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We study variational wave functions of the product form, factorizing according to the wave vectors kK, for the
ground state of a system of bosons interacting via positive pair interactions with a positive Fourier transform.
Our trial functions are members of different orthonormal bases in Fock space. Each basis contains a quasipar-
ticle vacuum state and states with an arbitrary finite number of quasiparticles. One of the bases is that of
Valatin and Butler (VB), introduced fifty years ago and parametrized by an infinite set of variables determining
Bogoliubov’s canonical transformation for each k. In another case, inspired by Nozieres and Saint James the
canonical transformation for k=0 is replaced by a shift in the creation/annihilation operators. For the VB basis
we prove that the lowest energy is obtained in a state with ~yvolume quasiparticles in the zero mode. The
number of k=0 physical particles is of the order of the volume and its fluctuation is anomalously large,
resulting in an excess energy. The same fluctuation is normal in the second type of optimized bases, the
minimum energy is smaller and is attained in a vacuum state. Associated quasiparticle theories and questions

about the gap in their spectrum are also discussed.
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I. INTRODUCTION

Since now more than half a century the understanding of
Bose-Einstein condensation (BEC) in interacting Bose gases
has been representing a major challenge for theoretical phys-
ics. In spite of a considerable progress, the decisive step in
rigorous theory—simply, the proof that BEC indeed
occurs—still could not be made. Approximate or effective
theories that take BEC for granted have also been struggling
with some emblematic problems as, for example, the ques-
tion of the gap appearing almost inevitably in them. The
search for gapless approximate theories has a long history
that will not be evoked here; instead, we refer the reader to
the review of Zagrebnov and Bru [1] and to the introduction
of the paper of Yukalov and Kleinert [2]. The most success-
ful effective theory is due to Bogoliubov [3-5]. Based on the
hypothesis that BEC takes place in the ground state, Bogo-
liubov introduced some approximations in order to turn the
problem into soluble. He dropped part of the Hamiltonian
[Bogoliubov truncation (BT)], and replaced a, and a, by
volume- (V-) dependent complex numbers [Bogoliubov sub-
stitution (BS)]. The upshot of the approximations is a Hamil-
tonian that can be diagonalized by Bogoliubov’s canonical
transformation. In the subsequent physics literature BT and
BS appear either separately or coupled together, with an em-
barrassing variety of truncation schemes. In the past and also
more recently much effort has been made to justify these
approximations. Their status from the point of view of math-
ematical rigor and also of physical significance proved to be
quite different.

In a fundamental paper [6] Ginibre studied BS alone and
proved that if the pressure is maximized with respect to the
complex number substituting a,, the approximate pressure
converges to the true one in the thermodynamic limit. This
still did not imply that BS was indeed “exact,” because con-
cerning the states, it represents a drastic reduction of Fock
space: only states of the form Z are considered, where z is a
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complex number, Z =em3‘z_ﬂ0, and ¢ is an element of the Fock
subspace F' built on the plane waves {€*7/\V}y .. Justifi-
cation of BS means therefore to prove that along with the
pressure the averages of the physically most relevant opera-
tors are also correctly reproduced by it. A step in this direc-
tion was made in two recent papers [7,8]. These showed that
if ay—z(V) is a complex number substitution that makes the
pressure of the BS model converge to the true pressure in the
thermodynamic limit, then |z(V)|?/V and the exact {agag)/V
have the same limits as V tends to infinity. The result implies
that BS predicts BEC, when it occurs, with the right density
of condensate.

No similar rigorous justification exists for any kind of
truncation of the Hamiltonian. While BS alone is quantita-
tively correct in the sense described above, BT cannot be
hoped to be quantitatively correct except for the cases of
extremely low densities and weak interactions. Even qualita-
tive correctness can partly be jeopardized, as it happens, for
instance, in relation with the gap. Truncation of the Hamil-
tonian changes the ground-state energy in the order of the
volume and introduces unphysical features as the nonlocality
of the interaction. By this, it causes the breakdown of the
local gauge invariance of the field operators in coordinate
space, and changes the global U(1) symmetry into local one
in k space. Therefore, truncated Hamiltonians should be con-
sidered as separate models that can describe certain but not
all expected properties of the physical system.

There exists a particular class of truncated Hamiltonians
in which truncation is variational in the sense that the eigen-
values are upper bounds to the lowest eigenvalue of the
physical Hamiltonian in every eigensubspace of the total mo-
mentum. Such a family of Hamiltonians appeared fifty years
ago in a paper by Valatin and Butler [9]. The Valatin-Butler
(VB) Hamiltonians depend on the parameters of Bogoli-
ubov’s canonical transformation and are diagonal in the qua-
siparticle creation and annihilation operators obtained
through this transformation. The corresponding quasiparticle
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vacuum state contains pairs of physical particles of opposite
momenta. The excitation of such pairs was thought already
by Bogoliubov to be the dominant effect of the interaction on
the ground state of a Bose system. Valatin and Butler there-
fore expected to obtain a good quasiparticle theory by mini-
mization of the energy of the vacuum state over the set of
parameters of the Bogoliubov transformation and by retain-
ing the diagonal Hamiltonian defined by the minimizing pa-
rameters. They failed in this program, but their paper is re-
markable and to locate the source of their failure even fifty
years later seems to us relevant. Our conclusion, based on the
analysis of Sec. III and valid for positive pair interactions
with a positive Fourier transform can be summarized in two
points. First, within the family of eigenstates of the VB
Hamiltonians the state of lowest energy is not a vacuum state
but a state with ~\'V quasiparticles of zero momentum. Sec-
ond, Bogoliubov’s transformation in the zero mode leads to
anomalous fluctuations of the number of condensed physical
particles, increasing the lowest attainable energy.

The two problems of the VB approach are related and
both disappear if Bogoliubov’s transformation in the zero
mode is dropped and replaced by Bogoliubov’s substitution.
This was first done by Noziéres and Saint James [10]. In Sec.
IV we analyze in detail and somewhat extend the Nozicres—
Saint James (NStJ) approach. First, BS is replaced by a shift
ay—z according to Araki and Woods [11]. This permits us to
keep the zero mode in consideration and to allow deviations
from a coherent state. We then introduce variationally trun-
cated Hamiltonians defined now on the full Fock space and
depending on the parameters of Bogoliubov’s transformation
for k#0 and on z for k=0, consider the family of their
eigenstates, and prove that the lowest energy is attained on a
vacuum state with an energy density lower than the VB mini-
mum. Finally, we add a Bogoliubov transformation also in
the zero mode and minimize the energy of the vacuum state
with respect to it. While the gain in energy is only of the
order of unity, by this way the gap of the associated quasi-
particle theory, discussed in a moment, can be made continu-
ous at k=0.

Although we are interested only in minimizing the energy
of our trial functions, because of their appearance as eigen-
states of quasiparticle Hamiltonians we compute the corre-
sponding gaps and comment on them at several places. In the
spectrum of a physical Hamiltonian with a translation invari-
ant and not too slowly decaying interaction there is no gap
above the ground state (in fact, there is a gap that disappears
as V tends to infinity). This was first shown by Hugenholtz
and Pines [12] for k=0, then by Bogoliubov [5] for k—0
and somewhat later a rigorous proof, related with the break-
down of Galilei invariance and not with BEC, was given by
Swieca [13]. On the other hand, truncated models most often
produce a gap to excitations. Sometimes the gap disappears
for k=0 but stays for k—0 (see Ref. [14] and Sec. III),
sometimes it stays for both and the two gaps can be different
(Secs. III B and IV B) or can coincide (Sec. IV C). It is be-
cause of this gap that the work of Girardeau and Arnowitt
[15] was considered later to be inconsistent [12], although
they minimized correctly the energy of their trial state.
(Working with a fixed number of particles, they avoided the
problem of anomalous fluctuations.) However, a gap does
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not mean the internal inconsistency of an approximate
theory. The quasiparticle theories emerging as a by-product
from the present variational treatment are, in fact, consistent
by themselves. They can be gapful without contradicting
Goldstone’s theorem applied to them because there is no
BEC of quasiparticles in their ground state.

II. PRELIMINARIES

We are going to perform a thorough study of variational
wave functions of the product form, factorizing according to
the wave vectors, for the ground state of the Hamiltonian

1 L.
H= e(K)N;, — uN + — > v(q)ak+qak,_qakrak.
2quk’

(2.1)

Here a;, and ay create, respectively, annihilate a boson in the
single-particle state (1/ v’T/)exp{ik-r}, where k=(27/L)
X (ny,n,,n3) with n; integers and L3=V, &(k)=#’k?/2m, u
and v(q)=v(—q) are real numbers, Ny=a,a, and N=2N,. H
is defined with periodic boundary conditions on a cube of
side L; v is the Fourier transform of an integrable pair po-
tential ¢,

v(k):f o(r)e ™ dr, (2.2)
and most of the time both v and ¢ will be supposed to be
non-negative. A typical example of a positive interaction
with a positive Fourier transform is a Gaussian interaction.
More examples can be obtained by convoluting a real non-
negative function ¢4(x) with y(—x): if

e(x) = f Yy) iy + x)dy, (2.3)

then both ¢ and v=@=|¢{? are non-negative. Note that the
chemical potential is included in the definition of H, so the
ground state of H is understood in Fock space. For ¢ =0 the
interesting region of the chemical potential is w>0; for
=0 the ground state is the vacuum.

A. Pairing product states

Pairing product states are wave functions of the general
form ®=d|0), where |0) is the physical vacuum state and

(f) = ( E BO,m(ag)m> H ( E Bk,m(alta:ik)m) -
m=0

{k—k}#{0} \m=0
(2.4)

A variational ansatz of this kind suggests a division of H in
three parts

H=H0+H_,0+HR, (25)

where H,, collects all terms containing N, NS, A0=a(2), and
Ay, H- collects all terms containing N, Nﬁ, Ax=apa_y, and
Ay, only for k#0, and Hy, is the sum of the remaining terms
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of H not contributing to the energy of ®: (&, Hz®)=0. Thus,

Hy=— uNy + ”()(NZ Ny) + °2[v(0)+v(k)]Nk
k#O
f S L M[AAL + AL 2.6)
2Vizo
and

Hoy= 2 [e(k) - u]Nk+ E(Nk M)
k#0 k¢0
+— 2 [v0)+o(k-K)INN
2V0¢k¢k’¢0
+—E > u(k-Kk)Ap Ay (2.7)
2Vk¢0k’¢0,rk

For an operator B let (B)=(®,B®P). In (H,) and (H_,) the
mean value of A:,Ak factorizes. This makes it possible to
choose (Ay) independent complex variables: prescribing any
set {z;} of complex numbers, ® can be chosen so that
(Ay)=zy for all k. The Valatin-Butler vacuum state with com-
plex gy serves below as an example. Define

b= S [0(0) + v TN,

Vk#O

vy=— E v(k)Re(Ay). (2.8)

k¢0

Choose (Ag) to be real and non-negative. When minimizing
(H), the sign of v, has no influence on the value of (H_,) but
=0 is necessary to minimize (H,). We then find

v(0) v(0)

<H0>=—<,U«_V1+|V2|+_)<No> <N0>2
0
S ¢ - A0] 29
with
D(No) = (N} = (No)*. (2.10)
Observe now that
(No) = (No) + 1 = [lag@|* (2.11)
and therefore by Schwarz inequality
— 1
(Ap) = (N1 + 1/{Ny) < (Ny) + 7 (2.12)

Because Dz(NO) =(), we obtain the following lower bound on
(Hp):
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|V2|
2
(2.13)

v(0)

(Hp) = - (M— vy +|vo| + _)<No> v(©)

<N0>2

The minimum in (N,) of this bound is either —|v,|/2 if
u—v+|,| <0 or

1
(Hp) = - 2 (O) ——(u—v +|n))?- E(M— v +2[p)) + OV
(2.14)
obtained with
\% 1
<N0>=m(,u,—vl +|V2|)+5 (215)

if w—v,+|v,|=0. A particular case of Eq. (2.4) is when ® is
an eigenstate of Ny, so among all By ,, only S, ,, is nonvan-
ishing for a single value of m. Then (Ny)=(A,)=0 for
k #0, (A))=D*(N,)=0, and

10, , 20,

2.16
2V 2V ( )

<H>=<H0>=—<

leaving m as a single variational parameter. Minimization
then yields

2
v
E_Eiow

2v(0) 2 @.17)

<H>=EMF=_

obtained with m=uV/v(0)+1/2. This is the ground-state en-
ergy of the mean field and also of the so-called perturbed
mean field or full diagonal models [14,16,17]. Tt will serve as
a reference value, the parameters will have to be chosen so as
to obtain an energy lower than E\p, by getting the closest
possible to the lower bound (2.14) with the largest possible
value of |v,|— v, without losing too much energy in (H_).

B. Coherent product states

The ansatz (2.4) will be partly restricted, partly extended.
We introduce two sets of quasiparticle annihilation and cre-
ation operators

Be=ay =20 =2 (2.18)
and
b= /;—(51( -8k, b= —/1—(5;; ~ 8xdi)
VI =gl VI =gyl

(2.19)

where z, and g are complex numbers, |g| <1 and g,=g_.
The coherent state
Z = Aaaiad|o) (2.20)

is the common vacuum of each ay, @, Z=0. It is then straight-
forward to verify that
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@y = [T (1 - g ) e 20Tz (2.21)
k

is the vacuum state of each by, i.e., b ®;=0. On @, one can
build up an orthonormal basis in the Fock space,

1 *
D,y = [ =)@, (2.22)
Kk V!

by letting {my} run over terminating sequences of nonnega-
tive integers. Unless z, =0 for all k # 0, Z and thus <I>{mk} are
not eigenstates of the total momentum. Choosing |z_|=|z|
one has at least

(©4 1 (S kNI D)) = S k. (2.23)
k

Given a basis (2.22), it is possible to define a quasiparticle
theory of the interacting Bose gas via the Hamiltonian

HQP= E E{mk}|¢’{mk}><¢’{mk}, (2.24)
{m =0}
where
Epny = (i P ). (2.25)

Such a theory has the merit of being variational to the ground
state of H. If z,=0 for k# 0 and, hence, Hyp commutes with
the total momentum operator, the quasiparticle theory is
variational also in each momentum eigenspace

Eyy,y = inf spec HII, 3, (2.26)
where H{mk} projects onto the subspace of states of momen-
tum 7 X myk. Those concerned with effective theories of the
interacting Bose gas may not optimize Hgp by minimizing its
ground-state energy, but try instead to make the gap above
the ground state disappear. In this paper we insist on an
unbiased minimization of the energy, yielding what we call
the quasiparticle ground state (QPGS) of H. At several places
we shall comment on the gap in the spectrum of Hcp.

If 7, =0 for all k# 0, the dressed vacuum state (2.21) and
states (2.22) with m_,=my are also pairing. If z # 0 for some
k#0, QD{mk} provides a nonvanishing average of Hjp and,
thus, is not of the type (2.4). Such product states can have
lower energies but not necessarily in the order of the volume.
One special case of them, when all g,=0, can immediately
be excluded. Indeed, a simple calculation shows that when-
ever v=0, min(Z,HZ)=—u’V/2v(0) > Ey, obtained with
zx=uV/v(0) & o. With the benefit of hindsight one can state
that for k=0 the shift (2.18) is more important than the Bo-
goliubov transformation (2.19) while for k# 0 the opposite
holds true. A full variational treatment, extending to the sets
{gx}> {zx}, and {m,} seems at any rate too complicated. We
will therefore focus on the case zx=zd . The variational
parameters are then z and gy (including g,), and all basis
functions (2.22) will be considered. Two important special
cases are z=0, the Valatin-Butler (VB) scheme and g,=0, the
Nozieres-Saint James-Araki-Woods (NStJAW) scheme.
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III. THE VALATIN-BUTLER SCHEME

Valatin and Butler [9], inspired by the then fresh BCS
paper [ 18], proposed a quasiparticle theory for bosons in the
lines described above, with @, =ay (all z,=0) and g, real.
The dressed vacuum (2.21) is then pairing also for k=0. In
choosing gy real, Valatin and Butler followed Bogoliubov
[4]. In principle, this choice restricts generality since the
most general gauge transformation ay — ¢’t**®q, that leaves
H invariant for all tER? and a€R is not enough to elimi-
nate an arbitrary k-dependent complex unit factor of g.
However, the ground state of H is unique and one may sup-
pose that its QPGS is also unique. Then g, can indeed be
chosen to be real.

Valatin and Butler made some ad hoc assumptions which
eventually falsified the minimization of the energy. Their
condition on the interaction was vague; they thought it to be
repulsive but, most important, such that the QPGS is the
vacuum for some {gy}. This assumption was inconsistent
with the variational determination of g, so they chose it to
make the gap to k=0 excitations vanish. However, because

2
(@, NoPy) = =2,
1-gj

(3.1)

it was in fact the condensate density that they adjusted to
make the gap disappear. This was a strongly contestable step
for at least two reasons. First, the gap in question is in the
spectrum of Hgp, therefore the breakdown of a continuous
symmetry of Hgp could only be in conflict with it. If the
ground state of Hgp is the vacuum state, a gap above it does
not contradict Goldstone’s theorem applied to Hgp. One
should be worried only if Hgpp had a ground state with a
macroscopic expectation value of byb, and still there would
be a gap above the ground state. Second, the density of the
condensate of physical particles can be varied to minimize
the energy, but not for other purposes. The only free physical
parameter is the chemical potential u. If the N-particle inter-
action energy is superstable (meaning that in any finite vol-
ume V it eventually increases with N not slower than N?/V),
the full particle density is a strictly increasing function of w
(at zero temperature for w=0, if the interaction is non-
negative). Therefore, instead of u one may freely prescribe
the full density, but not that of the condensate.

The explicit form of the quasiparticle Hamiltonian (2.24)
can be found, e.g., by rewriting H in terms of the operators
by and b, and keeping only those terms commuting with
each My =byby. Let

2
8 8
hy = " £ 5 = (P, N DPp),  xi= " > 5 = (D, A, D)

k 8k
(3.2)

so that xi =/ (h+1). A lengthy but straightforward calcula-
tion yields

Hgp=wy+ D aMy+ 2w My = My) + 2 oMM,
k k k#k’

(3.3)

where
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0 1
wO=§ [e(k) — )y + %@ hk)2+ S (k-

kK’

X (xaxr + hihyr), (3.4)

e=(1+ th)(S(k) -p+ ‘1/2 [v(0) +v(k - k’)]hk/)

K’

1
+ 20, 2 0k - k) xie, (3.5)
k/
0 2k
Wk = %‘/)(1 + th)2 + U(V )Xlz(, (36)
1 !
Wk = ;/[U(O) +v(k-k")]
+ %/[21)(0) +vk+k')+v(k-k')]
X(hk+hk’ +2hkhk’)
1
+‘—/[v(k+k’)+v(k—k’)])(k)(kr. (3.7)

It is seen that e_y=¢y and w_y /=Wy =wyrg for all k,k’.
From Egq. (3.3) the energies (2.25) can be obtained by replac-
ing the operators My by the integers my. Alternatively, one
can take the average with (I){mk} of Egs. (2.6) and (2.7) and
use

(N = hye + (1 + Iy )my + Iym_y, (3.8)
(A = xi(1+my +m_y), (3.9)
D*(Ny) = (N = (N?
=(NkN_i) = (NN
=Xi(1 + S+ + m_y + 2myam_y). (3.10)

The expressions for w, and e, were already given in Ref. [9].
A particular member of the family of operators (3.3), ob-
tained with all g, =0, is the perturbed mean field or full di-
agonal (FD) Hamiltonian which has long been serving to test
different ideas concerning the interacting Bose gas
[14,16,17]. Tt will prove to be useful here as well. In a more
convenient form it reads

v(0)
Hyp =2 e(K)N — uN + Sy V=N
1
+— > v(k=K)NNy. (3.11)
2Vk¢k'

It is clear that the overall minimum of Ej,, ;({gx}) cannot be

higher than the ground-state energy of Hpp. Suppose that
v(k)=0 and is continuous at 0 with v(0)>0. Then for
m=0 the ground state of Hgp is the physical vacuum with
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zero energy. If >0, it is (my!)~"*(ag)™|0) with

mo= puViv(0) + 3 = my,. (3.12)
We may suppose that my is an integer. This gives
2 2
uv ( v(O))
E, _, =- +— | =E 3.13
mO— Vv 21)(0) 2,U,V MF ( )

for the ground-state energy of Hpp, cf. Eq. (2.17). What
about the gap to excitations? If =0, the gap is at least |ul
to any excitation of the vacuum. If w>0, because my=my,

was chosen to minimize the quadratic polynomial
—,um0+[v(0)/2V](m%—m0), we find
0
Em =my,*tn " Em =m, = an (314)
o v 2V

which for n=0(\'V) tends to zero as V goes to infinity. Thus,
the gap to k=0 excitations vanishes, and this is consistent
with the breakdown of the gauge invariance during BEC in
this model system [14]. On the other hand, for k # 0

v(0) +v(K) v(k)
+ —y W= 'uv(O) .
(3.15)

EmO:mV,mk:l - EmO:mV: S(k) - M

(Above it is understood that my,=0 unless otherwise stated.)
So there remains a partial gap to k # 0 excitations in the limit
of infinite volume, which tends to u with k going to zero.

A. The quasiparticle ground state in the VB scheme

Proposition 1. Let the pair interaction be non-negative,
¢=0. Then the quasiparticle ground state is not a dressed
vacuum state. If also v >0, the energy difference between
any vacuum state and the QPGS is of the order of the vol-
ume.

Proof. Note that (&, HPy)=w,. ¢=0 implies that v is
positive definite, that is,

> vk -k )&& =0

k.k'

for any choice of §.. Therefore, even without supposing
v(k)=0,

1
Wy = 2 exhy + E/E v(k —K')(xaxr + hihyr)
k K.k’

v(©0) MV WYV eV
Ty (Ehk_v(0)> "2000) 2000

(3.16)

If v=0, the lower bound is slightly above the ground-state
energy (3.13) of the FD model. Otherwise, using
(my!)~"2(ag)™v|0) as a variational wave function, one can see
that the ground-state energy of Hgp is bounded above by the
value (3.13), so is certainly smaller than wy. This proves that
the QPGS is not a vacuum state. Assume now ¢=0 and
v>0. A lower bound on wj, is obtained by dropping
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> vk -k )xixie =0
k,k’

from the right-hand side of Eq. (3.4). Let k#:ﬁ‘l\fm. If
k=|k|=k, then e(k)—u=0. As the other terms for k or
k' Zkﬂ are also positive, the lower bound on w, can further
be decreased by restricting the summations to k,k' <k,.
Dropping also 2e(k)h,=0, we find

0 1
W= — ux + Mx2+— > vk =K )y = — pux
2V 2V 2
kk' <k,
1 . 5
+ —[v(0) + min v(k)]x*, (3.17)
2V <2k,
where x=2k<kﬂhk. Minimizing over x,
2 2
Yoo K -+t (313

vV 2[v(0)+ miny <, v(k)] ~ 20(0)
obtained by inserting

%
x= -
v(0) + ming<ok, v(k)

in Eq. (3.17). Comparison with Eq. (3.13) shows that the
energy density of any vacuum state is higher than the energy
density of the ground state of the full diagonal model and,
therefore, of the energy density of the QPGS.

Proposition 2. Let v=0. Suppose that the QPGS is
unique. Then in the QPGS only m, can differ from zero.

Proof. Uniqueness implies m_,=my for all k. Suppose
m_=m=n>0 for some k#0. Compare the energy
E’"_k=mk=" of this state with the energy Em_k=0,mk:2n of the
state obtained by particle transfer from —k to k while keep-
ing m_y,=my unchanged for k' # £ k. To compute the dif-
ference of these energies use

E Wy Mg = E W_gr kM_g' = E Wy kMg’

k' #+k k’#+k k'#=*k
(3.19)
and
v(2k) 1
Wik T Wik= T ‘_/[20(0) +v(2k)Ixi > 0.
(3.20)
With them,
v(2k)
Ep_=m=n—Em_=0m=2n=2W 1= win® = n’=0.
(3.21)

Thus the starting state is either not the QPGS or it is one but
not the only one of them, contradicting uniqueness.

Note that not only wy +y are positive but in fact all
wi x> 0. From Eq. (3.7) one easily deduces
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0)+vk-k’ 0
Wk k’ = v();—i/) + &‘/)(hk + hk’ + 2hkhk’) > 0.

(3.22)

For Egs. (3.20) and (3.22) to hold, only v =0 is necessary.

Theorem 1. Let =0 and v =0. Consider the basis (2.22)
with z;,=0. For >0 the QPGS is either the ground state of
the full diagonal model or a small perturbation of it having
the same energy density, or an eigenstate of Hgp with

Xo & \R/ and mg = \R/ as V— oo,

xk=0(1) for kK# 0 and xuv, <0 (3.23)

and with an energy density smaller than —u?V/2v(0). If the
decay of v(k) is slow enough (¢ is sharp enough) then for
small wu the last option holds.

Example. If

(r) = (4m\)0(0)e Y, u(k) = v(0)e M’
(3.24)

then the condition of sharpness is A<<ap/363, where
ag=v(0)m/4mh?, the scattering length in Born approxima-
tion.

Remarks. (i) Because the average of N, in a pairing prod-
uct state (z,=0) is

<N0> =h0+m0+2h0m0, (325)

(NpyoV in all cases. Thus, in the QPGS there is BEC of
physical particles. (ii) When Eq. (3.23) holds for the QPGS,
there is no macroscopic and no generalized condensation for
quasiparticles: (My)=my*\V and (M,)=m,=0 for kK#0.
Moreover, the interaction being nonlocal, Swieca’s proof
[13] does not apply either. Therefore there is no reason to
expect that the gap above the ground state of Hgp disappears.
The gap will be derived in the next section. (iii) Of the two
conditions v =0 is the more important. ¢ =0 serves only to
guarantee that the QPGS is not a vacuum state. It seems to be
difficult to find a superstable interaction whose QPGS in the
VB scheme is a vacuum state.

Proof of the theorem. From the two propositions above,
the quasiparticle ground-state energy is of the form

2
EmO =Wy + (U + Woo(mo - mo) . (326)
Because the last term is nonnegative, this can be smaller than
the vacuum energy w, only if ¢, is negative. The minimum
of Eq. (3.26) is attained with

€q 1
my=— +-=m 3.27
0= g T2 (3.27)
which we suppose to be an integer, and its value is
1 2 2
Epzm, =wo— 7 (Woo — €9)™=wo — woomy. (3.28)
o 4woo

We minimize Eem, with respect to x, which, in contrast to

8o, can take on any real value. For further use we introduce
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dh 2
qo= T X oy, (3.29)
ka 1+2hk
Let
\% %
C=——=vy,, D=——(u—-vry). 3.30
U(O)VZ v(O)('u V) ( )

Here and throughout the rest of the paper v; and v, are given
by Eq (28) with <Nk>:hk and <Ak>:Xk:

1
== E [0(0) + oK), vr=— 2 v(K)xg
Vizo Vizo
(3.31)
After some algebra one finds
D) 1 Em =m
Gylxo) = ﬁ“ —xﬁ(l + 5x3> ﬁ =(D+1-Cxp)

3 1,\?
X (1= x3)[(D + 1)xo +2C] + Zx()(l + Exg) )
(3.32)

Since the second term is of order 1 while the first is typically
of order V2, the zeros of Gy are in a distance O(V~?) to those
of the first term. The first factor, D+ 1 — Cx, must be positive,
otherwise e, > 0. Thus, Gy has three zeros in distance O(V‘z)
to =1 and —2C/(D+1), respectively, and only in one of
these points is the energy minimal. To minimize E,, _,, one
has to maximize m, implying v,x, =0, see Eq. (3.34) below.
For example, if v, =0 then x,=0, so the root we look for is
either close to [2C/(D+1)| or to 1. Now [2C/(D+1)| may or
may not be smaller than 1 and when smaller, it is the right
choice. To see this note that if y; =0 for k# 0 then C=0 and
Gy(0)=0. Thus, at =0 the energy is stationary and in fact
minimum with value Eyp. Indeed, (H-5)=0 in this case,
therefore (H)y=(H,) = Eyp, see Egs. (2.7), (2.14), and (2.17),
and the lower bound is attained with the full diagonal model
of ground-state energy Eyp. If x are nonvanishing and
[2C/(D+1)|=1 then by continuity it is still

Xo==2C/(D+ 1)+ o(1)

that defines the minimum, and this remains true [with a nega-
tive o(1) correction] also if [2C/(D+1)| converges to 1 from
above as V tends to infinity.
Lemma 1. Under the condition that x,=—2C/(D+1)
+o(1),
2
20(0)°

1
lim —inf E =— (3.33)

meap=m
Voo Vigy TV

the energy density in the ground state of the full diagonal
model.
Proof. In terms of C, D, and x

PHYSICAL REVIEW A 77, 023606 (2008)

1 2
my=— 2 +(D+1- Cxo) 0/2 (3.34)
Substituting the assumed value of x, and \/rx(zﬁ
1/ (1+2hy),
(No} = ho + (1 +2hg)my = 2(0 )(M v) +o(V).
(3.35)

Adding to this the number of uncondensed particles =y .ok,

A
"0 50 go v(K)hy + o(V).

Suppose now that g} is the energy-minimizing set. Then

dE mo_mv({g ) 3 A% RS u
T T g S e

(N) = (3.36)

(3.37)
where the o(V) correction can be negative. On the other
hand, at ©=0 we have gﬁ=0 for all k, and Emo:mv({gﬁ})=0
(because ¢=0). Integrating Eq. (3.37),

Epngon, (8t} = > oK) J H A’ +o(V).

( O)k;eo
(3.38)

Because this is the energy minimum,
Emozmv({gil:}) = EMF'

The second term on the right-hand side of Eq. (3.38) is non-
negative and, thus, of o(V) [implying also gx=0(1)], other-
wise the above inequality could not hold. This, however,
proves Eq. (3.33).

An energy density smaller than —u?/2v(0) can only be
obtained if the energy-minimizing g for k# 0 are such that
|2C/(D+1)|>1 and remains separated from 1 as V tends to
infinity. In what follows, we shall investigate this possibility.

Lemma 2. Suppose that [2C/(D+1)|>1 and remains
separated from 1 as V tends to infinity. Assume also u—v,;
+|vy| > 0. Then the energy-minimizing x, and also my are of
order V. Furthermore,

inf E

\%
m —( v+ | va|) 2+ J_g+ 0(V),
o o vo "3 (0) p=vi+ v 0

(3.39)
where J_ is wy at g,=0,

Joo= 2 [a(k) - pliy + ()(E hk) P S oK)

k#0 k#0 2Vk k' #0

X (Xkar + hkhk’) . (340)

Proof. Under the condition of the lemma and with the
choice C <0, x, is necessarily in o(1) distance to 1. To com-
pute its asymptotic form, in Gy we insert xy=1 everywhere
except for l—x(z) and obtain to leading order
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To complete the proof of the theorem it remains to show

27
Gylxg)=— = (D+1+|CPQ[C]-D-1)(1 _x(2))2~ that Eq. (3.39) can be smaller than Eyp and the difference
can be of the order of the volume. Let
(3.41)
Solving Gy(x)=0 yields
vi=vy+v(0)p’, vy=— 2 v(K)hy, p'= 2 hy
2 3V/§ Vi=o Vizo
=— . (3.42) 4
4\(D+1+]|ChR2|C]-D-1) (3.45)
This shows that x,=1-0(V™"),
and
D+1+|Ch@lc|l-D-1) |~
[easaca-o-] o
27 o1 , 1 v(O) >
, — Jo= -0t e’ = 22 oK)+ —=(p')
and with yy=x0/(2V1-xp) 4 Vi
1 D+1+|C /
my=——=+ Dri+lc, N7 (3.44) "2 2 vk =K) (i + ). (3.46)
2 3Xo Kk #0
From here the form (3.39) of the energy is obtained by sub-
stitution into Eq. (3.28). Now
|
b oy + 2+ 0(1) = {1 = 2[00+ 23]~ )+ 6000 - 2(1] - 1)) (3.47)
—11’1 — — -0 — - .
Ve my=my, T 20 (O) +o 6v(0) M= 2vlv)p Vo] = Vo) I + O6UiU)j -0 W=7
|
is negative if v(0) ,
RS > vk-k XX = V%,
A=[w(0)p" +2(|va| = v) > + 2(|va| = v1)* = 60(0)jo > 0 KK/ #0
(3.48)
and v2 E v(k =K )y = 1} (3.52)

v(0)p" +2(|va| = vp) - \J'Z <u<v(0)p" +2(|va = vy) + V”Z.
(3.49)

The conditions e, <0 (or my,>0) and 2|C|/(D+1)>1 of the
validity of Eq. (3.39) imply

vl < <v(0)p" + 2|, + vy = vy
(3.50)

— | =v(0)p’ + vy—
+ 2|V2|.

The intervals (3.49) and (3.50) for u clearly overlap if |v,|
> v, which can be realized if all yy have the same (negative)
sign because /iy <|xy|. We therefore do not consider the oth-
erwise interesting possibility that y; can vary in sign. On the
other hand, for interactions that are bounded at the origin
Xk =0 for all k # 0 implies that A becomes negative for large
. Indeed, with Egs. (3.45) and (3.46) the discriminant can
be rewritten in a more convenient form

3v(0
LSS

A=6(|1}2| - VO)Z_ V2

O v(k—Kk')
k

Kk #0
X (i + M) - (3.51)

Using the Schwarz inequalities

kk'#0
one obtains

6v(0) 3

6vp| vy = — =
k

A =3y - vp)* - e(k)hy. (3.53)

Now

=|nl-n= _2 v(K) (x| — ) < _E v(k) < %QD(O)

Vi+o 2Vizo
(3.54)
because /iy = |x| <l +3 and, therefore,
3 6v(0
A< Z‘P(O)Z — 6|1, — ﬂ}‘, e(K)h.. (3.55)
k

It is then clear that the positivity of A places an upper bound
on |x| and, via (3.49) or (3.50), on .

We now show that under some additional condition on the
interaction, for any small enough w the difference (3.47) can
be made negative. Because ¢ =0 and is integrable, v(Kk) is
continuous and [v(k)|=v(0). Choose 0<y<1 and k,>0
such that v(0)=v(k)=(0) for k=k,. Choose moreover
k=0 and
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{h if 0<k=k,
-

. (3.56)
0 if k> ky.
Let
B=1 DEES L (3.57)
'}/_ Vkiky 6772 ' '
Then with x=h(h+1),
1 3 ohk®
= K)hy ~ =hB.e(k,) = —~% =122
V%‘?()k 5 ,e(k,) 102 (o m)
(3.58)
and
1
YBp(0) = > v(k) = B.w(0) (3.59)
ksk7
we obtain
(67
——— =21 - —49(x—h) = 2h.
3hB20(0)? v 50(0)k, Yx=h)
(3.60)
The lower bound is positive for small enough # if
529 - Dv(0)k, > (6m)°0. (3.61)

This shows that y>1/ \5 must be. For example, with the
choice y=0.9 and k,=(4m)20/v(0) the condition on the in-
teraction reads

(4m)’o

v(0) °
The posirtivity of the right-hand side of Eq. (3.60) imposes
x<1/+12, but no lower bound on y. Therefore the (positive)

lower edge of the interval (3.49) can be arbitrarily close to
zero; similar to the lower edge of the interval (3.50) if it

v(k) =09v(0) for k= (3.62)

. 1
ll(lné(EmO:mv,mkzl - Em0=mv) = \/g(lu’ -V + |V2|)(_ MtV + 5|V2|)

This is somewhat higher than wy,, the gap to k=0 excita-
tions. The discontinuity of the gap comes from the disconti-
nuity of x; at k=0. Indeed, from the strict inequalities (3.50)
one obtains

lim x, < xo=1-0(V").
k—0

IV. THE NOZIERES-SAINT JAMES-ARAKI-WOODS
SCHEME
A. Quasiparticle ground state

Comparing Eq. (3.39) with the lower bound (2.14) one
observes a prefactor % in the former instead of % in the latter.

PHYSICAL REVIEW A 77, 023606 (2008)

turns out to be positive. Thus, under condition (3.62) the
difference (3.47) is indeed negative for any small positive u.
Although ¢(0)<ec for the Gaussian example (3.24),
Eq.(3.62) is compatible also with a nonintegrable v and,
hence, with ¢(0)=cc.

B. Gap to excitations in the VB scheme

Adding n quasiparticles of wave vector k=0 to the QPGS
needs an energy

2
Em0=mvin - Em0=mv = Woolt (363)
while the gap to k # 0 excitations is
_ _ Wok
Emozmv,mk:l - EmO:mV =ex+ 2W0ka =ék— €y + wog.
Woo
(3.64)

Equations (3.14) and (3.15) are special cases of Egs. (3.63)
and (3.64), obtained with all g,=0. If the QPGS is charac-
terized by lemma 2, the gap to k=0 excitations is

v(0) 30(0)
2V y Xo

Woo = (1 + 6)((2)) =

1
= \/E(M— v+ ) (= p+ v +2[m)).  (3.65)

To compute Eq. (3.64), E,, _,,, has to be minimized with
respect to xy. The analogous procedure in the NStJAW
scheme will be discussed in detail in the next section. Here
we present only the limit of Eq. (3.64) as k—0 [19]. It can
be obtained from

. 2(p=v) =)
limxy=—————

(3.66)
k—0 = vy + 4w

valid for the minimizing x, see Eq. (3.29). The result is

(3.67)

The source of the difference is D*(N,) which was replaced
by 0 when Eq. (2.14) was derived but which is

DNy ~ Lo = 2o~ Y=y + [l
0 2 0 o'ty 90(0)2 1 2

(4.1)

in the case when Eq. (3.39) is valid. In the VB scheme the
fluctuation of the number of condensed particles is anoma-
lously large, manifesting itself in an excess energy density. In
1982 Nozieres and Saint James [10] studied a modification
of the VB scheme in which they dropped the Bogoliubov
transformation in the zero mode and applied instead Bogoli-
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ubov’s c-number substitution for a,. In the present work this
corresponds to setting go=0 and applying a shift (2.18) only
in the zero mode: ap=ay—z=>b, ay=ay for k#0. Because
then

D*(Ny) = (Noy =1z,

(4.2)

by minimizing the energy with respect to z, up to a correc-
tion of order 1 the lower bound (2.14) could be attained. As
Eq. (2.15) suggests, the minimizer was

>= (4.3)

E v(0) (M |
see below. Thus, remaining within the family of pairing
product states, only an improvement of order 1 can be gained
on the NStJ result. It is nonetheless instructive to see the
origin and some consequence of this improvement. Before
arriving there, first we will have a closer look at the NStJ
setting. Nozieres and Saint James considered only the
vacuum state d,. Here we take into account all states of the
basis (2.22) and prove the following.

Theorem 2. Let ¢=0 and v =0. Consider the basis (2.22)
with gy=0 and zx=zy . Under the condition of uniqueness,
the QPGS is a quasiparticle vacuum state with an energy
density smaller than —u?/2v(0) for all u>0. If ¢(0)=2°, for
w large the full particle density is p=[u+o0(u)]/v(0) where
the o(w) term tends to infinity with w. If ¢(0) <oo, for u
large p=[u+@(0)/2]/v(0)+0(u’). In all cases the uncon-
densed density tends to infinity with u but slower than u,
e.g., p' ~ u'? if the decay of v is fast enough.

Remarks (i) In the ground state of a system of classical
particles whose interaction satisfies v=0, v(0)>0, and
v(k)=0 for k>k, the exact relation p=[u+¢@(0)/2]/v(0)
holds above a threshold density ~k;, see Ref. [20]. (ii) The
role of ¢=0 is to guarantee that the QPGS is a vacuum
state—just the opposite of its role in the VB scheme.

Proof. The argument given in proposition 2 remaining
valid, uniqueness implies that in the QPGS only m can be
nonzero. Let ®,, denote such an element of the basis and
(B) the expectation value of the operator B in this state. For
k # 0 from Egs. (3.8)—(3.10) we find (Ny)=hy, (Ax)=xx, and
D?*(Ny) =x¢. Because my =0, (H_o)=J_g, cf. Eq. (3.40). For
k=0 we now have

D*(Np) = |z]2(1 + 2mg) = (No) + mo(2|z]* = 1).  (4.4)

Choose z real and v,=0. Insert (Ny)—{(A,) and D*(N,) from
above into Eq. (2.9) to find

0
(H) =0 G + ) + 23 ?
+m0(|V2|+&‘?)zz—%?/)). (4.5)

If |, is of order 1, the coefficient of m is positive for any z,
and the minimum of (H) is obtained with n,=0 and, pro-
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vided that w—v,+|v,|=0, with (Ny)=z given by Eq. (4.3).
Its value is

Eg=min(Pg, HDg) = — ——(u— v, + [1|)* + T =
Z

2v (O)
v 2 ’
o 0) ——(u=v— 1) = (v +v)p'V+ E e(k)hy
1
+ E/ 2 v(k = k") Qaoxacr + i), (4.6)
Kk'#0
see Egs. (3.45) and (3.46). Note that
+ —
p=<N>/V=p0+p’=—M v VO, (4.7)
v(0)

thus, the first term of the last member of Eq. (4.6) is
—0v(0)p?V/2. The minimum of E, over {g,}x=o is to be com-
pared with the lowest energy one can obtain if the coefficient
of mg in Eq. (4.5) is negative.

We show that if the coefficient of m in Eq. (4.5) is nega-
tive then the energy is at the best by order 1 below

—u?V/2v(0). In this case z2<% and |V2|<Uz(_(‘)/). (The latter
may occur either because yj are small or because they oscil-
late in sign, in which case v; may still be of order 1.) Be-
cause of the superstability of the interaction, in the QPGS m,
can be at most of order V. Therefore, the contribution to (H)
of the term proportional to m, is at most of order 1. For the
same reason |v,|(Ny)=0(1). As for the rest, there are two
cases to be distinguished. (i) w—v;=0. Then the minimum
of (H) is, apart from a correction of order 1, that of J_,
which cannot be smaller than —u?V/2v(0), cf. Eq. (3.16). (ii)
p—v;>0. Minimizing the right member of Eq. (4.5) with
respect to (Ny),

Hy+0(1) = J_g- ——(n—v)% (4.8)

2v (0)
Substituting J_, from Eq. (3.40), v;=vy+v(0)p’, and apply-
ing the Schwarz inequalities (3.52), after simplification we
find

wV
(Hy+0(1) = X e(K)hy + v(0 )[’“ 00" I - 20(0)
2
- (4.9)

because w—v(0)p’ > vy =0.

On the other hand, by choosing x, =0 and |v,| small but
nonvanishing as V tends to infinity, for any >0 the energy
(4.6) can be made smaller than —u>V/2v(0) by an amount of
order V. Indeed, in this case —vy— 1, =0, cf. Eq. (3.54), so an
improvement comes from the first term of Eq. (4.6); the last
three terms are positive, independent of u and can be made
arbitrarily small by decreasing |x|. Consider, for example,
the choice (3.56). Because & < x?, in the limit when y — 0 we
can drop terms of order y? or smaller in Eq. (4.6). Therefore,
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u?

2v(0)

Ey__ @ plvl
Vv 2v(0)  v(0)

+0(x°) =- - ¥Bxu+ O(x).

(4.10)

While Eq. (4.10) is the relevant formula for the energy den-
sity if w is small, the situation is quite different in the other
asymptotic region, when u tends to infinity. It is important to
realize that yj minimizing the energy do not remain small
when u increases, as the argument leading to Eq. (4.10)
would suggest it. On the contrary, they tend to infinity with
M, although more slowly. This will become obvious when we
minimize Eq. (4.6) in the variables xy. From Eq. (4.6),

JE,
a—)j:zxk[v(k)pw Vo — Vo — v + (k)] + 2[v(K) pg + vl
k

4.11)

where
(4.12)
and

1 1
vok=— > vk=K ), vy=— > vk-k)x

k' #0 k'#0
(4.13)
(VO(): Vo, Vo=V, Vi k= Vik)' Then dEO/D"Xk:O yleldS
v(k)py+
Xy = (k)po + Vo (4.14)

- v(K)po+ vok— vo— o + (k)

This is still an implicit relation because py, vy, Yok, V2, Vok
depend on all . Let u tend to infinity and assume that | x;/
do not increase. Because p, tends to infinity, x, ——1, i.e.,
Xk — —, contradicting the assumption. So |xy| do increase
and therefore the uncondensed density p’ and all the v di-
verge with a diverging w. To allow xy to tend to —1, |vy|/p,
must tend to zero. Moreover, because vy, and p’ are of the
same order, p'/pg tends to zero as w tends to infinity. Com-
parison with Eq. (4.12) then shows that p, is of the order of
w and p’ =o(u). The result for p follows from Egs. (4.7) and
(3.54) with the remark that

(4.15)

as hy — .

More precise asymptotics in p can be obtained if we
choose y=Nh(k) and x, =0, where Ah(k)>0 satisfies
Je(k)h(K)dk <o and [v(K)/h(k)>dk <o. For such an h(k)
to exist v must decay fast enough; for example, a Gaussian
interaction is suitable. Now A is a parameter to minimize E|,.
As p— o, the minimizing N\ tends to infinity as well. The
terms of E,/V determining the asymptotic form of \(w) are
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M f [0kl
@O 2

where the first term comes from the expansion (4.15). The
minimum is attained at

ﬂ v(k-k")h(k)h(k’)dkdk',

1/3

u J [v(K)/A(k)]dk

A=
2v(0)ﬂ v(k =Kk")h(k)h(k')dkdKk'

(4.16)

We find, therefore, p’=(\/87°) [h(k)dk ~ w'. This finishes
the proof of the theorem.

B. Quasiparticle Hamiltonian and gap to excitations in the
NStJAW scheme

With the help of the basis (2.22) one can again define a
quasiparticle Hamiltonian. The contribution of H-( to Hp is
the same as in the VB scheme, the difference comes from a
different contribution of H,. Compared with Eq. (3.3) the
changes are as follows. First set hg=x,=0 at every occur-
rence. This yields

v(0)

=J_o, —
wo 0 oV

er=—ptV, Wyp=

ex=(1+2h)(e(k) = p+ Vi) + 2xkVoks

1
Wor = 5/(1 +2h)[w(0) +v(k)] (k#0), (4.17)

where

vik=0(0)p" + vy (4.18)

(vio=v1, Vi _x=7yx). Second, replace wy, ex-o, and e, re-
spectively, by

v(0
o= wo— (1= )P+ (Re 2wt 2o,
2V
2
2
Z= e + %(1 +2h)[0(0) + v(K)] + %v(k)Re 2,
20(0
Zy= o+ v‘(/)|z|2. (4.19)

The other coefficients are unchanged. Because the ground
state of Hgp is now @, adding a quasiparticle of wave vector
k to the ground state costs an energy ey. Inserting z real from
Eq. (4.3), using Eq. (4.12) and v — v, =vp— vy,

ex=(1+2m)[v(K)po(1 + xi) + vox = vy + x v — o + £(K) ],

2= —v =21, =0(0)py + [,]. (4.20)

From Eq. (4.14)
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. M=V

lim x =— =- ,
M=V — 2V2

see Ref. [19]. Substituting this into €, and using 1+2/y

= l/\f"1 —xi we find

4.21)

lim &, = 2vv(0)py|v,| > 0, (4.22)
k—0

the same as the gap value in Refs. [15]. and [10]. As ex-
pected, limy_,, €, # €y because limy_,q xi # xo=0. In effect,

0 < lim &, < &
k—0

(4.23)

The discontinuity of the gap at k=0 will be removed in the
next section.

In terms of the numerator and the denumerator of x, €y
has a nice form. Let

ay=v(k)py+ v, Br=vk)py+ vo— vy — 1, + £(k).

(4.24)
Then
== olBie B= (Bt a)(B— ). (4.25)
Choose now k # 0 such that
v(0)p’ < e(k) < v(0)p,. (4.26)
Keeping only the largest term,
&= \20(k)poe (k). (4.27)

This is Bogoliubov’s dispersion relation that was reproduced
already by Girardeau and Arnowitt [15] and is obtained here
within the NStJAW scheme. With energy-minimizing yj the
interval (4.26) does not extend down to zero because the
optimal p’ is separated from zero. Hence, the linear disper-
sion exists only as an extrapolation near k=0. This, of
course, is consistent with Eq. (4.22). As w diverges, the in-
terval [v(0)p’,v(0)p,y] widens and its lower bound shifts up-
wards, e.g., as ,u”3, cf. theorem 2. As u tends to zero, the
interval gets closer to zero. Because of the relation v(0)p,
=u—v,+|vy|, the decrease of w is also consistent with p,
fixed and v(0) and all A, | x| and, therefore, p’ decreasing.
It is in this sense that Bogoliubov’s result for a weakly inter-
acting Bose gas with an almost complete BEC can be recov-
ered. When we take the limit v(0) — 0, Eq. (4.14) shows that
xx— 0 (and, thus, (N,)—0) for any fixed nonzero k. How-
ever, if k decreases with v(0) so that &(k) remains in the
interval (4.26), then x, does not tend to zero; actually
lim|x,|>1/2 in this joint limit. Note that the joint limit can
be realized only in infinite volume, when k can vary continu-
ously, and the result does not contradict p’ — 0. In finite vol-
umes, for v(0)py,<h*/2mL? there is no &(k) in the interval
(4.26), and x; eventually tends to zero with v(0) for every
nonzero k.

C.zp#0 and gy#0

Here we discuss a slight improvement of the NStJAW
scheme. Comparison of Eq. (4.6) with the lower bound
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(2.14) shows that by letting g, be nonzero and by minimizing
the energy with respect to it, only a gain of the order of unity
can be attained. Minimization in g is, nonetheless, interest-
ing because it makes the excitation energy continuous at
k=0.

Choosing g, nonzero affects only (H,) which can be com-
puted from Eq. (2.9). The relevant values to be substituted
here are

(No) = 2+ <1\70>, (Ap) = 2+ (go>,

D*(Np) = 21 + 2(No)] + 22%A,), (4.28)

where z is real and

<N0> = <c75070> = ho + (1 + 2h0)m0, <A’0> = <5§> =Xo+t 2X0m0.
(4.29)
These are averages in a state (2.22) with z=m=0 for

k#0 and zy=z; hy and y, are related to g, via Eq. (3.2).
Substituting Eq. (4.28) into Eq. (2.9) we find

(102 1= 1= - 220+ 1 i+ 2
()= A))~ SR+ 2+ 28],
(4.30)
The minimum of (H,) as a function of (N,) reads
(H) =~ S 02 = () = )~ S T + 24
+2(Ap)] (4.31)
obtained with
V) = Vi = ==y = ) = B = (). (4.32)
v(0)

The m(-dependent part of (H,) in Eq. (4.31) reads

(1 + Zho) |V2|(l —Xo) - %?/)(l +4h0)(1 +.X0) mQ

0
—&‘/)(1 +2h0)%(1 + xo)md. (4.33)
The difference Ey,—(H,), where E, and (H,) are taken from

Egs. (4.6) and (4.31), respectively, cannot be larger than of

order V°. This, however, means that (N,) and h, and m
together with it are of order V°, implying that the expression
(4.33) is non-negative for V large enough and its minimum is
attained at my=0. Setting my=0 we obtain the vacuum ex-
pectation value
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\%
Eo= (P, HDo) =J o - T(O)(M - v =)’

v(0)
+ (=) (X0 + ho) = 2120~ Tho(l +2ho+ 2x0).

(4.34)

Here the second line contains the correction to Eq. (4.6)
which is negative if y,<<0. For minimization consider
JE, [ v(0) ]

— =X - -2vry,-—1 +4hy+2
Xo of & 1 p) V( 0+2X0)

2v(0
) Lho} (4.35)
Vv
JEy/ dxo=0 yields
2v(0)
_ m—vi— = hy
Xo=— v(0)
M= 1y —27/2— 7(1 +4]’l0+2)(0)
(0)
v(0)py+ s — 5 (hy—
__ ()Po 2 V(o Xo) (4.36)

v(0) .
v(0)py— v, - 7(1 +3ho + Xo)

In computing JdE,/ dxy for k # 0, Eq. (4.11) must be replaced
by the derivative of Eq. (4.34). We find

dE,  JE, v(0) +v(k)
—=——| “2a——— (xo+tho-
Xk IXk | gp=0 4

4v(k)

hy,

(4.37)

where the first term is given by Eq. (4.11). Equating this with
zero we obtain

v(k)
v(k)pg + vox — = (1o = Xo)
- (0) :
v(K)pg + vox — vo— v, + &(k) - UT(ho + Xo)
(4.38)

Note that in Egs. (4.36) and (4.38) py is substituted from Eq.
(4.32). It is seen that

Xk =

lim x = xy+ OV, (4.39)
k—0
cf. Ref. [19].

Consider now the associated quasiparticle theory. Hgp is
obtained from Eq. (3.3) by replacing the VB coefficients wy,
ex+0, and ¢ (all defined with g, # 0) with the expressions

_ , v0) , v,
=wy—(u—v - + =2+ —77(2hy+ X0),
Wo=wo— (=1 = 1)z v z v 27 (2ho + xo)
Zz 2Xk >
gk=ek+ V(l +2hk)[l)(o)+l)(k)]+ v U(k)z 5

2v(0)

G =ey+ (1 +2ho+ xo). (4.40)
where z is real, and keeping the other coefficients unchanged.
Now (Ny)=z>+h, therefore z2/V=py+O(V~"). Thus, with

Eq. (4.32)
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ex=(1+2h)[v(K)po(1 + x) + vo — Vo + X Vog — v2 + (K) ]
+0(Vh (4.41)

while

o= (1+2h)[v(0)py(1 +x0) — (1 = xp) ]+ O(V).

(4.42)
Comparing the above two equations we find
lim &, = &, + O(V™") = 2\u(0) py|v,| + O(VY),
k—0
(4.43)

the continuity of & at k=0, up to an error of order V~'.

V. SUMMARY

In this paper we have investigated variational wave func-
tions for the ground state of interacting homogenous Bose
systems. We have not invented new trial functions but stud-
ied with much care those introduced by Valatin and Butler
[9] and modified later by Nozieres and Saint James [10]—
though we completed the trial states of the latter into a basis
in Fock space. Both sets of trial functions are quasiparticle
product states grouped in bases in Fock space, each basis
corresponding to a choice of one parameter for every pair
{k,—K}. Their difference is in the choice of this parameter for
k=0, associated with Bogoliubov’s canonical transformation
for VB and with a coherent state for NStJ. Each basis con-
sists of a quasiparticle vacuum state and excited states with
an arbitrary finite number of quasiparticles. However, it is
not a priori guarantied that the vacuum state has the lowest
energy within a basis, therefore energy minimization must
extend to the full basis for a given parameter set. To solve
this problem, one has to set precise conditions on the inter-
action, which in our case are positivity of both the pair in-
teraction and its Fourier transform. Assuming that the overall
energy minimum is attained on a single state, we have shown
that this state could contain at most quasiparticles of zero
momentum. It then turns out that in the VB scheme the low-
est energy state is never a vacuum state, as was supposed by
Valatin and Butler. For slowly decaying v(k) and small wu it
is a state with ~\V quasiparticles, and we could not exclude
the possibility that in other cases it is an eigenstate of the
number operator Ny, namely, the ground state of the corre-
sponding mean field model defined by vyr(k)=0v(0) 8. In
the first case both the mean and the standard deviation of the
number of physical particles of zero momentum are propor-
tional to the volume. This anomalous fluctuation causes an
excess energy density, not present when a coherent state is
used in the zero mode. Therefore, the lowest attainable en-
ergy density in the NStJAW scheme is always below the
minimum obtained in the VB scheme, and is provided by a
vacuum state.
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Unbiased minimization of the energy leads to a gap in the
spectrum of the associated quasiparticle Hamiltonian. We
have computed these gaps both at k=0 and in the limit
k — 0. The two values do not coincide in either schemes. In
the case of the NStJAW scheme we have shown that the
continuity of the gap at k=0 can be restored through an
additional energy-minimizing Bogoliubov transformation in
the zero mode. We have also discussed how Bogoliubov’s
linear dispersion relation for a weakly interacting and almost
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completely condensed Bose gas can be obtained within the
NStJAW approach, in spite of the gap in the spectrum.
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