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We demonstrate theoretical stationary and dynamical generation of Bell states in a system of two parallel
double quantum dots with one mobile electron each �proposed as two charge qubits� driven by an external
potential difference applied to the second of the double dots. For coherent dynamics, it is shown that each one
of the four Bell states is obtained through a suitable nonentangled initial condition as well as through the
control of the time-dependent external electric field. We analyze dissipative effects on such state formation, due
to the coupling with a thermal bath of phonons. Via a Markovian master equation approach, which includes the
electron-phonon interaction, we found that Bell-state probabilities are preserved for very low temperature but
are adversely affected as the temperature increases. In addition, we include concurrence and charge distribution
calculations in order to characterize the double-dot array. This electrostatic mechanism could be of interest in
quantum-computation, -information, and -communication schemes.
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I. INTRODUCTION

Size reduction in microelectronics and integrated circuits,
with the corresponding increase of speed, is approaching a
physical limit where quantum effects are present. Since the
statement of different quantum algorithms, it has been dem-
onstrated that quantum mechanics offers unexpected possi-
bilities in information transmission and processing �1,2�, in-
dicating the potential capabilities of quantum computers for
solving problems intractable in a classical computer �1,3,4�
and the development of new information and communication
protocols.

In quantum-information processing, the basic unit of in-
formation, or qubit �1,5,6�, is a quantum two-level system in
which each state can be used to represent the classical 0 and
1 binary values in such a way that the qubit can also exist in
an arbitrary complex superposition of 0 and 1 �inherent
quantum parallelism�. Each qubit can be entangled with
other qubits in order to perform different computing opera-
tions �1,5�.

Entanglement is one of the central issues under discussion
in quantum theory since it serves to distinguish classical and
quantum concepts �7�; it is a quantum-mechanical phenom-
enon in which two or more states are described in reference
to each other, even if they are spatially separated, leading to
unique correlations between them that are stronger than any
classical correlation �8�. The interest in entangled states �de-
fined as nonseparable superpositions of the component states
�1,8�� has been recently renewed because they play a role as
an important resource for quantum-computation, quantum-
communication, and quantum-information techniques
�7,9,10�. Among the different kinds of entangled states, the
Bell states are the maximally entangled states of two qubits

and are very interesting because many quantum-
communication schemes such as quantum teleportation
�11,12�, quantum dense coding �13–15�, and quantum cryp-
tography �16� are based on them �1,10,14�; in addition, the
understanding of two-particle entanglement can be used as a
basis for the generation of states of three or more entangled
qubits �17,18�.

Mainly motivated by potential applications of entangle-
ment, there is currently great interest in finding ways to cre-
ate and manipulate entangled states �19–21�. Different physi-
cal systems have been proposed for realization of Bell states
and their experimental demonstration has been achieved
mainly on trapped ions �22–24� and on quantum-optics sys-
tems, including, for example, photon polarization states
�17,25–27�, atom-photon interactions in cavity QED �28,29�,
and between two spatially separated cavities �30,31�.

Solid-state implementation for both qubits and entangled
states is very promising because of the inherent scalability
for realistic application of quantum computers �3,4� and the
relative ease of integration within current technologies
�3,4,32–35�. Among such systems, the use of semiconductor
quantum dots �QDs� �3,4,36–38� has received increasing at-
tention due to the knowledge of their theoretical and experi-
mental properties and the existence of an industrial base for
semiconductor processing. In particular, double quantum
dots �DQDs� can be fabricated in a well-controlled way and
have been under intense study �39–50�, and a charge qubit
can be defined through the use of its charge degree of free-
dom �40,41,49,51�. Such systems offer good control of the
qubit via external voltages �45–47�.

Realization of Bell states in QDs has been proposed via
excitons in a single dot �21,52,53� or in coupled QDs �54,55�
as well as in the electronic states in DQDs. Most of these
studies refer to two electrons in a single DQD �19,37,42,53�
in which electron position and/or spin can be used to define
two qubits �37,38,42,56�. In addition, an array of two DQDs*debora.contreras@icmm.csic.es
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with two electrons can be thought of as an array of two
charge qubits where entanglement and Bell states are formed
�57�.

Coherent control of charge in DQDs �45–47� and even
experimental demonstration of entanglement �58� have been
achieved by means of an external electric field. Thus, these
systems have also been theoretically considered for Bell-
state creation and control �19,37,42,57,58�.

However, one of the major obstacles to solid-state imple-
mentations of qubits �1,48,59,60� and entanglement �24� is
the decoherence caused by the interaction of the system with
the environment, which inevitably disturbs the desired quan-
tum evolution of a quantum-information process. For such
quantum-dot realization, loss of coherence is mainly due to
interaction with acoustic phonons �53,59,61–63�. Dissipation
in qubits based on DQDs has been theoretically studied in
different ways, including, for example, phenomenological
calculations using a damping parameter in the equations of
motion �64�, stochastic equations for the population differ-
ences and dipole moments of the DQDs �65�, and also
by means of microscopic models. In particular, the latter
have taken into account dissipative effects in formation of
Bell states for both diagonal �53,56� and nondiagonal
�42,57,66,67� electron-phonon interaction.

The quantification of the degree to which a system is en-
tangled is also an important task, and the theory of quantum
entangled states is based on entanglement measures, which
are scalar quantities that quantify quantum correlations and
distinguish them from classical ones �7�. For bipartite pure
states these measures exist and are straightforward to com-
pute �2,7�. On the other hand, for systems that are in a sta-
tistical mixture �or mixed states�, as observed in realistic
experiments, there are also different proposed measures
�such as the von Neumann entropy, entanglement of forma-
tion, and distillable entanglement, among others� but these
cannot be effectively computed for a generic mixed state
�2,7� and only a few exceptions are well known, like Woot-
ters’ expression for the “concurrence” of two qubits �68�.

Here, we theoretically explore the formation and control
of entangled states in an array of two parallel DQDs in terms
of a static and dynamic external applied potential Va. Each
DQD has one extra electron, which by means of tunneling
events can be in the upper or lower dot �see Fig. 1�a��, acting
as the states of a charge qubit. Thus, in practice, we have an
array of two charge qubits while the external potential can
represent variations in the quantum-dot operation, dot size,
and even the input of a computational process. This theoret-
ical DQD configuration is close to one realized in recent
experiments where Coulomb interaction between two DQDs
is analyzed �69�.

The main purpose of this paper lies in the demonstration
of coherent dynamic formation and control of each one of
the Bell states through the control of the time-dependent ex-
ternal potential. Bell states can be related to charge distribu-
tion states in the DQD array, as explained below and as
shown in Fig. 1�b�.

By means of the coupling of the charge qubits with a
thermal bath of phonons, dissipation is also considered
through a microscopic model for nondiagonal electron-
phonon interactions. To this end, we use a quantum open

system approach for the study of the dynamical evolution of
the reduced density matrix of the system, and we evaluate
the effects of temperature on charge distribution, concur-
rence, and Bell-state probabilities in the DQD array.

Wootters’ concurrence is used to characterize the degree
of entanglement in our system, for both pure and mixed
states. On the other hand, charge distribution is quantified via
the “polarization” �64,70� which refers to the electron local-
ization in opposite quantum dots inside the array �see Eq.
�10� below�.

In particular, we find that each Bell state can be obtained
in this qubit array with the largest probability, through the
control of a time-dependent external electric potential and
from specific initial nonentangled charge states. Bell states
can be maintained for very low temperatures, but they dete-
riorate as the temperature increases, and we observe that the
system loses any quantum correlation for finite �or critical�
temperature, which for the typical tunneling used here is
around 2.75 K.

The paper is organized as follows. In Sec. II we present
the general model used in this study. With an extended
Hubbard-type Hamiltonian, the Coulomb interactions in the
charge-qubit array as well as the driving electric potential are
described. The thermal bath is modeled by a set of harmonic
oscillators, and a nondiagonal electron-phonon coupling is
considered in a way that represents phonon emission and
absorption due to electron tunneling inside the QD array. By
a numerical diagonalization of the isolated array with a static
electric potential, the stationary behavior of the charge dis-
tribution and entangled state formation are calculated for the
ground state. For a time-dependent potential, the coherent
dynamics of the density matrix for the isolated array is ob-
tained from the Liouville equation, whereas for dissipative
dynamics we derived a Markovian master equation for the

FIG. 1. �Color online� �a� Two double quantum dots in a square
geometry with an external potential difference applied in the second
quantum dot. Each double dot has one extra electron and tunneling
is allowed only vertically. �b� The four Bell states related to charge
distribution inside the array.
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time evolution of the reduced density operator. The results
obtained from these three studies are presented in Sec. III,
where concurrence, polarization, and Bell-state probabilities
are shown as functions of the relevant parameters of the
system with emphasis on the coherent dynamics of each
Bell-state formation �from uncorrelated initial states� and on
the effects of temperature on both concurrence behavior and
probability for each Bell state. Finally, we summarize and
conclude in Sec. IV.

II. MODEL

We have an array of two parallel double quantum dots
with one extra electron each, arranged in a square geometry
and coupled by Coulomb interactions, representing two
coupled charge qubits. This array is described by an ex-
tended Hubbard-type Hamiltonian �66,67�:

HS = �
i

�in̂i + t�
�ij�

�ĉi
†ĉj + ĉj

†ĉi� + �
i�j

Vijn̂in̂j , �1�

where ĉi
† �ĉi� is the creation �annihilation� operator for elec-

trons, n̂i= ĉi
†ĉi is the electron number operator, and �i is the

on-site energy at the ith quantum dot. The Coulomb interac-
tion between electrons in dots i and j separated by a distance
dij is Vij =V /dij, and the electron tunneling amplitude be-
tween nearest-neighbor dots �ij� is t �not to be confused with
the time�; for our specific case tunneling is allowed only
vertically as shown in Fig. 1�a�. The electric potential differ-
ence Va is applied only on the second DQD configuration,
Fig. 1�a�. Note that its effect on the QD system is a shift in
the energy of the second quantum dot, that is, �2 is renormal-
ized with the potential as �2+Va, which is the energy used in
the calculations for this site. We consider spinless electrons,
and double occupancy is forbidden.

For dissipative dynamics, the open system is described by
the total Hamiltonian H=HS+HR+VSR where the subscripts
S and R stand for the system �DQD configuration� and the
reservoir �or bath�, respectively. We consider a dissipative
model like the one used in Ref. �66�, in which the thermal
bath of phonons is given by a set of harmonic oscillators of
frequency �k, HR=�k��kbk

†bk, where bk
† �bk� are the creation

�annihilation� phonon operators.
The electron-phonon interaction is given by

VSR = �
k

�
j j�

�kjj�ĉj
†ĉj��bk

† + bk� , �2�

which corresponds to absorption or emission of a phonon for
electron tunneling events, with matrix elements given by the
coefficients �kjj�=Dgk��k�, where gk��k���k

1/2 describes the
frequency-dependent amplitude of the interaction and D is
the coupling strength constant, both for the deformation po-
tential model. �Although �kjj� depends on both electronic and
bosonic properties, the deformation potential is a simple
model to describe the coupling, leading to a constant prefac-
tor that does not explicitly depend on the electronic states of
the system but encapsulates the key interaction effects �71�.�

Notice that, even though the phonons are present every-
where and not only during tunneling events, they yield a

uniform on-site energy renormalization in the whole DQD
array which will be ignored here. Therefore, just the phonon-
assisted tunneling events described by VSR significantly af-
fect the energy levels of the system and thus the dynamics of
the array, providing an effective coupling mechanism and
allowing energy relaxation processes �67�.

As in Refs. �64,67,70�, we assume quantum dots with
characteristic diameter ��50 nm defined on a
GaAs /AlxGa1−xAs heterostructure, with an effective mass
m�=0.067. The typical distance between quantum dots is a
�100 nm, and the dielectric constant of the medium is �12,
yielding an estimated Coulomb repulsion between nearest-
neighbor dots of V�1 meV, which is taken as the unit of
energy in this paper.

For our particular model, the basis is given by the four
charge distribution states in the two-DQD array, straightfor-
wardly related to the “computational basis” for two qubits:
	11�= 	1� � 	1�, 	10�= 	1� � 	0�, 	01�= 	0� � 	1�, and 	00�= 	0�
� 	0�, where 1 �0� represents an electron localized in the
upper �lower� QD of each pair, in the order presented in Fig.
1 �the first qubit corresponds to the first DQD—sites 4 and
3—whereas the second qubit includes QDs 1 and 2�. Notice
that states 	10� and 	01� correspond to charge located on sites
�i.e., QDs� 2 and 4 and 1 and 3, respectively �diagonals of
the square defined by the DQDs� and because of electrostatic
interaction they have the minimal energy, whereas 	00� and
	11� states are configurations with both electrons in the bot-
tom �top� sites in each DQD �sides of the square�. In this
way, Bell states in the computational basis �1� can be directly
related to our charge states as shown in Fig. 1�b�, where it
can be observed that they correspond to linear combinations
of charge distributed along both diagonals �	�	�
= �	01�	 	10�� /2� or sides �	
	�= �	00�	 	11�� /2� of the
DQD square array.

For the stationary case with a constant potential difference
Va acting on the second DQD and without dissipation, the
solution can be found by a direct numerical diagonalization
of HS and we study the ground state properties. For coherent
dynamics �no dissipation� a linear time-dependent potential
difference is applied in the second DQD, Va�t�=−Va0�t− t0�
�where Va0 is a constant and t0 is the potential difference
response time�, and the Liouville–von Neumann equation of
motion for the density matrix of the system is solved:

���t�
�t

= − i��HS,��t�� . �3�

Finally, for dissipative dynamics we start from the time
evolution of the total density matrix, given in the interaction
picture �I� by

�̇�I��t� = −
i

�
�VSR

�I��t�,��I��0��

−
1

�



0

t

dt�†VSR
�I��t�,�VSR

�I��t��,��I��t���‡ , �4�

where VSR
�I� is the array-bath interaction operator �66,67�.

We obtain a closed equation for the reduced density ma-
trix �RDM�, �S

�I��t�=TrR���I��t���, where the partial trace is

DYNAMIC GENERATION OF BELL STATES IN A… PHYSICAL REVIEW A 77, 032301 �2008�

032301-3



carried out over the phonon states by using three fundamen-
tal assumptions: �i� at all times there exists a stationary res-
ervoir at temperature T with equilibrium density matrix
�R�0�=exp�−HR /kBT� /TrR�−HR /kBT� �kB is the Boltzmann
constant�; �ii� the system S and the reservoir R are initially
uncorrelated, implying ��I��0�=��0�=�S�0��R�0�; �iii� the
reservoir loses all memory about its interaction with the sys-
tem in a time much shorter then that needed for the RDM to
change appreciably, meaning that �S

�I��t����S
�I��t� �Markovian

approximation�. Thus, we arrive at the master equation for
the RDM elements �72,73� in the Schrödinger picture and for
the instantaneous eigenbasis:

�̇S�t�ss� = − i�ss��S�t�ss� + �
m,n

R̃ss�mn�S�t�mn �5�

where the first term on the right side represents reversible �or
coherent� effects which depend on the transition frequencies
of the system �ss�= �Es−Es�� /� �Em are the system eigenen-
ergies�, while the second term describes relaxation processes

�or irreversible dynamics� where R̃ss�mn is the relaxation ten-
sor �67,72,73�, given explicitly as

R̃ss�mn = ��nm�1 − �ms�W̃sm − �ms�ns�
k�s

W̃ks �s = s�� ,

− ss��ms�ns� �s � s�� .
�

�6�

Here, W̃nm are the transition rates from state 	m� to 	n� of the
system, which can be expressed in terms of the bath and
DQD array properties as

W̃mn =
2�

�2 D2	g��mn�	2D��mn�	Smn	2n̄��mn��

+ 	Smn	2�1 + n̄��mn��� , �7�

where n̄��� is the mean number of phonons in the reservoir
at temperature T �Bose-Einstein distribution�, and D���
��2 is the density of phonon states in the Debye model. We
have introduced the operator S which represents system elec-
trons interacting with the phonons, Eq. �2�. This kind of
electron-phonon coupling can be interpreted as phonon-
assisted tunneling events. The states involved in such transi-
tions are given in terms of the basis states as S= 	01��11	
+ 	10��11	+ 	01��00	+ 	10��00	, which, projected onto the in-
stantaneous system eigenbasis, gives the elements Smk. No-
tice that the first part of this equation ��n̄� corresponds to
phonon absorption while the second ��n̄+1� corresponds to
emission processes, both at a frequency given by the array
transition energy �nm �57,66,67�.

The real part of the nonadiabatic parameter ss� represents
the damping rate �loss� of coherence due to the interaction
between system and reservoir, which also can be written

in terms of the transition rates as Re ss�= ��k�sW̃ks

+�k�sW̃ks�� /2. Its imaginary part represents a shift of the
transition frequency �ss�, which we assume negligible

�67,73�. It is also important to note from Eq. �7� that the
transition rates satisfy the so-called detailed balance condi-
tion �72,73�

W̃nm

W̃mn

= exp�−
��nm

kBT
� . �8�

Finally, for a better understanding of the transition rates,
we can point out that Eq. �5� for diagonal elements takes the
form

�̇S�t�ss = �
m

W̃sm�S�t�mm − �S�t�ss�
m

W̃ms, �9�

which means that the probability of having the system state
	s� occupied at time t, �S�t�ss, increases due to transitions
from all other states 	m� to 	s� �first term in Eq. �9��, and
decreases due to transitions from state 	s� to any state 	m�
�second term�.

Solution of both Eq. �3� for the closed system and the
master equation �5� is carried out numerically using a fourth-
order Runge-Kutta algorithm, choosing the appropriate inte-
gration step in order to ensure that the property Tr��S�=1 for
the RDM is always satisfied.

As we have stated, the physical properties of interest of
the DQD array are polarization, concurrence, and probabili-
ties for each one of the Bell states, which are calculated from
the numerical solution of the stationary and dynamical equa-
tions.

The DQD array polarization is calculated as �64,70�

P =
�1 + �3 − ��2 + �4�

�
i

�i

, �10�

where �i is the charge density in the ith quantum dot, deter-
mined from the density matrix as �i=Tr��Sn̂i�. Notice that
the states with charge located at opposite quantum dots, 	01�
and 	10�, correspond, respectively, to polarization P= +1 and
−1.

In order to quantify the entanglement between the two
charge qubits, we make use of Wootters’ expression for con-
currence �68�. For a pure state of two qubits, it is defined as

C = ���	�̃�� �11�

with 	�̃�= ��y � �y�	���, where �y is the Pauli matrix and 	���
is the complex conjugate of 	��. Thus, this expression is used
for the stationary study, 	�� being the ground state of the
DQD array in the presence of the static potential Va.

On the other hand, for both coherent and dissipative dy-
namics we employ the concurrence for a general state �pure
or a mixture� of two qubits, calculated from the density ma-
trix of the system �S as �68�

C = max0,�1 − �2 − �3 − �4� , �12�

where the �’s are the square roots of the eigenvalues, in
decreasing order, of the non-Hermitian matrix �S�̃S=�S��y

� �y��S
���y � �y�, and �S

� denotes the complex conjugation of
�S. The concurrence is 1 if the qubit system is maximally
entangled, whereas it equals 0 when the system is separable;
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then Bell states have C=1 and each one of our basis states
has null concurrence, C=0 �68�.

Because of the largest degree of entanglement presented
by the Bell states, we are interested in evaluating their con-
tribution to the overall concurrence. By means of a basis
change, a general state of the closed system can be expressed
as a linear combination of Bell states as 	��=c�+	�+�
+c�−	�−�+c
+	
+�+c�−	
−�. One can easily find that 	�̃�
=c�+

� 	�+�−c�−
� 	�−�−c
+

� 	
+�+c�−
� 	
−� and then, following

Eq. �11�, an expression is obtained for concurrence as a func-
tion of Bell-state probabilities �57� for a pure closed system
�no dissipation�:

C = 	P�+ − P�− − P
+ + P
−	 , �13�

where Pi= 	ci	2 is the probability of finding the system in the
ith Bell state.

III. RESULTS AND DISCUSSION

A. Stationary state

In order to characterize the basic properties of the ground
state of the DQD array, in Fig. 2 we present polarization,
concurrence, and Bell-state probabilities calculated as func-
tions of the constant applied potential difference for a char-
acteristic tunnel amplitude of t /V=0.03.

The polarization is shown in Fig. 2�a�, where it can be
observed that for negative values of Va the ground state of
the system corresponds to one where charge is mainly lo-
cated on sites 2 and 4 �proportional to state 	10��. As Va
increases toward positive values, the ground state becomes
that where electrons are located in an opposite configuration,

that is, at sites 1 and 3 �state 	01��. This translates into a
general change of polarization from P�−1 to �+1.

This behavior corresponds to pinning of the electron on
site 2 when Va�0, favoring states 	10� and 	00�, the latter
being less favorable because of electrostatic repulsion. On
the other hand, when Va�0, states 	01� and 	11� are pro-
moted and by Coulomb interaction the 	01� state is preferred.
In the case with Va�0, the zero polarization tells us that
charge is distributed in the four QDs.

In Fig. 2�b�, the concurrence as a function of the applied
potential is presented, and again we find three different re-
gimes for Va. The concurrence starts from a very small value
for Va�0, growing to a maximum around Va�0, and after
this it decreases as Va increases, reaching almost a zero
value. The peak of concurrence around null Va means that
entanglement is promoted via a certain degree of charge de-
localization, due to tunneling events, and as Va increases �in
absolute value� the potential tends to localize charge in al-
most well-defined 	01� or 	10� nonentangled states, in accor-
dance with the polarization analysis.

The general behavior presented by concurrence has con-
tributions from different Bell states. In Fig. 2�c� we observe
that for both negative and positive values of Va the states
	�+� and 	�−� are formed with the largest, similar probability
with a very small contribution from 	
+�, yielding an almost
null concurrence, in agreement with Eq. �11�. By exact solu-
tion of the eigenvalue problem for Va�0, the symmetry
of the square array of DQDs combined with the Coulomb
interaction between electrons yield a ground state which
can be written in terms of 	�+� and 	
+� as 	��
=�2�	
+�+�2�	�+� �with �=4t /x, �= �2−�2+y� /2x, x
=�y2+ �2−�2�y and y=�6−4�2+64t2�, whose concurrence
can be analytically calculated from Eq. �11� or �13� as C
=2��	�	2− 	�	2��.

For the typical tunneling used in this paper �t /V=0.03�,
	�	2� 	�	2, and then the probability of finding the system in
the 	�+� state is largest with just a minor contribution of
	
+�, as shown in Fig. 2�c�. This behavior is reflected in the
large value for concurrence, C=0.92, as shown in Fig. 2�b�.

We now examine tunneling effects, shown in Fig. 3,
where we plot the concurrence for different values of both
hopping and the external potential difference. Our results
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FIG. 2. �Color online� Ground state properties for the array un-
der a static external electric field Va: �a� polarization, �b� concur-
rence, and �c� Bell-state probabilities. Typical parameters used here:
t /V=0.03, a=100 nm.

FIG. 3. Gray-scale map of stationary concurrence as a function
of tunneling t /V and the constant external electric field Va. Notice
how the concurrence is adversely affected as tunneling increases,
while its maximum peak becomes wider for Va�0.
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reveal that the concurrence decreases as tunneling increases,
and there is a broadening in the concurrence peak with re-
spect to Va. To illustrate the physical significance of this
behavior, we recall the ground state for Va�0. In this case,
transitions from 	01� to 	10� states �and vice versa�, which
give rise to the 	�+� state, are not direct: the system can
perform such transitions through population of the 	00�
and/or 	11� states, and these processes are represented in the
presence of the 	
+� state. In agreement with the previous
expressions for � and �, an increment in tunneling amplitude
yields a faster charge delocalization, reflected in an incre-
ment of the 	
+� probability while that of 	�+� decreases,
and, as a result, the concurrence also decreases �Eq. �13��.
Thus, tunneling and Coulomb interaction between electrons
dominate the Bell state and concurrence generation for a null
external potential.

On the other hand, for Va�0 the external potential effect
is the mechanism dominating charge distribution inside the
array. That means that there is a competition between charge
delocalization in the QDs induced by tunneling and localiza-
tion induced by the potential difference.

Note that we have considered the same tunneling ampli-
tudes in both DQDs in order to analyze the effect of hopping
in entanglement and formation of Bell states. However, we
should be aware of the fact that in the experiments related to
QDs it could be difficult to keep exactly the same tunneling.
The generalization of our model to take it into account is
straightforward. Although the dependence of entanglement
on different tunnelings �say t1 and t2� is not trivial, in the
interval t1 / t2= �0.3,2� the system follows qualitatively the
same kind of behavior exhibited for equal amplitudes, as
expected �not shown�: there is a preferred Bell state and the
concurrence is a nonmonotic curve whose maximum value,
presented for a very small electric potential, depends on both
the t1 and t2 values used. In particular, for the Va�0 case, it
can be demonstrated that the ground state is proportional to
the sum of both hopping amplitudes. As the properties of
interest are not changed significantly by different tunnelings
for the mentioned interval, in the next sections we consider
the t1= t2= t case for the time-dependent studies.

B. Coherent dynamics

We now examine the dynamics of the closed array of
charge qubits when the external electrical field applied is
linearly time dependent, Va�t�=−Va0�t− t0�, and here we
demonstrate that it is possible to obtain dynamical Bell states
in our system by using suitable potential and nonentangled
initial conditions.

The Liouville equation is solved for the time evolution of
the density matrix of the system, which is used to calculate
the time-dependent concurrence, the probabilities of Bell
states, and the charge density on each site. As an example, in
Fig. 4 we present those properties as functions of time for an
initial condition corresponding to the 	01� state for a typical
tunneling amplitude of t /V=0.03 and Va�t� ranging from
0.375 to −0.375 meV in a time 2t0 �with t0=0.75 ns�. For
longer times, t�2t0, the potential becomes static, remaining
at that negative value.

Figure 4�a� reveals that the initial polarization is P
� +1 ��	01� state� and it is maintained in time. Then there is
a switch in the polarization at times where the electric po-
tential is around zero. For times corresponding to negative
values of the external potential, the 	10� state is favored, with
P=−1.

In agreement with this analysis, Fig. 4�b� shows that, be-
cause the initial condition is a nonentangled state, then con-
currence starts from zero and increases for low positive Va
values, presenting a peak at a time �=0.75 ns where Va���
�0. For larger times and as this potential turns to negative
values, the concurrence decreases until it vanishes when the
system reaches the 	10� state �with P�−1� as mentioned
above.

The same kind of behavior is observed in the Bell-state
probabilities �Fig. 4�c��, where we can notice that the system
starts in a nonentangled combination of 	�+� and 	�−� states.
Because of the effect of positive values of the electric field,
the 	�+� state is favored, yielding a peak in concurrence and
a switch in polarization when Va����0. Then, for larger
times, the 	10�� 	�+�+ 	�−� nonentangled state is favored.
Again, it is possible to appreciate that a certain charge delo-
calization induces entanglement formation from an initially
separable state; thus the concurrence decreases as Va in-
creases in absolute value.

Notice the oscillations presented in all properties, which
are due to coherence induced by tunneling between dots and
the external applied potential.

For potential applications in quantum information and
quantum communication, one should maintain entanglement
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FIG. 4. �Color online� Dynamic properties when a linear time-
dependent potential is applied to the second DQD. Va takes values
from 0.375 to −0.375 meV in a time 2t0=1.5 ns, whereas for t
�2t0, Va=−0.375 meV. �a� Polarization, �b� concurrence, and �c�
Bell-state probabilities. Again, t /V=0.03 and a=100 nm.
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during the whole computational process. Therefore, we turn
to controlling entanglement and formation of Bell states by
“removing” the potential at the time where concurrence pre-
sents a peak; that is, we let the concurrence reach its maxi-
mum value �in a characteristic time given by �� and then it is
maintained in time. To that end, we consider the same linear
potential Va�t�=−Va0�t− t0� for t��, whereas for times t��
it is Va�t�=0 �with the mentioned value for ��.

From now on we will refer to this driving mechanism as
the controlled scheme, for which we show numerical results
for concurrence �Fig. 5�a�� and Bell-state probabilities �Fig.
5�b�� as function of time for different initial conditions, cor-
responding to the four nonentangled basis states. The contri-
butions to the concurrence from Bell states are different for
each condition, depending on the time evolution of the initial
charge density; however, in general, we are able to obtain
just one Bell state with the largest probability in each case.

The general behavior for both concurrence and Bell-state
probabilities in the presence of an external potential, t
�0.75 ns, is in agreement with the analysis given previ-
ously for the noncontrolled case �Fig. 4�. For larger times
�t���, we can see in Fig. 5�b�, from top to bottom, that the
	�−� state is obtained with the largest probability, which is
�0.88 from the initial 	11� state �with the electrons localized

in the top of both DQDs�. The initial 	10� state, where the
charge is localized in the second and fourth QDs, yields the
	
−� state with a probability around 0.88, whereas from the
opposite charge distribution state, 	01�, it is possible to obtain
	�+� with probability 0.95. Finally, the initial 	00� state,
which corresponds to the electrons localized at the bottom of
the DQD array, generates the 	
+� state with probability
around 0.95. In the four cases, the corresponding concur-
rence is oscillating around 0.9.

This mechanism for generation of Bell states is in agree-
ment with the theoretical quantum “truth table” proposed for
the same purpose �1,10�, as shown in Table I.

In order to understand the mechanism involved in such
generation of Bell states, the time evolution of the probabil-
ity for the basis states is analyzed. As examples, Figs. 6 and
7 show the behavior for 	10� and 	01� initial conditions, re-
spectively. For the first case, we can observe how the prob-
ability for the 	10� state decreases while that for the 	11� state
grows, in the interval 0� t�0.2 ns. For times t�0.2 ns, the
probability of 	11� exceeds that of 	10�, and when the electric
external potential is removed the system remains oscillating
coherently between the 	00� and 	11� states �in a kind of Rabi
oscillation between two states�, resulting in the 	
−� state.
The inverse behavior is presented when we use the initial
	11� state, yielding the formation of 	�−� �not shown�.

TABLE I. Input-output truth table of the Bell states �1,10�.

In Out

	00� 	
+�= �	00�+ 	11�� /�2

	01� 	�+�= �	01�+ 	10�� /�2

	10� 	
−�= �	00�− 	11�� /�2

	11� 	�−�= �	01�− 	10�� /�2
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FIG. 5. �Color online� Coherent dynamics generation and con-
trol of concurrence �a� and Bell-state probabilities �b� with a linear
time-dependent potential applied on the second DQD and from ini-
tial nonentangled charge distribution states: from top to bottom
	11�, 	10�, 	01�, and 	00�. Here, Va changes linearly with time �from
0.375 to 0 meV� for t�� and is turned off at t��=0.75 ns �typical
parameters as in Fig. 2�.

FIG. 6. �Color online� Time-dependent probabilities of the basis
states for the controlled potential scheme. Initial condition 	10� state
�typical parameters for t /V and a�.

FIG. 7. �Color online� Time-dependent probabilities of the basis
states for the controlled potential scheme. Initial condition 	01� state
and the same parameters as in Fig. 6.
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On the other hand, for the initial condition given by the
	01� state �Fig. 7�, the system remains in that state with the
largest probability for 0� t�0.75 ns, and when Va is re-
moved the probability of the 	10� state grows. Then the sys-
tem charge oscillates among such configurations, giving rise
to the 	�+� state. A similar dynamics is obtained by using the
initial 	00� state, which gives rise to a coherent combination
of 	00� and 	11� states and thus to the 	
+� state �not shown�.

From this discussion, we observe that the dynamics of the
system at the time t�0.2 ns exhibits a behavior which cor-
responds with the result of a controlled-NOT �CNOT� opera-
tion. In a similar way, for t�� the dynamics is consistent
with the result of a Z gate applied on the first qubit plus an X
gate performed on both qubits. That means that the electro-
static mechanism analyzed here has induced an operation
proportional to �Z � I+X � X� CNOT over the two-charge-
qubit system, which can be proved to be equivalent to the
theoretical proposed circuit to create the Bell states, CNOT

�H � I�, where H is the Hadamard gate �1,9,10�.
One should bear in mind that, although the initial polar-

ization is well defined for each initial condition, the con-
trolled scheme refers to the states where the system has
reached its maximal concurrence with Va�t�=0, correspond-
ing to zero polarization for each case. Therefore, this prop-
erty is not shown here.

C. Dissipative dynamics

In the controlled scheme for the generation of entangle-
ment and Bell states, we evaluate the effect of the phonon
environment on the DQD array properties, presented in Figs.
8 and 9 for an initial 	01� state.

The time-dependent concurrence for different tempera-
tures is presented in Fig. 8, where we observe that it shows a
large value �C�0.8� for the very low temperature of T
=1 K, but deteriorates as the temperature increases until the
charge qubits become completely uncorrelated.

In accordance with Eq. �8� the transition rates between the
states become equally probable as temperature increases, due

to the interaction with the thermal bath. This results in simi-
lar electron probabilities in each QD and consequently a
faster depolarization of the DQD array �not shown� and the
loss of a preferred Bell state. In Fig. 9�a� it is shown that, for
times longer than �, the probability of the 	�+� state de-
creases from P�+ �0.95 for the closed system �no dissipa-
tion� down to P�+ �0.47 for T=3 K, whereas those for the
	�−�, 	
+�, and 	
−� states increase from almost zero in the
closed case to P�− �0.23, P
+ �0.15, and P
+ �0.15 for T
=3 K �Figs. 9�b�–9�d��.

The oscillations of concurrence and Bell-state probabili-
ties also decrease with increasing temperature due to the de-
cay of the coherent terms in the density matrix Eq. �6�.

For times much longer than �, the system reaches a sta-
tionary state which does not depend on the initial condition.
As tunneling is an important parameter for charge distribu-
tion in the absence of the external potential, in Fig. 10 we
present the asymptotic �or long-time� concurrence as a func-
tion of temperature for different hopping amplitudes and for
the controlled scheme. Our results show that concurrence
decreases as tunneling increases; however, it exhibits large
values for very low temperatures T�1 K, presenting a rapid
decay as temperature increases and vanishing at a critical or
threshold temperature Tc, which also increases as tunneling
increases. For the typical hopping used here �t /V=0.03�, we
found Tc=2.78 K.

The asymptotic concurrence behavior reveals that tunnel-
ing is the dominant mechanism contributing to entanglement
formation in the low-temperature regime. On the other hand,
the general nature of concurrence for long times and T�Tc
can be physically understood if we bear in mind that bath
equilibration processes yield an equal population in each

FIG. 8. �Color online� Time-dependent concurrence including
dissipation effects for the controlled potential scheme. The concur-
rence presents large values for very low temperature but deterio-
rates as temperature increases �parameters t /V=0.03, a=100 nm,
and D2=0.005�.

0.0 0.5 1.0 1.5 2.0 2.5 3.0
0.0
0.1
0.2
0.3
0.4
0.5

d)

P ��
��

time (ns)

0.0
0.1
0.2
0.3
0.4
0.5

c)

P ��
��

0.0
0.2
0.4
0.6
0.8
1.0

b)

P ��
��

0.0
0.2
0.4
0.6
0.8
1.0

a)

coherent
T=1K
T=2K
T=3K

P ��
��

FIG. 9. �Color online� Temperature effects on time evolution of
Bell-state probabilities yielding mixed states with decreasing con-
currence. The external potential ranges from 0.375 to 0 meV in a
time � �same parameters as in Fig. 8�.
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QD, such that the reduced density matrix is diagonal and all
the eigenvalues of �S�̃S are equal. Then, by definition, Eq.
�12�, the concurrence is zero for finite temperature, in agree-
ment with Ref. �74�.

IV. CONCLUSION

We have demonstrated that entanglement and generation
of Bell states between two charge qubits, represented by the

charge degree of freedom of two parallel coupled quantum
dots, can be dynamically obtained and coherently controlled
by an external electric field. By properly choosing uncorre-
lated initial conditions and a time-dependent driver potential,
we can dynamically obtain each one of the four Bell states
with the largest probability in the system.

We have also considered dissipation effects by studying
the role of temperature in the time evolution of the density
matrix of the system when the charge-qubit array is coupled
to a thermal bath of phonons �by means of the nondiagonal
electron-phonon interaction�. It is found that optimal concur-
rence and probabilities are maintained at very low tempera-
ture, but are adversely affected by increasing temperatures.
Concurrence between the qubits vanishes for a finite tem-
perature that depends on the tunneling amplitude �Tc
=2.78 K for the typical hopping used here�.

This electric mechanism for entanglement and generation
of Bell states could be of interest in future quantum-gate and
quantum-information and -computation implementations,
where the ability to manipulate such Bell states and/or the
temperature could be feasible.
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