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We present a theoretical and experimental study of polarization spectroscopy of rubidium atoms. All of the
populations of the magnetic sublevels were calculated from the rate equations and used in the calculation of the
polarization spectroscopy spectra. Using this model, we could generate theoretical line shapes of the polariza-
tion spectra on the D2 transitions of rubidium atoms. The experimental results demonstrated that our model
accurately reproduced spectra for all transitions in hyperfine structures.
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I. INTRODUCTION

Polarization spectroscopy �PS�, first demonstrated by Wi-
eman and Hänsch in 1976 �1�, has drawn considerable atten-
tion from researchers in atomic, molecular, and chemical
physics fields �2�. The most important applications of PS are
laser frequency locking �3–8� and spectroscopic measure-
ments in flames �9� and in plasmas �10�. In PS, the observed
signal is the change in the polarization state of a weak and
linearly polarized probe beam resulting from optical aniso-
tropy induced by a strong circularly polarized counter propa-
gating pump beam. Analogous to saturation spectroscopy
�2,11,12�, optical pumping plays an important role as a
mechanism for producing anisotropy in PS.

From the perspective of experimental work, there have
been many reports so far, mostly for laser frequency stabili-
zation �3–8�. In contrast, there have been few reports on the
accurate calculation of PS spectra. A theoretical model de-
veloped by Nakayama combining the theory of birefringence
and dichroism with the first-order theory of velocity selective
optical pumping has been widely used in estimating the PS
spectra �13,14�. Although this model provides rather reason-
able results, it still fails to provide an accurate theoretical
calculation of the PS spectra. Recently, Harris et al. reported
a theoretical study by solving rate equations �15�. Experi-
mental results showed that the transitions from the upper
hyperfine level of the ground state gave good agreement with
theoretical predictions. However, this model was unable to
accurately account for the results for the transitions from the
lower hyperfine level of the ground state �15�.

In this paper, we present a theoretical calculation of the
PS spectra based on a rate equation model. We generated PS
spectra by calculating the induced optical anisotropy for all
the laser detunings. By using the developed model, we could
account for the experimental results very accurately. This
paper is organized as follows. In the next section, we explain
the rate equation model utilized in calculating the PS spectra.
In Sec. III, we describe experimental apparatus used to verify
our model. The results and discussions follow in Sec. IV. We
present conclusions in the final section.

II. THEORY

In this section, we present calculations for the PS spectra
for D2 line of the alkali-metal atom based on the assumption

of rate equation approximation. The schematic of PS is
shown in Fig. 1. A �+-polarized pump beam propagates
along the −z direction and a linearly polarized probe beam
�x̂ cos �+ ŷ sin �� propagates along the z direction with �
�� /4. After traversing a rubidium cell with a length of L,
the electric field becomes

E� =
E0

�2
�− �̂+e−�+L/2ei�kn+L−��eikL��++i�+�

+ �̂−e−�−L/2ei�kn−L+��eikL��−+i�−�� , �1�

where n	 ��	� is the refractive index �absorption coefficient�
of the rubidium vapor and �	+ i�	 is the complex refractive
index by the windows for the �	 component of the probe
beam �̂	= 
 �x̂	 iŷ� /�2 and k is the wave vector. In reality,
�	 and �	 are much smaller than the refractive index of n	

�2�.
Since �+��− ��=n ,� ,�, and ��, we define the quantities

� �mean value� and �� �difference� as �	=�	
��
2 . Then Eq.

�1� becomes approximately linearly polarized with an incli-
nation angle of �− �kL /2���n+��� made with the x axis.
Finally the intensity difference �I= Ix− Iy is given by

�I � I0��

2
− 2� + kL��n + ���	 , �2�

where I0= 1
2�0cE0

2 exp�−��+2k��L� is the attenuated
intensity of the incident probe laser beam. To measure
the effect of the pump beam only �i.e., �n�, we set
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FIG. 1. �Color online� An experimental schematic of polariza-
tion spectroscopy: external cavity diode laser �ECDL�; anamorphic
prism pair �AP�; quarter-wave plate � /4�; half-wave plate � /2�;
polarizing beam splitter �PBS�; mirror �M�; and photodiode �PD�.
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�=� /4+ �kL /2���, and Eq. �2� becomes the following
equation:

�I = I0kL�n . �3�

The other phenomena which might affect the polarization of
the probe beam such as the polarizing beam splitters can also
be included in Eq. �2�, and can be compensated by adjusting
the value of �. In Eq. �3�, we can see that the polarization
spectra observed in the experiment are proportional to the
refractive index difference �n.

Now we calculate �n for the D2 transition of an alkali-
metal atom. The energy level scheme is shown in Fig. 2.
Since the energy spacing between the two ground states is
much larger than those of the excited states, the PS spectra
for the transitions from the lower and upper hyperfine levels
of the ground states are well separated. Thus, we consider the
transitions from one of the two ground states, whose angular
momentum quantum number is called F and the other is
called F� �Fig. 2�. As shown in Fig. 2, we measured the PS
spectra with four transition schemes for 87Rb and 85Rb at-
oms.

First we consider two specific energy levels 
Fg ,m� and

Fe ,m+q� with q= 	1. Since the real part of the complex
refractive index �nq� has the Kramers-Kronig relation
nq=1− �� /k���q with the absorption coefficient �q �2�, the
refractive index for the transition between 
Fg ,m� and

Fe ,m+q� is given by

nq = 1 −
33

4�2N
�/�

1 + 4�2/�2RFg,m
Fe,m+q�PFg

m − QFe

m+q� , �4�

where � is the frequency detuning of the probe beam relative
to the resonance line between two energy levels under con-
sideration, � is the decay rate of the excited state, N is the
atomic density,  is the wavelength corresponding to the
atomic resonance, q= 	1 for �	 transition, and PFg

mg �QFe

me�
denotes the population at the ground �excited� state 
Fg ,mg�

�
Fe ,me��. In Eq. �4�, the normalized line strength is given by
�16�

RFg,mg

Fe,me = �2Le + 1��2Je + 1��2Jg + 1��2Fe + 1��2Fg + 1�

� ��Le Je S

Jg Lg 1
� Je Fe I

Fg Jg 1


��Fg 1 Fe

mg me − mg − me
�	2

,

where L, S, and I denote the orbital, electron spin, and
nuclear spin angular momenta, respectively, and the curly
�round� brackets represents the 6J �3J� symbol.

To calculate the refractive index difference ��n=n+−n−�
for the D2 transition of an alkali-metal atom, it is necessary
to sum up all the contributions from each transition. In the
rest frame of an atom moving with a velocity v, the atom
feels the pump and the probe beams with the detunings given
by �pu=�+kv and �pr=�−kv, respectively, where
�=�− �EFe=Fg+1−EFg

� /� is the laser detuning with a laser
angular frequency of � and EFe

�EFg
� is the energy of the

excited �ground� state. The change of the refractive index
difference should be averaged over the Maxwell-Boltzmann
velocity distribution

�n��,t� = −
33

4�2

N
��u

�
−�

�

dve−�v/u�2

� �
Fe=Fg−1

Fg+1 ��pr + �Fe

Fg+1�/�

1 + 4��pr + �Fe

Fg+1�2/�2

� �
m=−Fg

Fg

�
q=	1

RFg,m
Fe,m+qq�PFg

m �t� − QFe

m+q�t�� , �5�

where ��Fe

Fe�=EFe�
−EFe

is the hyperfine energy spacing of the
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FIG. 2. An energy level diagram of the D2 transition of an alkali-metal atom: Four experimental schemes ��i�, �ii�, �iii�, and �iv�� for 87Rb
and 85Rb atoms are presented.
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excited states and the most probable velocity is u
= �2kBT /m�1/2.

Next, we calculate all the populations in Eq. �5� for given
� and v. We have performed similar calculations such as
those in Ref. �15�. Since the details of the calculations are
presented elsewhere �17�, we provide a brief description of
the calculation here. We consider a circular laser beam of
radius a with a uniform intensity. Then the fraction of atoms
that traverse the laser beam within t and t+dt is given by

H�t�dt =
1

t
�− 1 +

��

2�
�1 + 2�2�e−�2

erfi����dt ,

where �=2a / �ut� and erfi�x�=erf�ix� / i is the imaginary er-
ror function �15�. Thus the averaged refractive index differ-
ence is given by

�n��� = �
0

�

�n��,t�H�t�dt , �6�

where �n�� , t� is given in Eq. �5�.
In calculating Eq. �6�, we need to know the populations of

all relevant levels at all times. To facilitate the calculation,
we define the following functions:

AFg

m �t� = H�t�PFg

m �t�, BFe

m �t� = H�t�QFe

m �t� ,

UFg

m �t� = �
0

t

AFg

m �t��dt�, VFg

m �t� = �
0

t

BFg

m �t��dt�.

Then, the refractive index difference averaged over time is
given by

�n��� = −
34

8�7/2u
�

Fe=Fg−1

Fg+1 �
−�

�

d�pu

�exp�− ��pu − �

ku
�2	 �2� − �pu + �Fe

Fg+1�/�

1 + 4�2� − �pu + �Fe

Fg+1�2/�2

� �
m=−Fg

Fg

�RFg,m
Fe,m+1�UFg

m ��� − VFe

m+1����

− RFg,m
Fe,m−1�UFg

m ��� − VFe

m−1����� . �7�

In Eq. �7�, we have changed the integration variable from v
to �pu=�+kv. This is because we can calculate the popula-
tions and population-related functions as functions of only
�pu from the rate equations. Equation �7� is the final result,
which provides the PS spectra including resonance and
crossover lines, and the remaining task is to calculate the
values UFg

m ��� and VFe

m ��� from the rate equations as func-
tions of �pu. The explicit expressions for the rate equations
are displayed in the Appendix.

III. EXPERIMENTS

In order to verify the developed theory, we performed an
experiment on the PS for the D2 transitions of rubidium at-
oms. The layout of the experimental setup is shown in Fig. 1.

An anamorphic prism pair and two lenses were used to col-
limate a beam with a spot radius of 2 mm. Both of the probe
and pump beams were derived from an external cavity diode
laser �ECDL� �Toptica, DL100� with a linewidth of
�1 MHz. Two polarizing beam splitters �PBSs� were set up
as in Fig. 1 to make the probe beam have pure polarization.
The angle ���45°� of the probe beam’s plane of polarization
was adjusted by a  /2 plate to make Ix= Iy in the absence of
the pump beam. Thus, as mentioned in Sec. II, all effects
other than rubidium vapor such as two glass windows can be
compensated. A  /4 plate was used to make the pump beam
have a circular polarization. The crossing angle between the
probe and the counterpropagating pump beam in the vapor
cell was about 10 mrad. The Rb cell was kept at room tem-
perature and enclosed by a �-metal magnetic shield to elimi-
nate all of the outside magnetic field. For such a dilute Rb
cell, the collisional broadening can be neglected �18�. The
power of the pump and the probe beams was independently
varied by neutral density filters. The two output signals from
the PBS were focused onto photodiodes that were connected
to a circuit to linearly convert the current to voltage. The
voltage signals were electrically subtracted to yield the PS
spectra. The intensity of the probe beam was
0.29 �W /mm2, whereas that of the pump beam was varied.

IV. RESULTS AND DISCUSSION

Figure 3 shows experimental and theoretical results where
the intensity of the pump beam is s0�=Ipu / Is�=0.2
�with Is=1.62 mW /cm2 the saturation intensity�. The thick
�thin� curves of the upper traces in Figs. 3�a�–3�d� represent
the experimental �calculated� PS spectra for the transition
Fg=1→Fe=0,1 ,2 of 87Rb, Fg=2→Fe=1,2 ,3 of 87Rb,
Fg=2→Fe=1,2 ,3 of 85Rb, and Fg=3→Fe=2,3 ,4 of 85Rb,
corresponding to schemes �i�, �ii�, �iii�, and �iv� in Fig. 2,
respectively. In the bottom of each figure of Fig. 3, saturated
absorption spectra are shown to facilitate identification of the
position of signals. Here, the polarization of the pump beam
is �+ and that of the probe beam is �+ or �−. In Fig. 3, L�

denotes the resonance line for the transition Fg→Fe=� and
X�� represents the crossover lines between the transitions
Fg→Fe=� and Fg→Fe=�.

By comparing the theoretical and the experimental traces,
we easily see that our model reproduces accurately experi-
mental features in the hyperfine transitions spectra. In par-
ticular, the PS spectra for the transitions from the lower hy-
perfine levels �Figs. 3�a� and 3�c��, which have not been
expected based on other theories, are in good agreement with
the calculated results. In the case of the upper hyperfine tran-
sitions �Figs. 3�b� and 3�d��, the largest anisotropies are gen-
erated for the closed transitions �2→3 for 87Rb and 3→4 for
85Rb�. These dispersion signals have the large amplitudes
and steep slopes that can be used in laser frequency stabili-
zation. As can be expected in Eq. �7�, all the resonance and
crossover lines are composed of several dispersive functions.
The complicated line shapes in Fig. 3 resulted from the sum-
mation of several dispersive functions with various ampli-
tudes and linewidths. This phenomenon was confirmed by
our recent work on analytic calculation of the line shapes of
the PS spectra �19�.
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In order to further verify our model, we varied the inten-
sity of the pump beam. Figures 4�a� and 4�b� �Figs. 4�c� and
4�d�� show the experimental and calculated results for the
lower �upper� hyperfine transition of 87Rb, respectively, cor-

responding to scheme �i� ��ii�� in Fig. 2. The intensities of the
pump beams were s0=0.11, 0.20, 0.29, 0.39, and 0.58. In
Fig. 4, we can see good agreement between the experimental
and calculated results for all pump beam intensities. As the
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FIG. 3. The experimental and calculated PS spectra for transi-
tion from the lower hyperfine level of 87Rb �a�, the upper hyperfine
level of 87Rb �b�, the lower hyperfine level of 85Rb �c�, and the
upper hyperfine level of 85Rb �d�.
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FIG. 4. �Color online� The experimental �a� and calculated �b�
intensity dependence of the PS spectra for the transition
Fg=1→Fe=0,1 ,2 of 87Rb atoms: The experimental and calculated
results for the transition Fg=2→Fe=1,2 ,3 of 87Rb atoms are pre-
sented in �c� and �d�, respectively.
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intensity increased, we observed that the signals became
broad, which we ascribed to the power broadening. In the
case of the upper hyperfine transitions �Figs. 4�c� and 4�d��,
as the intensity increased, the magnitude of the dispersive
signal increased, while the slope remained almost un-
changed. As can be seen in Fig. 4, the model, based on
rate-equation approximation, worked very well for the inten-
sities used in this experiment.

V. CONCLUSIONS

In this paper, we presented a description of our theoretical
and experimental study on the polarization spectra for ru-
bidium atoms. Our model for multilevel atoms provides an
effective and computationally tractable method for calculat-
ing the polarization spectra. The populations of all the mag-
netic sublevels were calculated from the rate equations and
used in calculating the PS spectra. The resulted PS spectra
were then averaged over various transit times of the atom
crossing the pump laser beam. We performed the calculation
for the entire detuning range of the spectra and therefore
could obtain the results that were in good agreement with
experimental spectral features including the resonance and
crossover lines. We could account for all of the PS spectra
obtained for both rubidium isotopes with great accuracy. The
theoretical model, developed in this paper, is generally ap-
plicable to other atoms such as Na or Cs. We are currently
working on calculations and experiments for other transitions
or other atoms.
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APPENDIX

The rate equations for the ground state under consider-
ation �Fg=F�, the other ground state �Fg=F��, and the ex-
cited states are given by

d

dt
PF

m = − �
Fe=F−1

F+1

RF,m
Fe,m+q��s0

2

PF
m − QFe

m+q�

1 + 4��pu + �Fe

F+1�2/�2

+ �
Fe=F−1

F+1

�
me=m−1

m+1

�RF,m
Fe,meQFe

me, �A1�

d

dt
PF�

m = �
Fe=F�−1

F�+1

�
me=m−1

m+1

�RF�,m
Fe,meQFe

me, �A2�

d

dt
QFe

m = RF,m−q�
Fe,m �s0

2

PF
m−q� − QFe

m

1 + 4��pu + �Fe

F+1�2/�2

− �
Fg=F,F�

�
mg=m−1

m+1

�RFg,mg

Fe,m QFe

m , �A3�

where q� represents the polarization of the pump beam and
s0= Ipu / Is with Ipu the intensity of the pump beam
and Is=1.62 mW /cm2 the saturation intensity. The value m
runs from −Fg to Fg or −Fe to Fe for the populations of the
ground states or the excited states, respectively, and
Fe=F+1,F ,F−1 in Eq. �A3�.

The corresponding rate equations for A and B are given
by

d

dt
AF

m = − �
Fe=F−1

F+1

RF,m
Fe,m+q��s0

2

AF
m − BFe

m+q�

1 + 4��pu + �Fe

F+1�2/�2

+ �
Fe=F−1

F+1

�
me=m−1

m+1

�RF,m
Fe,meBFe

me +
dH

dt
PF

m, �A4�

d

dt
AF�

m =
dH

dt
PF�

m + �
Fe=F�−1

F�+1

�
me=m−1

m+1

�RF�,m
Fe,meBFe

me, �A5�

d

dt
BFe

m = RF,m−q�
Fe,m �s0

2

AF
m−q� − BFe

m

1 + 4��pu + �Fe

F+1�2/�2

− �
Fg=F,F�

�
mg=m−1

m+1

�RFg,mg

Fe,m BFe

m +
dH

dt
QFe

m , �A6�

d

dt
UFg

m = AFg

m , �A7�

d

dt
VFe

m = BFe

m . �A8�

In the rate equations of Eqs. �A1�–�A8�, two arbitrary equa-
tions have to be replaced by the following equations repre-
senting the normalization condition:

�
Fg,mg

PFg

mg + �
Fe,me

QFe

me = 1, �A9�

�
Fg,mg

AFg

mg + �
Fe,me

BFe

me = H�t� . �A10�
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