-
ics are described without the Born-Markov assumption.

III. NON-MARKOVIAN ENTANGLEMENT
DYNAMICS

A. HPZ master equation of quantum Brownian motion

Non-Markovian effects are discussed here on the basis of
the Caldeira-Leggett model of quantum Brownian motion
�34,44,45� often referred to as independent-oscillator model
�35,46�. It is a system plus reservoir model where the total
Hamiltonian consists of three parts

H = Hs + Hb + Hint, �16�

with Hs as Hamiltonian of the subsystem which interacts via
the Hamiltonian Hint with a bath that is described by a col-
lection of a large number of harmonic oscillators Hb
=�i��i�b†b+1�. In detail the Hamiltonian of the Caldeira-
Leggett model is given by

H =
p2

2m
+ V�q� + �

i=1

N � pi
2

2mi
+

mi�i
2

2
�xi −

ciq

mi�i
2	2� , �17�

where q and p are the Heisenberg-operators of coordinate
and momenta of the Brownian oscillator moving in an har-
monic potential V�q�= 1

2m�0
2q2 and coupled to a bath of

N-independent harmonic oscillators with variables xi, pi and
frequencies �i. The bath is characterized by its spectral den-
sity

J��� = ��
i=1

N
ci

2

2m�i
��� − �i� =


��2

�2 + �2 . �18�

The interaction is bilinear in the coordinates q and xi of the
subsystem and the bath, respectively, with coupling param-
eters ci. The self-interaction term �proportional to q2� in the
Hamiltonian

Hint = �
i
�− cixiq +

ci
2

2mi�i
2q2� �19�

renormalizes the oscillator potential to ensure that the ob-
servable frequency is close to bare oscillator frequency �0.
From influence functional path integral techniques Hu, Paz,
Zhang have derived the master equation �36�

�̇ =
1

i�
�Hs,�� +

m��2�t�
2i�

�q2,�� +

p�t�
2i�

�q,
p,���

+
Dqp�t�

�2 �q,�p,��� −
Dp�t�

�2 �q,�q,��� , �20�

with �¯� and 
¯� denoting commutator and anticommuta-
tor, respectively. This master equation is valid for arbitrary
coupling and temperature. The non-Markovian character is
contained in the time-dependent coefficients which read in
expansion up to the second order in the system-bath coupling
constant �36�
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p�t� =
2

�m�0
�

0

t

dt�L�t��sin �0t�, �21�

��2�t� =

�

m
−

2

�m
�

0

t

dt�L�t��cos �0t�, �22�

Dqp�t� =
1

m�0
�

0

t

dt�K�t��sin �0t�, �23�

Dp�t� = �
0

t

dt�K�t��cos �0t�, �24�

where L�t�= i
���t� ,��0��� and K�t�= 1
2 

��t� ,��0��� are con-

nected to the spectral density �18� by

L�t� =
�

�
�

0

�

d�J���sin �t , �25�

K�t� =
�

�
�

0

�

d�J���coth�1

2
���	cos �t . �26�

K�t� is the correlation function of the quantum noise term �
resulting from averaging over the initial thermal bath distri-
bution. The exact expressions of the HPZ coefficients are
related to the Green’s functions of the corresponding quan-
tum Langevin equations �47,48�. The entanglement proper-
ties of the joint state of the oscillator and its environment
have been studied in Ref. �49�.

B. Two-reservoir model

The dynamics of two identical, not directly interacting
modes �with coordinates and momenta qj, pj, j=1,2� in two
uncorrelated reservoirs is modeled by the interaction Hamil-
tonian

Hint = − q1�
i=1

�

cixi
b − q2�

i=1

�

cixi
c �27�

with 
xi
bxj

c+xi
cxj

b�=0 ∀i , j. The master equation of the re-
duced density matrix is then given by the sum of the master
equations of two single modes �30�:

�̇ = �
j=1

2 �� pj
2

2i�m
+

m
q�t�qj
2

2i�
,�� +


p�t�
2i�

�qj,
pj,���

+
Dqp�t�

�2 �qj,�pj,��� −
Dp�t�

�2 �qj,�qj,���� . �28�

The time-dependent coefficients are given by 
q�t�=�0
2

+��2�t�−
� /m and Eqs. �21�–�24�. The time evolution of a
two-mode squeezed state in two uncorrelated non-Markovian
channels has been studied recently in Ref. �30�. The authors
derived a non-Markovian separability function which shows
oscillations in case of an artificial out of resonance bath with
���0. In this two-reservoir model the initial entanglement
is always completely lost and both modes are finally uncor-

related �even at zero temperature while �1→��. This may
not be the case in a common reservoir model as will be
shown in the next sections.

C. Common-reservoir model

The dynamics of two identical, not directly interacting
modes in a common reservoir is modeled by the interaction
Hamiltonian

Hint = − q1�
i=1

�

ciqi − q2�
i=1

�

ciqi. �29�

The corresponding master equation for a two-mode system
with Hs=Hs1+Hs2 is then given by �50�

�̇ =
1

i�
�Hs,�� +

M��̃2�t�
i�

�R2,�� +

p�t�

i�
�R,
PR,���

+
2Dqp�t�

�2 �R,�PR,��� −
2Dp�t�

�2 �R,�R,��� �30�

with ��̃2�t�=��2�t�−
� /m. As one can see immediately,
the master Eq. �30� contains only the normal coordinates R
= �q1+q2� /2 and PR= p1+ p2 but not the relative coordinate
x=q1−q2. This results from the specific coupling �xi�q1
+q2� and from the choice of two identical modes with �1
=�2. In this case, the motion of the relative coordinate is not
accompanied by dissipation �51,52�. Additional assumptions
are therefore necessary to describe the relaxation dynamics
completely.

D. Modified common-reservoir model

The Hamiltonian �29� describes a bilinear coupling in the
coordinates of the two modes and the coordinates of the bath
variables. The subsystem is thus effectively coupled by the
center-of-mass R= 1

2 �q1+q2�. The motion of the relative co-
ordinate, however, is unitary. Therefore, in the case of an
initial two-mode squeezed state only half of the entangle-
ment is lost in the stationary state regardless of the coupling
strength �33�. In order to be able to model a complete loss of
the initial entanglement, an additional assumption about the
dynamics of the relative coordinate is necessary if the two
modes are identical. To be able to model the dissipative dy-
namics for arbitrary coupling we choose an interaction
Hamiltonian similar to the original Caldeira-Leggett model
substituting the variable q by R. A renormalization term pro-
portional to R2 ensures that the frequency shift is compen-
sated in the stationary state. The modified interaction Hamil-
tonian thus reads

Hint = − �
i=1

�

cixiR + �
i=1

�
ci

2

2mi�i
2R2 �31�

to guarantee that the eigenvalue equation for the eigenfre-
quencies � of the total system

��2 − �1
2 + h������2 − �2

2 + h���� − h2��� = 0 �32�

with h���=�i
ci

2�2

4�i
2��i

2−�2� �where mi=1 ∀ i�, has just eigenval-
ues ��0. The frequency shift in the stationary state is com-
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pensated and the observable and the bare oscillator frequency
coincide. The Hamiltonian of the total system consists of the
Hamiltonian of the two modes Hs=Hs1+Hs2, the Hamil-
tonian Hb=�i��i�b†b+1� of the bath modes as well as the
interaction Hamiltonian �31�. The system of coupled Heisen-
berg equations of motion can be solved equivalently to the
case of a single Brownian oscillator and leads to two coupled
quantum Langevin equations for the two modes j=1,2:

q̈j = − � j
2qj −


�t�R�0�
M

− �
0

t

dt�

�t − t��Ṙ�t��

M
+

��t�
M

,

�33�

with 
�t�=
�e−�t. If the two modes have different frequen-
cies �1��2 the equations still remain coupled after transfor-
mation on coordinates x and R:

ẍ�t� = − �+
2x�t� − 2�−

2R�t� , �34�

R̈�t� = − �+
2R�t� −

1

2
�−

2x�t� +
1

M
�R�t� , �35�

with �R�t�=−
�t�R�0�−�0
t dt�
�t− t��Ṙ�t��+��t� and ��

2

= ��1
2��2

2� /2. The underlying process for both coordinates is
dissipative. The stationary solution of this model has been
given elsewhere �51�. In the case of two identical modes with
� j =�0 for j=1,2 and total mass M =2m the system of
coupled Langevin Eqs. �33� reduces to a quantum Langevin
equation of the center-of-mass motion

R̈ = − �0
2R −


�t�R�0�
M

− �
0

t

dt�

�t − t��Ṙ�t��

M
+

��t�
M

,

�36�

with stationary correlations


R2� =
�

�
�

0

�

d� coth�1

2
���	Im
�̃���� , �37�


PR
2� =

�

�
�

0

�

d�M2�2 coth�1

2
���	Im
�̃���� , �38�

where �̃���= �M�0
2−M�2− i�
̃����−1 with 
̃���

=�0
�dt
�t�ei�t is the susceptibility of the non-Markovian

damped harmonic oscillator. The motion of the relative co-
ordinate x= �q1−q2� is decoupled from the motion of R. In
order to study the case of two identical modes with dissipa-
tion in the relative motion additional assumptions make
sense. Otherwise the subspace of the relative motion is a
decoherence free subspace. It seems plausible to assume a
weakly dissipative dynamics of the relative coordinate given
by the solution of the Born-Markovian master equation of
the damped harmonic oscillator �12� in the form


x2�t�� = 
x2�0��e−
pt + �0
2�2n̄ + 1��1 − e−
pt� , �39�


px
2�t�� = 
px

2�0��e−
pt +
�2

4�0
2 �2n̄ + 1��1 − e−
pt� , �40�

where 
p=limt→� 
p�t� is the stationary �Markovian� value
of the coefficient �21� and �0

2= �

2mx�0
with reduced mass mx

=M /4. In the case of a squeezed two-mode state the initial
values are given by 
x2�0��=e−2��� and 
px

2�0��= 1
4e2���. The

dynamics of the normal coordinates are uncorrelated with


x ,R��t��=0. Of course, correlations in the original coordi-
nates are still present. Instead of the assumptions �39� and
�40� one could also suppose a quantum Langevin equation
for the relative motion according to Eq. �36� with a small
coupling constant 
x�
. However, this would lead to a more
complex dynamical evolution without changing the main re-
sults for the stationary state. Therefore we restrict ourselves
to the modified common-reservoir model with assumptions
�39� and �40� for the relative motion.

IV. NUMERICAL ANALYSIS OF THE MODIFIED
COMMON-RESERVOIR MODEL

In this section the non-Markovian entanglement dynamics
of a squeezed two-mode state in the modified common res-
ervoir model is numerically analyzed. The initial covariance
matrix is given by Eq. �11� with elements 
qj

2�= 
pj
2�

= 1
2cosh�2���� for j=1,2 and 

q1 ,q2��=−

p1 , p2��

=sinh�2���� �with m=1, �0=1, and �=1�. The corres-
ponding initial values of the variances of the normal coor-
dinates therefore read 
R2�= 1

4e2���, 
PR
2�=e−2���, 
x2�=e−2���,

and 
px
2�= 1

4e2��� with minimal uncertainty 
R2�
PR
2�= 1

4 and


x2�
px
2�= 1

4 .
Figures 1–4 give examples of the time evolution of a

two-mode squeezed states in a common reservoir, in form of
the logarithmic negativity EN�t� �5� �blue line�, separability
function S�t� �3� �yellow line� and purity 
�t� �red line�.

FIG. 1. �Color online� Time evolution of the logarithmic nega-
tivity EN�t� �5� �blue line�, separability function S�t� �3� �yellow
dashed line� and purity 
�t� �red line�. The initial entanglement is
definitely lost when EN=0 and 
�t� enters the separability region
�8�, respectively �gray shaded area�. The area between the two
dashed curves is the coexistence region �10�. EN=0 for t��s where
�s��1 ,�2 �here �1��0

−1 and �2�2.2�0
−1� due to the effect of non-

weak interaction strength 
=0.2�0. Parameters are ���=1 and �
=10�0, T=3.5��0 /k.
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While for small coupling parameter 
 and large cutoff fre-
quency � the Markovian results would be reproduced, one
can recognize deviations from the Markovian separability
times �1 and �2 due to non-Markovian and strong coupling
effects. The nonweak system-environment interaction accel-
erates decoherence with the consequence that the initial en-
tanglement caused by the squeezing is lost faster �Fig. 1�. In
contrast to the Born-Markovian results in Ref. �14� the initial
entanglement is also lost if the critical value �c is exceeded.
Specific non-Markovian effects �which are relevant if the
bath correlation time scale �−1 is comparable to the separa-
bility time scale� are shown in Fig. 2: Non-Markovian influ-
ences prolong the separability time �s and may lead to a
Gaussian decay of the logarithmic negativity instead of an
exponential decay. Furthermore, Fig. 2 shows that partial re-
vivals of quantum correlations can occur after an initial loss
of entanglement. This can be seen from the oscillations of
the logarithmic negativity between positive values �entangle-
ment� and zero �separability�. The same conclusions can be

drawn from the criterion for marginal and global purities.
The two-mode state is separable if the total purity 
�t� is in
the region determined by Eq. �9� �gray shaded area in Figs.
1–4�.

The stationary state in Figs. 1 and 2 is separable in each
case. However, it is possible that quantum correlations exist
in the stationary state. This becomes obvious from Figs. 3
and 4, which show examples for low temperatures. Despite a
loss of entanglement at short times t��s quantum correla-
tions between the two modes emerge again at later times and
persist even in the steady state.

Thus, in this model there is not just a separability or dis-
entangling time �s but also a reentangling time �e after which
the two-mode state remains entangled asymptotically. How-
ever, it is difficult to find this characteristic time scale nu-
merically due to the possible oscillations with partial revivals
of the logarithmic negativity. Increasing the coupling
strength 
 reduces the separability time �s as well as the
reentangling time �e as can be seen from a comparison be-
tween Figs. 3 and 4. The initial entanglement resulting from
the squeezing is destroyed faster whereas environment-
induced asymptotic quantum correlations are generated
sooner. The reentanglement time scale is strongly affected by
the system bath interaction strength 
 but the initial squeez-
ing with parameter � has little effect on the stationary quan-
tum correlations, in contrast to the results in previous works
�14,33�. Non-Markovian effects �induced by small cutoff fre-
quency �� just extend the separability time scale �s but usu-
ally do not influence the reentangling time �e. Entanglement
of the two modes can exist in the stationary state if the bath
temperature is below a critical value, that depends on the
coupling parameter 
 and the cutoff frequency �.

In the following we derive a simple separability criterion
for the stationary state. Since the normal coordinates R
= �q1+q2� /2 and px= �p1− p2� /2 are EPR-like operators we
can use product version �7� of the EPR-separability criterion
in the form �for �=1�

FIG. 2. �Color online� Non-Markovian effects �reducing cutoff
frequency to ���0� prolong the separability time �compared to
���0� and may lead to a Gaussian decay of the logarithmic nega-
tivity. Partial revivals of the logarithmic negativity can occur. Here
�=�0. Parameters �, 
, T and colors of the functions EN�t�, S�t�,

�t� are chosen as in Fig. 1.

FIG. 3. �Color online� At low temperature and strong coupling,
the two-mode state can get reentangled after a certain time �e with
asymptotically constant quantum correlations. In this case the purity
�red line� has left the gray shaded area �separability region� again
and is above the gray dashed curve �entanglement region�. Param-
eters here are 
=1.5�0, �=10�0, and T=10−3��0 /k �with Markov-
ian separability times �1 ,�2→��. Symbols and colors as in Fig. 1.

FIG. 4. �Color online� Increasing the coupling strength 
 re-
duces the separability time �s as well as the reentangling time �e

�compared to Fig. 3�. Initial entanglement is destroyed faster while
asymptotic quantum correlations are generated sooner. Parameters
here 
=2�0, �=10�0, and T=10−3��0 /k. Symbols and colors as in
Fig. 1.

CHRISTIAN HÖRHAMMER AND HELMUT BÜTTNER PHYSICAL REVIEW A 77, 042305 �2008�

042305-6




R2�
px
2� �

1

16
⇔ 
�q1 + q2�2�
�p1 − p2�2� � 1 �41�

in order to derive a necessary condition for the existence of
quantum correlations in the stationary state. Since in this
case 

q1 ,q2���0, 

p1 , p2���0 and the stationary covari-
ance matrix of the modified QBM model is given in symmet-
ric standard form, the product criterion �7� is equivalent to
the PPT criterion �53� and thus detects the same set of en-
tangled covariance matrices. Using the stationary correla-
tions in Eq. �37� and from Eq. �39� this separability criterion
can be rewritten in the form

�0

�
�

0

�

d��2n̄ + 1�coth�1

2
���	Im
�̃���� �

1

4
, �42�

with mean occupation number n̄= �e���0 −1�−1 of the relative
coordinate. Figure 5 compares this criterion in form of the
function ERx=max
1−16
R2�
px

2� ,0� with the partial transpo-
sition separability criterion �3� and the logarithmic negativity
�5� in dependence of the bath temperature. All these criteria
give the same critical temperature. This is a specific feature
of this model where the criterion �42� detects the same set of
stationary entangled states as the logarithmic negativity does.
However, the separability criterion �6� in the form 
R2�
+ 
px

2��
1
2 for parameter a=1 might not detect all entangled

states since it is not an optimal entanglement witness in this
case. Using this criterion would result in a critical tempera-
ture that is below the threshold given by criterion �42�. Fur-
thermore, since the criterion �41� does not include all �time-
dependent� elements of the covariance matrix �but those that
are unequal to zero in the stationary state� it may not lead to
the same separability or reentangling times. Nevertheless it
can be applied to the stationary state where it becomes
equivalent to the PPT criterion �3� and thus predicts the same
critical temperature.

In order to illustrate the different nature of classical and
quantum correlations the stationary correlations 

q1 ,q2��

and 

p1 , p2�� as well as the mutual information of a two-
mode Gaussian state are also plotted in Fig. 5. The mutual
information is defined by

I��� = Sv��1� + Sv��2� − Sv��� , �43�

where Sv��� is the von Neumann entropy of the total two-
mode state and Sv��1�, Sv��2� are the von Neumann entropies
of the reduced states �1=Tr2��� and �2=Tr1���. The von
Neumann entropy Sv�� j�=−Tr�� j ln � j� �for Boltzmann con-
stant k=1� of the reduced systems can be calculated equiva-
lently to that of a single-mode state and is given by

Sv�� j� =
1 − 
 j

2
 j
ln

1 + 
 j

1 − 
 j
− ln

2
 j

1 + 
 j
, �44�

with partial purities 
 j =Tr�� j
2�. The total entropy can be de-

rived from the symplectic eigenvalues �� of the two-mode
state � characterized by its covariance matrix V and reads
�54,55�

Sv��� = f��−� + f��+� , �45�

with f����= ���+ 1
2 �ln���+ 1

2 �− ���− 1
2 �ln���− 1

2 �.
The mutual information is a measure of the amount of

quantum and classical correlations �56� and decays more
slowly with temperature than the logarithmic negativity
does. Above a critical temperature �where the logarithmic
negativity becomes zero� only classical correlations remain.
The critical temperature depends on the spectral density of
the bath and on the response function of the subsystem. The
existence of stationary quantum correlations in dependence
of the coupling constant 
 and the cutoff frequency � is
illustrated by Fig. 6. If the system-reservoir interaction con-
stant becomes strong enough at a given temperature quantum
correlations are still present in the stationary two-mode state.

V. SUMMARY AND CONCLUSIONS

In this paper we have studied the dynamics of two-mode
squeezed states in a common thermal reservoir within an

FIG. 5. �Color online� Separability criterion S��� �3�, logarith-
mic negativity EN �5� and ERx=max
1−16
R2�
px

2� ,0� compared to
the mutual information I��� �43� and the stationary correlations


p1 , p2��, 

q1 ,q2�� �normalized by initial values� of two-mode
state in dependence of the temperature of the common reservoir. �

=2�0, �=10�0�.

FIG. 6. �Color online� Stationary entanglement measured by the
function ERx=max
1−16
R2�
px

2� ,0� �for �=1� of a two-mode state
in a common reservoir in dependence of coupling strength 
 and
cutoff frequency � at temperature T=0.25��0 /k.
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extended quantum Brownian motion model. Contrary to the
two-reservoir model a common bath can provide an indirect
coupling between the two subsystems and therefore a mecha-
nism to correlate them. Thus, the coupling to the environ-
ment induces not only decoherence leading to separability
but also can generate correlations resulting in asymptotic en-
tanglement at low temperatures. The influence of non-
Markovian and strong coupling effects on separability times
scales was compared to previous results for Markovian dy-
namics. Non-Markovian effects increase the separability
time but have little effect on the reentangling time. The re-
entangling time depends first of all on the system bath inter-
action strength. Increasing this coupling constant enforces
entanglement generation and therefore reduces the reentan-
gling time. However, it also enhances decoherence and thus
weakens the initial quantum correlations reducing the sepa-
rability time. For given parameters of the bath spectral den-

sity asymptotic entanglement is only present below a critical
temperature. From the separability criterion for EPR-like op-
erators a separability criterion was derived, which depends
on the bath temperature and the response function of the
open quantum system. Summarizing, the extended quantum
Brownian motion model of a two-mode continuous variable
system in a common reservoir provides an example of the
case where environment-induced entanglement generation
counteracts environment-induced decoherence. In view of
the theory of quantum information with continuous variable
systems these results may be relevant for experimental appli-
cations of correlated quantum channels.
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