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Mode-locked fiber lasers in which pulse shaping is based on filtering of a frequency-chirped pulse are
analyzed with the cubic-quintic Ginzburg-Landau equation. An exact analytical solution produces a variety of
temporal and spectral shapes, which have not been observed in any experimental setting to our knowledge.
Experiments agree with the theory over a wide range of parameters. The observed pulses balance gain and loss
as well as phase modulations, and thus constitute dissipative temporal solitons. The normal-dispersion fiber
laser allows systematic exploration of this class of solitons.
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I. INTRODUCTION

Stable, localized structures �wave fronts or pulses, for ex-
ample�, known as dissipative solitons, can occur in a variety
of physical, chemical, and biological systems �1�. Although
interest in dissipative solitons has been growing in the past
decade, experimental realizations of systems that support
dissipative solitons are quite rare. Notable examples include
the observation of spatial and temporal solitons in semicon-
ductor optical amplifiers �2,3�. Nonlinear optics is well
suited to the study of temporal solitons, but until recently
optical soliton research has focused primarily on conserva-
tive solitons. In contrast to these more familiar conservative
solitons that exist in nonlinear media without energy flow,
gain and loss play an essential role in the formation of dis-
sipative solitons.

The Ginzburg-Landau equation is a powerful model for
many of the systems listed above. Specifically, the complex
cubic Ginzburg-Landau equation �CGLE, sometimes referred
to as the “master equation”� is frequently used to model
mode-locked lasers �4�. An analytical solution in the form of
a frequency-chirped hyperbolic-secant temporal profile is
known for this equation �5�. The solution has codimension
zero �i.e., no relations among the system parameters are re-
quired�, and this facilitates quantitative comparison of theory
and experiment. The solution does not depend on position in
the cavity �or along a fiber for single-pass propagation�, so it
strictly applies only to situations in which the pulse does not
evolve appreciably. The characteristic length scales over
which a pulse appreciably changes shape due to dispersive or
nonlinear phase accumulations can be much shorter than the
cavity length in femtosecond fiber lasers, in which case the
pulse will generally breathe in the time and/or frequency
domain. The static solution of the Ginzburg-Landau equation
then represents some average of the pulse shape over a cavity
round trip.

Recently, Chong et al. demonstrated a new kind of fem-
tosecond fiber laser, in which pulse shaping is based on the
spectral filtering of a highly chirped pulse in the cavity �6�.
These lasers depend strongly on dissipative processes �linear
gain and loss, and nonlinear saturable absorption, in addition
to spectral filtering� as well as phase modulations, to shape
the pulse. No anomalous group velocity dispersion �GVD� is
required in the cavity, so this kind of laser is referred to as an

all-normal-dispersion �ANDI� fiber laser. The absence of a
dispersion map is expected to reduce breathing of the pulses.
Together with the importance of the dissipative processes,
this makes the ANDI laser attractive as a physical realization
of the Ginzburg-Landau equation, and in particular a me-
dium for the systematic experimental investigation of dissi-
pative solitons. In addition to the scientific interest in under-
standing nonlinear pulse propagation in the ANDI laser,
substantial motivation arises from its potential benefits as a
scientific tool. The elimination of components with anoma-
lous GVD significantly simplifies the laser, which can be
designed for a variety of output parameters, including short
pulses with very high pulse energy and peak power �7� as
compared to other mode-locking techniques. The develop-
ment of a model incorporating all of the features of the
ANDI laser is important for future research on the perfor-
mance limits of this mode-locking mechanism. A notable
feature of the ANDI laser is the existence of stable pulses
with a wide variety of spectral and temporal shapes �8�,
which are predicted by numerical simulations, but are not
accounted for by analytic theory. The known solutions of the
CGLE fail to account for even qualitative aspects of the
ANDI laser, such as the observed spectral shapes, the pulse
chirp, and a multiplicity of solutions with identical energy.

Here we show that exact stationary soliton solutions of
the complex cubic-quintic Ginzburg-Landau equation
�CQGLE� �a quintic nonlinear term is added to the cubic
equation; see Eq. �1�� accurately model the operating modes
of the ANDI laser over a wide range of parameters. The
solutions include long flat-topped solitons, along with a class
of pulses characterized by spectra with sharp peaks at the
edges and a dip in the center. These latter solutions are ob-
served experimentally despite the fact that they are theoreti-
cally unstable. The CQGLE was used to model additive-
pulse lasers with anomalous GVD, but comparison was
limited to an isolated experimental point, and was fairly
crude �9�. By making some assumptions about the system
parameter values, Kalashnikov et al. recently found an ap-
proximate solution to the CQGLE, which exhibits some of
the qualitative features of the ANDI laser �10�. We find that,
despite the large changes per pass in a fiber laser with a filter,
the CQGLE accurately models the behavior and performance
of the ANDI laser. Thus, the experiments in this work repre-
sent a comprehensive and decisive demonstration of tempo-
ral dissipative solitons in fiber. The ANDI lasers seem to
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provide a nearly ideal experimental environment for investi-
gation of a broad class of temporal dissipative solitons.

II. ANALYTICAL SOLUTION

Optical pulse evolution in the presence of the electronic
Kerr nonlinearity, GVD, and dissipative processes can be
modeled by the complex Ginzburg-Landau equation with cu-
bic and quintic saturable absorber terms:

Uz = gU + � 1

�
− i

D

2
�Utt + �� + i���U�2U + ��U�4U . �1�

U is the electric field envelope, z is the propagation coordi-
nate, t is the retarded time, D is the GVD, g is the net gain
and loss, � is related to the filter bandwidth, � is a cubic
saturable absorber term, � is the quintic saturable absorber
term, and � refers to the cubic refractive nonlinearity of the
medium.

An exact pulse solution of Eq. �1�, which generalizes the
Hocking and Stewartson solution �5�, as exemplified by �11�
is

U�t,z� =� A

cosh�t/�� + B
e−i�/2 ln�cosh�t/��+B�+i�z. �2�

A, B, �, �, and � are real constants. This solution has codi-
mension one; no solutions with codimension zero have been
reported. Inserting this ansatz into Eq. �1� and separately
equating the real and imaginary parts produces six equations.
This system of equations admits two sets of solutions: one
positively chirped with a larger amplitude and g�0, and the
other negatively chirped with a larger pulse duration and g
	0. We ignore the negatively chirped solutions because with
g	0 they will be unstable against the continuous-wave
background. The cubic saturable absorber term, �, is always
positive for the positively chirped solutions. For fixed en-
ergy, shorter pulses experience less loss and are favored in
the laser, so the pulse duration decreases until dispersive
limitations are reached. With the net gain parameter g nega-
tive, these pulses are stable against the continuous-wave
background.

To examine trends in the solutions, we solved for A, �, �,
�, g, and �. Ideally, we would like to know how each of the
pulse parameters varies with changes to the system param-
eters. Because the solution has codimension one, we must
have a constraint on one of the parameters; we chose �. The
energy of the pulse is calculated as the integral over time of
the intensity profile. In experiments we are unable to directly
adjust the net gain parameter, and instead we vary the satu-
ration energy of the gain by adjusting the pump power. How-
ever, it is reasonable to assume that we have direct experi-
mental control of the pulse energy �4�. This allows us to
solve additionally for g, while keeping B a free parameter
that we use to classify the different pulse shapes. The result-
ing expressions are

� =
��3
 + 4�

D�
,

A = −
2�B2 − 1���
 + 2�

BD��
,
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,
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,


 = �3D2�2 + 16. �3�

A wide variety of pulse shapes are possible as the param-
eters are varied �Fig. 1�. We find distinctly different solutions
depending on the sign of the quintic nonlinear absorption
coefficient �. For �	0, increasing the energy produces
steep-sided spectra with a dip in the middle �Fig. 1�a��. For
��0, increasing the energy produces narrower spectra and
longer, flatter pulses in the time domain �Fig. 1�b��. These
have previously been identified as “flat-topped solutions”
�9�. For B�−1, no solutions exist as Eq. �2� diverges. Solu-
tions also do not exist for B=0 and B=1, where the pulse
duration goes to zero and diverges, respectively. As the en-
ergy approaches a maximum at B=−1 �Fig. 2�a��, the spectra
exhibit deep fringes �Fig. 1�a��. The full width at half maxi-
mum �FWHM� pulse duration is plotted in Fig. 2�b�. In gen-
eral, the solutions are highly chirped. In anticipation of com-
paring the theoretical and experimental pulse shapes, the
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FIG. 1. Pulse solutions categorized by the value of B. Top row:
temporal profiles. Middle row: representative spectral shapes for the
indicated values of B. Bottom row: corresponding autocorrelations
of the respective dechirped analytical solutions. The intensity pro-
file is shown for B=35.
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analytic solutions were numerically dechirped by impressing
on them the quadratic spectral phase �corresponding to a lin-
ear dispersive delay� that minimizes the pulse duration. Then
the autocorrelations of the dechirped pulses were generated
�bottom row of Fig. 1�. The magnitude of the required chirp
is taken as the linear component of the pulse chirp. With
increasing B, this chirp increases �Fig. 2�c��. The pulse with
B=35 can be measured directly, and we show the theoretical
intensity profile instead of the autocorrelation. Variation of
the pulse parameters with the cavity GVD allows compari-
son to other models of mode-locked lasers as well as to ex-
periments. As is the case with the cubic master equation, the
minimum pulse duration occurs at zero GVD �Fig. 2�d�� �4�.
Larger pulse energies are accessible at larger normal GVD
�Fig. 2�d��, as was found in numerical simulations of lasers
with self-similar pulse propagation �12�.

The stability of solitary wave solutions to nonlinear sys-
tems is crucial to their experimental observation. The stabil-
ity of pulse solutions to the CQGLE has been studied nu-
merically �13�, for ��0. The numerical solutions are stable
for a large region of parameter space, but the analytic solu-
tion of Eq. �1� is stable at only one point �corresponding to a
long flat-top pulse, as in Fig. 1�b��. The analytical solution is
unstable against collapse for �	0, and as a result it has been
left unexplored. Remarkably, solutions with both �	0 and
��0 are stable in the ANDI laser. This will be described in
detail below, and candidate mechanisms for the stabilization
will be discussed.

III. EXPERIMENTAL RESULTS

The ANDI fiber oscillator is shown schematically in Fig.
3. We use a Yb-doped gain fiber, which emits at a wave-
length of 1 µm. A long �3–20 m� segment of single-mode
fiber precedes the gain fiber, and a short �1 m� segment fol-
lows it in a unidirectional ring cavity. All components of the
laser have normal GVD. The wave plates and polarizing
beam splitter convert nonlinear polarization evolution into

amplitude modulation to implement the saturable absorber.
The birefringent plate surrounded by polarizers acts as an
adjustable spectral filter with a sinusoidal transmission
curve. We experimentally access different operating states of
the laser via adjustments to the wave plates, the pump power,
and the cavity length. These adjustments effectively vary the
cubic and quintic saturable absorber terms, the pulse energy,
and the GVD, respectively. We verified that each state pre-
sented here has only one pulse in the cavity.

The overall behavior of the laser is summarized in Fig. 4.
The measured power spectra exhibit the features of the the-
oretical spectra in Fig. 1, which is remarkable considering
the complicated spectral shapes. In fairness, the spectra in
Fig. 1 are plotted with �=10, a factor of 7 from the theoret-
ical value; this is typical of the overall quantitative agree-
ment to the CQGLE. The spectral shapes can be tuned con-
tinuously by adjusting the pump power. For example, by
increasing the pump power we can tune from B=−0.1 to B
=−0.97, from B=0.9 to B=0.1, or from B=1.1 to B	35.
The range in which the solution lies is determined by the
saturable absorber, which is controlled by the wave plates.
We infer a value of B by fitting the theoretical pulse shape to
each experimental condition. Having obtained a value of B
for each experimental condition, we then proceed to compare
the remaining pulse parameters to the trends of Fig. 2. The
dechirped autocorrelations, corresponding to the top row of
Fig. 4, agree quite well with the calculated versions �bottom
row of Fig. 1�. The experimental chirp values increase mono-
tonically �from 0.084 to 	10 ps2� from left to right, as pre-
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FIG. 2. �a� Energy, �b� pulse duration, and �c� chirp �normalized
to that of the pulse with B=−0.9� plotted vs B. In �d� pulse duration
and energy are plotted vs GVD parameter D. Dotted lines separate
the two classes of solutions. Italicized numbers correspond to solu-
tions shown in Fig. 1. Notice the break in the x axes in �a� and �b�.
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FIG. 3. Schematic of the ANDI fiber laser: QWP, quarter-wave
plate; HWP, half-wave plate; PBS, polarizing beam splitter; WDM,
wavelength-division multiplexer.
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FIG. 4. Top row: representative experimental spectra corre-
sponding to the theoretical pulses of Fig. 1. Bottom row: autocor-
relation data for the corresponding dechirped pulses. The rightmost
pulse is the corresponding output intensity profile.
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dicted �Fig. 2�c��. In general, pulses with B�1 have chirp
	1 ps2, while those with B�1 have chirp �1 ps2. The
dechirped pulse duration also increases from left to right
�from 125 fs�, as theoretically predicted. Finally, the mea-
sured energies of the pulses shown in Fig. 4 also follow the
theoretical trend of Fig. 2�a� with 4, 3, 2, and 8 nJ from left
to right. The largest-energy single-pulsing solutions we have
found correspond to the sharply peaked spectra of Fig. 1�a�.
For B	−1 the pulse energy reaches 
20 nJ �7�. Further
increase of the pump power results in the loss of mode lock-
ing followed by the generation of multiple pulses.

IV. NUMERICAL SIMULATIONS

Numerical simulations of the experimental setup were
also performed. Each segment of the laser is modeled by the
appropriate terms of the Ginzburg-Landau equation, and
coupled equations are solved for the orthogonal polarization
states of light in birefringent fiber. The initial field is white
noise. The stable solutions from the simulations exhibit all of
the qualitative spectral features seen in Figs. 1 and 4. The
simulations confirm the trends described above, and increase
the quantitative agreement with experiments. In addition,
some insight into the pulse evolution is obtained. The sign of
the quintic nonlinear coefficient � can be extracted from the
simulations, and the results confirm the expectations above.
For solutions with B	1, the spectral bandwidth is much less
than the filter bandwidth, so there is little spectral and tem-
poral breathing of the pulse. When B�1 we see that the
spectral bandwidth approaches the filter bandwidth, and the
temporal breathing ratio increases from 1 to the range 2–4.
In that situation, the analytical solution of the CQGLE is
some average of the pulse as it traverses the cavity, so the
excellent agreement between the analytical solutions with
B�1 and experiment is particularly interesting. A systematic
description of the numerical simulations will be reported
elsewhere.

V. SUMMARY

In summary, with B	1 �where ��0 is required�, stable
solutions to the CQGLE exist. The ANDI laser generates
pulses that exhibit the characteristics of the exact analytical

solution to the CQGLE. In the laser, these pulses do not
breathe and so can be well modeled by the distributed
CQGLE. With B�1 �where �	0 is required�, only unstable
analytical solutions to the CQGLE exist. These solutions are
stabilized by the ANDI laser, as evidenced by the experi-
ments and numerical simulations. More work will be re-
quired to prove why the solutions with B�1 are stable in
experiments. However, several plausible mechanisms can be
identified: �i� gain saturation, which is lacking from the
model, is known to stabilize pulses, e.g., g from Eq. �1� can
be represented as

g =
g0

1 +
Epulse

Esaturation

; �4�

�ii� the experimental saturable absorption may well be mod-
eled by terms above the quintic, which could have negative
coefficients; �iii� there might be breathing of the temporal
pulse duration, which arises from the localized filter.

VI. CONCLUSION

The ANDI laser is modeled well by exact analytical solu-
tions of the CQGLE, and thus constitutes a practical, robust,
and dynamic test bed for studying stable solutions to the
GLE and to its variants. In turn, the analysis provides theo-
retical explanation of a variety of spectral and temporal pulse
shapes, which have not been observed previously in mode-
locked lasers to our knowledge, and perhaps not in any ex-
perimental setting. These experiments represent a compre-
hensive and decisive demonstration of temporal dissipative
solitons in fiber. This analysis can be readily adapted toward
optimizing the performance of normal-dispersion fiber lasers.
We hope that this class of lasers will stimulate further re-
search into the static and breathing solutions of the
Ginzburg-Landau equation and its variants.
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