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I. INTRODUCTION

Collisions involving Li and Li+ are important processes in
controlled fusion because the first wall of some devices �1,2�
is coated with liquid lithium in order to reduce sputtering.
The interaction of Li atoms with the plasma constituents
yields Li+, and the charge transfer �CT� between this impu-
rity and hydrogen can take place in the plasma edge. In ad-
dition, since this CT process yields excited Li, the ensuing
emission could provide a diagnostic tool. However, to our
knowledge, only the experiment of Shah et al. �3� has con-
sidered this process, at energies higher than 5 keV/amu. In
the present work we have evaluated total and partial cross
sections for the CT reaction:

7Li+�1s2� + H�1s� → 7Li�1s2nl� + H+ �1�

and the excitation process
7Li+�1s2� + H�1s� → 7Li+�1s2� + H�nl� . �2�

The inverse CT reaction:
7Li�1s22s� + H+ → 7Li+�1s2� + H�nl� �3�

has been studied in several works �see Ref. �4�, and refer-
ences therein� because fast �E�10 keV� neutral Li beams
are employed in charge exchange diagnostics �5,6�; thus, pre-
vious studies have focused on relatively high collision ener-
gies �E�0.5 keV /amu� but measurements and calculations
at low energies have not been carried out. In the present
work we have calculated total and partial cross sections for
reactions �1�–�3� in the energy range 25 eV /amu�E
�2.5 keV /amu; these calculations have been performed us-
ing a molecular expansion and semiclassical and quantal dy-
namical treatments. As in our recent work �7�, we have em-
ployed quantal and semiclassical methods in order to
accurately evaluate the cross sections in a large energy range,
as required in the applications.

A critical issue in the development of future fusion de-
vices as the International Thermonuclear Experimental Reac-
tor �ITER� is the minimization of tritium inventory, so that,
atomic data involving this isotopic species are required. In
this respect, semiempirical formulas have been proposed for
estimating the isotopic dependence of CT cross sections for
some collision systems �8�. Nevertheless, these expressions

are adequate for reactions taking place through transitions in
avoided crossings between the potential energy curves at
large internuclear separations. As we shall explain in detail in
Secs. III and IV, the first stage of the mechanism of reactions
�1� and �2� are transitions at very short internuclear distances,
and therefore we have carried out cross section calculations
with deuterium �D� and tritium �T�.

The paper is organized as follows. In Sec. II we summa-
rize the methods employed in the calculation. In Sec. III we
present the electronic energies and dynamical couplings be-
tween the molecular wave functions. Our results are pre-
sented in Sec. IV. In this section we start by comparing our
results for reaction �3� with previous calculations and experi-
mental results, which allow us to check the convergence of
the molecular expansion, and in particular to settle the high-
energy bound of this expansion. Our main conclusions are
outlined in Sec. V.

II. DYNAMICAL TREATMENT

The methods employed in the dynamical calculation have
been explained in detail in previous publications �see Ref.
�7�, and references therein� and will be only summarized
here. In the semiclasical eikonal treatment �see Ref. �9��, the
internuclear distance R follows a rectilinear trajectory R=b
+vt and the electronic motion is described quantally by
means of the wave function �SC�r , t ;b ,v�, solution of the
semiclassical equation

�Hel�r,R� − i� �

�t
�

r
��SC�r,t;b,v� = 0, �4�

where Hel is the clamped-nuclei electronic Hamiltonian in
the Born-Oppenheimer approximation. The wave-function
�SC is expanded in the molecular basis set �k in the form

�SC�r,t;b,v� = D�r,t��
k

ak�t;b,v��k�r,R�

�exp�− i	
0

t

�k�R�dt� , �5�

where �k are the energies of the MOs and D is a common
translation factor �CTF� �10�, which is introduced to ensure
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that the truncated expansion fulfills the asymptotic condi-
tions. Substitution of the expansion �5� in Eq. �4� leads to the
system of differential equations

i
daj

dt
= �

k


� jD�Hel − i
�

�t
��kD�ak

�exp
− i	
0

t

��k�R� − � j�R��dt� �6�

which is numerically solved to yield the probability for the
i→k transition, for given v and b:

Pk�b,v� = lim
t→�

�	ik − ak�t;b,v��2 �7�

and corresponding cross sections


k�v� = 2�	
0

�

bPk�b,v�db . �8�

At low energies we have applied a quantal treatment
where the collision wave function is a solution of the
Schrödinger equation

H�Q�r,R;J,E� = E�Q�r,R;J,E� �9�

where H=− 1
2��R

2 +Hel is the nonrelativistic Hamiltonian for
the collision system, E is the center of mass energy, and �
the nuclear reduced mass. In the quantal calculation we have
employed the common reaction coordinate method �11� to
ensure that the expansion fulfills the asymptotic conditions.
In this treatment the collision wave function is expanded, for
each value of the angular momentum J, in terms of the mo-
lecular wave functions

�Q�r,�;J,E� = �
k

Fk�
,J,E��k�r,�;J,E� , �10�

where 
�r ,R� is the common reaction coordinate.
The cross sections are given by


k�E� =
2�

ki
2 �

J

�2J + 1��	ik − Sik�J,E��2 �11�

with ki the initial momentum. The S matrix is evaluated from
the radial functions Fk, which are calculated by solving nu-
merically the system of differential equations obtained by
substituting the expansion �10� in the Schrödinger Eq. �9�.

In our calculation the CTF and the reaction coordinate are
defined in terms of the same switching function, and we have
employed the form suggested in Ref. �12�:

f�ri,R� =
R2

R2 + �2ri · R̂ �12�

which has been employed in almost all calculations in terms
of ab initio molecular functions �see, e.g., Ref. �13��. In both
formalisms the coupling terms proportional to v are the
modified radial and rotational couplings of the form

Rjl = 
� j�
�

�R
��l� + � R

R2 + �2 − R� R

R2 + �2�2�
�
� j��

�=1

N

z�

�

�z�

��l� , �13�

Ljl = 
� j��
�=1

N

Ly�����l�

+
R

R2 + �2 
� j��
�=1

N �z�

�

�x�

+ x�

�

�z�
���l� , �14�

where x� and z� are the electronic coordinates in the molecu-

lar reference frame, where Ẑ= R̂ and Ŷ is perpendicular to the

collision plane �X̂ , Ẑ�. We must note that in the eikonal cal-
culations we have also included the terms proportional to v2

coming from the translation factor.

III. MOLECULAR DATA

In the molecular calculation we have employed the MELDF

code �Quantum Chemistry Program Exchange, QCPE Pro-
gram No. 580, see, e.g., Ref. �14��. We have generated a set
of molecular orbitals �MOs�, �� j� by carrying out a restricted
Hartree-Fock calculation for the two-electron system LiH2+;
this yields the occupied �core� orbital �1 and a set of virtual
orbitals, which are approximations to those of the three-
electron system LiH+. We have applied the frozen core ap-
proximation where the core orbital is doubly occupied and
therefore the molecular wave functions with MS= ± 1

2 are
��1�̄1� j�, ��1�̄1�̄ j�, respectively. In our calculation, the
MOs are linear combinations of a two-center Gaussian basis
set; it includes �13s 10p 5d 5f� Cartesian Gaussian orbitals
centered on the Li nucleus, contracted to �5s 3p 2d 1f� func-
tions, and �13s 8p 5d� on the H nucleus contracted to
�5s 4p 2d� �28�. To check the accuracy of this basis we have
compared our calculated energy differences in the limit R
→� with the experimental ones �15� and we have found
differences smaller than 5�10−3 hartree. We have obtained
the MOs for R�0.1a0 �the basis set becomes linearly depen-
dent at smaller R�. As an additional test, we have extrapo-
lated the MO energies to R→0, and checked that the differ-
ences with the spectroscopic values for Be+ were also
smaller than 5�10−3 hartree for s and p levels, and about
2�10−2 hartree for d levels, probably because the relatively
small number of Gaussian d functions in our basis.

In Fig. 1 we show the energies of the 17 MOs �
 and ��
included in the dynamical calculation. In this figure we have
not plotted the energy of the core orbital �1 and we have
divided the figure in two panels with different energy scales
to show more clearly the energies of the excited orbitals. To
help with the discussion of the collision mechanism, we have
listed in Table I the adiabatic limit of the MOs as R→�.

In order to compare with previous works, and as an addi-
tional check of the accuracy of the ab initio calculation, we
present in Fig. 2 the comparison of the orbital energies of the

 MOs with those obtained from a model potential calcula-
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tion where the MOs are the eigenfunctions of the one-
electron Hamiltonian

h = −
1

2
�2 −

1

rH
+ Vmod�rLi� �15�

and

Vmod�rLi� = −
1

rLi
−

2

rLi
�1 + �rLi�exp�− 2�rLi� , �16�

where rLi, rH are the electronic distances to the nuclei and the
parameter �=1.655 has been obtained by fitting the ioniza-
tion potential of the lithium atom; this model potential is
similar to that employed in Refs. �16� and �17�. We have also
compared in Fig. 2 the ab initio orbital energies with those
obtained from the three-parameter model potential proposed
by Klapisch �18�:

Vmod
k �rLi� = −

1

rLi
−

��Z − 1�e−�1rLi + �2rLie
−�3rLi�

rLi
�17�

with �1=7.908 75, �2=10.321, and �3=3.900 06. Good
agreement can be noted the between both approximations
except for R�2.0a0, where the delocalization of the MO �1
of the ab initio calculation, which cannot be described by the
one-center model potential, starts to be sizeable. In this re-
spect, the comparison of the energy levels of Be+ with those
of the united atom limit of the model potential MOs �Fig. 2�
shows that this approach is not accurate in this limit.

The dynamical couplings have been evaluated numeri-
cally as explained in Ref. �19�. The most relevant couplings
are shown in Fig. 3�a�. The main mechanism of the CT re-
action �1� at low energies involves in a first stage the transi-
tion �2–�3 in the neighborhood of the pseudocrossing be-
tween the corresponding energies at R�0.35a0 �see Figs.
1�a� and 3�a��. Since the depopulation of the entrance chan-
nel takes place through transitions at short internuclear dis-
tances, a relatively small CT total cross section is expected
for this reaction. The population of other CT and excitation
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FIG. 1. �Color online� Energies of the orbitals of the LiH+ qua-
simolecule as functions of the internuclear distance. —: 
 orbitals
dissociating into Li++H; – · ·–: � orbitals dissociating into Li++H;
– – –: 
 orbitals dissociating into Li+H+; – · – ·–: � orbitals disso-
ciating into Li+H+.

TABLE I. Correlation of the MOs in the limit R→�. The MOs
are labeled as in Fig. 1.

MO Dissociation limit

�1 Li�1s�+H+

�2 Li++H�1s�
�3 Li�2s�+H+

�4, �5 Li�2p�+H+

�6, �7, �8 Li++H �n=2�
�9 Li�3s�+H+

�10, �14 Li�3p�+H+

�13, �18 Li�3d�+H+

�11, �12, �15, �16, �17 Li++H �n=3�
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FIG. 2. �Color online� Comparison of ab initio �—� and model
potential orbital energies �—: Eq. �16�, �: Eq. �17�� of the 
 orbit-
als dissociating into Li++H �n=1,2� and Li�2l�+H+.
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FIG. 3. �Color online� Radial �Eq. �13�� �a� and rotational �Eq.
�14�� components �b� of the dynamical couplings between the low-
est MOs. The MOs are labeled as in Fig. 1.
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channels takes place through transitions from �3 to excited
MOs; in particular, CT to Li�2p�+H+ involves the rotational
coupling between MOs �3 and �4, and the radial coupling in
the broad avoided crossing between the energies of the or-
bitals �3 and �5. The channels dissociating into Li++H �n
=2� are populated in a secondary process from the CT chan-
nels, namely, through the radial transition �5–�6. One can
note the high peak of the radial coupling �6–�8 in Fig. 3�a�
in the neighborhood of the avoided crossing at R�0.9a0.
This avoided crossing is also responsible for the changes of
the rotational couplings 6-7, 6-10, and 8-10 �Fig. 3�b�� in the
same region. At low energies, transitions to Li �3s ,3p�+H+

and Li++H �n=3� are unlikely, since they involve a multi-
step mechanism via the lower-lying orbitals.

IV. RESULTS AND DISCUSSION

A. Li+H+ collisions

We have evaluated the total cross section for reactions
�1�–�3� by using quantal and eikonal treatments and with two
basis sets. The first basis set, called 7MO, includes the MOs
��2–�8� dissociating into Li++H �n=1,2� and Li�2l�+H+,
and whose energies are plotted in Fig. 1�a�. In the second
basis set �17MO� we have added to the 7MO basis the 
 and
� MOs dissociating Li++H �n=3� and Li�3l�+H+ �see
Table I�.

We present in Fig. 4 our values for the cross section of
reaction �3� compared to previous experimental and theoret-
ical results. We have plotted in this figure quantal and semi-
classical results, which overlap over the energy range 150
−1000 eV /amu. Our results show satisfactory agreement

with the experimental values of Varghese et al. �20�, and, for
E�2.5 keV /amu, with the calculations of Frisch and Lin
�21�, who employed an atomic orbital expansion that in-
cludes united atom orbitals. In this energy range, our results
are practically identical to those of Salas �17�, who applied a
molecular expansion similar to ours with the MOs obtained
from a model potential calculation, although a larger basis
was included in that calculation. At E�2.5 keV /amu �see
the inset of Fig. 4�, the calculation of Ref. �17� starts to
deviate from the atomic calculation of Ref. �21�, where very
excited atomic levels are populated. In addition, at E
�5 keV, the difference of the results of Ref. �21� with the
electron-loss cross sections of Schweinzer et al. �4� is the
ionization cross section, which has been measured in Ref.
�22�. Since our basis set and that of Ref. �17� do not include
pseudostates, to represent the electronic continuum, both mo-
lecular expansions are not appropriate to evaluate the CT
total cross section at these impact energies.

As a result of the comparison between our results and
those of previous calculations, and given the good agreement
between 17MO and 7MO results, we can conclude that the
17MO calculation is appropriate for energies below 2.5 keV/
amu. Furthermore, since reactions �1� and �2� take place
through transitions from the MO �2, while the entrance
channel for reaction �3� is the MO �3, we expect smaller
transitions to excited orbitals in the former case and therefore
a faster convergence than for reaction �3�.

B. Li++H collisions

Our results for reactions �1� and �2� with eikonal and
quantal treatments are plotted in Fig. 5. As expected, the
eikonal method is not appropriate at low energies, although
in the present system we find agreement between eikonal and
quantal results at larger energies �E�300 eV /amu� than for
other collisions �7,13,23�. The most important limitation of
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FIG. 4. �Color online� Cross sections for total charge-transfer
H++Li collisions. Present results: Calculations with the 17MO ab
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the eikonal calculation comes from trajectory effects, as
found in previous works �see Ref. �7�, and references
therein�. An illustration of this point is shown in Fig. 6�a�,
where we plot the product of b and the charge-transfer prob-
ability PCT as function of b for E=100 eV /amu. In order to
compare quantal and classical calculations we employ the
equivalence

�bPj�b,E��Q = �2�

ki
2 ��2J + 1��	ij − Sij

J �2 �18�

with bQ= �J+1 /2� /ki. In Fig. 6�a� we find a very large dif-
ference between quantal �see Eq. �18�� and eikonal probabili-
ties. These differences are easily understood if we take into
account that at this energy, and for an impact parameter of
0.5a0, the distance of closest approach R0 assuming a Cou-
lomb interaction potential 1 /R is R0�0.7a0; so that the tran-
sition probability in the eikonal calculation comes mainly
from transitions at internuclear separations that were inacces-
sible if the Coulomb distortion of the trajectory would be
considered. The quantal calculation is, however, less accurate
than the eikonal one at high impact energies because in this
calculation we have neglected terms proportional to v2 com-
ing from the common reaction coordinate, as explained in
Ref. �23�. To check this point we have performed eikonal
calculations removing these terms, which point out that they
introduce a significant variation of the cross section of Fig. 5
at E�1 keV /amu. At E�1 keV /amu, we obtain good
agreement between quantal and semiclassical CT transition
probabilities, as shown in Fig. 6�b�.

The good agreement between total cross sections for re-
actions �1� and �2� calculated with the two bases �7MO and
17MO� at E�3 keV /amu �Fig. 5� indicates that the values
obtained with the 17MO basis set has converged in this en-

ergy range, in agreement with our findings for reaction �3�.
At higher energies, the population of MOs dissociating into
Li�n=3�+H+ and Li++H�n=3� is not negligible, and we find
significant differences in total cross sections and transition
probabilities �see Fig. 6�c��. An additional indication of the
convergence of our basis set is provided by the comparison
with the experimental results of Ref. �3�. In order to include
these results we have extended the energy range in Fig. 5 up
to E=20 keV. The agreement of our 17MO results with the
experimental ones indicates that this basis set can be safely
used below the energy limit �2.5 keV/amu� of the present
calculation.

On the other hand, the convergence of the molecular ex-
pansion depends in general on the functional form of the
CTF. Although, for collisions where transitions take place at
relatively large internuclear distances, changes in the form of
the CTF do not appreciably modify the cross sections, when
the main mechanism involves transitions at short R �a strin-
gent example are He++H collisions �24,25��, the form of the
CTF may be critical. Since the first step of reactions �1� and
�2� is the transition �2–�3 at R�0.5a0, it is important to
gauge the influence in the results of changes in the CTF. As
a first test we have checked that the total cross sections do
not appreciably change when the parameter � of Eq. �12� is
modified around �=3, which are the optimal values obtained
with the norm method �26�. In a second test we have carried
out a calculation using the model potential MOs, which are
approximate eigenfunctions of the Hamiltonian �15� and
�16�; since they are written in terms of elliptic coordinates, it
is appropriate to employ the CTF of Harel and Jouin �27�. It
can be noted in Fig. 5 that the resulting cross section differs
from the ab initio one at low energies, where the model
potential treatment is probably less accurate; however, ab
initio and model potential calculations with the 7MO basis
set yield the same cross section at E�1 keV /amu, where
the differences between ab initio and model potential are less
important. This point is further illustrated in Fig. 6�c�.

Our results for n-resolved cross sections are shown in Fig.
7. The 7MO basis is sufficient to obtain converged n=2 cap-
ture and excitation cross sections up to E�1 keV /amu. Fur-
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thermore, the quantal and semiclassical n=2 cross sections
merge over a broad energy region, from E�0.5 keV /amu to
1 keV/amu. The n=3 cross sections are found to be one
order of magnitude smaller than the n=2 ones and the effects
of v2 terms and the eikonal approximation acquires greater
importance so the merging of quantal and semiclassical re-
sults is less satisfactory than for n=2.

C. Isotope effect

To analyze the isotopic dependence of the CT cross sec-
tion of reaction �1�, we plot in Fig. 8 the CT total cross
section for reaction �1� at low energies. As expected, we can
observe that this cross section increases as � increases, ap-
proaching the eikonal result. The energy dependence of the
cross section can be approximated by means of a simple
semiclassical model; in this model the nuclei follow Cou-
lomb trajectories, and electronic transitions only take place
when an internuclear distance R0 in the neighborhood of the
1–2 avoided crossing, is reached. For a given velocity v the
maximum impact parameter bm that fulfills this condition is

bm
2 = R0

2 −
2q

�v2R0. �19�

As an additional simplification, we assume that the transition
probability is independent of b in the range �0,bm�, yielding


�v� � 2�	
0

bm

bP�v�db � �bm
2 P�v� = �P�v�R0

2�1 −
2q

�v2R0
�

�20�

which has a threshold at vt=� 2q
�R0

for each �. Within this
approximation, we can identify the eikonal result 
eik�v�

with the limit of Eq. �20� as �→�, leading to


�v� � 
eik�v��1 −
2q

�v2R0
� . �21�

We have evaluated this expression with q=1 that corre-
sponds to H+−Li+ interaction and R0=0.4a0 and the results
are displayed in Fig. 8. The good agreement with the quantal
calculation indicates that the isotopic dependence is a kine-
matic effect for v�vt. At lower energies, the model is not
useful since the simple Coulomb trajectory is not appropriate
and tunneling starts to be sizeable.

V. CONCLUSIONS

In this work we have evaluated partial and total cross
sections for Li++H�1s� collisions �reactions �1� and �2�� in
the range of energies 25 eV /amu�E�2.5 keV /amu that
we believe can be useful in future studies on fusion plasmas,
since lithium is used in some fusion devices either for diag-
nostics or to reduce the sputtering from the reactor walls, and
there are no previous data for these reactions at energies E
�5 keV /amu. Our calculation has been carried out by em-
ploying a basis set of ab initio molecular functions, and we
have explicitly checked the workings of commonly used ef-
fective potentials. We have also calculated charge-transfer
cross sections in Li�1s22s�+H+ collisions �reaction �3��. The
main differences with previous calculations are that we have
used ab initio molecular functions and applied a quantal for-
malism to evaluate the cross sections at low energies. Com-
parison with previous data for this reaction has allowed us to
check the convergence of our close-coupling calculation. Our
study points out that our basis set yields accurate cross sec-
tions up to E=2.5 keV /amu, where the levels Li �n=4� �not
included in our basis� start to be populated, and this is a
conservative limit for reactions �1� and �2�.

We have presented quantal and semiclassical �eikonal� re-
sults, which overlap at relatively high energies �300 eV/
amu�, because trajectory effects are very important in Li+

+H collisions. Given the relevance in fusion plasmas of re-
actions involving D and T, we have also calculated cross
sections for Li+−D, T collisions. We have found that the
isotope dependence obtained in the quantal calculation can
be qualitatively explained as due to a simple kinematic ef-
fect.
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Li++H �D, T� �1s� collisions. Thick line, eikonal calculation. Thin
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