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This paper discusses the possibility of measuring the variance in the electron-to-proton mass ratio 8 using
the |X s, n,=0, N=0, J=1/2, F=1, Mp=1)—|X s, n,=1 or 2, N=0, J=1/2, F=1,Mp=1) transition
frequencies of magnetically trapped cold 24MgH or *CaH molecules. The uncertainty in this transition fre-
quency can potentially be lower than 107!3, which makes it possible to measure the variance in 8. The 24MgH
transition is more advantageous for measurement than the 4OcaH transition, because of the lower collision-loss

rate, light shift, and collision shift.
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I. INTRODUCTION

Possible variations in nature’s fundamental constants are
currently a very popular topic in research. Theories unifying
gravity and other interactions suggest the possibility of spa-
tial and temporal variations in the physical constants of the
universe [1]. Webb et al. found variance in the fine structure
constant, «, in quasars (the absorption red shift was between
0.5 and 3.5) as Aa/ a=(~0.72 +0.18) X 107 [2]. Reinhold et
al. found variance in the electron-to-proton mass ratio,
B(=m,/m,), in quasars (the absorption red shift was between
2.59 and 3.02) as AB/B=(2+0.59) X 10~ [3]. By compar-
ing highly accurate atomic (or molecular) clocks, variations
in the fundamental constants can be detected in a laboratory.

The accuracy of atomic clocks has been improved by us-
ing ultracold atoms or ions. The frequency uncertainty of the
Cs atomic fountain frequency standard is presently less than
107" [4]. The frequency uncertainties of S-D transitions in
99Hg* [5], 'Yb* [6], and ®8Sr* [7] ions are presently 9.1
X 10716, 3.8 X 1075, and 3.4 X 10713, respectively. The ¥'Sr
lSO—3P0 transition frequency was measured by Boyd et al.
within an accuracy of 9 X 10716 [8]. The value of (da/df)/ «
is presently (=0.3+2)X 10713 years [9], and its uncertainty
is expected to be further reduced as the accuracies of atomic
clocks are improved. Hudson et al. measured the microwave
transition frequencies of cold OH molecules within an accu-
racy of 3X 107, aiming at the measurement of (da/dt)/ a
through comparisons with measurements from OH megama-
sers in interstellar space [10].

Calmet and Fritzsch have shown (dB/dr)/pB
=R.(da/dt)/ o, where R, is a value between —20 and —40
[11]. Variances in « and B provide very important informa-
tion on grand unification theory (GUT), because the actual
value of R, depends on the details of this theory. However,
variations in £ cannot be measured using atomic transitions,
because the atomic energy states are only determined by the
motion of electrons (not nuclei). Variance in B8 can be ob-
served by comparing molecular-vibrational or rotational-
transition frequencies. Schiller and Korobov showed the the-
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oretical dependence of the vibrational-rotational-transition
frequencies of H; ions on B [12]. Assuming that (dB/dt) is
constant for 10'* years, (dB/dt)/ 8 can be estimated to be on
the order of 2X10™ years™'. Therefore, molecular-
vibrational («<8"2) or rotational-transition (=) frequencies
with uncertainties lower than 107!3 are useful for measuring
the variance in 8. However, molecular-transition frequencies
have mostly been measured at room temperature, as it has
been difficult to obtain cold molecules. The uncertainty of
molecular transitions could not be lower than 107" [13] be-
cause of the short interaction time between molecules and
probing electromagnetic radiation and the Doppler effect.
Roth et al. observed the rovibrational spectrum of HD* ions
after sympathetic cooling with laser-cooled Be* ions [14].
The influence of the electric field on the transition frequency
can be significant with this method, unless all HD* ions are
positioned at zero-electric field positions. Van Veldhoven et
al. improved the resolution of the NDj inversion spectrum
using a decelerated molecular beam [15]. The interaction
time between molecules and the probing microwave cannot
be longer than 10 ms (the linewidth cannot be narrower than
16 Hz) with this method.

Our last paper, Ref. [16], proposed the use of the
UNH  |X°2,n,=0,N=0,J=1,F,=3/2,F=5/2,Mz=5/2)
—|X 3 ,n,=1,N=0,J=1,F=3/2,F=5/2,Mz=5/2) tran-
sition frequency to measure the variance in 3, where n,, is the
vibrational quantum number, N is the quantum number of
molecular rotation, and J is N+S§ (S is electron spin). Here,
Fyis J+I(H) [I(H): H nuclear spin], F is F;+I(N) [I(N): N
nuclear spin], and M/, is the component of D(=F,N,S,I)
parallel to the magnetic field. The NH molecules are trapped
by the magnetic field after cooling them with cold buffer gas
[17]. The interaction time between molecules and the probe
laser light can be longer than 1 s. Assuming pure rotational
states, Mg and My are deterministic values in the
IN=0,Mp=S+I(N)+I(H)) state. The Zeeman frequency
shift is smaller than 1075 for the |X°3,n,=0,N=0,J
=1,F,=3/2,F=5/2,Mp=5/2) —|X3%,n,=1,N=0,J
=1,F,=3/2,F=5/2,Mp=5/2) transition. This treatment
(also as quoted in Ref. [16]) poses some problems, because
spin-spin interaction [18] induces the mix between [N
=0,M4=1) and [N=2,M¢=1,0,-1) states, that depends on
the rotational constant in each vibrational state. Therefore,
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the dependence of the Zeeman coefficient on the vibrational
state is actually much more significant than estimated in Ref.
[16]. The Zeeman frequency shift of the |[X°3,n,=0,N
=0,J=1,F,=3/2,F=5/2,M;=5/2) —|X33,n,=1,N=0,J
=1,F,=3/2,F=5/2,M;=5/2) transition is on the order
—18 Hz/G (see Appendix A). The complicated hyperfine
structure is also a problem, because only molecules in one of
eighteen hyperfine substates are used for measurement.

This paper discusses the potential accuracies of the
IX %3 ,n,=0,N=0,J=1/2,F=1,Mp=1) — |X*3,n,=1 or
2,N=0,J=1/2,F=1,Mp=1) transition frequencies of
2*MgH or “°CaH molecules. The Doyle group at Harvard
succeeded in the magnetic trapping of CaH molecules after
precooling using buffer gas [19]. There is no spin-spin inter-
action by molecules in the 3 state [18] and the Zeeman shift
in the transition frequency is much lower than the one for
NH transition. Also note that **Mg and *“’Ca atoms have no
nuclear spin and there are only four hyperfine substates for
2*MgH and **CaH molecules. **MgH and “°CaH molecules
are more advantageous for obtaining a high S/N ratio for the
transition spectrum than '*NH molecules, because a higher
fraction of molecules is used for measurement.

Section II discusses the elastic and inelastic collisions be-
tween trapped molecules, which indicate the possibility of
evaporative cooling. Section III presents estimates of fre-
quency shifts induced by electric-magnetic-field or Doppler
effects. Section IV presents the experimental procedure to
measure the transition frequency.

II. COLLISION BETWEEN TRAPPED MOLECULES

Evaporative cooling is a useful method of reducing the
temperature of trapped molecules. Fried et al. observed
Bose-Einstein condensation with H atoms [20] by only using
evaporative cooling. Evaporative cooling is achieved by ir-
radiating a microwave (frequency f.,) to the magnetically
trapped molecules (the magnetic field is zero at the trap
center). Then, molecules with trapping vibrational energies
E,p (Kinetic energy + Zeeman potential energy) higher than
E o=hupgfe,/2 are transformed to the M¢=—1/2 state and
repelled from the trap area. The energy distribution is not
thermal equilibrium at this moment. Assuming FE, .
< kgT;, ( Ty, is the initial molecular temperature), the mean
value of Zeeman potential energy at this moment is (selec-
tion of low energy molecules):

h 1 E
(Etrap aneq = kBTin - /‘Lﬂfev ~ .
2 (hugfev) 2
expl ——— | -1
2kBTin
(1)

When the magnetic field distribution is given by B<R"5 (R is
the molecular displacement from the trap center), the mean
values of kinetic energy K and Zeeman potential energy E,
are given by the virial law as

np E

max

(K)ay =

NI’ZB+2 2

s
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(EZ)av =~ (2)
The selection of low energy molecule is possible also by
reducing the trapping potential depth, as Weinstein et al. per-
formed with Cr atoms [21]. There is also adiabatic cooling
effect with this method.

The energy distribution is transformed to the thermal
equilibrium state with temperature 7., Molecules, whose
Zeeman potential energy increased up to E,,,, are extracted
with this procedure and (Ey,),, of trapped molecules is fur-
ther reduced (evaporative cooling). T, is actually on the or-
der of E,,,/10kgz [22]. This thermalization time 7y, is much
longer than 1/T"., where I',. is the elastic collision rate. The
trap-loss rate I'j,, should be sufficiently small so that
[ioss/ Tee € Tipllioss < 1 is satisfied. Monroe et al. found that
evaporative cooling is only effective when I' /I, is
smaller than 1/150 [23]. Giving E,,, initially higher than
kyTy, and reducing it slowly down to the final valueE/
(taking longer time than 7), much more molecules remain
in the trapping region than when Emax=E{mx from the begin-
ning [22].

From molecules in |S=1/2,M¢= = 1/2) states, only mol-
ecules in the M ¢=1/2 state are trapped in a field minimum of
a dc magnetic field. The M¢=1/2——1/2 transition (induced
by the collision with other trapped molecules or background
gas, pumping by blackbody radiation [24], or Majorana tran-
sition [25]) causes the trap loss. When the density of the
trapped molecules is sufficiently high, I' /I, converges to
the ratio of the inelastic collision cross section to the elastic
collision cross section. We estimated the elastic and inelastic
collision cross sections between trapped *MgH and between
*CaH molecules in the S N=0 state. The values for perma-
nent dipole moment and rotational constants in the vibra-
tional ground state are listed in Table T [26-30].

Elastic collision is mainly induced by electric dipole-
induced dipole interaction, and the elastic-collision cross
section o, is obtained from the distortion of the incident
wave function [31]. The M-changing collisional transition is
caused by magnetic dipole-dipole or spin-rotation interac-
tions. Spin-rotation interaction does not exist for the pure
N=0 state. The mixture of different rotational states is only
caused by electric field E, because spin-spin interaction does
not exist for molecules in the >3 state. The mixture of rota-
tional states is estimated by Cmix= M E/ hB,,U, where Mo, and
B, are the permanent dipole moment and the rotational con-
stant in the n,th vibrational state, respectively. Using the val-
ues of g and By listed in Table I, ¢, is estimated to be
smaller than 10~* when E <10 V/cm; thus the M ¢-changing
inelastic collision is mainly caused by the magnetic dipole-
dipole interaction. The inelastic-collision cross sections o;
were obtained using Born approximation taking the distor-
tion in the wave function caused by electric dipole-induced
dipole interaction into account (distorted wave Born approxi-
mation). The minimum intermolecular distance d was as-
sumed to be 0.35 nm (the wave function is zero at r<d) to
avoid divergence. The L=0—2 (L is quantum number of
angular momentum of the relative motion) scattering term is
dominant for this inelastic collision. The author here explains
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TABLE I. Listed are molecular rotational constants with n,=0 (B), change ratio of the rotational constant
by changing n, [#=(B, —B, ,1)/Bol, permanent dipole moment with n,=0 (u), n,=0— 1 vibrational
transition dipole moment (u'), n,=0— 1 transition frequency (f), n,=0—2 transition frequency (f,), and
the natural linewidth of the n,=0—1,2 transitions (Afy;,) are shown. The spectrum is observed using
two-photon transition given the probe laser frequency, f /2. Superscript “c” denotes calculated values. u’
was estimated using the values of B, 7, and p with the method described in Appendix B. Afy was estimated

using the estimated value of u'.

By (GHz) Ui uo D) ' (D) fy (THz) f, (THz) Afyi (Hz) Afy, (Hz)
OCaH 1267 [26,27] 0.023 [26]  2.94[29] 0.42° 37.8[26]  74.4[26] 223 4.46°
24MgH 174.5 [26,28] 0.032 [26,28] 1.23°[30] 0.21¢ 42.9[26,28] 83.9 [26,28] 0.82¢ 1.64¢

the details on the calculation procedure in Ref. [31]. Figure 1
plots the elastic- and inelastic-collision cross sections be-
tween 2*MgH (boson), **CaH (boson), and "NH (°3 N=0
state, boson) molecules as a function of the collision kinetic
energy. Magnetic field B is 50 G in Fig. 1(a) and 500 G in
Fig. 1(b). Krems and Dalgarno expected that inelastic colli-
sion would generally be more significant for molecules in the
33, N=0 state than molecules in the %3, N=0 state [18]. The
o; between **MgH molecules is actually smaller than that
between °NH molecules by a ratio of 1/3. However, the o;
between “°CaH molecules is much larger than those between
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FIG. 1. (Color online) Elastic and inelastic collision cross sec-
tions between magnetically trapped *0CaH and 24MgH molecules in
IN=0,J=1/2,F=1,Mp=1) state and ""NH molecules in [N=0,J
=1,F,=3/2,F=2,M=2) state as functions of collision kinetic en-
ergy. Magnetic field is (a) 50 G and (b) 500 G. Solid (dotted) lines
denote elastic (inelastic) collision cross sections. Black, red, and
blue lines (online) correspond to BNH, “°CaH, and 24MgH
molecules.

SNH or between 24MgH molecules, as Krems also antici-
pated [32]. This is because the intermolecular attractive force
(electric dipole-induced dipole interaction) is much stronger
for *°CaH molecules than those for 24MgH and ""NH mol-
ecules (larger value of ug). Then, magnetic interaction also
becomes more significant for *“*CaH molecules than for
*MgH and ""NH molecules because of the shorter intermo-
lecular distance.

As B increases, the inelastic collision cross sections in-
crease with ultralow kinetic energy region (<10~ K) and
decrease with kinetic energy region higher than 1073 K. This
result is explained as follows. The energy discrepancy be-
tween Mg=1/2 and —1/2 states (AE\s) is proportional to the
magnetic field B (see Sec. III). With ultralow kinetic energy,
the distortion of the incident (scattering) wave function is
small. Then each incident (scattering) wave function ¢, (r) is
proportional to kX*'/f at kr<1 and each L— L’ scattering
term is proportional to (k/k')*:~!, where k and k' are the
wave numbers of incident and scattering waves [31]. Con-
sidering k=K' and k' < (K+AEys)"?, the L=0—2 scatter-
ing term is proportional to [(K+AEyg)/K]"? and o; in-
creases as B becomes higher. With higher kinetic energy, the
distortion of ¢;(r) by the intermolecular attractive force is
significant and ¢, (r) < k=L~ D [31]. Then each L— L’ scat-

tering term is proportional to k~Lt3)g/~CL'+D The L=0
—2 scattering term is proportional to K—2(K+AEyg)™"?
and o; decreases as B becomes higher.

Considering the ratio of the inelastic-collision cross sec-
tion to the elastic-collision cross section Q, evaporative cool-
ing easily occurs for *MgH molecules with any kinetic en-
ergy region (Q=107%). For **CaH molecules, as Q> 1072
with the kinetic energy region between 107* K and 1072 K
with B=50 G, evaporative cooling is more difficult for
“0CaH molecules than for **MgH molecules. When the
kinetic energy region is higher than 1072 K, Q(<107%) is
almost same order for **CaH and **MgH molecules with
any value of B (confirmed taking K/kz=50 mK, B
=50,500, 1000,2000, and 3000 G).

When the molecular density is lower than 10'! cm™
longer than 10 s.

3, Tth is

III. FREQUENCY SHIFT

Figure 2 shows the energy structure of XH molecules in
the 23 state (X: “°Ca or **Mg). This section discusses the
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FIG. 2. Energy structure of “0CaH and 24MgH molecules in °3
N=0 state. (F=1,M=1) and (F=1,M=0) are low field seeking
states (trapped) and (F=1,M=-1) and (F=0,M=0) states are high
field seeking states (not trapped). Zeeman energy shift of molecules
in the (F=1,M=1) state is also shown.

shift in the XH |*2,n,=0,N=0,/=1/2,F=1,Mp=1)
—[*%.,n,=p,N=0,J=1/2,F=1,Mp=1) (p=1,2) transition
frequencies f,. The values of f, the vibrational transition
dipole moment between n,=0 and 1 states u', and the natu-
ral linewidth (Afy,) of #MgH or **CaH molecules are listed
in Table I. As shown in Appendix B, u’ was estimated [33]
by

r_
M= N,

n=— . 3)

The vibrational transition dipole moment {(n,|w|n,—1) is
given by v’r?,,u.'.

These transitions are dipole forbidden and can be ob-
served using two-photon absorption by means of two coun-
terpropagating laser lights with a frequency of f; ,/2; there-
fore, the observed spectrum is free from the first order
Doppler effect. This section discusses estimates of frequency
shifts caused by Zeeman shift (induced by a trapping mag-
netic field), the second order Doppler effect, ac-Stark shift
(induced by the irradiated probe laser and black body radia-
tion), and the collision between trapped molecules.

A. Zeeman shift

The Zeeman shift in transition frequency is caused by the
difference in Zeeman energy shifts in upper and lower en-
ergy states. First, let us consider the Zeeman energy shift £,
of trapped molecules, whose energy distribution is thermal
equilibrium with temperature 7. We assumed that the mol-
ecules would only be trapped by the Zeeman trapping force
and that the magnetic field would be zero at the trap center.
When the magnetic field distribution is given by B x R"3, the
mean value of E, is obtained using the virial law as 2K/np
=3kpT/ng (K is the mean kinetic energy).

PHYSICAL REVIEW A 77, 012511 (2008)

The mean Zeeman shift in the |n,,C)—|n),C") (|C)
=|N,J,F,,F,Mp)) transition frequency is given by

(Af Dy = (EZ(H;’C,)/; EZ(an))

B 3kBT(Ez(n;,C') - Ez(nv,C))
EZ(nuv C) av

4
I, 4)

Here, let us consider the dependence of E, on the mag-
netic field and |n,,C). Assuming pure N states, all |C) states
of XH molecules (e.g., X: >*Mg or *°Ca) are described as (X
atoms have no nuclear spin)

MF=MN+MS+M1(H)7

c)=2> VM, Mg, M )

and the Zeeman coefficient ZS’pure [=(JE,/dB)/h:B is mag-
netic field] is given by

va’pure = up 2 | Y(My, Mg, M)

X[gnMy + gsM s+ grmyM )] (6)

N,My,Mg,M ), (5)

where wp is the Bohr magneton and gy g ; are the g factors
for molecular rotation ( gy<107® [34]), electron spin (gg
=2.003), and nuclear spin (g, =~3.0X 107 [35]), respec-
tively. Generally, ¥(My, Mg, M y)) depends on the magnetic
field and the splitting of hyperfine states; therefore, E, is a
nonlinear function of B. If hyperfine splitting depends on the
vibrational state, Zeeman shift is also significant with pure
vibrational-transition frequencies (|n,,C)— |n,,C)). How-
ever, the Zeeman shift in the |C,)=|N=0,/=S,F,=S
+I(H),F=S+I(H),M =S+I(H)) state does not depend on
hyperfine splitting since

|Ca> = |N= O’MN= 07MS = SaM[(H) = I(H)>’
ZZ’UP““’ = uplgsS + gim! (H)],

S=I(H)=1/2. (7)

The Zeeman energy shift is strictly linear to B for molecules
in the |C,) state (see Fig. 2).

The mean Zeeman shift in the |n,,C,)—|n,,C,) transi-
tion frequency is given by

pure. ,pure
(Af7ay = (EZ(HU’C)) il
Z)av — T
a h o Zz;pu €
1,pure _ ,pure
kTl 4

hny  Z0P ®
nU

Actually g¢ is independent of the vibrational state and
(Afy), is actually very small. Therefore, the |n,,C,)
—|n),C,) transition frequency can be measured without sig-
nificant Zeeman shift, also when molecules are magnetically
trapped. (Af,),, is nonzero because of the slight dependence
of g; on the vibrational state, as explained below. Nuclei
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imbedded in the molecules are subject to the magnetic
shielding effect and the value of gjx ) is slightly different

from the value for bare nuclei (chemical shift). The chemical
shift o [=(g )= 81111))/ &3an) : € 2ay) 15 Srqen) Tor H atom] in each
vibrational state is given by [36]

rd(nv) - rd(o)

o(n,) =0y— U'T. 9)

Using [r4(n,)—r4(0)]/r,(0)=7/2 (see Appendix B),

!

o' nn,

gl(H)("v) - 81(1—1)(0) =- 2 (10)
and
ZZU -Z; o' g, 0) (11)
. 8
z 2 g5+ gy (0)]7

are derived. To our knowledge, the values of ¢’ for 40CaH or
2*MgH molecules have not been measured or calculated.
Here, let us estimate the Zeeman frequency shift using the
value of ¢’ for HF molecule (¢/=3.7 X107 [36,37]). As-
suming a pure |C,) state, the difference in Zeeman coeffi-
cient Z{ , from Zj is given by

74— 7¢ 74
0caH |20 =52 x 10710| =2 =1.04 X 107,
0 Z
70— 74—
24 1 —-10 2 -9
MgH =72% 10 =144 X107,
£ z z
(12)

The mean Zeeman shift in the |n,=0,C,)—|n,=1 or 2,
C,) transition frequency, (AfY/5),,. is given by

3ksT(Z{ = Z5) _33T(K)
“OCaH  [AfY(Hz)|yy = — :
hnBZa nB
e 66T(K)
|Af§ (H )|dV ’
B
ure T K
‘ 212 7><10-13( ),
S 2 lav npg
45T(K
SMgH  [A(H), = )
np
" 907(K)
|AfS5°(Hz)| o = .
np
A ure T K
Azl _gx ot (13)
f1,2 av np

The chemical shift of XH molecule becomes more significant
as |xX xH| increases, where x])f His the Pauhng s electrone-
gathlty of X and H atoms. The values of ¢’ for “°CaH and

*MgH molecules are expected to be smaller than the value

PHYSICAL REVIEW A 77, 012511 (2008)

for HF molecule (presumably with a factor of 1/2 or 1/3),
because [x$*—x"| and |xME—x!| are smaller than |xf—x

LI Ay I A PP
(x =2.1, x,=4.0, x,"=1.0, and x,, £=1.2). Therefore, the es-
timate given by Eq. (13) is rather conservative.

The |C,) state is generally mixed with other rotational
states by spin-spin interaction or the electric field, which can
make the Zeeman frequency shift more significant than the
estimate given by Eq. (13) (see Appendix A). Spin-spin in-
teraction does not exist for molecules in the >3, state, and the
mixture between different N states is only induced by the
electric field. When an ac (frequency f,.) or dc (f,.=0) elec-
tric field is applied, the [N, My, Mg, M )=

state is mixed with the [N=1) state as indicated by
|N’MN7MS’M1(H)> =

= 1,112,1/2),,
Mon EH /’L"UE”
P=a, 3h(2B, +f.0) 2\"§h(23,1v ~fa)
lu'nUEt Iu’nin
b, = (14)

+ b
2 \’%h(anU + fac) 2 \’/gh(ZBnU - fac)

where the subscript 0 denotes a wave function with a zero-
electric field, and E; represents the electric field components
parallel to the direction of the magnetic field. E, and E_ are
the electric field components rotating right and left on the
plane perpendicular to the magnetic field (for a dc electric
field, E,=E_). The Zeeman coefficient of 40CaH and 24MgH
molecules in the |n,,C,) states under the electric field is
approximately given by

_ pure ,mix
Zi = 72 Zam,

pure

1
Z," = S (85 + 8101)n,

Zan;mix = 158N (s = P2, - (15)

When a dc electric field is applied, Z"m”‘—O because of
E,=E_ (p,=p_). The ac-electric field is glven by blackbody
radiation and the linearly polarized probe laser, where E,
=E_ (p,=p_) is also satisfied. However, let us also consider
the case of E,;>E_ (p,>p). Assuming f, <B, , p,=2
X 10-E(V/cm) for “*CaH and 7 X 10-°E(V/cm) for *MgH
molecules. As the molecular rotation angular velocity is
proportional to \/E . BN* \/B_ and (gn.n +1 =8y, )/ 8N,
~-n/2 are derived. Also con51der1ng (p+n +l p+ n, )/p+n
~(Bn /"Ln +1/Bn +l/~l’n ) _1'\'37’ (See Appendlx B) and 8N
<1073 [34]:

7,mix mix
Z, N -2y

,pure
Z,

v

40, _ 2 2
CaH = |gN,nv+1p+,nv+1 - gN,nvp+,nU|

<23 X 107E2(V/em)?,
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T(K
< 1.2 X 1077EX(V/em)? ( ),
av np

‘ AFR,
fZl,Z

,mix ,mix
3% G
hl’lB Z:zl,pure ’

(Afz le

,mix mix

Zemix _ 76

U—
Zd-pure

)

*MgH <4 X 107PEX(V/em)?,

iX
‘ A Z1.2

fZl2

When fdc>>2Bn , Af“ /fz12| becomes smaller than the es-
timate given by Eq. (16) with a factor of (2B, / fae)?. Actu-
ally the electric field is much lower than 100 V/em and
Af‘n <<Afpure

Here we considered the case where molecules are trapped
by an anti-Helmholz coil. To reduce |Afy; 5/ f7 5| lower than
10715 with this situation, the molecular temperature should
be reduced down to 3 mK by evaporative or adiabatic cool-
ing.

The Zeeman frequency shift is much more significant
for the "“NH |X°%,n,=0,N=0,J=1,F,=3/2,F=5/2,My
=5/2)— X 3% ,n,=1,N=0,J=1,F,=3/2,F=5/2,Mp
=5/2) ftransition, because of the mixture between (N
=0,M¢=1) and (N=2,M¢==*1,0) states induced by the
spin-spin interaction (see Appendix A).

T(K
<2 X 1078EX(V/em)? ( ).

av B

(16)

B. Second order Doppler effect

When “°CaH and **MgH molecules are cooled down to
10 mK, their velocities v are on the order of 2 m/s and
2.8 m/s, respectively. The second order Doppler shift is
given by

2
A 12— (%)ﬂ,z (17)

and |AfYS/f1 ] =4x 1071,

C. ac Stark effect

When an ac electric field is applied, Stark energy shifts in
|n,,N=0) states are induced by coupling with the |n,,N=1)
and |n, = 1,N=1) states. The off-diagonal matrix elements of
the dipole moment are (n,,N=0|u|n,,N=1)=pu, /43,
(n, N=0|g|n,+1,N=1) ~n,+1u'/\3, and (n,,N
=0|u|n,— 1,N-1)~\nv,u’/\s’§. The Stark energy shifts in
|n,,N=0) states, Eg(n,), are then given by Ref. [38] as

E5(0) = 2ByugE” (fi+2B,)u'’E?
(0)=— _ :
3h(4B - f2)  3h[(f, +2B))* - f2]
2B, 1 2E? - 2By ' *E*
Eg(1)=— — &1 Voo 2B

3h@4B]— 12 3H[(fy — 280"~ ]
B 2(f, — f1+2By)u/?E?
3h[(f,—f, +2By) - 2]
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_ ZBl)M,2E2
- 2B1)2 _fic]

2B 3E 2(f,-

+
3h(4B3~fo)  3hL(f2= £,
__(s-fH+ 2By p'*E’

W(fs=f>+2B3) = 2]’
where f,. is the frequency of the ac-electric field, Bj is the
rotational constant in the n,=3 state, and f3 is the n,=0
— 3 transition frequency.

The ac electric field is given by blackbody radiation and
the probing laser light.

Es(z) ==

(18)

1. Blackbody radiation

For blackbody radiation, f,.<f;, when the temperature of
chamber T is lower than 300 K. Here we use approxima-
tions (f; £2B)~=(f,~f1£2B,,) = (f3~f2+2B3)=f,. The
Stark shifts in f; and f, caused by blackbody radiation
(Afpg1,AfpB2) are given by

2(2f1 —fz),U«'zEz
3R(f} - fa)

2ByuE”
3h*(4B5 - f2.)

2B, i E*
h2(4B% _fac) ’

Afgpr =

2B(),Ud(z)E2
3h*(4B5 - fa)

(5f,=3f3=f)u"E
hz(fl fac)
2By E
317485 - fr)
The average wavelength of blackbody radiation is 18 wm
(1.8 X 10" Hz) when T-~300 K [39], and the first term of
Eq. (19) is dominant. The average quadratic electric field
strength of blackbody radiation is given by 69.2 (V/cm)?

[T-(K)/300]*. The values of blackbody radiation shift are
obtained as

AfBBZ

(19)

DCaH  Afgp; = 7.35 X 10™*Hz,
Afgpr =~ 2.94 X 10~ Hz,
Afgpi/fi =19 %X 1077,
Afppolfr =38 X 107",

PMgH  Afgp; = 2.1 X 10™*Hz,
Afgp, = 8.4 X 107*Hz,
Afgpi/fi = 4.9 X 10718,

Afgpolfo = 9.8 X 10718 (20)

Molecules are actually trapped inside the cryogenic cham-
ber (T¢<1 K) [19] and the average of f,. is lower than 5
% 10'° Hz. Therefore, the first term of Eq. (19) is negligibly
small in comparison with the other two terms. The quadratic
electric field strength of blackbody radiation is less than
8.6 X107 (V/cm)? and the Stark shift caused by blackbody
radiation is less than 1.7 X 10~ Hz
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2. Light shift

(a)n,=0—1 transition. When n,=0— 1 transition is observed, f,.=f1/2(>B,) and the light shift, Af;;, which is then

approximately given by

Ale -

_82fi-f)u"E
On*f3

21

A typical value of E (E,), where the two-photon-transition rate has the same value as the spontaneous emission rate from the

n,=1 state 27Afy,, is estimated as

2m(n,=0,N=0|uln,=0,N=1)(n,=0,N=1|uln,=1,N=0) ,

h*(f1/2 - 2By)

sat =

Using Eq. (22), Eq. (21) can be rewritten as

_ 4 A=) E )2 AW Cf = )AL

A ~
ui 3 ptaf <E 3 ptaf I
(23)

Here, I is the power density of the probe laser light and /g
(listed in Table II) is the saturation power density. Af;; is
reduced taking lower value of I/I;. When E=Eg, Af;,
=6.7 (42) mHz and Af;,/f;=1.7X107'% (9.8 X 107"7) for
“0CaH (**MgH) molecules. The light shift is negligible
small, also when the power of the probe laser light is high
enough to obtain a high S/N ratio.

(b) n,=0—2 transition. When n,=0— 2 transition is ob-

2a(n, =0,N=0|uln,=1,N=1)n,=1,N=1|uln,=2,N=0) ,

3R 1Afm
2pom’

E: =2 7TAfN1 .

sat

(22)

served, fo.=/f>/2 >B) and the light shift, Af;,, which is
approximately given by
w'2E? 1 1

| 2f;=3f,+4B; 3f,—6f — 12B,

Afpr=-
using 2f3-3f,=3f,—6f, (second term of vibrational energy)
and BO = Bl = B3

9 K (fi-f/2)%

(24)

A typical value of E (Eg,), where the two-photon-transition
rate has the same value as the spontaneous emission rate
from the n,=2 state 27Afy,, is estimated as

W (f) - £2/2)
Egat -

V2

TABLE II. Listed are the wavelength (Aope) and saturation
power density (I,) of the probe laser, the wavelength of the pump
laser (\,), and the wavelength of observed fluorescence (\;) are
shown.

)\probe (/.Lm) I (W/sz) }\d (nm) )\f (nm)

XMgH n,=0—1 14.02 2.2 478 [26] 446 [26]
n,=0—2 7.15 0.80 493 [26] 459 [26]
®CaH  1n,=0—1 15.87 1.1 691 [26] 634 [26]
n,=0—2 8.06 034 692 [26] 635 [26]

302(f) -
L b L

E: =2 7TAfN2 .

sat

f2/2)

2 A (25)
Using Eq. (25), Eq. (24) can be rewritten as
4ByAfys E \? 4By Afyy 1
Afpy = 7y —\ = = 7.
3V2(f = fo/2) \Ewt/  3N2(f1 = f212) Is
(26)

Af;, is reduced taking a lower value of I/l When I=Ij,
Af;,=0.88 (0.28) Hz and Af;,/f,=1.2X107* (3.4 X 1071)
for *°CaH (**MgH) molecules. To reduce Af;,/f, lower than
10713, 1/I should be lower than 0.1 (0.3) for **CaH (**MgH)
molecules. The fraction of molecules excited to the n,=2
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state is on the order of (I/Is)%. Therefore, the laser power
density should be chosen with a trade off between low light
shift and a high S/N ratio.

D. Collision shift

When molecules get close to other molecules, intermo-
lecular interaction causes energy shift E.. The collision shift
of f1, (Afci ) is caused by the difference in E, in the vibra-
tional ground and excited states.

The collision shift is

Afci,=nvoy ,, (27)

where n denotes the molecular density, v is the mean relative
velocity, and o , represents the cross sections of the colli-
sion shift. Collision partner molecules are mostly in the |n,
=0,N=0) state. Intermolecular interaction is actually domi-
nated by electric dipole-induced dipole interaction, as de-
scribed in Sec. II. The o , for “0CaH and 24MgH molecules
(bosons) are given by [16] as

k2L+1

2

4
O12= "5 T T
b2 k2 L=even |X1,2| I+ ')/ik4L+2 '

(mlxl,zl)'/‘*r(sm)
Yi=0= A

8h2 I'(5/4)°
) L [ 6m|)(1!2| :|(2L+1)/4
= D@L 1) 'L+ 1) | B2L(L+1) :
1 (M2 Mz)
0 0 1,2 2
=———| — ——=|(1 +3 cos?§),
X2Z 962e2n\ B, B, ( J

using u2 =(1+n,7)u’ and B, = (1-n,m)B, (see Appendix
B)

4
Mo 2
~————— (1 +3 cos?é),
X7 482e2hB, n 9
il
0 2
~————— (1 +3 cos’é),
X2 T 4B, 7 9
2
‘o Tmy ’ (28)

h

where ¢ is the angle between the vectors of the dipole mo-
ment and the molecular relative position and m is the re-
duced mass. When the collision kinetic energy, K/kp, is
lower than 10 mK, the collision cross section is mostly
dominated by the L=0 scattering term and oy is inversely
proportional to v. Therefore, Afc|, does not depend on K
and Afq/n and Afe,/n are roughly estimated to be on the
order of —2.4X 1072 and —4.8%X 1072 (-=1.7X 107" and
-3.4X107"3) Hz cm?® for “°CaH (**MgH)molecules at K/kp
<10 mK. Taking n<10°/cm?, Afcia/f1o is smaller than
1071%(107"7) for **CaH (**MgH) molecular transition.

PHYSICAL REVIEW A 77, 012511 (2008)

IV. EXPERIMENTAL PROCEDURE

The transition frequency should be measured using the
following procedure.

(1) XH molecules are produced by the laser ablation of
XH, (X: **Mg or *°Ca). Weinstein ef al. produced more than
10'0 “°CaH molecules [19].

(2) XH molecules in the M¢=1/2 state are loaded into the
magnetic trap area after cooling with buffer gas. The mag-
netic field distribution is given by B(R)=PR"5. This loading
takes about 0.4 s. The buffer gas should be quickly extracted
out (<0.1 s), opening a gate to another chamber. More than
10® molecules are expected to be trapped [19].

(3) The molecular temperature should be reduced using
evaporative cooling. Irradiating a microwave with frequency
fev» molecules with energies higher than E,,=hugf.,/2 are
transformed to the M¢=-1/2 state and repelled from the
trap. The mean trapping energy is E, /2 and the fraction
(Emax/kgT;,) of initially trapped molecules remain in the
trapping region (selection of low energy molecules). The
mean Zeeman potential energy is (E,)q " '=FEn./ (ng+2)
[see Eq. (2)].

The mean Zeeman potential energy is further reduced
with a procedure where the energy distribution is trans-
formed to the Boltzmann distribution with a temperature T,
(=E,./10kg [22]). The final value of mean three-
dimensional Zeeman potential energy is in the order of
(Ez)qy=3kpTeq/ng=~3E,/10ng. When E,, is initially
taken higher than k3T, and reduced slowly down to the final
value E/  (taking longer time than 7), the number of
trapped molecules at the end of this procedure is much larger
than (E/ /kT;,) (evaporative cooling).

(4) The magnetic gradient is adiabatically reduced (P
=P;— PP;>P/), so that the molecular trapping energy E,,
(=kinetic energy +Zeeman potential energy) is reduced with
a factor of (P,/ P,)?5+2) (adiabatic cooling). The molecular
density is also reduced down to the value, where the collision
shift is negligible small (<10°/cm?). This procedure should
take about 0.1 s, that is much longer than the period of mo-
lecular vibrational motion inside the trap area (in the order of
1 ms).

(5) Molecules in vibrationally excited states are trans-
formed to the ground state, irradiating the pump laser (reso-
nant with the [X >3 ,n,=1 or 2)—|B 3, n,=0 or 1) transi-
tion) for a few us. The wavelength of pump lasers are listed
in Table II. The pump-laser power density is higher than
1 mW/cm? and the irradiating time is in the order of 10 us.
It is preferable to use this procedure to improve the S/N
ratio, because 10— 1072 of trapped molecules are initially in
the n,=1 or 2 states [19].

(6) The IR probe laser is irradiated to counterpropagate in
two directions for a period longer than 7=~ 1/27Afy, ,. The
wavelengths of probe laser (\,=2c/f) ) are listed in Table
II. The power density of the probe laser I should be lower
than the saturation power density (/;: listed in Table II), so
that the light shift of the transition frequency is lower than
10715,

(7) The pump laser is irradiated again to induce the
X %3 ,n,=1)—|B*2,n,=0) (or |X*2,n,=2)—|B>3,n,
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=1)) transition. The pump-laser power density is higher than
1 mW/cm? and the irradiating time is in the order of 10 us.
Frequency shifted fluorescence |B *3,n,=0)— |X 23 ,n,=0)
(or |B*S,n,=1)—|X?3,n,=1)) is detected. The wave-
lengths of observed fluorescence are shown in Table II.

The frequency uncertainty is dominated by the mean Zee-
man frequency shift, which is proportional to the mean Zee-
man potential energy [see Eq. (8)]. When the mean Zeeman
potential energy is 3 Xng mK (temperaturel X nz mK), the
uncertainty of observed frequency is lower than 107! [see
Egs. (8) and (13)]. Weinstein er al. reduced the temperature
of magnetically trapped Cr atoms (initial density 10'' cm?)
from 1 K down to 10 mK, using evaporative and adiabatic
cooling [21]. *MgH and “°CaH molecules are in principle
much more advantageous for evaporative cooling than Cr
atoms, because the ratio of the inelastic collision cross sec-
tion to the elastic collision cross section Q is much smaller
than that for Cr atoms (for Cr atoms, Q>1 with kinetic
energy lower than 10 mK and Q= 1/10 with kinetic energy
between 50—200 mK) [21]. However, the initial density of
40CaH molecule is presently so low as 8 X 107 cm? [19] and
evaporative cooling takes time longer than 10* s (3 h). When
the molecular density at procedure (2) is higher than
10'" cm?, evaporative cooling is possible within 10 s. The
initial molecular density can be increased by (i) giving
higher magnetic field gradient and (ii) producing XH mol-
ecules at a position close to the trap center.

Here we consider the possibility to reduce the mean Zee-
man potential energy without evaporative cooling. The mean
Zeeman potential energy is reduced also by the adiabatic
cooling effect at procedure (4). We assume ng=1 (trapped by
anti-Helmholz coil). When the Zeeman potential depth is
adiabatically reduced from 2 K down to 9 mK, E,, is re-
duced with a factor of 0.027 [=(9/2000)%3] and molecules,
whose initial value of Ey,,/kg is lower than 330 mK, remain
in the trap after procedure (4). Assuming that the initial tem-
perature is 200 mK (mean value of E,,/kp is 900 mK), 18%
of initially trapped molecules remain in the trap. The mean
Zeeman potential energy after procedure (4) is 3 mK and the
Zeeman frequency shift is lower than 107!°. Therefore, the
measurement with the frequency uncertainty lower than
1071 is possible also without evaporative cooling.

Here we consider the frequency stability without evapo-
rative cooling. The expected frequency stability is estimated
by the Allan variance [40]:

Af 1 E (29)
71'f1 2 \’Nd |

where N, is number of detected molecules, 7, is the time for
one measurement cycle and 7 is the measurement time. With-
out evaporative cooling, 7, is in the order of 1 s. N, is esti-
mated as follows. The number of trapped molecules after
procedure (4) is larger than 107 molecule). Assuming also
(I/15)=10"", more than 10° molecules are transformed to the
vibrational excited state. The S/N ratio is then on the same
order with an ¥’Sr lattice clock using 10* atoms [41] because
the two-photon spectrum is free from the first order Doppler
effect and 1/4 of all molecules (1/2 of trapped molecules) are

PHYSICAL REVIEW A 77, 012511 (2008)

in the |n,=0,N=0,/=1/2,F=1,My=1) state. The instabil-
ity of **MgH n,=0—2 transition frequency is on the order
of 3 X 10-1%%, taking N,=10° and 7,=1 s.

When the initial molecular density is increased up to
10'" cm? and evaporative cooling is performed within 10 s,
the frequency stability is improved because of the larger
value of N, (although 7, becomes on the order of 10 s).

V. CONCLUSION

The |n,=0,N=0,J=1/2,F=1,Mp=1)—|n,=1 or 2,N
=0,J=1/2,F=1,Mp=1) transition frequencies of magneti-
cally trapped molecules in the 3 state are useful for observ-
ing variations in the electron-to-proton mass ratio, mainly
because of small Zeeman frequency shift. The uncertainty of
observed transition is sufficiently low (107'%) to measure
variations in an electron-to-proton mass ratio in a laboratory.

#MgH molecules are more advantageous than “°CaH
molecules for trapping and evaporative cooling, because of
their smaller inelastic-collision cross sections. Also note that
collisional frequency shift and light shift in **MgH transition
are smaller than those in *’CaH transition. Therefore, **MgH
transition is more advantageous for precise measurement
than *°CaH molecules. **MgH transition is more advanta-
geous than *’CaH transition to also obtain a high S/N ratio
because of the shorter wavelength (larger photon energy) of
observed fluorescence.

APPENDIX A

This appendix estimates the Zeeman frequency shift
of the “NH |X°%,n,=0,N=0,/=1,F=3/2,F=5/2,
Mp=5/2) — |X3%,n,=1,N=0,J=1,F,;=3/2,F=5/2, My
=5/2) transition.

Spin-spin interaction is significant for molecules in the >3
state, for example 1“NH molecules. Because of this interac-
tion, the [N=0,My=0,M¢=1) state is mixed with the |N
=2, My=0,M¢=1), |[N=2,My=1,M¢=0) and |[N=2,My
=2,M¢=-1) states [18]. The mix can roughly be estimated
by s, —)\/6B,, , where \ is the spin-spin interaction param-
eter in the n, th vibrational state. Taking N=27 GHz and B,
=490 GHz in the vibrational ground state [42], s,=0.0009.
As an[=Bo(1 —n,7)] depends on the vibrational state, s also
depends on the vibrational state. Taking 7=0.039 [26],

zZ, =%
=(sp—s5),
=G5
3kpT(s2 - s
(Afmlx)av B ( 0 1,2) i
hnB
B2_p2
57— s5= 1—03(2) ~279sp=6.3 X 107°,

By’

05@

(Af3X) (Hz) = -39 X 1
: .
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s%—sg =~ 477s§= 1.3 X107,

i T(K
(Af75)a(Hz) = = 7.8 X 1079
3 "
The |A Zix|aV is much larger than [Af%",, and
|Af21 2/ f12lay=3.9X 10°T(K)/ng. Assuming T~1 mK and
ng=1 (trapped by anti-Helmholz coil), |Af,/fl, is on the
order of 3.9 X 1072,

APPENDIX B

This appendix estimates the internuclear distance, perma-
nent dipole moment, and vibrational transition dipole mo-
ment of a diatomic molecule, XY, in all vibrational states
(n,) using a parameter n[:(BnU—B,,UH)/BO].

When X and Y atoms have electric charge *g¢, dipole
moment of XY molecule is given by

M=dqry,

where r, is relative position between two nuclei. The dipole
matrix element is given by

Mon, = <nv|lu“|nv> = qrd(nv)’

<nv|lu‘|nv - ]> = \‘J’nv/u‘, >

M’ = q(Ar)O’

PHYSICAL REVIEW A 77, 012511 (2008)

1 h
(Ar)g=(1]r 0) = Py ey

where myy is the reduced mass between X and Y atoms and
rq(n,) is the mean value of r; in each vibrational state. The
value of ry(n,) is given by

rj(nv) = rfl(O) + nv(Ar)é.

Considering B, =h*/2mxyr,(n,)?, the following formulas
using 7l[=(an—an+l)/ By] (see Table 1) are derived as

_ r}z(nv) - rf(nv +1) . [ rfi(nv) :|

i (ny) ra(n, + 1)

As can be seen from Table I, <1 and the following ap-
proximations are valid:

@ni= (-1 )0 = i

rn) =rd0) _ ((Ar)o)z_lznvn
r4(0) o7 r4(0) 2’
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