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Relativistic n-fermion wave equations in quantum electrodynamics
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The variational method in a reformulated Hamiltonian formalism of quantum electrodynamics is used to
derive relativistic wave equations for a system consisting of n fermions and antifermions. Simple Fock-space
variational trial states are used to obtain the relativistic n-body equations. The derived kernels of these equa-
tions (i.e., momentum-space relativistic potentials) include one-photon exchange and virtual annihilation in-
teractions. The equations are shown to have the Schrodinger nonrelativistic limit. Application to the particular
cases of positronium (Ps), positronium negative ion (Ps~), and positronium molecule (Ps,, e"e*e”e*) are

discussed.

DOI: 10.1103/PhysRevA.77.042104

I. INTRODUCTION

The description of relativistic n-body bound-state sys-
tems, including the interactions, by means of equations ob-
tained from an underlying Lagrangian continues to be an
object of research. There are various approaches to the rela-
tivistic n-body problem with electromagnetic interactions, in-
cluding those based on the Bethe-Salpeter (BS) equation [1],
as well as other methods (see, for example, Refs. [2-8], and
references therein). Overviews of applications to n-body
nuclear systems are discussed by Serot and Walecka [9],
among others, and in presentations on the subject [10]. Early
variational approaches are presented, for example, in Refs.
[11-14].

An alternative to the BS and other approaches is the varia-
tional method within the reformulated Hamiltonian formal-
ism of quantum field theory (QFT), introduced by Darewych
[15]. Among the appealing features of this approach is that it
can be cast in the form of a relativistic generalization of the
Schrodinger description of n-body systems. Furthermore, the
method is straightforwardly generalizable to systems of more
than two particles.

The simplest few-body problem for a system of fermions
and antifermions with electromagnetic interactions is that of
positronium (Ps, e"e*). In 1934, Mohorovicic [ 16] postulated
the possible existence of Ps following the prediction of anti-
matter by Dirac in 1930. There have been many theoretical
and experimental studies of Ps since 1934. Deutsch [17] was
the first person who produced Ps (in gases) in 1951. Since
the discovery of Ps, there have been major advances in un-
derstanding of the Ps system (see, for example, Rich [18],
Pilkuhn [19], and Greiner and Reinhard [20], and references
therein) and in the use of Ps to explore the basic structure of
quantum electrodynamics (QED). An account of the history
of QED has been written by Schweber [21].

Recent theoretical studies of the Ps system are now well
advanced. For example, accurate calculations of the positro-
nium hyperfine interval [O(a®) contributions to ground-state
hyperfine splitting in positronium] have been studied by Ad-
kins ef al. [22]. On a practical level, it has recently become
possible to study interactions between Ps atoms by implant-
ing intense pulses of positrons into porous silica films [23].
This leads to the formation of Ps atoms that may become
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trapped in the internal voids [24,25]. Very recently interac-
tions between pairs of positronium atoms confined in porous
silica films have been directly observed for the first time by
Cassidy and Mills [26].

The positronium negative ion (Ps~), consisting of a posi-
tron and two electrons (e*e”e™), is the simplest system com-
posed of three equal mass fermions, bound only by electro-
magnetic interactions. The existence of a bound Ps™ system
was predicted by Wheeler [27]. Theoretical studies of the Ps~
are now well advanced, including perturbative determina-
tions of relativistic and QED corrections (cf. Drake and Grig-
orescu [28], and references therein). The Ps™ system was first
observed by Mills [29] and recently by Fleischer et al. [30].
Measurements are available of the decay rate for the three-
body Ps™ system but not as yet of the binding energy. The
role of Ps™ in astrophysics and space physics has been dis-
cussed by Sivarman and Krishan [31] and in solid state phys-
ics by Ferrante [32].

Fundamental fermions antifermions systems with electro-
magnetic interactions are of interest because they are “pure”
QED systems, with pointlike constituents and no nuclear
force or size effects. Experiments on such “exotic” atoms,
though difficult, are being undertaken not only for positro-
nium and the three-body Ps™ (e*e”e”) system, but also for the
four-body “positronium molecule” (or “quadronium atom,”
Ps,, e*e"e*e”). Recently, in 2005, a team of physicists led by
Mills reported the possible creation of positronium mol-
ecules [23], and this was supported by Saniz et al. [33]. Very
recently the positronium molecule was observed by Cassidy
and Mills in an outstanding experiment [34].

Positronium molecule [Ps,, consisting of two electrons
and two antielectrons (positrons)] is similar to, but different
from the familiar hydrogen molecule H,. Ps, creation [34]
heralds a new chapter in the study of matter and antimatter.
In addition, as it has been pointed out in Ref. [35], scientists
are asking questions about the chemical physics of antimat-
ter, such as the binding of positrons to ordinary atoms [36].
They are also coming closer to fundamental tests of the sym-
metry of matter and antimatter by comparing the properties
of hydrogen and antihydrogen [37,38]. Hence, the investiga-
tion of the properties of such exotic systems is of fundamen-
tal importance, since not only are we tempted to identify it as
a mathematical curiosity, but also as Cassidy and Mills [34]
pointed out, it could also help to explain how the observable
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universe ended up with so much more matter than antimatter.

The existence of a bound-state positronium molecule was
predicted a long time ago by theoretical calculations of Hyl-
leraas and Ore [39] in 1947. There are many papers on this
topic in the literature, for example, Refs. [40-51], and refer-
ences therein. Recently, an intense pulsed positron source has
been developed by Mills and his colleagues, using a buffer
gas trap to accumulate a large number of positrons. This
creates a dense plasma, which can be used for the formation
of positronium molecules and positronium Bose-Einstein
condensates [52,53]. Of course, Ps, is only a quasibound
system because of electron-positron annihilation. However,
calculation predicts that its lifetime is almost 2 times as long
as that of the positronium atom in the singlet state [40—44].

On a practical level, the role of positronium molecule,
Ps,, is discussed by Mills and his co-workers in [54]. As it
has been pointed out in [54], their research paved the way for
studying multipositronium interactions, useful for generating
coherent gamma radiation, and could help develop fusion
power generation as well as annihilation gamma-ray lasers.
Cassidy and Mills [34] believe that the production of mo-
lecular positronium represents a milestone on the path to
produce an annihilation gamma-ray laser.

Moreover, it would be of interest to mention the following
points about the gamma-ray laser project of Mills and his
co-workers [54]. Their research is mainly focused on dense
positronium (Ps) physics, with the long term goal of creating
a Bose-Einstein condensate of Ps, and thence an annihilation
gamma laser. The positronium laser project may seem to be a
very difficult and ambitious project. However, it is also an
exciting new area of positron physics, and promises to be-
come more so as progress is made. Furthermore, as it has
been pointed out in Ref. [35], if one could increase the den-
sity of positronium atoms to 10'® ¢cm™, the system is ex-
pected [55] to undergo a transition at a temperature of 15 K
to a Bose-Einstein condensate, in which all atoms share the
same quantum state. One may expect the material to become
a regular, crystalline solid at even higher densities. Also, at
densities of 10*' ¢cm™3, if one could make a Bose-Einstein
condensate of positronium molecules, then there would be
the possibility of creating a laser using the gamma-rays from
the annihilation process.

To our knowledge there have been no experimental stud-
ies of fermion-antifermion “exotic” systems with number of
n>4, where n is the total number of fermions and antifer-
mions, (e.g., e"e*e”ete”, n=5), or similar muonic systems.
Such exotic atoms or molecules will undoubtedly be inves-
tigated in the future. Thus, their theoretical investigation is of
interest.

In a recent paper Emami-Razavi [56] has demonstrated
the efficacy of the variational method in reformulated Hamil-
tonian quantum field theory (Darewych [15]) by deriving
relativistic n-body equations for spinless bosons in the scalar
Yukawa (Wick-Cutkosky) theory. Here, we apply this ap-
proach to spin-1/2 fermions in QED. Specifically, we derive
relativistic equations for bound-states systems consisting of
n, electrons (or muons, etc.) and n, positrons (or antimuons,
etc.), where ny=n; or ny=n;—1 (n;+n,=n).

The presentation of the paper is the following. The La-
grangian and Hamiltonian density of reformulated QED are
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presented in Sec. II. Trial states and resulting n-body wave
equations and interaction kernels are given in Sec. III. The
two-body (positronium), three-body (Ps™), and four-body
(Ps,, positronium molecule) examples are presented in Sec.
IV. Concluding remarks are given in Sec. V.

II. LAGRANGIAN, HAMILTONIAN,
AND VARIATIONAL METHODS

The Lagrangian density obtained in the reformulated ver-
sion of QED (Darewych [15], Terekidi and Darewych [57])
is given by the following expression (A=c=1):

Ly = poliy" s, —m = ey, A0 ]¢x)

1
S e,

where x=(z,r), Af(x) is the free photon field,

) = eplx)y"vl), (2)
and D, (x—x") is a symmetric Green function defined by
900D (X = X") = 3,0°D g (x = x") = gM,,54(x -x"), (3)
such that

D, (x-x")=D,(x"-x) and D, (x-x")=D,,(x-x").

(4)

The Hamiltonian density corresponding to the Lagrangian
(1) is given by

H(x) = My (0x) + Hy, (6) + Hy (), (5)
where

Hyx) = () (= i~V + mB)lx), (6)

i, () =€) Y, AL Y(), (7)

M (x) = % f & (" )D  (x = x)j (), 8)

where D,u,,(x—x’)=f(27:)3+1d3+1kDM,,(k)exp[—ik(x—x’)] and

we suppress the Hamiltonian of the free photon field (since it
will not arise in this work).

In practice, a choice of gauge is needed to specify the
Green function. For bound-state problems the Coulomb
gauge is a convenient choice. In momentum representation it
is
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1
l%dq—P)=P;:;3, Dy(qg-p) =0,

Dy(a-p)= (q—p)i(q—p)j)

1
(" - p") (g, p,) <5” ~ (q-p)
9

We construct a quantum field theory, based on the reformu-
lated Hamiltonian by replacing the field variables with
operators which satisfy the usual anticommutation relations
for the fermion fields, commutation rules for the A{ field,
and commutation of the A field operators with the ¢ field
operators. For the fermion fields our notation is

172
Y(x) = Ef B )3/2< ) [bpsu(p’s)e_ip'x"'d;sv(p,s)gil"x]’
(10)

with p=p#=(w,,p), and w,=\Vm?*+p* The mass-m free-
particle Dirac spinors u and v, where (y*p,—m)u(p,s)=0,
(y*p,+m)v(p,s)=0, are normalized such that

W (p.s)u(p. o) =v' (p.s)v(p.o) = “L6,,, (11)

u'(p,s)v(p,0) = v’ (p,s)u(p,o) =0. (12)

The creation and annihilation operators b', b of the (free)
fermions of mass m, and d', d for the corresponding antipar-
ticles, satisfy the usual anticommutation relations. The non-
vanishing ones are

{bpsbho} ={dpydl s} = 8,,8 (D - q). (13)

The vacuum state |0) is defined by by|0)=dj|0)=0.

The Hamiltonian operator, = i) d3xﬂ(x) is expressed in
terms of the creation and annihilation operators bt.d', b,din
the usual way. We normal order the entire Hamiltonian

(thereby denoting it :H:); this circumvents the need for mass
renormalization and we shall not be concerned with vacuum-
energy questions in this work.

In the Hamiltonian formalism of QFT we seek solutions
of the eigenvalue equation

PPy = 0P W), (14)

where PP= (I:I ,13) is the energy-momentum operator of the
QFT, and Q#=(E,Q) is the energy-momentum eigenvalue.
The case Q=0 defines the rest frame of the system. The B
=0 component of (14) is generally not solvable, hence ap-
proximation methods, such as the variational method, must
be used. The latter amounts to finding approximate solutions
by using the variational principle

&V|:H - E:|¥),,=0, (15)

where |W) is a suitably chosen trial state.
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III. TRIAL STATE AND RESULTING r-BODY EQUATION
AND INTERACTION KERNELS

The simplest trial state for a system of % particles and %
antiparticles (e"ee e --e"e?) is

|lwbn>_ 2 fd3p1 dpn S18y°" s(pl""’pn)b (p19s1)

Sl S
Xd (p2’52) e bT(pn—hsn—l)d%(pn’Sn)|O>’ (16)

where F is a well-behaved, adjustable function (normalizable
for bound states). Slmllarly, for a system of >~ partlcles and
antlpartlcles (e ete et -e"ete),

|¢n>_ 2 fd3pl pn sy s(pl""’pn)b (pl’sl)

S17S,

bT(pn—Z’Sn—Z)dT(pn—] s sn—l)bT(pm Sn)|0> .
(17)

Xd'(py,sy) -+

The matrix element corresponding to the rest-plus-kinetic en-
ergy of such a n-fermion system is

<¢n|:I:I(//_E:|¢n>= 2 Jd3p1'”d3pnF>skl~"sn(pl’~~~vpn)
51

xF, -s”(pl’ ,pn)[a)p1 Ty an_E]'

(18)

The matrix element corresponding to the interactions is a
sum of terms corresponding to attractive one-photon ex-
change plus repulsive virtual annihilation interactions for
each particle-antiparticle combination and repulsive one-
photon exchange between pairs of fermions of the same sign
of charge. Symbolically,

<(/ln| ZI:I,Z | 'r//n> - [M Attractive] + [MRepulsive] + [MAnnihilation] .
(19)

If n is even (i.e., an equal number of particles and antipar-
ticles), there are n’/4 particle-antiparticle combinations and
(n*~2n)/4 two-identical-charge-fermion combinations. For
example, for n=4 (Ps,, e"e*e"e*), we have four attractive
one-photon exchange terms, two repulsive one-photon ex-
change terms, and four (repulsive) virtual annihilation inter-
action terms. If 7 is odd (i.e., one more particle than antipar-
ticle) there are (n*—1)/4 attractive and virtual annihilation
terms, and (n—1)?/4 repulsive terms. For example, for n=>5
(say e"eTe"ete”) we have six attractive, four repulsive, and
six virtual annihilation terms.

We note that (| : H I |hsia)=0. That is, the variational
trial states (16) or (17) do not sample that part of the inter-
action Hamiltonian. This means that with such simple trial
states only stable bound states and elastic scattering can be
described, but not processes that involve the emission or ab-
sorption of physical photons.

In any case, for the n-body system described by the trial
state (16) or (17), the matrix element corresponding to the
interactions is
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<l/,n|:f{1:|l;bn>:<(r//n|:f{12:|lzbn>
20 )3 2 f &py - dp,dp]

Yl Xn

n-1 n
(2 > H V08, T V95(p;

j=1 k=j+1i=1.. l 1--n

LB ’
d pﬂFs’S/-"S’(pl’
172 “n
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pr,z)Fx]sz-“sn(pl’ oo 7pn)

53(1)," +P - P, — Py

V@
P; P

-p)

'w w
PPk

A Annihil ! !
X[= M macnve(pj,pk’pypk) + M l:non(Pj,Pk’pj»pk)]

SSSS

+E E H U8y, H U & (p; -

j=1 k=j+2 i=1--

where 2;_ u, means u,+u,,o+u, 4+ . Our convention is
that variables with odd indices correspond to particles (e”),
and those with even indices correspond to antiparticles (e*).

The superscrlpt notation (j,k) in I1_;.. LUK &(p;-p,) (and
in I, %P 8s!s;) in Eq. (20) means that the terms with
indices j and k are left out. In other words,

k_
[T "0, -p)= H53(p, p) II &k -p)
i=1"-n i=j+1

X H 53([’;', -p)

i=k+1

H 53([’1" -p)
i=1

= for j<k.
&(p;—p)& (i~ P
(21)

For the case n=2, Hizl...,,(/’k)53(p;—pi)=1 and
Hi:l“'n(]’k)és.'s,-= L.

The expressions for MAtve Repulsve and

s Aké bk s bké Ak
Anmhllauon . T
are as follows:
s ka ék

M:«t?c:we(pﬁpk,pj,pk) iw(p}.s) yu(p;.s;)
XDl @y = @,.p; =)
+ Duv(wpll - wpk7p],( -Po]

Xa(pk’sk) ,va (pllpsli)’ (22)

if j is odd (i.e., ¢) and k is even (i.e., ¢*), and a similar

.S.SYS

) 53([’; + p]i pj - pk) Repul%lve
\/ vjskv s!

1 Op, Pp Ppy

(Pppk,pj ’pk)) (20)

expression, with u replaced by v, and v replaced by u in Eq.
(22) if j is even (i.e., €*) and k is odd (i.e., 7). The terms
corresponding to one-photon exchange interactions among
particles with the same sign of charge are

Re; u1s1ve

Sjs"s o (PP} Py) = (p}.s;) Y'u(py.s)
X[D,uv(wp]f - wp/.’pj - P])
+ D,u,v(wp]: - wpk’pli - pk)]

Xﬁ(pli’sli) yvu(pkvsk)s (23)

if j and k are both odd (i.e., ¢”¢”) and a similar expression,
with u replaced by v in Eq. (23) if j and k are both even (i.e.,

*e*). Last, the terms corresponding to virtual annihilation
are

Anmhllallon
S . YkS S‘

(PjsPwP;-Pr) = iu(p.s;) Vv (Pg-s)

X[D, (w 1o ,pj+pk)

+ D,u,v(_ (Dp./_ - ka’_ p;— pk)]

X0(Prr5i) Y'u(pj»55), (24)

if j is odd (i.e., ¢7) and k is even (i.e., e*), and a similar
expression, with u replaced by v, and v replaced by u in Eq.
(24) if j is even (i.e., e*) and k is odd (i.e., ¢7). In short, the
“virtual annihilation” interactions, as for the “attractive” in-
teractions, occur among terms with odd-even or even-odd
indices j and k.

The relativistic n-body wave equation for the coefficient
functions F‘Yl‘vz“'sn(pl"" ,p,) of the trial state (16) or (17)

that follows from &W| H-E: |¥),0=0, is
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Fygpos (P1o oo sPl@, + - + 0, —E]

2(2)32fd

n-=1 n
(E > H U5y, H U0 (p -

j=1 k=j+1 i=1..

Atll‘dCthe Annihilation
X[M (pjvp/ij’pk) MSSSS

SSSS

n=2 n

_2 2 H (lk)(ss’s H 0k53(pz

j=1 k=j+2 i=1--

where 2, _ u; means u,+u, p+u,4+*, as before.

Equation (25) is our main result. It is a relativistic
momentum-space equation for stationary states of a
n-fermion system, consisting of either an equal number of
fermions and antifermions (if n is even) or with the number
of particles one larger than the number of antiparticles (if 7 is
odd). It is Schrodinger-like in structure, with positive-energy
solutions only, as can be seen by setting the right-hand side
of Eq. (25) to zero (i.e., no interactions). In this respect, Eq.
(25) is different from many-fermion Dirac-like equations or
the Bethe-Salpeter equation.

The interaction kernels (momentum-space potentials) in
Eq. (25) contain all tree-level Feynman diagrams, that is,
one-quantum exchange and virtual annihilation interactions,
including retardation effects. Thus all physical effects to
O(a*) are contained in Eq. (25), that is, not only relativistic
effects but also the field-theoretic virtual annihilation effect.
Note that the virtual annihilation interactions follow natu-
rally from the variational derivation of Eq. (25); they are not
put in by hand.

Physical effects beyond O(a*) are not included com-
pletely. To do so would require the use of more sophisticated
trial states than (16) or (17), as discussed, for example, in
Ref. [58]. One could, of course, be less elegant, that is
“cheat,” by adding by hand higher-order invariant matrix el-
ements (corresponding to one-loop, etc., Feynman diagrams)
to the tree-level ones present in (25). However, we shall not
pursue these questions further in this paper.

The nonrelativistic limit of Eq. (25) corresponds to

p?/m>< 1. In this limit D, in the expressions for M

b/bkd .Sk
Miii;‘}zze, and M:?n:hianon reduce to Dy,=1/|q—p|? (and
Zero ojtherw1se) for the attractive and repulsive terms, and
D,,==8../ 4m? for the annihilation terms. Thus, in the non-
relativistic limit,

1
M:zt;iczlve_ 2ii(0, s ),y u(0, S )ﬁv(o Sk)')’ v(0, Sk)
j
zas-sfasks’
— i kk (26)

Fu. (pl,...
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.p,)

S(p] +p,—p;— Py

\/(l) ’wp’ijw

p)

(Pj> PP} Py

63(p,’+p12 P;— Py

Repulsive (
\/ Wp, Wp Wp,

SSS,S’
K55k

p]9pk3p;’pllc)) s (25)

Ms;i:l]liwe 2i1(0, s )'}’ u(0, 5 )|p |2u(0 Sk))’ou(() Sk)
J

26, faxks
- (27)
and
" Anmhllauon
ssky Yk 2u(0 S ))’”U(O Sk) U(O Sk)’)/ M(O S )
Agsists)
= 7 28
om? (28)

where the nonzero elements of A, , .r./ are

SS Ay S
]
A =Ann=2
and

App=A =Ann=4=1. (29)

We use the notation that the subscripts 1 and 2 (or 7 and |)
correspond to M,=1/2 and M;=-1/2, respectively Note
that because of the expression 53(pj +pi- p, py) in the
wave equation (25), we can use either 1/|p;—p;|* or 1/

2. Attracuve Repulswe
|pk pk| m M s k and Ms sks sk :
K j . .
For arbltrary n, the coordlnate-space equation, obtained
by Fourier transformation of the nonrelativistic limit of Eq.

(25), is the n-body Schrodinger equation,

(——2v2 € 2 E

Jj=1 k=j+l |X Xk|

n-2 n
+E 2 ) ”SH(XI’“"Xn)

Jj=1 k=j+2 |X Xk|

E E 5(X _Xk) 2 Asskss

Jj=1 k=j+1

(30)

X H (’kb‘ ‘Ifr. (XL Xy,

i=1--
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where e€=E—-nm, a=e*/4m, and 2,_u; means u,+iu,,,
g+

In the strict nonrelativistic limit, the virtual annihilation &
function potentials should be neglected, since they are really
relativistic effects that contribute in O(a)* to the nonrelativ-
istic [O(a?)] energies. If they are neglected [i.e., A, ,Sks(‘v]::O
in Eq. (30)], we see that the same equations are obtajinéd for
all W .., (or, equivalently, for all F| .. ), hence the spin
and space parts of the nonrelativistic wave functions sepa-
rate, and we can write

X = 2 Ay W,

5178y

W o, (X1 - ,X,). (31)
The quantities A‘lez...sn are constants needed to specify the
(total) spin of the states under consideration. Thus, states of
given total spin would be specified by appropriate linear
combinations of the form (31) such that the result is an
eigenstate of total spin quantum numbers S and M.

IV. TWO-BODY (POSITRONIUM), THREE-BODY (Ps”),
AND FOUR-BODY (Ps,, POSITRONIUM MOLECULE)
EXAMPLES

A. Two-body problem (positronium, e”e*)

It is instructive to write out the n=2, n=3, and n=4 cases
explicitly. Thus, for the two-body problem (e~e*), for which
the trial state is

|¢2> Efd3p,d3p2F3132(p,,pz)bT(p,,s,)dT(pz,s2)|0>

S152

(32)
we obtain the following wave equation:

F p13p2)[w + w _E]

5152
m>e? 2

pid® JFy
2(2 P2

(p17p2)

12
X53(p{+p£ pPi—P))

\/ 1 Wps @p Op2

[ Attractive

X Ms 152 s's' (pl’p2’P1’P2)

Anmhlldtlon

(P1,P2.P1-P)]. (33)

SISZS S

Attractive

M, 152515% (P1,P2,P1, D) = #(py,57) Yu(py,s1)
X[D/.Lv(wp{ - wp,’Pl -p1)

+ D,uV(wpé - wpz’pé -py)]

X0(P2,52) Y'v(P3,53), (34)

Anmhllatlon

5155575) (P1-P2:P1,P) = #(P1,51) Vv (P3,53)

X[Dﬂy(w '+ w ”pl +p2)

D,m/(_ wp] - wpz’_ P - pZ)]
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X0(pa,s2) Y u(py,s1)- (35)
Note that there is no repulsive term for the two-body case.

Equations (33)—(35) were derived previously by Terekidi
and Darewych [57] who showed that they yield results for
the bound-state energies (including virtual annihilation)
agree with earlier calculation to O(a*) for all states.

In the nonrelativistic limit, the wave equation (33) for the
two-body system (e"e*) is

2 2
&+&_E>
2m  2m

Fslsz(pl’pz)<

(2 )g

3/ ' 5Y115‘2‘2 AY1Y2‘12
X & (p;+Ps—P1—P2) p 1—p1|2 A )

(36)

where e=E—-2m. The coordinate-space form of Eq. (36), ob-
tained via the Fourier transform

Fslsz~~~sn(pl’ ’pn)

1
3 3

= Wf &xy -+ d x"qrslfz"‘sn(xl’ cerXy)

Xe_i(pl'xl+"'+pn~xn) .

is
2
1 o
- — VZ _ _ X
( 2ml:E] ! |X1 —X2| 6) vlvz( 1 2)

+ —5(X1 Xz)z Avlszs 5 (Xl,xz) 0, (38)

J132

where a=e?/41r is the usual fine-structure constant. We see
that the virtual annihilation interaction, in lowest order, is a
contact (& function) potential, which only affects states for
which ‘I’SIXZ(XI ,X;) # 0 [or ¥(0) # 0 in the rest frame], that is
states with €=0 only.

In fact, from Eq. (36) it is evident that the virtual annihi-
lation contribution is negligible in the nonrelativistic limit
(p2<m2), hence only the Coulomb potential remains. Thus,
the strict nonrelativistic limit of (33) corresponds to the usual
Schrodinger equation with a Coulomb potential only [i.e.,
Egs. (36) and (38) with A, sr—O] for which the spin de-
pendence separates, W (r) Asls (r) (in the rest frame).
Therefore, we have the usual hydrogenlike positronium so-
lutions ¢;,¢,, (r) with €,=— 4ma 5 (here n is the principal
quantum number).

Multiplying both sides of Eq. (38) by #(r), integrating
over r, with [4*(r)y(r)d’*r=1, and summing over =, ; A

S1827 78152
with EmzAs SzAYﬁ =1, we obtain, in the rest frame,

5152

042104-6
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m‘l]lalOTl Ta
(-0+5 f d3r|¢<r>|25(r>< 2 A A szAf{Sé) AESI = F2y(0) A= =S |0) P26y,

SISZS Sé

1
=0. (39) = ma44? 650551 N (40)

where Ag=3, oA A Y,Y,AS, ,. This is a well-known
e . S192%1%7 S5 2010 sy s,
Recall that the two-body nonrelativistic solutions are result [18]
grouped into singlets, corresponding to total spin quantum '
number S= 0 and triplets with S=1. They are ¢’(r) B. Three-body problem (positronium negative ion, Ps™, e"e*e™)

—’vz’(r)zmz 5,5, Where the nonzero elements of the coeffi- For the Ps™ case (ee*e”), with the trial state [cf. Eq. (17)]
cients A]12 are Afz(’_ ASTP=1/\2 and A$T'=1 for My
=+1, AS'=AST!=1/12 for Mg=0 and AS;'=1 for Mg=—1. lsy= > fd3pld3p2d P3Fy 505,(P1:P2: P3)
It follows straightforwardly from Eq. (39) that the perturba- 515283
tive correction to the nonrelativistic energy of a fermion- i #
X
antifermion system, due to the virtual annihilation interac- b'(p1.5)d' (P2, 525" (p3-55)[0). (1)
tion, is given by the three-body wave equation is the following:

31 5753 (pl’p2’p3)(w +wp +w _E)

515353
3 ’ ’
Attractivi Anmhll ion ’ (p +p p2)
X <[Mv t; istv'e(pl’pz’pl’p» s vzv ralo (pl’pz’pl’pZ)]ﬁs s353(p3 - p3) l 2
\/ 1 @p)Op, Op,

Attractive Anmhllauon

, 53(p’+p Pl )
+ LM (2.P3a.P3) = M0 (02,3, P3P0y, O(p] = p) — e

p’w '@, W

P3Py P3

Repulswe

_leyzs 5! (pl’pS’pl’pS)av 925 (p2 )

53(pi+p§—p1—p3)> @)

\/“’p{ Wp! Wp, Wp,

. Attractive Repulsive Annihilation . . .
The expressions for M " ", M SPY,Y, , and M sl Are given in Eqgs. (22)—(24), respectively.
k> K

Equation (42) was derived earlier by Barham [5/9] (see also Barham and Darewych [60]), who used it to calculate
perturbatively relativistic corrections for Ps™ ground-state energy in the present formalism. These were found to be in reason-
able agreement with calculations of relativistic corrections by Drake and Grigorescu [28], Frolov [61], and Bhatia and
Drachman [62].

In the nonrelativistic limit, Eq. (42) reduces to the following:

Pi PP e
1 4 £ 4 22 _ 3.0 43,1 33 1 o vl n!
F.v]‘vz‘r3(pl’p2’p3) m + 'm + 'm €| = (2 )3 ’2 fd pld p2d p3FSls2x3(p1’p2ap3)

rr
15253

55131 5s25£ 53-;33 1 3 3 1 ,
X |p/ _ p1|2 - 4m2Asls23{s£5séx3 6 (p3 - p3)5 (pl +P,—P1— p2)
1

(S 1 I(szvzéxé.% 1 3 12 ’

+ W - msz%sz% s 5 5 (pl p1)5 (p2 +P3—P2— p?)
— P2

1

- Wgc 51 0 5s vga (p2 p2)5 (pl +p3 P - p3):| (43)

Y22

where e3=FE—3m. In the coordinate space, this becomes the following expression:
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[ (EV2> o B o N o :|
2m |X1—X2| |X2—X3| |X1—X3|

X (X1,X2,X3)

518983
== 5(X1 XZ) E Abl 23132 33A3‘Psisés3’(xl’x2’x3)
515253
aTr
- m2 5(X2_X3) 2 A32333233 s s ‘Ps's'a'(xl’x2’x’§)
sisésé

(44)

where a=e?/47. On the right-hand side of Eq. (44) we have
the virtual annihilation terms for the Ps™ system. As noted in
the Ps case, in the strict nonrelativistic limit, the virtual an-
nihilation & function potentials should be neglected, since
they are really relativistic effects that contribute in O(a)* to
the nonrelativistic [O(a?)] energies.

The virtual annihilation terms are generally not discussed
for the Ps™ system in the literature. We show below that for
the ground-state energy of the Ps™, the contribution of virtual
annihilation interaction is zero to the order O(a)*. Of course,
for (virtual) excited bound states of Ps™ (that is, the position
of resonances in e¢™-Ps scattering) the order O(a)* contribu-
tion of virtual annihilation interaction terms is not necessar-
ily zero.

For perturbative O(a)* calculations we can take the eight
adjustable functions of the trial state (41) to be of the follow-
ing separable form:

Fslszs3(pl7p2’p3) = 2 Aslszslf(pl’p%pﬂ’ (45)
150,83

where f(p;,p»,P3) is an adjustable function and A515253 are a
set of constants specifying the spin configuration. Corre-
spondingly, in configuration space

(X17x29x3)_ E Aslvz 3\P(X17X2’X3) (46)

§1,52,83

Y1‘233

For the ground-state energy of the Ps™ we shall consider the
following two specific cases:

1
(1) A121=—A211=—E, and otherwise 0, (47)
\

for all s, sy, S=1/2, M;=1/2, and
1
(2) A122=—A212=’—5, and otherwise 0,  (48)
\

for all sy, 55, S=1/2, M;=—1/2, where S is the total spin and
M is the spin projection quantum number of the state. For
both cases, the spin part of the adjustable function is normal-
ized such that Eﬁ 5y zAs.SZSsAﬁSz%: 1. Recall that we use the
notation that the subscripts 1 and 2 (or 7 and |) correspond
to M,=1/2 and M =-1/2, respectively. Note that the trial
state takes a form in which particles 1 and 2 are described by
a spin singlet state; for the first case, particle 3 is in a spin-up
state and for the second case, particle 3 is in a spin-down
state. The nonzero elements of AS,-SkS,-'Sk' are given in Eq. (29).

PHYSICAL REVIEW A 77, 042104 (2008)

We multiply both sides of Eq. (44) by ¥*(x, ,xz,x3)Aw253
and integrate over the spatial coordinates. The wave func-
tions are taken to be normalized, i.e.,

f \I}*(XI,XZ,X:},)"“I,(XI,Xz,X3)d3X1d3X2d3X3 =1 s (49)

and we sum over §;5,53, = SI‘YZ.Y;%AA’:]AYZ_V%A 5,555, = 1. The resulting

contribution to the energy of the virtual annihilation interac-
tion is

A Evirtual annihilation

T
= Wf d3x1d3X2d3X3|’\I](Xl9X29X3)|25(X1 - XZ)

x 2
Aslszsg 518 23132A3i3'5é53’33

518253

<’<,‘,

515253

aT
+ WJ‘ d3X1d3X2d3X3|W(X1,X2,X3)|25(X2 - X3)

X 2 As152s3 5838 A ' 5sis|- (50)

§13953 233 515553
519253
There are two virtual annihilation terms on the right-hand
side of Eq. (50); one annihilation term between electron with
index (1) and positron with index (2), and the second term is
between electron with index (3) and positron with index (2).
The calculations of the contribution of these two terms are
similar. For example, for the first term on the right-hand side
of (50), if we let

A= D A A oA, 8

’
515753 51323152 sssé 53532

(51)
S|S2S3
s{sésé
using the numbers given in Egs. (47), (48), and (29), we
obtain

(1o -1\ (-1 -1
N={zZ 1 )+l 1 Z]+| 51 &
V2 ! V2 V2 V2 \2
-1 1
+<_r— 1 ?)zo, (52)

for both S=1/2, M;=+1/2 and S=1/2, M;=-1/2. For the
second virtual annihilation term in Eq. (50), similarly (we
call it A3), we obtain A5=0. Therefore, the total virtual an-
nihilation interaction for the ground state of Ps™ (e"e*e”) is
zero to order O(a)*.

Even though the virtual excited states of Ps™ (e”e*e)
have not been observed as yet, it is worthwhile to note that,
for example, for the case where the two electrons and the
positron have spin up (S=3/2, M,=3/2), we have A}7}*
=1 and otherwise zero, and hence considering the numbers
in Eq. (29), we obtain A] and A% #0. This means that the
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contribution of the virtual annihilation interaction in this case
is not zero. |4p) = 2 | d&pid PaFs .. 54(P1, P (p1sy)
Sl S4
C. Four-body problem (positronium molecule, Ps,, e“e*e e*) Xd'(p2,52)b"(P3,53)d (p4,54)|0), (53)

For the four-body case (e”e*e”e?), with the trial state [cf.
Eq. (16)], we obtain the following wave equation:

sls233r4(p1ap27p39p4)(w + @, + 0, +w, —E)

' 3.1 33 1 ’ ! !
2(2 )3 ’,E, ) 2d [)3d p4Fsisésési(pl’péap3ap4)
S1525354
3( ! ’
i ’ P tPy— Pz)
X<M5 55 5’5'(p1’p29pl’p2) S s;5si.s453(p3 —P3)53(P4—P4) \/1 2
Wp) Wp, Wp,

S (py+pi—p2—p3)
A ’ ’ ’ 2 3
MG 102D 05 P3) 815, 8, 5'(P] — P1) 8(P) — o) \/L
Wpl W Wp, Wp,

8 (p5+ps—P3—pa)
A ’ ’ ’ 37 P4
MG 103D D3PI 8yt B, 8(P] — P1) (DS~ P2) \/3 :

(.Up a)p4wp3a)

3

A ror ’ ’ (p +p —P1- P4)
+Msls43’s’(p1’p47pl’p4)5sészasés353(p2_p2)53(p3_p3) \/1 2
154

'(,0(0

3 !
Repulsivi &(pi+P3—P1—P3)
- lef;l:l; ; e(pl’pS’pl’pS)as 25278 345 (Pz p2)5%(p4 p4) \/1 3

'(l)(,()

53(p’+p -p —p)

Repulsi ’ ’ 2 4

— M (P2.Pa P32 815, Byt 8]~ P1) 8 (D3~ py) — — : (54)
\/ ps@p, Pp,Dp,

where /\/lY . Y,Y,(pl,pz,pl,pz) M?t:ricfve(pl,l)z,pl,pz) M?‘l“ih’:a“(’“(pl,pz,pl,pz) etc. The expressions for M?t::,c;zve,

MBepeve nd MAnmfnl,mm are given in Eqs (22)—(24).
Sk

S SkY N
léor the four-body system (Ps,, e"e*e"e*), in the nonrelativistic limit p?>/m?< 1, keeping lowest order nontrivial terms, Eq.
(54) reduces to the following equation:

2 2 2 2
Pi P2 P3 Py
Fslszs354(plap2,p3’p4)<2m + 2m + _2m + —2m — 64)

3 3 3
SE 2 | AP d pid P (0], P5, P3P
"G s

5? Y/(SY ARRY Y
x[( I 222 121 2)& o0y Y463(p§—113)53(1):;—1’4)53(1){+I)é—P1_Pz)
pi—piF  4m?

S

5 - 8,15, 8 (P~ P& (Ps~ Pa) 8 (D) + P3 — P2~ P3)
p; - P2| 4m

525 S ASZS Ay
Y

15 l 51549154

( ) S
s vg s s r4 's , 3 , 3 , ,
<|p T |2 A ) 8,,51045,8 (P = P1) & (P2~ P2) 8 (P3 + P4~ P3 — Pa)
3

S - 8115,0:15,8°(P3 = P2) (3~ P3) &' (P + P4~ P1 — Pa)
b —pl 4m?
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- §sls’6s Yzés%% s 545 (p2 p2 53([)4

= 8, 18415, 8515815 S (P] — P1) & (ps —

SlS SSZ SS3 SS4

where €,=E—-4m. Its coordinate-space version is the four-
body Schrédinger equation, Eq. (30) with n=4. The interac-
tions are described by attractive or repulsive Coulomb poten-
tials and the repulsive contact (5 function) virtual
annihilation potentials.

As mentioned in the Introduction, there are many calcu-
lations of the ground-state binding energy of the positronium
molecule based on the nonrelativistic Schrodinger equation
(see, for example, Refs. [40-51], and references therein).
The majority of recent calculated values of the nonrelativis-
tic binding energy of the positronium molecule are around
0.435 eV (for example, in [42]).

In a very recent work, Bubin ef al. [51] reported that they
have obtained a very accurate variational wave function for
nonrelativistic binding energy of the positronium molecule
(Ps,), which they used to calculate the relativistic correc-
tions. Their calculations were performed within the frame-
work of the Breit-Pauli formalism. In this formalism, a quan-

tum system is described by the Hamiltonian, Htot Hnoml
+a Hrel, where Hnomel is the Schrodinger Hamiltonian, and

azlflrel is the relativistic corrections (« is the fine structure
constant). Bubin et al. [51] solved the nonrelativistic prob-
lem variationally and used their solutions to calculate the
relativistic corrections in first-order perturbation theory.
Their result for the ground-state binding energy of Ps, is
0.015 954 25 hartree (i.e., 0.434 137 3 eV). This includes
the O(a?) relativistic corrections to the nonrelativistic
ground-state energy of Ps,.

In this paper we shall use Eq. (30) with n=4 to calculate
perturbatively the O(a*) virtual annihilation contribution to

. P aTT
AEVlrlual annihilation _ _Zf d3X1 - d3
m

d3X1"'

X4|\I,(X1,X2,X3,X4)|25(

X4|’\P(X1,X2,X3,X4)| 6(X2 X3) E

x| W (X)X, X5.X) PO - xg) D> A

d X4|\P(X19X2’X39X4)| 5(X] X4) 2 A

PHYSICAL REVIEW A 77, 042104 (2008)

00 S(pi+pi—pi—p3)
4 ’
Ipi—pif*

5 (py+py—P2—Ps)
|P§ - p2|2

p3) , (55)

the Ps, ground-state energy in a manner analogous to that
obtained for Ps earlier in Sec. IV, Egs. (38) and (40). Our
wave function is taken to be of the form

E Aslszs3s4\P(Xl,X2,X3,X4) .

§1...854

\Pslszs3s4(X1’X2,X3,X4) =

(56)

For the ground state of the positronium molecule, with S
=0 and M, =0, the spin part of the wave function is given by
the following expression [42]:

[LiTal3la) +1LilaT3Ta))s
(57)

1
Xoo= 5(|T1Tzl3l4> —[T1lalsta) -

where, for example, the notation |3 means: particle 3 and
spin down. Note that particles 1 and 3 are electrons and
particles 2 and 4 are positrons. We recall that we use the
notation that the subscript 1 corresponds to spin up (1), and
the subscript 2 corresponds to spin down (|). Thus, the non-

zero values of A o are

A1122= A1221:—

1
27
(58)
Multiplying Eq. (30) with n=4, by W, integrating over the
spatial coordinates and summing over the spin indices (the
wave functions are taken to be normalized), gives the virtual
annihilation contribution to the Ps, energy to be

s
XZ) 2 Aslszs3s4 SISZSISQAS

31323354

P
S15233S4

s1s233s4A3233323,§
51525354

rororr
XISZS3S4

Il Pttt 5/
‘1‘2‘“4 5354538, 5[ s)shs, 0515195352
T1Y2V3Y4 -
rororr

X1S2S3S4

N
S1578354 s13451s4AS{S£s§51"
S1525354

rrrr
$1525354
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We see that in the above equation we have four virtual inter-
action terms for the Ps, system. The calculation of those four
terms are similar. For example, for the first term on the right-
hand side of Eq. (59), we let

-3 n |
Al = = A515253S4A31fzfiSéAsis£sésggfés3654;34‘ (60)
192934
o
51525354

Using the numbers given in Egs. (29) and (58), we obtain the
following:

! 1 1 -1 -1 -1 -1
e 2 e ()
2 2 2 2 2 2

( 11 ) 3

+{=- 2 -)=Z#0. (61)
2 2

The contribution of the four virtual annihilation interaction
terms for the ground-state energy of the positronium mol-
ecule Ps, is not zero to order O(a)*.

We estimate the order of magnitude of the virtual annihi-
lation effects in the Ps, ground-state system, using the simple
trial wave function of Hylleraas and Ore [39]. Although the
Hylleraas and Ore wave function is rather crude (it gives the
value of 0.115 eV for Ps, ground-state binding energy versus
the accurate recent value of 0.434 eV [51]), it is sufficient for
our illustrative purposes. The Hylleraas-Ore wave function is

[39]

2¥ = GXP{— %(1 +b)(rip+7134) = %(1 =b)(ris+ 723)}

1 1
+3XP[— 5(1 =b)(rip+ry) - 5(1 +b)(riy+ ”23)]~
(62)

Here the indices 1,3 refer to the two electrons, and 2,4 to the
positrons, i.e., r, represents the distance of positron 2 to
electron 1, etc. b is a variational parameter. The above wave
function is constructed so that it can describe the Ps, mol-
ecule in which each electron is strongly bound to one of the
two positrons and only loosely bound to the second one. The
case b=1 corresponds to two separate positronium atoms,
whereas for b=0 we have the case of equal binding within all
electron-positron pairs. Hylleraas and Ore [39] found the
value of 0.115 eV for the Ps, ground-state binding energy
with the variational parameter b=0.70 a.u. (b*=0.50). Note
also that the wave function in Eq. (62) is presented in atomic
units (a.u.). The wave function (62) can equivalently be writ-
ten in the following form:

1 b(t, —
¥ = exp(— E(W1 + Wz))COSh%, (63)

where

Wy=Trptry, Wy=rpatra, Iy=Try3—ray.

(64)

Iy =Trp— Ty,

The corresponding volume element is

PHYSICAL REVIEW A 77, 042104 (2008)

1 1
dr= dvz(W% - t%)dwldtIZ(Wg — B)dwydty, (65)

the limits of integration being v =w;,w,=+%; -0 =1,1,
=v;and 0=p= +oo,

The expression of virtual annihilation interactions contri-
bution to the Ps, is [Eq. (59)]

<1I/| .Hvirtual annihilation, |\I’>
C

A Evirtual annihilation _

. (66)

where C is a constant which is equal to the norm of the wave
function (63). Its expression is the following:

,,  1(33 33/8-11b%4+5b%8
C=| Vdr=—|—+ 53
2\ 8 (1-b%

). (67)

As mentioned before, the computations of the four virtual
annihilation terms of Eq. (59) are similar. Thus, for the first
term on the right-hand side of Eq. (59), because of the term
S(x;—x,) inside the integral, the position of particle 1 (e”)
will be the same position as particle 2 (e*). Hence, Eq. (64)
becomes the following expression:

Wi=—1 =T Wy=ryp+r3, bL=rp3—ry.  (68)

Note that, now we have only three independent variables for
the relative coordinates. We call them u, w, and ¢ instead of
wy, wo, and t,, respectively. This means that Eq. (68) be-
comes

U=T1y, W=Fp3+T3y, [=F)3—7ri. (69)

The wave function in Eq. (63) for the first term of the virtual
annihilation interaction in Eq. (59), using the variables of Eq.
(69), can be written as follows:

b(—u-t)

V= exp(— %(w + u))coshT. (70)

The volume element corresponding to Eq. (69) is
1
d7 = Eu(w2 - )dwdudt, (71)

the limits of integration being u=w= +%, —u=t=u, and
O=u=+x.

The calculations of the four virtual annihilation terms of
the positronium molecule and the computations of the mul-
tidimensional integrals inside those terms, though tedious,
are similar and they can be done using, for example, Maple
software. The numerical result for the contribution of virtual
annihilation terms for the ground-state energy of the positro-
nium molecule is (with »=0.70 a.u.) AEYirtual annihilation
=10"* eV. To our knowledge there is only the recent paper
of Bubin et al. [51] in which the relativistic corrections to the
nonrelativistic ground-state energy of the positronium mol-
ecule are worked out. For the virtual annihilation contribu-
tion Bubin ef al. [51] found the value of 6.044 X 10™* eV or
2.221 X107 a.u. (from Table I of [51]; virtual annihilation
term is a’H, with @=1/137 and H,=0.4169 a.u. or har-
tree). Our result is only in order-of-magnitude agreement
with the Bubin ez al. value. This is not surprising given the
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relative inaccuracy of the Hylleraas and Ore wave function
as already pointed out.

V. CONCLUDING REMARKS

We have used the variational method within the Hamil-
tonian formalism of reformulated QED, with a simple Fock-
space trial state, to derive relativistic momentum-space wave
equations and the corresponding Kkernels (relativistic
momentum-space potentials) for n-fermion systems. These
include the familiar case of positronium (Ps, n=2), the pos-
itronium negative ion (Ps”) system (n=3), the positronium
molecule or Ps, (i.e., e*e”e*e”, n=4), and similar “exotic”
neutral and negative-ion systems with n>4. Of course, the
equations are applicable also to exotic systems in which e is
replaced by u.

The relativistic kinematics are included exactly in these
equations, but the interactions contain tree-level interactions
only (one-photon exchange and virtual annihilation), that is
they are incomplete beyond O(a*). The equations have
positive-energy solutions only so that they are amenable to
variational solution with no negative-energy-dissolution dif-
ficulties. There are no relative-time coordinates so that the
equations yield wave functions in the usual Schrodinger
sense. Indeed the equations are similar to relativistic gener-
alizations of the n-body Schrodinger equations (to which
they reduce in the nonrelativistic limit).

Since the method of deriving the equations (including the
interactions) is variational, the description of the interactions
can be improved systematically by using more elaborate
n-body trial states than (16) and (17). This has been demon-
strated recently for the well-known case of positronium (n
=2) [58]. Doing so for higher n systems, such as Ps~ or Ps,
is straightforward, though increasingly more tedious.

The recent observation of positronium molecule by
Cassidy and Mills [34] raises interest in other exotic systems

PHYSICAL REVIEW A 77, 042104 (2008)

and polyelectrons with n>4 such as ee*e"e*e”, n=5 or

e"e*e"ete"et, n=6. In 2001, a calculation of the five-body
system (e"e*e"e*e™, n=5) was reported by Mezei et al., but a
bound state was not found [63]. Mezei et al. used the sto-
chastic variational method (SVM) for their calculations. The
SVM and quantum Monte Carlo methods are popular among
other methods for the computation of complicated systems
[64].

It is not possible to solve the relativistic n-body equations
(25) derived in the paper analytically, even in the nonrelativ-
istic limit for n>?2. Therefore, approximate (i.e., numerical,
variational or perturbative) solutions must be sought for vari-
ous cases of interest. Since n-body fermion-antifermion sys-
tems with electromagnetic interactions (such as Ps,) are
weakly bound and relativistic effects are small, perturbative
solutions are generally sufficient. Nevertheless, approximate
variational solutions of the n-body system can be obtained by
replacing Fy ¢ .. (Pi.,....p,) with analytical functions con-
taining adjustable features (functions, parameters) to com-
pute and minimize the expectation value of the Hamiltonian.
For n>2 the evaluation of the multidimensional integrals
that arise in the computation of the matrix elements is a
challenging problem, requiring the use of methods such as
Monte Carlo simulations [65]. We note that the relativistic
equation (25) has solutions of positive energy only, hence no
negative-energy difficulties would be encountered in varia-
tional approximations.
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