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Teleportation of atomic states via position measurements
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We present a scheme for conditionally teleporting an unknown atomic state in cavity QED, which requires
two atoms and one cavity mode. The translational degrees of freedom of the atoms are taken into account using
the optical Stern-Gerlach model. We show that successful teleportation with probability 1/2 can be achieved
through local measurements of the cavity photon number and atomic positions. Neither direct projection onto
highly entangled states nor holonomous interaction-time constraints are required.
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I. INTRODUCTION

Quantum entanglement, maybe the most intriguing fea-
ture of quantum mechanics [1], is a powerful resource for
quantum-information processing tasks [2].

An outstanding application of entanglement is the telepor-
tation of an unknown qubit, the unit of quantum information,
between two systems. In the seminal paper by Bennett et al.
[3], a quantum state is transferred from qubit A to qubit B
using an ancilla, e.g., a third auxiliary qubit C. Qubits B and
C are initially prepared in an entangled state. A Bell mea-
surement on A and C is then made. Depending on the out-
come of such measurement, a suitable unitary transformation
on B is performed in order to reconstruct the initial quantum
state of A. Teleportation is successful with probability 1.
Soon after the proposal by Bennett et al., quantum telepor-
tation has received considerable attention culminating in its
experimental demonstration in a number of works [4-7].

Cavity QED systems—where Rydberg atoms couple to
the quantized electromagnetic (e.m.) field of a superconduc-
tive cavity [8]—have received considerable attention during
the last years [9]. Cavity QED systems have been proposed
for implementing teleportation protocols of internal quantum
states between atoms, a task which is particularly attractive
especially after its experimental proof for trapped ion sys-
tems [10]. Generally speaking, in such cavity QED schemes
a quantum internal state is teleported between two atoms via
coherent interaction with cavity field modes and/or auxiliary
atoms which act as quantum channels.

Quite recently, efforts have been done for achieving tele-
portation without direct projections onto Bell states
[11-14,17]. In particular, Zheng has proposed a scheme for
approximately teleporting an unknown internal state between
two atoms which successively interact with a cavity mode
according to the Jaynes-Cummings Hamiltonian [13]. The
probability of success is 1/4 and only measurements of prod-
uct states are required. Ye and Guo have presented another
scheme that does not require projections onto Bell states and
makes use of three atoms and a single-mode cavity field out
of resonance [14]. The atom-atom coupling via the virtual
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excitations of the cavity field is exploited for teleporting a
quantum state between two atoms with probability of success
1/2. Ye and Guo presented their work in terms of a “no
Bell-state measurement scheme.” This parlance was later
criticized in a comment by Chhajlany and Wdjcik [18] who
showed how the scheme by Ye and Guo, despite its use of
local measurements, in fact relies on Bell-state measure-
ments. Protocols of this sort are indeed more properly clas-
sified as methods to achieve teleportation without requiring
direct projections onto Bell states [19]. Noticeably, both the
schemes by Zheng [13] and Ye and Guo [14] require precise
tuning of the atom-cavity field interaction time.

To our knowledge, no cavity QED-teleportation scheme
has so far accounted for the translational dynamics of atoms
flying through a cavity. Indeed, the spatial structure of the
quantum e.m. field along the x-cavity axis affects the internal
dynamics of a flying atom. This leads to an atom-field cou-
pling constant which in fact depends on the atomic transla-
tional degrees of freedom along the x direction. Such
circumstance—taking place whenever the atomic wave
packet has a width non-negligible with respect to the field
wavelength—has been shown to give rise to a number of
observable phenomena such as optical Stern-Gerlach effect
[20], self-induced transparency [21], modulation of the
atomic decay in a damped cavity [22], nondissipative damp-
ing of the Rabi oscillations [23,24].

It is clear that the involvement of the translational degrees
of freedom introduces nondissipative decoherence in the
atom-field dynamics. Such effect, stemming from the en-
tanglement between the atom-field system and the atomic
translational degrees of freedom, has been shown to spoil the
nonlocal correlations between two atoms which successively
interact with the same cavity mode [25,26]. Accordingly, the
inclusion of the translational dynamics is thus expected to
decrease the efficiency of those teleportation protocols rely-
ing on the coherent atom-cavity mode coupling.

However, a different perspective can be adopted. Indeed,
one may wonder whether such additional degrees of freedom
could be fruitfully exploited as a resource for attaining effi-
cient atomic teleportation provided that measurements of the
atomic positions are performed. According to such a sce-
nario, the atomic translational degrees of freedom play the
role of further quantum channels able to transfer information
between the internal degrees of freedom of different atoms.
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A crucial motivation in the search for such a teleportation
protocol is that, according to the optical Stern-Gerlach
model, the wave function of a two-level atom entering a
cavity generally splits into a set of deflected wave packets,
each corresponding to a different atom-field dressed state
[23,27]. For an increasing atom-cavity interaction time, such
outgoing wave packets become more and more distinguish-
able up to the point that which-path information becomes
accessible [24]. This information is used in our protocol for
attaining conditional transfer of quantum information be-
tween two atoms which successively interact with the same
cavity mode. This is indeed the central mechanism underly-
ing the physics presented in this work.

In this paper, we consider two atoms which successively
enter the same cavity in either a nodal or antinodal region of
the corresponding field mode. Each atom interacts with such
mode according to the optical Stern-Gerlach Hamiltonian.
This can be approximated as a linear (quadratic) expansion
in the atomic position along the cavity axis when a nodal
(antinodal) region is considered. Both the atoms are assumed
to enter the cavity in a given minimum uncertainty Gaussian
wave packet with the target atom and the resonant mode
initially in the excited and vacuum state, respectively. We
show that conditional teleportation of an internal atomic state
can be achieved by local measurements of the atomic posi-
tions, the cavity photon number, and the internal state of the
atom whose state is to be transmitted. No direct Bell-state
measurement is required. We thus prevent the projection of
our two-atoms system onto highly entangled subspaces,
therefore avoiding the need of (in general quite difficult)
joint measurements. This is a major advantage of teleporta-
tion schemes that do not rely on direct Bell-state measure-
ments. Furthermore, at variance with other cavity-QED pro-
tocols which work without direct Bell-state measurements
[13,14], no holonomous constraints on the atom-cavity inter-
action times are required. It only suffices that the time of
flight of each atom inside the cavity is long enough in order
for the outgoing deflected wave packets to be distinguished
with reasonable approximation. We show that successful
teleportation of an atomic state can be attained with probabil-
ity 1/2.

This paper is organized as follows. In Sec. II, we intro-
duce the system and the Hamiltonian both in the nodal and in
the antinodal case. In Sec. III, the main part of this work, we
describe the teleportation scheme. A relevant property the
protocol relies on is the which-path information about the
outgoing atomic wave packets. The conditions allowing this
information to be accessible are reviewed and discussed in
Sec. IV. Finally, in Sec. V, we draw our conclusions.

II. SYSTEM AND APPROACH

We consider two identical two-level atoms, labeled 1 and
2, of mass m and Bohr frequency w. The atoms interact in
succession with the e.m. field of the same e.m. cavity. We
assume that the velocity of each atom along the z direction
(orthogonal to the x-cavity axis) is large enough that the
motion along the z axis is not affected by the cavity field and
can be treated classically. Denoting by @ and a the annihi-
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lation and creation operators of the cavity field and assuming
the resonance condition, the free Hamiltonian H, can be
written as

2
Hy= E {p—l + ﬁwSU] +howd'a, (1)

where—for each atom i=1,2—S§,;,S- ; are the usual spin-
1/2 operators and p;=—ifi(d/dx;) is the x component of the
momentum operator. In the rotating wave approximation,
each atom i couples to the cavity field according to the in-
teraction Hamiltonian

Hi = he sin(k2)(a'S_;+aS,,) (i=1,2) (2)

with k and e standing for the wave number of the e.m. mode
and the atom-field coupling constant, respectively, and where
X; is the ith atomic position operator along the cavity axis.

Hamiltonian (2) accounts for the spatial structure of the
e.m. field along the x-cavity axis. Rigorously speaking, it
should be mentioned that the atom-field coupling constant
has also a spatial structure along both the y and z axes per-
pendicular to the cavity axis. Such structure, having a Gauss-
ian profile of the form exp[—(y?+z%)/w3] (w, cavity waist)
[15], is neglected by the optical Stern-Gerlach interaction
Hamiltonian (2). Concerning the z axis, the large atomic ve-
locity along such direction indeed ensures that each flying
atom is insensitive to the cavity field and thus to its structure
along such axis. On the other hand, we assume to be in the
regime such that wy>>2/k. In this case, it is enough to take
into account only the x structure of the e.m. field, assuming a
uniform spatial dependence on the transversal direction y.
Such a regime is a feasible one given that microwave cavities
having a value of wy>>2/k are quite common (see, e.g.,
Ref. [16] where wy is as large as 6 mm).

When both the atoms enter the cavity in a nodal region of
the cavity mode with the width O, of their respective wave
packets small enough compared to 27/k (crxt_<<277/ k), H;
can be approximated as a linear expansion in the atomic
position

Hiy= ﬁSk)ei(aTS—,i +as, ), (3)

while in an antinodal region it takes the form

242

kox:
HiA = hs(l - %) (GTS_’Z‘ + aSH) . (4)

In Egs. (3) and (4), X; stands for the atomic position operator
of the ith atom with respect to a nodal point and an antinodal
point, respectively.

At time t=0, atom 1 enters the cavity and interacts with
the field for a time 7. At a later time 7, > ¢, atom 2 enters the
cavity and couples to the field state modified by the first
atom. At time f3>1, atom 2 exits the cavity. At time t=13
both the atoms are therefore out of the cavity and evolve
freely. In the interaction picture, the Hamiltonian at all times
in a nodal region of the cavity field reads
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Hi(1) = ﬁek(fl + %r)uxo,tl)ul + ﬁek(fz + %f>ﬂz(t2,f3)uz,

(5)

where we have introduced the atom-field operators u;
:aTS_,i+aS+,i and where the time interval during which each
atom interacts with the cavity mode is accounted for through
the function u,(t',t")=6(t—t")—6(t—1"), 6(t) being the usual
Heaviside function.

In an antinodal region of the cavity field, the Hamiltonian
in the interaction picture takes the form

k2 pA 2
H\()=he|1- —(;el + —%) w1, 0,1,
2 m

AP A
+ hS 1- E()ez + Zt) /Lt(tz,t3)1/l2. (6)

Of course, in the time interval [,,,] and for t =5 both H}(t)
and Hi(t) vanish since no atom is inside the cavity. The
Hamiltonian operators of Egs. (5) and (6) can be used to
derive the exact dynamics of a given initial state of the two-
atom-field system at times f=t;. This is accomplished
through the respective evolution operators U’ (t=1),

UL(tz@):Texp{— é f t3H;(t)dz] (a=N,A) (7)
0

with T standing for the time-ordering operator and where the
second integration bound is due to the fact that H!,=0 for
Z t3.

Due to the fact that atom 2 enters the cavity after atom 1
has come out of it, it is possible to split up U’ (1=1,) into the
product of two evolution operators Ul (t=1;) and Ul ,(t
=1;) (a=N,A). Each operator U’, (t=1;) only affects the
dynamics of atom i. In formulas [from now on, whenever
unnecessary, the time argument “(¢=1r3)”” and/or the apex “I”
in the evolution operators will be omitted],

Ua= Ua’zuayl (CY:N,A) (8)

with

i " o
Ua,l = Texp - %f Hiy(t)dt = Ua,l(xl’Pl,ul)a (9)
L 0 i

.
Uur=Texp| - if H' (t)dt
1

h - Ua,2(£27ﬁ2’u2)’ (10)
2

where in the right-hand side of both equations we have ex-
plicitly indicated the operators each U, ; depends on accord-
ing to Egs. (5) and (6).

III. TELEPORTATION SCHEME

We denote the ground and excited states of the ith atom
by |g;) and |e;), respectively. Assume that atom 2 is the one
whose initial internal state, say |a,), is to be teleported. Such
state is written as
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O S
|y = C055|€2> +e'® 51n5|g2> (11)

with 9€[0, 7] and &[0, 7].

By indicating the Fock states of the cavity field as |n)
(n=0,1,...), we consider the following initial state of the
system:

[W(0)) =[¢1(0))]e)]@2(0))|2)|0), (12)

where |¢;(0)) (associated with each atom i=1,2) is a Gauss-
ian wave packet of minimum uncertainty, such that the prod-
uct between the initial position and momentum widths ful-
fills Uxi(rpl_zﬁ/Z.

Consider now the usual dressed states of the ith atom
Ixa=(edln) *1g; Mn+1))/V2 (n=0,1,...). These states are
cigenstates of the u; operators since u,|x; )= = Vn+ 1|y Xoi)
(while u;[g;|0)=0). The dressed states together with |g;)|0)
(i=1,2) represent an orthonormal basis of the corresponding
Hilbert space. It is important to notice that #; commutes with
U, according to Egs. (9) and (10) and the corresponding
Hamiltonian operators of Egs. (5) and (6). It follows that the
effectlve representatlon U 2 of U «.i» as applied to a dressed
state |y, X,..i)» is obtained by s1mp1y replacing u; with =+ yn+1in
Egs. (9) and (10). This yields

U = Uy Bupp = \n+ 1) (n=01,..),  (13)

while the effective representation of Uy —as applied to state
|g;)|0)—reduces to the identity operator for both the atoms
i=1,2.

The operators in Eq. (13) clearly affect only the atomic
translational dynamics and therefore allow us to define a

family of atomic translational wave packets |<I>a,”> accord-
ing to
|q)anl Ugl’zt)hoz(o»v (14)
such that
Ua,i|¢i(0)>|Xr::,i> = |¢)§,n,i>|Xr::,i>' (15)

Once the time evolution operator (8) is applied to |¥(0)), the
state of the whole system at a time #=t;—when both the
atoms are out of the cavity—can be written in the form (from
now on, the index « in the ® states will be omitted)

|'/’(f3)> |)\01>|<P2(0)>|82>|0>+ 2 E (|)\ 1>|‘I’ 2>|Xn2>)

n=0,1 p=—+
(16)
where the A\ states of atom 1 are defined according to
D)+ | Dy : U
Mo = <| 0.0 * | OJ))@“P sin—~|ey), (17)
’ 2 2
. D )+ | Dy U
|)\01>:<—| 0.) r' 0’]>)cos—|el>
’ 22 2
6.0 - | 50) oo D
—% e'? sin—|g,), (18)
( 2\2 2|81
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. O N — | 3
N = (M%OSEL@O- (19)

2V2

The procedure for obtaining state |¢(t;)) is detailed in
Appendix A. In what follows, we shall indicate the time
spent inside the cavity by atoms 1 and 2 with 7y=#,—#; and
T,=13—1,, respectively. The states |¢ii) appearing in Eq.
(16) fulfill the following important property both in the nodal
and antinodal cases [24-26],

lim (D}

T—®

nil®50=0. (20)
Such a property, together with the features of the outgoing
wave packets |®; ), is discussed in Sec. IV.

According to Eq. (20), wave packets [P} ) and |, ) ex-
hibit a negligible overlap for long enough times of flight 7;.
As shown in Refs. [25,26], times of flight of the order of a
few Rabi oscillations are sufficient in order to get negligible
overlapping [28]. Such an outstanding circumstance makes it
possible to distinguish the elements of the set of translational
states {|<D )} through measurements of the atomic positions
along the x axis [29]. It is straightforward to show that Eq.
(20) implies that all the terms appearing in Eq. (16) are or-
thogonal provided that 7, and 7 are sufficiently large.

Once the dressed states | X ) appearing in Eq. (16) are
rewritten in terms of states |g,)|n) and |e,)|n), one recognizes
the occurrence of cases where measurements of the photon
number of the internal state of atom 2 and of the positions of
the two atoms can make atom 1 collapse into the initial in-
ternal state of atom 2 [Eq. (11)]. Namely, a successful tele-
portation can take place. For instance, the projection of
|y4(23)) onto the cavity field state |1) gives

(1]n(13))
) {(|¢g,1> + |y (PG - |q)6,2>)c sﬁ|el>

(0}
4 2
@5 ) = [P N (D5 +[Po2) 4, . D
+(| 0,1> | 0,1>£| 0’2> | 0’2>)e""sin5|g1>}|gz>

{ (|‘b6,1> - |¢)5,1>)(|®J1r,2> + |‘DI,2>)
+ 1 c

v
ol
(21)

This outcome occurs with probability (3+cos 9)/8. Assume
now that a further measurement of the internal state of atom
2 is made. If the outcome of such measurement is |ez), atom
1 is projected onto the ground state |g,) and thus no telepor-
tation of the initial state of atom 2 has occurred. The uncon-
ditional probability for this event is calculated to be (I
+cos 9)/8.

However, it can be noticed that if atom 2 is found in the
ground state |g,) a further measurement of the atomic posi-
tions with outcomes |®g )| ®g ,) or [®g )|Pg ,) projects atom
1 into the state |a1>=cos§|el)+ei“’ sin7|g;). This means that
state |a,) of Eq. (11) has been in fact teleported into atom 1.

On the other hand, when the wave packets |®f ;)|®; ,) or
|G ,)| @) are found (after that the state |g,) has been mea-
sured) atom 1 collapses into the state
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N
|al)=cosg|el>—e"” smz|g1), (22)

which can be easily transformed into Eq. (11) through a 180°
rotation around the z axis in order to faithfully reproduce the
initial state of atom 2 and complete the teleportation. Of
course, rigorously speaking, the measurements of the atomic
positions do not formally correspond to projections onto
states |®f ) and |®; ). However, due to the discussed or-
thogonahty of |®g P, and |(D0 2, such translational states can
be associated with dlfferent atomic paths /] and /;. The mea-
surements of the atomic positions cause indeed effective pro-
jections on such paths.

Note that the above teleportation scheme, conditioned to
the outcome |g,)|1), is invariant for a change of each [{ into
[7 and vice versa. This implies that for each atom i=1,2 the
labeling of the two paths is arbitrary. If both the atoms are
found in a path “+” or in a path “-” atom 1 is projected into
state (11). If the paths of the two atoms have different signs,
regardless of which atom is in which path, state (22) is ob-
tained and the teleportation process can be finalized once a
180° rotation on the internal state of atom 1 is applied.

In a similar way, it turns out that, when the field vacuum
state |0) is found, the outcome |g,) cannot transfer the initial
state of atom 2 into atom 1, while successful teleportation is
attained when atom 2 is found to be in the excited state |e,).
As in the case |g,)|1), when the atoms are found in the same
quantum path (i.e., /] and 5 or /] and [;) the first atom is
projected into |a;). Again, when different quantum paths are
found (i.e., [] and /5 or [] and [3) teleportation can be final-
ized after a 180° rotation around the z axis. Due to conser-
vation of =;_; ,S. ;+a'a, no teleportation is possible when the
field is found to be in 2).

All the possible outcomes of the protocol are summarized
in Table 1. For each case—corresponding to given outcomes
of the number of photons (first column), the internal state of
atom 2 (second column), and the paths along which the two
atoms are found (third and fourth columns)—it is shown
whether or not teleportation has been successful (fifth col-
umn). If successful, the state onto which atom 1 is projected
(layy or |ay)) is presented (sixth column). If unsuccessful, the
associated unconditional failure probability is given (last col-
umn). A schematic diagram of the teleportation protocol is
presented in Fig. 1.

The total failure probability, obtained as the sum of the
unconditioned failure probabilities (last column of Table I),
is 1/2. Teleportation is thus successful with probability 1/2.

Remarkably, notice that only local measurements on the
two atoms and the cavity field are required in order to com-
plete the teleportation. Direct projections onto highly en-
tangled states are therefore avoided in our scheme. In Appen-
dix B, we develop a more detailed analysis of the mechanism
behind the scheme.

Finally, unlike previous cavity QED protocols not requir-
ing direct Bell-state measurements [13,14], the interaction
time of each atom with the cavity does not need to fulfill any
holonomous constraint. It is only required that it is large
enough in order for Eq. (20) to hold with reasonable approxi-
mation. It should be noted that a problem might arise for the
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TABLE 1. Teleportation measurement scheme. Each case is represented by given outcomes of the number of photons (first column), the
internal state of atom 2 (second column), and the paths along which the two atoms are found (third and fourth columns). In the fifth column
it is indicated whether or not teleportation has been successful. If successful, the state onto which atom 1 is projected (Ja;) or |a{)) is
presented (sixth column). If unsuccessful, the associated unconditional failure probability is given in the last column.

Photons Atom 2 Path atom 1 Path atom 2 Teleportation Internal state atom 1 Failure probability
2 unsuccessful %(l +cos )
1 lea) unsuccessful é(l +cos )

g2) I I successful cos(/2)|e)+e'® sin(/2)|g,)
lg2) I L successful [30] cos(¥/2)|e,)—e'® sin(¥/2)|g,)
lg2) I L successful cos(¥/2)|e)+e'® sin(¥/2)|g,)
lg2) Iy L successful [30] cos(/2)|e,)y—e'® sin(¥/2)|g,)
0 lg2) unsuccessful i(l —cos )
les) I I successful cos(/2)|e)+e'® sin(¥/2)|g,)
les) I I successful [30] cos(/2)|e,)y—e'® sin(¥/2)|g,)
les) I I successful cos(¥/2)|e))+e'® sin(¥/2)|g,)
les) I I successful [30] cos(¥/2)|e))y—e'® sin(¥/2)|g,)

implementation of the present scheme given that cavity-
photon-number measurements typically require fine tuning
of the interaction times between the field and probe atoms. In
Appendix C, we show how the atomic which-path informa-
tion can be exploited in order to accomplish photon-number
measurements that require nonholonomous constraints.

IV. ORTHOGONALITY OF THE OUTGOING ATOMIC
WAVE PACKETS AND WHICH-PATH INFORMATION

In this section, we discuss in more details the features of
the translational states introduced in Eq. (14) and the condi-
tions for which path information to be accessible.

In the nodal case, using Egs. (5), (9), (10), and (14), the
outgoing translational wave packets |<I)ii) take the form

photon-number measurement

]
2

°| §
failure
[atom 2-internal slate] [atom 2-internal state
measurement measurement
failure failure

[ atom 1-path measurement ]

ﬂ

atom 2-path atom 2-path
measurement measurement

3 L 3 L
180 degree rotation
around z-axis

successful teleportation

i

FIG. 1. (Color online) Schematic diagram of the teleportation
protocol.

2,2
D= )= U1 (0)) = exp| i (n + 1)7
| w1 =UNi l¢1(0)) =exp| i 12m(”+ )t

XCXP[ Fiek\Vn + 11‘1()21 + ﬂtl) :| |(P1(O)>,
2m
(23)

and
|@,5) = U5 @(0))

= exp{ + isk\’l’l + 1(t3 - tz) |:XA2 + 5_2(t3 + t2):|}
m

&2k?
XCXP{iﬁlz (n+ 1)(f3—12)3}|€02(0)>- (24)
m

Using Egs. (23) and (24), it can be shown that [23-25]

(D, |, )(7) = exp[— i(2ek\n + 1x,,) 7;]

fiek 7 4m?

Xexp|:— (n+ D(?)(S?-F Q)T?] s
i Pi

(25)

where x; stands for the initial average value of the atomic
position along the cavity axis. Equation (25) clearly shows
the presence of a damping factor which causes the scalar
products (‘I)::’i| ®, ) to vanish at long times. This proves Eq.
(20) in the nodal case.

Such behavior, which is at the origin of the nondissipative
damping of the Rabi oscillations [23,24], arises from the
increasing distance in the phase space [31] of the deflected
outgoing components |<D,fl.) of the incoming wave packet
|¢:(0)) [32]. To better highlight this phenomenon, Eq. (25)
can indeed be rewritten in the form [23] (from now on, the
subscript i will be omitted for simplicity)
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x/A

FIG. 2. (Color online) Quantum paths [* * g+ and [~ = -, as-
sociated with wave packets \@g), vs the rescaled atom-cavity inter-
action time 7. The parameters used are A\=10"> m, =10 sec”!,
m=10"% kg, o,=\/10, and xy=p,=0.

(®7]9;)(7) = expl- i€, (7) 7]
J_EO-5OF b0 -peP

Xex
807 807
(26)
with
I Po
O, (1) =2ken + 1<xo+—r>, (27)
2m
. fike ——
x;(T):x0+@TI —6\'n+172, (28)
m 2m
po (1) =po F hkeNn+ 17. (29)

Here p, stands for the initial average momentum. The above
equations show that wave packets |®}) and |®)), respec-
tively, represent negatively and positively deflected compo-
nents of the input wave packet, the deflection getting larger
as n and/or the atom-cavity interaction time 7 grow. This is
the reason why, when the interaction time of each atom with
the cavity is large enough, which-path information becomes
accessible so that the quantum paths associated with states
|(I)f) can be distinguished (see Sec. III). In order to better
illustrate such effect, we consider an atom of mass m
=1072° kg entering a microwave cavity in a nodal region.
Assume that the initial translational state of the atom is a
Gaussian wave packet of width o,=N/10 (A=27/k
=107 m) with xy=py=0 and that the atom-field coupling
constant £=10° sec™!. The resulting quantum paths /= asso-
ciated with wave packets |(I)(;—'> (i.e., those involved in the
teleportation scheme) are shown in Fig. 2 together with their
widths o= (i.e., the standard deviations of |(x|®;)|?) as
functions of the rescaled atom-cavity interaction time &T.
Notice that the deflection of the two outgoing paths increase
as e is raised up to the point that for atom-cavity interaction
times larger than =6/¢ the two paths can be reliably distin-
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! ]
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FIG. 3. (Color online) Distinguishability D as a function of the
rescaled atom-cavity interaction time 7. When D=1 the which-
path information is completely accessible. The parameters used are
A=10" m, £=103 sec™!, m=10"%% kg, 0,=\/10, and xo=p,=0.

guished through position measurements. Even fewer Rabi
oscillations are needed in order for the orthogonality of |®f)
and |®p) to be achieved. This is shown in Fig. 3 where the
distinguishability D, according to Englert’s definition [33], is
plotted as a function of 7. In the present case, D take the
form [24]

(1= (D5l

D=\ (30)

Notice that D>95% already for e7>1.2. The scalar product
(P |Dy) therefore takes less time to vanish (=1.2/¢) than
that required for distinguishing the atomic position associ-
ated with each path (=6/¢). The reason of such behavior is
that, according to Eq. (26), the damping of (®}|®;) is due to
the trajectories in both the position and momentum space.
This suggests that momentum, rather than position, measure-
ments might be more suitable in order to acquire the which-
path information for some values of the parameters. Property
(20) holds in the antinodal case as well. Indeed, using Egs.
(6), (9), (10), and (14), it turns out that, analogously to the
nodal case, each scalar product (@7 | D7) (7) is always propor-
tional to a damping factor. For instance, in the case n=1 it
can be calculated as [26]

(D7(7)|@7(7))
— eiw0/2fe—i(a%+b?)sin(wor)/cosh(wor)
Xei/Z tanh(wOT){(a%—b%)[l+cos(2wor)]+2a1b1 sin(2wg )}

1

—(a%+b%)[1—cos(wOT)/cosh(wOT)]
Veosh(w,7)

e

5 g~tanh(wgnfa;by[1-cos2wym T+ 1/2(a7-b)sin(2wym}

(0"07')2 2 2
o] = — exp{-2a1(wy7)} (we7<1),

where  wi=(hk*/me), a;=xg\mwy/2h, and by=(p,/
\2mfiwg). As in the nodal case, the damping factor is due to
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the increasing distance in the phase space of the deflected
components of the incoming wave packet [26].

V. CONCLUSIONS

In this paper we have presented a scheme for condition-
ally teleporting an unknown quantum state between two at-
oms interacting in succession with the same cavity mode
within the optical Stern-Gerlach model. Such a model, to be
regarded as a generalization of the familiar Jaynes-
Cummings Hamiltonian, allows one to account for the
atomic translational dynamics. The inclusion of such dynam-
ics yields the well-known splitting of the wave function of a
flying atom into a set of deflected wave packets. Such a
phenomenon could be expected to have a negative effect on
quantum-information processing tasks. Indeed, it is known to
spoil the nonlocal correlations between two atoms which
successively interact with the same cavity mode [25,26].
Nonetheless, in this work we have shown how exactly the
above-mentioned splitting can be fruitfully exploited in order
for the atomic translational degrees of freedom to behave as
channels allowing efficient transmission of quantum infor-
mation.

Both in the nodal and antinodal case, we have shown that
successful teleportation can be obtained with probability 1/2
by measuring the number of cavity photons, the internal state
of atom 2, and the position of the two atoms once they are
out of the cavity. The teleportation protocol can be therefore
implemented through local operations. No direct Bell-state
measurements are thus necessary in our scheme.

The essential requirement for our protocol to work is that
the time of flight of each atom inside the cavity is sufficiently
long in order for which-path information to become acces-
sible. Indeed, the initial wave packet of each atom splits into
a set of outgoing deflected wave packets which turn out to be
orthogonal, and thus distinguishable, provided the atom-
cavity interaction time is large enough. Significantly, unlike
previous proposals in cavity QED that do not require direct
Bell-state measurements, this implies a nonholonomous con-
straint on the atom-cavity interaction times. No precise tun-
ing of the atomic flight times inside the cavity is thus needed.

Nonetheless, it should be observed that, in addition, the
atom-cavity interaction times must be short enough in order
for the lowest-order approximation of the interaction Hamil-
tonian [Egs. (3) and (4)] to hold for the whole time of flight
of each atom in the cavity. However, this is not a strong
constraint. Interaction times of the order of a few Rabi oscil-
lations are indeed enough for a which-path information to be
accessed (see the numerical example of Fig. 2 where six
Rabi oscillations are enough).

To prevent decoherence effects due to the cavity mode
damping, it is of course required that the total time of the
process t3 is shorter than the cavity coherence time 7. The
time #; can be written as 73=7,+(f,—1;)+ 7, Where 7; is the
atom-field interaction time for the ith atom and (¢,—1,;) rep-
resents the time between the exit of atom 1 and the entering
of atom 2. Since our protocol does not depend on (t,—1;)
such time can be made as small as allowed by the experi-
mental capabilities. It follows that for all practical purposes

PHYSICAL REVIEW A 77, 023825 (2008)

it is enough to require that 7|+ 7, < 7.. As pointed out above,
each 7; is required to be larger than a few Rabi oscillations.
This also yields a lower bound for 7. that can be, however,
achieved with present-day technology (see, e.g., Refs.
[8,34-39)).

Furthermore, notice that, even though the first and the
second atom can be found into, respectively, two and five
quantum paths, it is enough to measure only two paths for
each atom (ll-i associated with |<I)éi)) in order to teleport the
initial state of atom 2 into atom 1. As emphasized in Sec. III,
the labeling of such two paths is irrelevant given that it is
enough to know only whether or not the atoms are found in
the same path. In the latter case, the teleportation can be
finalized after a 180° rotation around the z axis.

Regarding the position measurements of each atom, these
should be performed in such a way as to not affect its inter-
nal state in the computational space {|g),|e)}. This could be
accomplished by sending light on the atom of wavelength
suitable to excite an atomic transition different from
|g) < e).

Finally, this work opens the possibility of exploiting the
atomic translational degrees of freedom in cavity QED in
order to perform other typical quantum-information process-
ing tasks, such as the generation of maximally entangled
states.
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APPENDIX A: DERIVATION OF THE FINAL STATE

In this appendix, we describe the procedure for obtaining
the state of the system |W(t=1;)) [Eq. (16)] after both the
atoms have exited the cavity. According to Eq. (8), such a
state can be obtained through the successive application of
operators U, ; and U, on |¥(0)) [Eq. (12)]. We first rewrite
the initial state |W(0)) [Eq. (12)] in terms of the dressed
states of atom 1 by expressing |e;)|0) as a linear combination
of x5, and [xg ). This yields

|<P1(0)>|X3,1> + |<P1(0)>|X6,1>
2

Y

)|¢2(0)>|az>.

(A1)

We now let U, act on the initial state (A1) to get |¥(z,))
(i.e., the state of the system after that atom 1 has exited the
cavity). By using Eq. (15), we obtain

|¢8,1>|X5,1>+ |(D6,1>|X6,1>
h

AY

[ (0))= (

(W (21)) = Up,|¥(0)) = |02(0))] ).

(A2)

Since in the time interval between #; and #,, according to
Egs. (5) and (6), H'(t)=0 (@=N,A), it turns out that
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|W(1,))=|W(z,)). Before applying U,, to |[W(s,)) to get
|W(t3)), it is convenient to rearrange |W(z,)) as an expansion
in the cavity field Fock states as

()
W (1)) = [W(1))) = {Ml 1[0)
o ()
- Mlgm}mm»

X [cosg|e2) +el? sing|g2>} . (A3)
2 2

Expanding each state |g,)|n) and |e,)|n) in Eq. (A3) in terms

of g,)|0) and of the atom 2 dressed states |x;,) and |xi,)

and once U, is applied to [W(z,)) with the help of Eq. ( 15),

the final state of Eq. (16) is obtained.

APPENDIX B: INSIGHT INTO THE MECHANISM
BEHIND THE SCHEME

In the present proposal, quantum information is trans-
ferred from atom 2 to atom 1 by using a three-partite
continuous-variable (CV) ancillary system that consists of
the translational degrees of freedom of both the atoms and
the cavity field. Immediately before atom 2 enters the cavity,
the state of the system |W(t,)), obtained under application of
U, onto the initial state (12) [cf. Eq. (A2) in Appendix A],
can be put in the form

|<Pz( )>

(W (1)) =

(|Xo 2>|<I) 1)|a1) - |X3,2>|¢'5,1><Tz

- |X5’2>|<I>3,1>0'Z|a1) + |X6,2>|q)6,1>|a1>
+ |§5,2>|q)+ 1>0x|a1> - |§5,2)|<I>5,1)0'x|a1)

+ & PG ioy ) = [€)| P ioy|a)),
(B1)

where [£,)=(|ex)|1) = [g2)[0))/ \2 are maximally entangled
states between the internal degrees of freedom of atom 2 and
the cavity field. Notice that the first two lines of Eq. (B1)
contain terms proportional to either |gy)|1) or [e,)|0),
whereas the states appearing in the last two lines involve
either |g,)|0) or |e,)|1). First, the structure of state (B1)
shows that, similarly to what has been pointed out in Ref.
[18], successful teleportation can, in principle, be achieved
with probability 1. Indeed, provided the interaction time 7
between the atom 1 and the cavity is large enough that
which-path information becomes accessible, |®j ) and [®g ;)
become orthogonal [cf. Sec. III, Eq. (20)]. Therefore the

states |X3,2>|q)6],, , ]> (7, 7' =%), each multiplying
lay) or ojlay) (j=x,y.2), form an orthonormal set. However,
direct projections onto maximally entangled states | Xo. 2) and
|&5,) are expected to be nontrivial. In addition, notice that,
even assuming the feasibility of a direct measurement of
these states, this would not be sufficient to complete the tele-
portation since states |<I)§’ 1» need to be measured as well. For
instance, the first two terms in the right-hand side of Eq. (B1)
show that, without measuring the position of atom 1, a mea-
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surement outcome |x; ,) does not suffice to conclude whether
or not a 7 rotation around the z axis has to be applied to
complete the teleportation: if atom 1 is found in path /| this
rotation needs to be performed, whereas if atom 1 is found in
path lf it is not required. Furthermore, notice that, unlike in

the scheme of Ref. [14],

&7 2)|<I)5”’1) is not entangled with respect to the internal vari-
ables of the atom to be teleported (i.e., atom 1) and the
translational degrees of freedom of both atoms (i.e., part of
the ancilla). Finally, we point out that, at this stage, transla-
tional degrees of freedom of atom 2 do not play any role, yet
[notice the common factor |¢,(0)) in Eq. (B1)].

The difficulty of projecting onto entangled states is over-
come by applying the second unitary transformation U, .
Translational degrees of freedom of atom 2 are now in-
volved. Using Eq. (15), the application of U,,, in fact accom-
plishes the following mapping:

Ul X3 @2(0)) 7))

each state |)(5’,2>|(1>5’,’1> and

= x| @I DT, (B2)

’ 1
Ua,2|§(7)7,2>|(P2(0)>|¢)(7)7,1> = [\%|g2>|0>|(,02(0)> + 5(|XT2>|‘I)72>

+ |XI,2>|‘DI,2>)} |q)(1)],’1> (B3)
We see that the second unitary transformation U, , leaves the
states | Xo. 0») unchanged, but, noticeably, attaches a different
wave packet |®p,) of atom 2 to each of them. As [xg,)
=(le)|0) = [¢)[ 1))/ V2 and looking at the first two lines of Eg.
(B1), it is clear that now distinguishing between | Xo2) and
| Xo.2) is no longer required to complete the teleportation. In
order to assess whether or not a rotation o, has to be applied,
it is sufficient to acquire information about the positions of
the two atoms. If they are found in paths of equal signs the
teleportation is completed already, whereas in the case of
paths with opposite signs a further application of o, is
needed.

The same phenomenon does not occur for states appear-
ing in the last two lines of Eq. (B1) due to mapping (B3).
Indeed, the application of U,, changes both the atom-field
maximally entangled states |§-’52) and |§_ » yleldmg terms
proportional to either (o, +io,)|a;)=2 cosy |g1> or (o,
—io,)|a)=2¢'¢ sin2le;). No teleportation is therefore
achievable in this case.

In summary, as the four terms proportional to states | Xo. o)
or | Xo.2) in Eq. (B1) are those contributing to successful tele-
portation, their common factor (2 2) ! yields that the prob-
ability of success of the scheme is 1/2.

APPENDIX C: PHOTON-NUMBER MEASUREMENTS

In this appendix, we present a method to perform the
necessary photon-number measurements required by our
teleportation protocol. This task is achieved through position
measurements of a third probe atom p.

To complete the protocol, we need to detect the cavity-
field Fock states |0) and |1) at 1=t (see Sec. III, Table I, and
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Fig. 1). According to the initial state (12) and due to the
conservation of the free energy =, »S. ;+a'a, the final state
in Eq. (16) at t=1; has the form

llt3)) = 2 leaialn),

n=0,2

(C1)

where |c,);, are states belonging to the overall Hilbert space
of atoms 1 and 2.

Assume that at =15 the probe atom p is sent through the
cavity in the ground state |gp) and translational wave packet
|<pp(0)>, and that it interacts with the field for a time 7,. As p
exits the cavity, the final state of the total system has the
form

|‘”Il(t3 + T[,)> = E |Cn>12[Ua,p|@p(0)>|gp>|n>]a
n=0,2

(C2)

where the evolution operator associated with the atom p-field
dynamics U, , has a form analogous to Eq. (9) (the integra-
tion bounds in this case are obviously #; and 7,). By using
Eq. (15), each state |¢,(0))|g,)|n) in the right-hand side of
Eq. (C2), once expressed in terms of the dressed states

|Xip)= (le)n) = [g ) n+1))/ V2, transforms according to

U pl@,(0))|g,)10) = |©,(0))[g,)]0), (C3)
(I)+ +oN (O -
Ua,p|§0p(0)>|gp>| 1> — | ()>|X0,p>\”5| 0>|X0,p> i (C4)
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[PDIXT ) = [PDIX1,)
V2 ’

Uapl0p(0))[g,)[2) = (Cs)

Therefore the unitary operator U, , in fact maps the Fock
states |0), |1), and |2) into the orthogonal evolved states (C3),
(C4), and (C5), respectively. A position measurement of the
probe atom, in general, cannot distinguish such states since
the wave functions |¢(0)), |®; (x)), and |®; (x)) do not form
an orthogonal set. However, provided the interaction time
€7, is large enough, these translational states have a negli-
gible overlap according to

lim (@(0)|®7) =0, (C6)
Tp—®
lim (7] d7) =0, (€7

T,—®

P

with n,n'=0,1,2,... and 7,7 ==. Notice that property
(20) is a particular case of Eq. (C7).

When the probe atom interacts with the cavity field in a
nodal region, properties (C6) and (C7) are explainable as due
to the fact that each translational wave packet |®7) has an
associated acceleration along the x-cavity axis a,’ that de-
pends on both n and 7 according to a/=—-aymin+1 [a,
=(hke/m)] [23]. Therefore, provided 7, is large enough, the
states {|¢(0)),|®>)} become a set of distinguishable wave
packets [23].
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