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The coherent scattering spectrum of a three-level atom driven by an intense laser field with multiphoton
resonant excitation is considered. The spectrum corresponding to harmonic generation is investigated both
analytically and numerically for different initial atomic states. The analytical calculations are based on the
generalized rotating wave approximation, which allows one to explain obtained spectra containing in general
both even and odd harmonics. The results applied to the hydrogen atom show that one can achieve efficient
generation of moderately high harmonics using multiphoton resonant excitation by appropriate laser pulses.
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I. INTRODUCTION

Harmonic generation and wave mixing are fundamental
processes of traditional nonlinear optics which have been
extensively studied both theoretically and experimentally
with the appearance of lasers �1�. Since the first realization of
second-order harmonic generation �2�, continuous progress
in this field with the advent of superintense laser sources has
allowed generation of higher-order harmonics in the laser-
atom interaction �see, e.g., �3� for a review, and references
therein�. The permanent interest in the processes of intense
laser and atom or ion interaction can be largely attributed to
the problem of high-order harmonic generation, and this is
one of the most promising ways of producing coherent ra-
diation in the uv and x-ray range.

Depending on the laser-atom interaction parameters, har-
monic generation may occur via bound-bound and bound-
free-bound transitions through the continuum spectrum. In
bound-bound transitions, light resonant scattering when only
a few resonant levels of an atom are involved in the interac-
tion process is of interest. Apart from its pure theoretical
interest as a simple model, the resonant interaction regime is
important as it will provide high efficiency of harmonic gen-
eration.

The one-photon resonant excitation of atoms and associ-
ated light scattering have been comprehensively studied both
theoretically and experimentally and described in numerous
review articles and books �see, e.g., �4��. The spectrum of the
light scattered by a two-level atom driven near resonance by
a laser field displays a narrow elastic contribution at the laser
frequency and an inelastic triplet structure, with the splitting
proportional to the amplitude of the driving field �5�. A sat-
isfactory explanation of the physics was given in the dressed-
atom picture of the atom-field interaction �6,7�. In strong
fields the spectrum is richer �8–15�, and a large number of
laser photons are converted into a single high-energy photon.
However, in two-level atomic systems for efficient harmonic
generation the laser field should be strong and the concurrent
process of multiphoton ionization will dominate. The two-
level model is not a good quantitative model of the interac-
tion of atoms with intense laser fields when the resonance

condition does not hold, or the Rabi frequency of the driving
field is comparable to or larger than the atomic transition
frequency. Therefore harmonic generation by a nonresonant
laser field in the two-level model just remains a useful theo-
retical model for clarifying conceptual matters. Multiphoton
resonant excitation of atoms for efficient harmonic genera-
tion by low-frequency laser fields also meets with difficulties
in two-level atomic systems �16�.

Nevertheless, in some atomic and molecular systems, one
can avoid the difficulties with efficient multiphoton excita-
tion based on the two-level model. As has been shown
�17–20�, the multiphoton resonant excitation of atoms sub-
jected to a strong laser field is effective when the atom has a
mean dipole moment in the excited states. Otherwise, the
energies of the excited states of a three-level atom should be
close to each other and the transition dipole moment between
these states must be nonzero. As an example, we have con-
sidered the hydrogenlike atomic and ionic system where, be-
cause of random degeneracy of the orbital moment, the atom
has a mean dipole moment in the excited stationary states.
Other interesting applications of multiphoton resonant exci-
tation concern dipolar molecules with a permanent dipole
moment �21� and the method can also be applied to evenly
charged homonuclear diatomic molecular ions �18,22�.

Hence, haveing an efficient multiphoton resonant excita-
tion scheme, it is of interest to consider light scattering by an
atomic or molecular system under circumstances when only
bound states are involved in the interaction process. In this
connection, note that the harmonic radiation via bound-
bound transitions in hydrogenlike atomic systems has been
considered in Refs. �23,24�. In Ref. �23� the dynamics and
radiation spectra of a classical hydrogen atom in an intense
classical radiation field with a relatively low frequency as
compared to the characteristic Kepler frequency of the
atomic system have been investigated. In �24� the radiation
of highly charged hydrogenlike ions in intense high-
frequency laser pulses was investigated numerically, and ef-
ficient generation of moderately high harmonics was demon-
strated.

In the present work, coherent light scattering by a three-
level atom with multiphoton resonant excitation is investi-
gated. Multiphoton resonance is important for effective exci-
tation and to obtain effective harmonic generation in the
considered scheme. For the collection of atoms, the resulting
radiation may be incoherent or coherent depending on the*avetissian@ysu.am
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emission direction and the phase matching among the atoms.
In the present paper we investigate these issues with empha-
sis on the coherent part of the spectrum. Then the results
obtained are applied to the hydrogen atom and numerical
calculations are also made for various initial conditions. The
nonperturbative resonant approach that we employ in calcu-
lations for the probability amplitudes has been described ear-
lier in Ref. �17�. The spectra obtained by this approach co-
incide well with those obtained by numerical calculations.
We compare the scattering spectrum of the emitted light by a
three-level atom with the spectrum of the two-level atom and
demonstrate quantitatively the advantages of the scheme
considered.

The organization of the paper is as follows. In Sec. II we
present the analytical model and derive the coherent contri-
bution to the scattered light spectrum. In Sec. III we present
some numerical calculations for the hydrogen atom and com-
pare the obtained spectra with analytical results. Finally, con-
clusions are given in Sec. IV.

II. BASIC MODEL OF MULTIPHOTON RESONANT
INTERACTION AND EMITTED LIGHT SPECTRUM

We consider a three-level atom driven by an intense laser
field of frequency �0 as shown in Fig. 1�a�. We assume the
atom to be in a V configuration in which a pair of upper
levels �2� and �3� with permanent dipole moments are
coupled to a single lower level �1�. Another possible three-
level scheme is shown in Fig. 1�b�. In this case the lower
level �1� is coupled to an upper level �2� which has a strong
dipole coupling to an adjacent level �3�. If the difference
between the energies of the excited states in this configura-
tion is small compared with the laser-atom interaction energy
then by a unitary transformation �17� the problem can be
reduced to the V configuration �Fig. 1�a��. The hydrogenlike
atom is an illustrative example of this fact when one consid-
ers the problem in parabolic �25� and the usual spherical
coordinates. In the first case, the atom has a mean dipole
moment in the excited states, while in the second case the
mean dipole moment is zero for the stationary states but
because of the random degeneracy of the orbital moment
there is a dipole coupling between degenerate states. Hence,
we will consider the scheme of the V configuration.

The Hamiltonian describing the interaction of the laser
field with the considered three-level atomic system in the
dipole approximation is given by

Ĥ = �1�1��1� + ��2 + V22��2��2� + ��3 + V33��3��3�

+ �V12�1��2� + V13�1��3� + H.c.� , �1�

where

V�� = − � · d��E cos��0t� . �2�

Here, d�� is the matrix element of the electric dipole mo-
ment, E is the slowly varying amplitude of the linearly po-
larized pump wave, with a carrier frequency �0 and unit
polarization vector �. The terms V22 and V33 in Eq. �1� ac-
count for interaction due to the permanent dipole moments,
and these terms are crucial for efficient multiphoton resonant
excitation.

In general, for correct calculation of the power spectrum
of the light scattered by an atom, one should start from the
quantized radiation field concept, taking into account also the
atom’s radiation reaction effects, i.e., one should consider the
self-consistent set of atom–quantized-field equations. But for
our purpose a simpler ansatz is capable of describing the
physics of the process considered. First, the pump field is
assumed to be strong enough to be described with high ac-
curacy as a classical Maxwell field in the given field approxi-
mation. Then the scattered radiation field and atom-pump
field will be considered as dynamically isolated subsystems.
This leads to the known scattering spectrum which has been
obtained in general using the correspondence principle
�10,11�. According to this ansatz the dipole spectrum can be
calculated from the expectation value of the two-time dipole
correlation function which in the Heisenberg picture reads

S��� = �
−�

�

dt2�
−�

�

dt1e−i��t2−t1��� · d̂�t2�� · d̂�t1�� . �3�

Since we are interested in obtaining the coherent part of the
scattering spectrum in Eq. �3� we have taken the projection

of the dipole operator �d̂�t�. Note that the power spectrum
relates to the dipole spectrum S��� �3� through a factor of
�4.

The total spectrum can be separated into the coherent part
SC���, the spectrum of the average dipole moment, and the
incoherent part SI���, the spectrum of the quantum dipole
fluctuations �10�. Thus, the spectrum �3� can be written as

S��� = SC��� + SI��� , �4�

with

SC��� = 	�
−�

�

dt e−i�t��i�� · d̂�t���i�	2

�5�

and

SI��� = 

k�i
	�

−�

�

dt e−i�t��i�� · d̂�t���k�	2

. �6�

Here ���k�� is a complete and orthonormal set containing
the initial state ���0��= ��i�of the atomic system. In the
Schrödinger picture the coherent part of the spectrum can be
written as

FIG. 1. Three-level atomic structures for �a� V-type configura-
tion with mean dipole moments in the excited states and �b� atomic
configuration with a coupling transition between the excited states.

AVETISSIAN, AVCHYAN, AND MKRTCHIAN PHYSICAL REVIEW A 77, 023409 �2008�

023409-2



SC��� = 	�
−�

�

dt e−i�t�D�t��	2

, �7�

where

�D�t�� = ���t��� · d���t�� �8�

is the time-dependent expectation value of the dipole opera-
tor and ���t�� is the time-developed initial state �we have

abbreviated the initial-time dipole operator d̂�0� as simply
d�.

Thus, in order to calculate the coherent part of the spec-
trum given by Eq. �7� one needs the dynamic wave function
of the atom in the pump laser field, i.e., the solution of the
Schrödinger equation with Hamiltonian �1�:

i�
� ���t��

�t
= Ĥ���t�� . �9�

We assume the multiphoton resonant excitation regime, i.e.,
�	2,3�
�0, where the n-photon resonance detunings are
given by

	2,3 =
�1 − �2,3

�
+ n�0.

Our method of solving Eq. �9� has been described in detail in
�17�, and will not be repeated here. Hence, we will adopt the
wave function obtained in the paper �17�. Under the gener-
alized rotating wave approximation, the time-dependent
wave function can be expanded as

���t��=e−i/��1t
�ā1�t� + �1�t���1�

+ �ā2�t� + �2�t��exp�− i/���n�0t + �
0

t

V22dt���2�

+ �ā3�t� + �3�t��exp�− i/���n�0t + �
0

t

V33dt���3�� ,

�10�

where āj�t� are the time-averaged probability amplitudes and
� j�t� are rapidly oscillating functions on the scale of the
pump wave period. With the help of wave function �10� the
expectation value of the dipole operator �8� can be written as

�D�t�� = d22�ā2�t� + �2�t��2 + d33�ā3�t� + �3�t��2

+ �d12�ā1
��t� + �1

��t���ā2�t� + �2�t��

� 

s=−�

�

Js�Z2�ei�s−n��0t + d13�ā1
��t� + �1

��t��

� �ā3�t� + �3�t�� 

s=−�

�

Js�Z3�ei�s−n��0t + c.c.� .

�11�

In deriving Eq. �11� we have applied the following expansion
of Bessel functions:

eiZ sin � = 

s=−�

�

Js�Z�eis�.

In Eq. �11� Zl=dllE / ���0� �l=2,3� are the dipole interaction
energies in units of the pump wave photon energy.

For arbitrary initial conditions the time-averaged ampli-
tudes āj�t� are

āj = 

�=1

3

Cj
 exp�i�
t� , �12�

where C�
 are the constants of integration determined by the
initial conditions, and the factors �
 are the solutions of the
third-order characteristic equation

��2 + �3 − � �12 �13

�12
� − 	2 − �2 − � �23

�13
� �23

� − 	3 − �3 − �
� = 0, �13�

with

�1l = −
d1l

dll
�0nJn�Zl� , �14�

�l = �0
�d1l�2

dll
2 


s�n

s2Js
2�Zl�

s − n
, l = 2,3, �15�

�23 = − �0
d12

� d13

d22d33


s�n

s2Js�Z2�Js�Z3�
s − n

. �16�

Here the terms �2, �3, and �23 describe the dynamic Stark
shifts.

Assuming adiabatic turn-on of the pump wave, the rapidly
oscillating parts of the probability amplitudes can be written
as

�1�t� = ā2�t�
d12

d22


s�n

sJs�Z2�ei�s−n��0t

s − n

+ ā3�t�
d13

d33


s�n

sJs�Z3�ei�s−n��0t

s − n
, �17�

�2�t� = − ā1�t�
d12

�

d22


s�n

sJs�Z2�e−i�s−n��0t

s − n
, �18�

�3�t� = − ā1�t�
d13

�

d33


s�n

sJs�Z3�e−i�s−n��0t

s − n
. �19�

Combining Eqs. �11�, �12�, and �17�–�19� one can calculate
analytically the expectation value of the dipole operator for
an arbitrary initial atomic state. The Fourier transform of
�D�t�� gives the coherent part of the dipole spectrum. As is
clear from Eq. �11� the spectrum contains in general both
even and odd harmonics. However, depending on the sym-
metry of the system, in particular, for spherical symmetry
when momentum conservation occurs, the terms containing
even harmonics cancel each other and only the odd harmon-
ics are generated.
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From Eq. �11� it is also clear that for effective harmonic
generation in certain resonance conditions one should pro-
vide at first a considerable population transfer between the
atomic states �ā1�t�� ā2,3�t��. Second, since the Bessel func-
tion exponentially decreases with increasing index, one can
conclude that the dipole interaction energy dmaxE �here
dmax=max��d22� , �d33��� should be comparable to or larger
than the pump wave photon energy ��0. Then the cutoff
harmonic sc is determined from the condition sc−n�Zmax,
i.e., the cutoff position depends linearly on the laser field
amplitude.

For the resonance conditions with large photon numbers
n�10 the Bessel function Jn�Z� reaches its maximal value
when Z�n, i.e., dmaxE�n��0. This means that for efficient
multiphoton excitation of atoms at n�10 the laser field
should be strong. On the other hand, in this case the dynamic
Stark shift becomes of the order of the laser frequency, so the
resonance condition is violated, and consequently Rabi oscil-
lations vanish. The latter restricts harmonic generation by the
scheme considered to harmonic numbers s�10 and the op-
timal parameters of the pump field can be estimated from the
condition E���0 /dmax. Then, for a given pump wave inten-
sity one should take an appropriate detuning to compensate
for the dynamic Stark shift �17,20�.

As is seen from Eqs. �14�–�16�, the Rabi frequency is
proportional to the ratio d1l /dll, while the dynamic Stark
shifts are proportional to �d1l�2 /dll

2. Therefore, for systems
with �d1l�2 /dll

2 
1 the dynamic Stark shift plays a minor role.
Hence, one can achieve efficient harmonic generation in sys-
tems with large mean dipole moments such as occur in hy-
drogenlike atoms. Note that polar molecules may be more
favorable in this respect due to their larger permanent dipole
moments.

For concreteness, let us consider a hydrogenlike atom. In
this case, taking into account the problem’s symmetry, it is
convenient to use parabolic coordinates �17�. In these coor-
dinates we have the V configuration illustrated in Fig. 1�a�
with �2=�3. Without loss of generality one can take the po-
larization vector �̂ aligned with the z axis of the parabolic
coordinates. The excited states have opposite mean dipole
moments d33=−d22�d=3 a.u., and the transition matrix ele-
ments of the electric dipole moment are d12=−d13�dtr
=27 /35 a.u. Then �2=�3��, 	2=	3�	, Z3=−Z2�Z, and

�13 = �− 1�n�12 � � = n�0
dtr

d
Jn�Z� . �20�

For compensation of the dynamic Stark shift one should take
an appropriate detuning. From Eq. �13� it follows that the
desired detuning is

	 = 	St � − 3� + �− 1�n�23. �21�

In this case the solution �12� for the system situated initially
in the ground state is

ā1 = e−i2�t cos��2�t� ,

ā3 = �− 1�nā2 =
e−i2�t

i�2
sin��2�t� . �22�

Replacing the probability amplitudes in Eq. �11� by the cor-
responding expressions �22� one can derive the final analyti-
cal expression for �D�t��. Here, one can neglect second-order
terms of the rapidly oscillating parts of the probability am-
plitudes, since �l

2�t��dtr
2 /d2
1. This leads to a compact

analytic formula, and we find

�D�t�� = 

k

�Sk sin��2k + 1��0t� + Ck cos��2k + 1��0t�� ,

�23�

where

Sk = �2dtr
nJ2k+1+n�Z�

2k + 1
sin �Rt , �24�

Ck =
dtr

2

d


s�n

��− 1�n−s − 1 − �3 + �− 1�n−s�cos �Rt�

�
sJ2k+1+s�Z�Js�Z�

s − n
. �25�

Here

�R � 2�2n�0
dtr

d
Jn�Z� �26�

is the generalized Rabi frequency at n-photon resonance
which has a nonlinear dependence on the amplitudes of the
wave fields through Bessel functions. As is seen from Eq.
�23�, for these initial conditions ��1S� state with definite par-
ity� only the odd harmonics appear in the spectrum. For the
generation of even harmonics one should break inversion
symmetry. The inversion symmetry of the atom can be bro-
ken by a weak static uniform electric field, or the initial
stationary state should not have this symmetry allowing ra-
diation of all even and odd harmonics. For the hydrogen
atom both cases can be realized and will be considered in the
next section.

III. NUMERICAL TREATMENT

In this section we present some numerical simulations for
the hydrogen atom with specific parameters of the laser and
initial conditions. The time evolution of the system was
found with the Runge-Kutta method and the Fourier trans-
formations were performed using the fast Fourier transform
algorithm �26�. The calculations were made for a quasimo-
nochromatic wave field providing only adiabatic turn on of
the interaction. The latter is achieved by describing the en-
velope with the hyperbolic tangent function tanh�t /��, where
� characterizes the turn-on time. For all calculations we have
taken �0�=20�.

Figure 2 displays the harmonic emission rate via
log10�SC���� �coherent part� as a function of the harmonic
order �� /�0� at four-photon resonance �n=4� for the hydro-
gen atom situated initially in the ground state. The laser field
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strength has been chosen to be E=0.032 a.u., and frequency
is �=0.094 a.u. For these parameters the dynamic Stark shift
is compensated. The latter provides almost complete popula-
tion transfer. The solid �red� line corresponds to numerical
calculations, while the dashed �green� line corresponds to the
approximate expression �23�. Note that the numerical and
analytical calculations coincide with high accuracy, so for
visual convenience �to distinguish these curves� the spectrum
corresponding to analytical calculations Eq. �23� has been
slightly shifted to the right. Hence, the obtained approximate
solution is in good agreement with numerical results.

In Fig. 3 we plot the coherent part of the spectrum for
five-photon resonance �n=5� for the hydrogen atom situated
initially in the ground state. The laser field strength is E
=0.04 a.u., and frequency is �=0.0754 a.u. For the chosen
parameters the dynamic Stark shift is compensated. The solid
�red� line corresponds to numerical calculations; the dashed
�green� line corresponds to our slightly shifted approximate
solution. To show the advantage of the three-level system,
we also present the coherent part of the spectrum for a two-
level atom without a mean dipole moment in the excited
state under the same conditions of excitation. The inset rep-
resents the spectrum for a two-level atom where the main
contribution in the spectrum gives the first harmonic. The
difference between these systems is significant. The main
difference is the appearance of higher harmonics with peaks
of much larger amplitudes at the same positions of the spec-
tra. This is the result of multiphoton resonant interaction with
the driving laser field, which is much more efficient in the
three-level system than in the two-level one.

As has been mentioned in the previous section, if the
inversion symmetry is broken, the atom may radiate all har-
monics. Figure 4 displays the coherent part of the spectrum
at four-photon resonance �n=4� for the hydrogen atom situ-

ated initially in the excited state �2�. The parameters are the
same as in the case of Fig. 2. In contrast to Fig. 2, even
harmonics appear in the spectrum. This is a consequence of
the fact that in the state �2� �or state �3�� the atom does not
have definite parity since the state �2� is a superposition of
�2S� and �2P� states: �2�= ��2S�+ �2P�� /�2.

The inversion symmetry may also be broken with an ex-
ternal perturbation, e.g., with an additional static uniform
electric field. In the calculations we have applied a weak
electric field of strength E0=5�10−6 a.u. The linear Stark
shift for the hydrogen atom excludes the degeneracy causing
energy level splitting: �2−�3=2dE0. As a consequence, the

FIG. 2. �Color online� Harmonic emission rate via log10�SC����
�coherent part� as a function of the harmonic order �� /�0� at four-
photon resonance �n=4� for a hydrogen atom situated initially in
the ground state. The laser field strength is E=0.032 a.u., and fre-
quency is �=0.094 a.u. The solid �red� line corresponds to numeri-
cal calculations; the dashed �green� line corresponds to the approxi-
mate solution �for visual convenience the latter has been slightly
shifted to the right�.

FIG. 3. �Color online� Harmonic emission rate via log10�SC����
as a function of the harmonic order �� /�0� at five-photon resonance
�n=5� for a hydrogen atom situated initially in the ground state. The
laser field strength is E=0.04 a.u., and frequency is �=0.0754 a.u.
The solid �red� line corresponds to numerical calculations; the
dashed �green� line corresponds to the approximate solution
�slightly shifted�. The inset represents the spectrum for a two-level
atom with a zero dipole moment in a stationary state.

FIG. 4. Coherent part of the spectrum at four-photon resonance
�n=4� for a hydrogen atom situated initially in the excited Stark
mixed superposition state. The laser field strength is E=0.032 a.u.,
and frequency is �=0.094 a.u.
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even harmonics appear in the scattering spectrum. In Fig. 5
we plot the coherent part of the spectrum for the hydrogen
atom in a static electric field, situated initially in the ground
state. Figures 5�a� and 5�b� display harmonic emission rate
for four-photon �E=0.032 a .u., �=0.094 a.u.� and five-
photon �E=0.04 a .u., �=0.0754 a.u.� resonances, respec-
tively.

For comparison of the considered scheme with the con-
ventional tunneling high-order harmonic generation �HHG�,
let us make some estimations for interaction parameters
close to those of Refs. �27�. In these works tunneling HHG is
considered, and it is shown that with Xe atoms and compa-
rable laser intensities one can produce harmonics s�10 with
a conversion efficiency of about 5�10−7.

As is seen from Eqs. �23�, the Fourier component of the
dipole moment ds varies much more slowly with the laser
intensity than the perturbative power law Es. Hence, one can
make an estimation using known results for superradiation of
a coherently excited multiatom ensemble ��4��a��.

Thus, if the observed wavelengths are much smaller than
the transverse size of the interaction region, the coherent
radiation from the atoms will occur primarily along the
propagation axis of the pump laser beam and will cover only
a tiny solid angle ��s

2 /S, which will be defined by the trans-
verse size of the interaction region S ��s is the sth-harmonic
wavelength�. The latter is assumed to be limited due to the
focusing of the incident radiation. Then, for the radiation
power we have

Ps � P1sN
2� , �27�

where P1s=4s4�0
4�ds�2 / �3c3� is the single-atom radiation

power with the Fourier component of the dipole moment ds

evaluated at the maximum intensity of the incident pulse.
The interference factor � is defined by the atomic form fac-
tor and depends on the interaction geometry ��4��a��. For the
cylindrical system it can be estimated as ��3�s

2 / �8�S�. In
Eq. �27� N is the number of atoms in the interaction region
N=LcSN0, where N0 is the atomic density and Lc is the co-
herence length over which the sth harmonic field can be built
up coherently. This coherence length Lc may be limited due
to the dispersion in the medium, Lc�1 /�k, where �k is the
phase mismatch between the polarization and harmonic
fields, due to the finite length of the atomic medium, or due
to the focal size of the incident radiation, Lc�LR �LR=S /�s
is the Rayleigh length�. The last effect in general is dominant
for moderate harmonics. Hence, for the radiation power we
obtain

Ps � �2��2s�0�ds�2N0
2LR

3 . �28�

The average number of photons emitted at each laser shot for
the sth harmonic can be estimated as

Ns �
Ps�

�s�0
=

�2��2

�
�ds�2N0

2LR
3� , �29�

where � is the pulse duration.
The incident pulse duration is assumed to be ��40 ps,

the Rayleigh length is taken to be LR�1 mm, and for atomic
density we assume N0�5�1017 cm−3. For the setup of Fig.
3 with the chosen parameters, the average number of radiated
photons per shot is N3 / 7 �1013. This corresponds to a con-
version efficiency of about 10−3, which is three orders of
magnitude larger than what one expects to achieve with tun-
neling HHG �27�.

IV. CONCLUSION

We have presented a theoretical treatment of the coherent
light scattering by a three-level atom under multiphoton
resonant excitation. The coherent part of the dipole spectrum
was investigated. With the help of an approximate analytical
expression for the dynamic wave function of a three-level
atom driven by an intense laser field, we obtained an analyti-
cal expression for the time-dependent expectation value of
the dipole operator. Then the results obtained were applied to
the hydrogen atom. We also made numerical calculations for
the hydrogen atom, considering various initial conditions. In
the case of broken inversion symmetry, the spectrum con-
tains both even and odd harmonics. The spectrum shows a
significant difference compared to the spectrum for a two-
level atom without a mean dipole moment in the excited
state under the same conditions of excitation. The main dif-
ference is the appearance of higher harmonics in the spec-
trum. These peaks have quite large amplitudes. The latter is
the result of multiphoton resonant interaction of the atom
with the driving laser radiation due to the mean dipole mo-
ment in the excited states. The cutoff position depends lin-
early on the laser field amplitude. Analytical calculations in

FIG. 5. Coherent part of the spectrum for a hydrogen atom
situated initially in the ground state, with additional uniform electric
field of strength E0=5�10−6 a.u. Harmonic emission rate for �a�
four-photon resonance �E=0.032 a.u, �=0.094 a.u.� and �b� five-
photon resonance �E=0.04 a.u, �=0.0754 a.u.�.
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the generalized rotating wave approximation �17� allow an
explanation of the obtained spectrum. The numerical simula-
tions are in good agreement with the analytical results. The
considered scheme may serve as a promising method for
efficient production of moderately high harmonics. Note that
for the coherent radiation of a multiatom ensemble one needs
a more rigorous theory, which should account for collective
effects in the medium arising from Maxwell’s equations.

This issue is currently under investigation and will be the
subject of a future presentation.
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