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We consider the problem of whether graph states can be ground states of local interaction Hamiltonians. For
Hamiltonians acting on n qubits that involve at most two-body interactions, we show that no n-qubit graph
state can be the exact, nondegenerate ground state. We determine for any graph state the minimal d such that
it is the nondegenerate ground state of a d-body interaction Hamiltonian, while we show for d�-body Hamil-
tonians H with d��d that the resulting ground state can only be close to the graph state at the cost of H having
a small energy gap relative to the total energy. When allowing for ancilla particles, we show how to utilize a
gadget construction introduced in the context of the k-local Hamiltonian problem, to obtain n-qubit graph states
as nondegenerate �quasi�ground states of a two-body Hamiltonian acting on n��n spins.
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I. INTRODUCTION

Graph states form a large family of multiparticle quantum
states that are associated with mathematical graphs. More
precisely, to any n-vertex graph G an n-qubit graph state �G�
is associated. Graph states play an important role in several
applications in quantum information theory and quantum
computation �1�. Most prominently, the graph states that cor-
respond to a two-dimensional square lattice, also known as
the 2D cluster states �2�, are known to be universal resources
for measurement based quantum computation �3,4�. Other
graph states serve as algorithmic specific resources for mea-
surement based quantum computation, are codewords of
error correcting codes known as Calderbank-Shor-Steane
codes �6,7�, or are used in multiparty communication
schemes �8–10�. Graph states are specific instances of stabi-
lizer states, which allow for an efficient description and ma-
nipulation of the states by making use of the stabilizer for-
malism �5�. This also makes them attractive as test-bed states
to investigate the complex structure of multipartite entangled
quantum systems �1�. We refer to Ref. �1� for an extensive
review about graph states and their applications.

While it is known how to efficiently prepare n-qubit graph
states in highly controlled quantum systems using only O�n2�
phase gates, the question of whether certain graph states can
occur naturally as nondegenerate ground states of certain,
physically reasonable, local interaction Hamiltonians re-
mains unanswered so far. This question is of direct practical
relevance, as if this would be the case, graph states could
simply be prepared by cooling a system governed by such a
local interaction Hamiltonian, without further need to access
or manipulate individual qubits in a controlled way. More-
over, measurement based quantum computation could then
be realized by simply cooling and measuring.

The first results in this context have recently been ob-
tained by Nielsen in Ref. �11�, where classes of graph states
which cannot possibly occur as ground states of two-body
Hamiltonians have been constructed. Moreover, numerical
evidence was reported which raised the conjecture that in
fact no n-qubit graph state can occur as the nondegenerate
ground state of an n-qubit two-body spin-1 /2 Hamiltonian—

and this conjecture is believed to hold by several researchers
in the field. Nonetheless, a definitive answer to the question
of whether there exists graph states which are nondegenerate
ground states of two-body Hamiltonian, is to date missing. In
this article we provide a proof of this conjecture for arbitrary
n-qubit graph states and two-body interaction Hamiltonians
acting on n qubits.

In fact, we provide some more general results, where we
consider n-qubit graph states �G� that are ground states of
d-body Hamiltonians H acting on n qubit systems, where d is
possibly larger than two. We find the following.

�i� For every graph state �G�, we determine the minimal d
such that �G� is a, possibly degenerate, ground state of a
d-body Hamiltonian H, and show that d is equal to the mini-
mal weight of the stabilizer group of �G�.

�ii� For every graph state �G�, we determine the minimal d
such that �G� is the nondegenerate ground state of a d-body
Hamiltonian H, where we show that d is again related to the
stabilizer via a quantity which we denote by ���G��. In ad-
dition, we find that ���G�� cannot be smaller than 3 for all
graph states, i.e., no graph state can be the nondegenerate
ground state of a two-body Hamiltonian.

�iii� For d�����G��, we show that the ground state of any
d�-body Hamiltonian H can only be �-close to �G� at the cost
of H having an energy gap �relative to the total energy� that
is proportional to �.

If we allow for ancilla particles, i.e., consider systems of
n��n spins where we are interested only in the state of a
subset of n qubits, we find the following.

�iv� Any graph state �G� of n qubits can be the nondegen-
erate �quasi�ground state of a two-body Hamiltonian that acts
on n��n qubits.

The latter result follows from a so-called gadget construc-
tion introduced in Refs. �19,20� in the context of the k-local
Hamiltonian problem. Here, the ancilla particles act as me-
diating particles to generate an effective many-body Hamil-
tonian on the n system particles, using only two-body inter-
actions. Although this leads in principle to a way to obtain
graph states as nondegenerate ground states of two-body in-
teraction Hamiltonians, a high degree of control is required
in the interaction Hamiltonians as the parameters describing
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the interaction need to be precisely adjusted. We remark that
this result is closely related to a recent finding of Bartlett and
Rudolph �12�, who show how to obtain an encoded graph
state corresponding to a universal resource for measurement
based quantum computation �a 2D cluster state or a state
corresponding to a honeycomb lattice �13�� using a construc-
tion based on projected entangled pairs.

The paper is organized as follows. In Sec. II, we provide
definitions and settle notation. In Sec. III, we consider de-
generate ground states and provide a simple argument to de-
termine the minimal d such that �G� can be the exact ground
state of a d-body Hamiltonian. In Sec. IV we treat the non-
degenerate case, and compute, for every graph state, the
minimal d such that this graph state is the nondegenerate
ground state of a d-body Hamiltonian; this quantity is de-
noted by ���G��. In Sec. V we consider approximate ground
states, i.e., approximations of �G� using d�-body Hamilto-
nians where d� is strictly smaller than ���G��. In Sec. VI we
consider the case of ancilla particles, and show how to obtain
any n-qubit graph state as a nondegenerate �quasi�ground
state of a two-body Hamiltonian on n��n qubits. We dem-
onstrate the gadget construction for the one-dimensional
cluster state and the honeycomb lattice. Finally, we conclude
in Sec. VII.

II. DEFINITIONS AND NOTATIONS

The Pauli spin matrices are denoted by �x, �y, �z, and �0
denotes the 2�2 identity operator. A Pauli operator on n
qubits is an operator of the form �=�i1

� ¯ � �in
, where

i1 , . . . , in� �0,x ,y ,z�. The weight wt��� of � is the number
of qubit systems on which this operator acts nontrivially. A
d-body spin-1 /2 Hamiltonian on n qubits is a Hermitian op-
erator of the form H=	�h��, where the sum runs over all
n-qubit Pauli operators � with wt����d, and where the h�

are real coefficients.
Let G= �V ,E� be a graph with vertex set V= �1, . . . ,n� and

edge set E. The graph state �G� is defined to be the simulta-
neous fixed point of the n operators

�x
�a� 


b�N�a�
�z

�b�, �1�

for every a�V, where N�a��V denotes the set of vertices b
connected to a by an edge. The superscripts denote on which
system a Pauli operator acts. The stabilizer S of �G� is the
group of all operators of the form g= ±�, where � is a Pauli
operator on n qubits, satisfying g �G�= �G�. Recall that �S �
=2n and that S is an Abelian group, i.e., �g ,g��=0 for every
g ,g��S. We will frequently use the expansion

�G��G� =
1

2n 	
g�S

g . �2�

We refer to Ref. �1� for extensive material regarding graph
states and the stabilizer formalism.

To avoid technical issues arising in trivial cases, we will
only consider fully entangled graph states �corresponding to
connected graphs� on n�3 qubits.

III. DEGENERATE GROUND STATES

In this section we investigate under which conditions a
graph state is the ground state of a d-body Hamiltonian. At
this point we will not yet require that this ground state is
nondegenerate—this case will be considered below—which
is a considerable simplification, and we will see that elemen-
tary arguments suffice to gain total insight in this matter. In
Secs. III A and III B these insights are obtained, and ex-
amples are given in Sec. III C.

A. General results

In order to exclude trivial cases, we will only consider
Hamiltonians which are both nonzero and not a multiple of
the identity; such Hamiltonians will be called nontrivial. We
will need the following definition.

Definition 1. Letting �G� be an n-qubit graph state with
stabilizer S, define

	��G�� ª min
g�S\�I�

wt�g� , �3�

i.e., 	��G�� is defined to be the minimal weight of S.
One immediately finds that the nontrivial 	��G��-body

Hamiltonian

H ª − 	
g�S,wt�g�=	��G��

g �4�

has the state �G� as a ground state. Furthermore, let d
�	��G�� and suppose that H� is a nontrivial d-body Hamil-
tonian having �G� as a ground state. We prove that this leads
to a contradiction. Defining the nontrivial Hamiltonian

H� ª H� − 2−n Tr�H��I , �5�

it follows that Tr�H��=0 and that �G� is also a ground state
of H�. Letting E0 be the ground state energy of H�, it follows
from Eq. �2� that

E0 = �G�H��G� =
1

2n 	
g�S

Tr�gH�� . �6�

As d�	��G�� and H� is a d-body Hamiltonian, one has
Tr�gH��=0 for every I�g�S. Furthermore, one has

Tr�H� · I� = Tr�H�� = 0 �7�

by construction of H�, and therefore Tr�gH��=0 for every
g�S. Together with Eq. �6�, this shows that E0=0. As H�
has zero trace and E0=0 is the smallest eigenvalue, this im-
plies that H�=0, yielding a contradiction, since H� was as-
sumed to be nontrivial. This shows that �G� cannot be the
ground state of H�.

We have proven the following result.
Theorem 1. Let �G� be a graph state on n qubits and let

	��G�� be defined as above. Then �i� there exists a nontrivial
	��G��-body Hamiltonian on n qubits having �G� as
a—possibly degenerate—ground state; �ii� any nontrivial
n-qubit Hamiltonian having �G� as a ground state must in-
volve at least 	��G��-body interactions.

Thus 	��G�� is the optimal d such that the graph state �G�
is the ground state of a nontrivial d-body Hamiltonian. Note
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that some graph states can occur as degenerate ground states
of two-body Hamiltonians, namely whenever the stabilizer
of �G� contains elements of weight 2. This, e.g., occurs when
the graph has one or more vertices of degree 1 �see Eq. �1��.
We refer to Sec. III C for examples.

In the next section we focus on some techniques to com-
pute 	��G��.

B. Computing �„�G‹)

We will show that 	��G�� can be computed directly from
the graph G in two distinct ways: One method being alge-
braic and the other graphical.

In the graphical approach, one considers a graph transfor-
mation rule called local complementation, defined as fol-
lows. Let a�V be a vertex of G and let N�a��V denote the
neighborhood of this vertex. The local complement G*a of
the graph G at the vertex a is defined to be the graph ob-
tained by complementing �i.e., replacing edges with non-
edges and vice versa� the subgraph of G induced on the
subset N�a� of vertices, and leaving the rest of the graph
unchanged. Local complementations of graphs correspond to
local �Clifford� operations on the corresponding graph states
�15�. Moreover, it was proven in Ref. �14� that 	��G��−1 is
equal to the minimal vertex degree of any graph which can
be obtained from G by applying local complementations.
This immediately yields a graphical method to calculate
	��G��, as one simply has to draw all graphs which can be
obtained from G by local complementations and determine
the smallest vertex degree in this class of graphs. We refer to
Refs. �1,15� for more details on local complementation of
graphs and local operations on graph states.

In the algebraic approach, one considers the adjacency
matrix 
 of G and defines, for every subset A�V of the
vertex set of G, the �A � � �n− �A � � matrix


�A� ª �
ab�a�A,b�V\A. �8�

We can then formulate the following result.
Theorem 2. Let G= �V ,E� be a graph with adjacency ma-

trix 
. Then 	��G�� is equal to the smallest possible cardinal-
ity �A� of a subset A�V such that �A � � rank2
�A� �where
“rank2X” denotes the rank of a matrix X over the finite field
GF�2��.

Proof. The proof uses standard graph state techniques; see
Ref. �1�. First one shows that 2�A�−rank2
�A� is equal to the
number of elements g= ±�i1

� ¯ � �in
in the stabilizer S of

�G� satisfying i�=0 for every ��V \A. Therefore, if �A �
=rank2 
�A� for every subset A with cardinality �A � =d, then
S does not contain elements of weight d or less. The result
then immediately follows. �

Note that the above result yields a polynomial time algo-
rithm to test, for a given constant k �independent of n�,
whether 	��G�� is smaller than k. In order to do so, one needs
to calculate the rank over GF�2� of all matrices 
�A� with
�A � �k; since the number of such matrices is 	i=0

k � n
i
� �which

is polynomial in n� and the rank of a matrix can be calculated
in polynomial time in the dimensions of the matrix, one ob-
tains a polynomial algorithm to verify whether 	��G�� is

smaller than k. However, a direct computation of 	��G�� is
likely to be a hard problem.

C. Examples

Here we give some examples of the theoretical results
obtained regarding graph states as nondegenerate ground
states.

Following theorem 2, one finds that a graph state is the—
degenerate—ground state of a two-body Hamiltonian if and
only if its stabilizer contains elements of weight 2. For ex-
ample, the GHZ state ��0�n+ �1�n� /
2 �which is locally
equivalent to the graph state defined by the fully connected
graph� is the degenerate ground state of the Ising Hamil-
tonian with zero magnetic field:

H = − 	
i=1

n−1

�z
�i��z

�i+1�. �9�

One can easily verify that this ground state is twofold degen-
erate.

The linear cluster �Ln� state with open boundary condi-
tions, where Ln is the linear chain on n vertices, also is the
degenerate ground state of a two-body Hamiltonian. This
immediately follows by considering the stabilizer generators
associated to the two boundary vertices of the graph Ln,
which both have degree 1, therefore 	��Ln��=2 by using the
graphical approach to determine 	��G��, as explained in Sec.
III A. The state �Ln� is the ground state of the Hamiltonian

− �x
�1��z

�2� − �z
�n−1��x

�1�. �10�

However, the degeneracy of the ground state energy is very
large, namely 2n−2. �Moreover, an argument similar to the
proof of theorem 3 shows that any two-body Hamiltonian
having �Ln� as a ground state must exhibit at least this degen-
eracy.�

Consider the 1D cluster state �Cn� with periodic boundary
conditions, which is a graph state where the underlying
graph is a cycle graph Cn. The adjacency matrix of Cn is
given by


 = �
· 1 · · · 1

1 · 1 · · ·

· 1 · 1 · ·

· · 1 · 1 ·

· · · 1 · 1

1 · · · 1 ·

� , �11�

where we give the example for n=6. The periodic boundary
conditions are chosen such as to eliminate boundary effects.
Using theorem 2, we easily find that 	��Cn��=3. Indeed,

��a�� has rank 1 for every a�V, and 
��a ,b�� has rank 2
for every two-element subset �a ,b� of V. Moreover, the rank
of

GRAPH STATES AS GROUND STATES OF MANY-BODY… PHYSICAL REVIEW A 77, 012301 �2008�

012301-3




��1,2,3�� = � · · 1

· · ·

1 · ·
� �12�

is equal to 2, and therefore 	�G�= ��1,2 ,3� � =3.
The 2D cluster state �Ck�k� has 	��Ck�k��=3 �open bound-

ary conditions� or 	��Ck�k��=5 �periodic boundary condi-
tions�, which can be verified by applying theorem 2.

IV. NONDEGENERATE GROUND STATES

While in the previous section we have found that graph
states can be degenerate ground states of two-body Hamilto-
nians, next we show that they can never be nondegenerate
ground states of such Hamiltonians. As in the previous sec-
tion, first we present the general results in Sec. IV A, after
which we give examples in Sec. IV B.

A. General results

In order to investigate nondegenerate ground states and
their relation to graph states, we will need the following
definition.

Definition 2. Let �G� be a graph state on n qubits with
stabilizer S. Let Sd be the subgroup of S generated by all
elements of weight at most d �17�. Then ���G�� is defined to
be the minimal d such that Sd=S.

We can now state the second main result of this article.
Theorem 3. Let �G� be a graph state on n�3 qubits, and

let ���G�� be defined as above. Then �i� there exists an
���G��-body Hamiltonian on n qubits having �G� as a non-
degenerate ground state; �ii� any n-qubit Hamiltonian having
�G� as a nondegenerate ground state must involve at least
���G��-body interactions; �iii� ���G���3, i.e., no n-qubit
graph state is the nondegenerate ground state of a two-body
Hamiltonian on n qubits.

Proof. First we show that �G� is the nondegenerate ground
state of an ���G��-body Hamiltonian. To see this, note that by
definition of ���G�� there exists a set of generators
�g1 , . . . ,gn� of S such that wt�gi�����G�� for every i
=1, . . . ,n. Therefore, the Hamiltonian Hª−	i=1

n gi involves
at most ���G��-body interactions. Moreover, H has the state
�G� as a nondegenerate ground state. To see this, note that the
operators gi mutually commute, and that they have eigenval-
ues ±1. Therefore, the smallest eigenvalue of H is equal to
−n. As H �G�=−n �G� trivially, this shows that �G� is a
ground state of H. Furthermore, this ground state is nonde-
generate, as any state ��� satisfying H ���=−n ��� must also
satisfy gi ���= ��� for every i=1, . . . ,n, and therefore ���
must be equal to �G� up to a global phase. This shows that H
has �G� as the nondegenerate ground state.

Conversely, we prove that any Hamiltonian having �G�
as a nondegenerate ground state must involve at least
���G��-body terms. To see this, suppose that H� is a d-body
Hamiltonian, with d����G��, having �G� as a ground state.
Let �g1 , . . . ,gs� be a set of independent �16� generators of Sd,
where s=log2 �Sd�. As d����G�� it follows that Sd cannot be
equal to S. Hence there exists a nonempty independent set of

elements �gs+1 , . . . ,gn��S, where wt�gi��d+1 for every i
=s+1, . . . ,n, such that �g1 , . . . ,gn� is an �independent� gen-
erating set of S. We then define �G ;
� to be the stabilizer
state with stabilizer S
 generated by the set

�g1, . . . ,gs,�− 1�
s+1gs+1, . . . ,�− 1�
ngn� , �13�

for every 
ª �
s+1 , . . . ,
n�� �0,1�n−s.
We now claim that

�G���G� = �G;
���G;
� �14�

for every Pauli operator � of weight at most d. This property
can be shown by considering Eq. �2� and a similar expansion
for �G ;
�, and making a distinction between the following
cases: �a� ���S for some �= ±1; �b� both � and −� do not
belong to S.

First, if �a� ���S for some �= ±1 then by construction
���S
, and therefore

�G���G� = �G;
���G;
� = � . �15�

Second, if �b� both � and −� do not belong to S, then none of
these two operators can belong to the stabilizer S
: Suppose
that ���S
 for some �= ±1; then �� can be written in a
unique way as a product

�� = 

i=1

s

gi
ai 


j=s+1

n

��− 1�
jgj�aj �16�

for some �a1 , . . . ,an�� �0,1�n. But then clearly either � or −�
is equal to g1

a1
¯gn

an �S, which yields a contradiction. We
can now conclude, as both � and −� belong to neither S nor
S
, that

�G���G� = �G;
���G;
� = 0. �17�

This proves property �14�. Using this identity, we find that
�G �H� �G�= �G ;
 �H� �G ;
� for every 
. As �G �H� �G� is
equal to the ground state energy E0 of H�, this shows that
every state �G ;
� is an eigenstate of H� with eigenvalue E0.
Hence the ground state of H� is degenerate.

Finally, it we prove that S2 cannot be equal to S for any
�fully entangled� graph state on n�3 qubits, which implies
that ���G���3.

Note that a fully entangled graph state cannot have stabi-
lizer elements of weight 1. Suppose that g1 , . . . ,gn are n
Pauli operators of weight 2 which generate S. We will show
that this leads to a contradiction. For two arbitrary such op-
erators gi and gj, we distinguish between three possible
cases: �i� gi and gj act nontrivially on disjoint pairs of qubits,
�ii� gi and gj act nontrivially on the same pair of qubits, and
�iii� gi acts nontrivially on qubits a and b, and gj acts on
qubits a and c, for some a ,b ,c� �1, . . . ,n�. If �ii� is the case,
one finds that the operators gi, gj, and gigj, which act on the
same pair of qubits, belong to the stabilizer. Due to the com-
mutativity of these operators, one finds that up to a local
unitary operation, one has gi=X � X � In−2, gj =Z � Z � In−2,
and gigj =−Y � Y � In−2, where Ik is the identity on k qubits.
As
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�I2,X � X,Z � Z,− Y � Y� �18�

is the complete stabilizer of a two-qubit �Bell� state ��B�, it
then follows that �G� can be written as a tensor product �G�
= ��B� � ��̃� for some ��̃�. This yields a contradiction, as we
have assumed that �G� is fully entangled. Thus only cases �i�
and �iii� occur. It is then easy to show that any set of inde-
pendent Pauli operators which satisfies these condition, can
contain at most n−1 elements. However, n elements are re-
quired to obtain a full generating set of a stabilizer. This
shows that no fully entangled graph state can be generated
by weight two elements. This proves the result. �

A few remarks are in order. First, the above result proves
that graph states cannot be nondegenerate ground states of
two-body Hamiltonians. This settles the question raised by
Nielsen in Ref. �11�.

Second, it follows from the proof of theorem 3 that, given
any d����G�� and any Hamiltonian H� having �G� as a �nec-
essarily degenerate� ground state, then the degeneracy is at
least equal to

2n−s = 2n�Sd�−1, �19�

since we have proven that the 2n−s orthogonal states ��G ;
��


are all ground states of H�. Also, note that the d-body Hamil-
tonian

H� ª − 	
g�S,wt�g��d

g �20�

has �G� as a degenerate ground state, where the degeneracy is
exactly equal to Eq. �19�.

Finally, we note that computing ���G�� for an arbitrary
graph state is likely to be hard. A brute force approach would
be the following: Enumerate all generating sets S
ª �g1 , . . . ,gn� of the stabilizer S of �G�, and determine wt�S�,
which is defined to be the maximal weight of an element in
S. Then the minimal value of wt�S�, when S ranges over of
all generating sets, is then equal to ���G��. Clearly this ap-
proach is nonpolynomial, as the stabilizer of a graph state on
n qubits has O�2n2

� generating sets. Nevertheless, in the next
section we will encounter some interesting examples of
graph states where ���G�� can be computed quickly.

B. Examples

In this section we consider some examples of the calcu-
lation of ���G��. Note that one always has ���G���	��G��.

Consider the linear cluster state with periodic boundary
conditions. The stabilizer of the state �Cn� is generated by the
elements

�z
�a−1��x

�a��z
�a+1� �21�

�a=1, . . . ,n�. This implies that �Cn� is the nondegenerate
ground state of the three-body Hamiltonian

− 	
a=1

n

�z
�a−1��x

�a��z
�a+1�. �22�

Theorem 3 �iii� then shows that H is optimal in the sense that
no two-body Hamiltonian exists having �Cn� as a ground
state. Thus we have proven that ���Cn��=3.

For the linear cluster state with open boundary conditions
�Ln� one also finds that ���Ln��=3, as �Ln� is the nondegen-
erate ground state of a three-body Hamiltonian analogous to
Eq. �22�.

As for the 2D cluster states, one finds that ���Ck�k��=5,
showing that at least five-body interactions are needed to
have these states as nondegenerate ground states. We note
that Nielsen already proved in Ref. �11� that the 2D cluster
states on n qubits cannot be ground states of two-body
Hamiltonians on n qubits.

V. APPROXIMATE GROUND STATES

Having determined that at least ���G��-body interactions
are needed to obtain a graph state �G� as an exact nondegen-
erate ground state, next we investigate whether it is possible
to obtain nondegenerate ground states close to graph states
when only d-body Hamiltonians are considered with d
����G��. We will show that this is only possible if the
Hamiltonians have small energy gaps between the ground
state and the first excited level. In order to obtain this result,
we prove a technical result which relates the fidelity between
a graph state and the ground state of a Hamiltonian, and the
spectrum of this Hamiltonian.

Theorem 4. Let d be a positive integer. Let �G� be an
n-qubit graph state with stabilizer S, let Sd�S be defined as
above, and denote rª2n �Sd�−1. Let H be a d-body, n-qubit
Hamiltonian with ground state ���, and let E
= �E0 ,E1 , . . . ,E2n−1� be the energies of H in ascending order.
Then

1

2�E�

�E0 + ¯ + Er−1

r
− E0� � �1 − ��G����2�1/2.

Proof. Consider the Hermitian operator

�d ª
1

2n 	
g�Sd

g . �23�

Note that this operator satisfies

��d�2 =
1

22n 	
g�Sd

g 	
h�Sd

h =
1

22n 	
g�Sd

	
h�Sd

h =
�Sd�
2n �d = r−1�d.

�24�

The second equality holds since Sd is a group. It follows that
�r�d�2=r�d, showing that r�d is a projection operator. Thus
all nonzero eigenvalues of this operator are equal to 1, im-
plying that the trace of r�d is equal to the rank of this matrix.
As the trace of �d is equal to 1, it follows that the rank of �d
�and r�d� is equal to r.

We now use Ky Fan’s maximum principle, which states
the following: Letting H be any Hermitian operator, the
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minimum value of Tr�PH�, when the minimization is taken
over all projection operators P of rank r, is equal to the sum
of the r smallest eigenvalues E0 ,E1 , . . . ,Er−1 of H. As r�d is
a rank r projector, this shows that

E0 + E1 + ¯ + Er−1 � r Tr��H� . �25�

Note that Tr���d�= �G �� �G� for every Pauli operator � of
weight at most d, and we therefore have Tr��dH�
= �G �H �G�, showing that

1

r
�E0 + E1 + ¯ + Er−1� � �G�H�G� . �26�

We now determine an upper bound to �G �H �G� in terms of
the fidelity Fª ��G ����. By the Cauchy-Schwarz inequality
the trace Tr�H��G��G �−����� � �� cannot be greater than the
product

�Tr�H2��1/2�Tr��G��G� − �������2�1/2. �27�

The first factor of Eq. �27� is equal to �E� and the second
factor is equal to the square root of 2�1−F2�. We now find
that

�G�H�G� = Tr�H��G��G� − �������� + ���H���

� 
2�E��1 − F2�1/2 + ���H���

= 
2�E��1 − F2�1/2 + E0. �28�

Combining this identity with Eq. �26� proves the result. �
An important implication of this result is the following.

Letting �E=E1−E0 be the energy gap of H between the
ground state energy and the first excited level, one finds that
Ei�E0+�E for every i=1, . . . ,2n−1, and therefore

�r − 1��E

r
�

E0 + ¯ + Er−1

r
− E0. �29�

This shows that

r − 1

2r

�E

�E�
� �1 − ��G����2�1/2. �30�

As r�2 for any d����G��, this proves that any ground state
of a d-body Hamiltonian H with d����G�� can only be
�-close to the graph state �G� at the cost of H having an
energy gap which is �-small relative to the total energy in the
system.

In a first approximation, this result indicates it might be
difficult to robustly create states close to the graph state �G�
by cooling a system governed by a d-body Hamiltonian into
its nondegenerate ground state, as minor thermal fluctuations
may easily bring the system into an excited state �which is
orthogonal to the ground state�, since the energy gap is nec-
essarily small. However, two important remarks regarding
the precise interpretation of this result are in order.

First, Eq. �29� is stated in terms of the quantity �Erel
ª�E / �E�, i.e., the energy gap relative to the total energy,
rather than in terms of the absolute energy gap. This implies
that, in physical systems where �E is held constant and
where �E� is very large, one finds that �Erel is arbitrarily
small. This situation might, e.g., occur if there exist a large

number of energy levels in the system, each a constant dis-
tance �E apart. Hence, in such cases the bound �29� does not
seem to be very useful. The fact that �Erel appears in Eq.
�29�, and not the absolute gap �E, is due to the fact that the
bound is totally general, in that it holds for all Hamiltonians;
in particular, it does not exclude situations where, e.g., the
ground state level is maximally degenerate.

Second, we also note that the fidelity might not be the best
suited distance measure in certain applications. If one is for
instance interested in creating 2D cluster states in order to
build a one-way quantum computer, it is known that if the
2D cluster states are subject to local noise which is below a
certain threshold, the resulting states still enable universal
quantum computation—this follows from the fault tolerance
of the one-way model, where computation is performed on
encoded states �23�. However, when the fidelity is used as a
distance measure, the original 2D cluster states and the noisy
ones can be very far apart �their fidelity can even be expo-
nentially small�. Thus, for such applications, one should be
cautious in using the bound �29�.

Finally, we note that �an analoge of� theorem 4 can also
be derived from theorem 1 in Ref. �18�, where a general
bound on the fidelity between an arbitrary state ��� and the
ground state ��� of a Hamiltonian H is obtained in terms of
the spectrum of H.

In the next section we consider Hamiltonians on n��n
qubits, thus allowing for ancilla particles, which are to be
constructed in such a way that the desired n-qubit graph
states occur as states on a subset of the initial system of n�
qubits.

VI. ANCILLA PARTICLES AND GADGET
CONSTRUCTIONS

In this section we demonstrate how one can construct a
two-body Hamiltonian with approximately the same ground
state as a given many-body Hamiltonian. The basic idea is
from Refs. �19,20� where they use perturbation theory to
show that by adding ancilla qubits one can construct a two-
body Hamiltonian whose ground state is arbitrarily close to
the ground state of any many-body Hamiltonian. In this con-
struction, the ancilla qubits serve to mediate interactions.
More precisely, a strong interaction term within the auxiliary
system favors a certain subspace, leading effectively to a
projection onto this subspace. Pairwise interactions between
the auxiliary system and remaining particles, together with
the effective projection onto this subspace, lead to effective
many-body interactions. Notice that by adding ancilla qubits
we can avoid the problems discussed in the previous sec-
tions.

We first illustrate the construction with the help of two
examples. First, we consider in Sec. VI A a linear cluster
state, which is the exact ground state of a three-body Hamil-
tonian. We show how to find a two-body Hamiltonian with
approximately the same ground state using a gadget con-
struction with three ancilla qubits per three-body interaction
term. Second, in Sec. VI B we consider a graph state corre-
sponding to a honeycomb �or hexagonal� lattice. A different
type of gadget construction is required in this case, which
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first reduces the required four-body interaction terms to
three-body interactions. These three-body interactions are
then subsequently reduced to two-body interactions using the
same construction as in the first example. We remark that the
honeycomb lattice graph state is a universal resource for
measurement-based quantum computation �13�. Therefore,
the two-body Hamiltonian we construct in this section will
have a universal resource for quantum computation as a
ground state. We conclude with Sec. VI C by discussing how
any graph state can be the approximate ground state of a
two-body Hamiltonian.

A. Linear cluster state

In order to create a two-body Hamiltonian with the same
ground state as a given three-body Hamiltonian H, we create

a new perturbed Hamiltonian H̃=K+V where K is a Hamil-
tonian with large spectral gap and degenerate ground space
associated with eigenvalue 0. V is a Hamiltonian with norm
much smaller than the gap of K that attempts to recreate the
spectrum of H in the gap of K by raising the degeneracy.

Our starting Hamiltonian will be Eq. �22� which has the
linear cluster state on n qubits as a ground state. We will only
consider Hamiltonians with periodic boundary conditions,
i.e., the cluster state corresponds to a ring graph. We con-
struct a two-body Hamiltonian with a ground state that is
close to the ground state of Eq. �22�. In order the apply the
perturbation theory argument given in �19� we require our
Hamiltonian to be in a certain form. We simply rewrite Eq.
�22� as

H = 	
i=1

n
− n9

6
�H1

�i� − 6Bz
�i−1�Bx

�i�Bz
�i+1�� , �31�

where

Bj
�i� = � 2

n3 I +
1

n3� j
�i�� �32�

and H1
�i� is a Hamiltonian that contains only two-body, one-

body, and identity terms, namely

H1
�i� =

48

n9 I +
24

n9 ��x
�i� + �z

�i+1� + �z
�i−1��

+
12

n9 ��x
�i��z

�i+1� + �x
�i��z

�i−1� + �z
�i−1��z

�i+1�� . �33�

Let i1, i2, and, i3 be the ancilla qubits for qubit i. For a
sufficiently small 	 we can show that the two-body perturbed

Hamiltonian H̃=−�n9 /6��K+V� has approximately the same
ground state as Eq. �22�, where

K = −
	−3

4 	
i=1

n

��z
�i1��z

�i2� + �z
�i1��z

�i3�� −
	−3

4 	
i=1

n

��z
�i2��z

�i3� − 3I�

�34�

and

V = 	
i=1

n

H1
�i� + 	−1	

i=1

n

��Bx
�i−1��2 + �Bz

�i��2 + �Bz
�i+1��2�

− 	−2	
i=1

n

�Bz
�i−1��x

�i1� + Bx
�i��x

�i2� + Bz
�i+1��x

�i3�� . �35�

Notice that the Hamiltonian K has eigenvalues 0 and 	−3. We
use V to manipulate this gap in order to approximate Eq.
�22�.

By substituting in the appropriate values for the Bj
�i� in V

we get our final two-body Hamiltonian, H̃=−�n9 /6��K+V�,
where K is as above and

V = 	
i=1

n

H1
�i� +

	−1

n6 	
i=1

n

�15I + 4�z
�i−1� + 4�x

�i� + 4�z
�i+1��

−
	−2

n3 	
i=1

n

�2�x
�i1� + 2�x

�i2� + 2�x
�i3��

−
	−2

n3 	
i=1

n

��x
�i−1��x

�i1� + �z
�i��x

�i2� + �z
�i+1��x

�i3�� . �36�

Figure 1 shows the interaction diagram of the linear clus-
ter state which is the approximate ground state of a two-body
Hamiltonian. The original qubits are shown in blue and the
red qubits are the added ancilla qubits. This diagram is sig-
nificantly less complex than the interaction diagram of a two-
body Hamiltonian constructed from the four-body honey-
comb lattice, which we consider below.

Although this section has shown us a method for creating
a two-body Hamiltonian with approximately the same
ground state as a three-body Hamiltonian, it has also demon-
strated a major disadvantage with this method. In order for
the perturbation theory to apply we need to choose a small 	.
The smaller 	 is the greater the difference between the coef-
ficients of K and the parts of V becomes. As this gap be-
comes bigger it becomes more difficult to create such a
Hamiltonian in the laboratory as it requires a high degree of
precision over several orders of magnitude. Added to this
problem is the fact that the coefficients depend on the num-
ber of qubits in the original lattice; see Eq. �36� for an ex-
ample. As the number of qubits increases the difference be-
tween the coefficients grows even larger.

B. Honeycomb lattice graph state

Next, we use the gadgets from above to show that the
honeycomb lattice graph state can occur as the approximate

i 1+

i

i 1-

i2
i3i1

FIG. 1. �Color online� Interaction diagram of a two-body Hamil-
tonian with the linear cluster state as the ground state. The original
qubits are shown in dark gray and the light gray qubits are the
added ancilla qubits.
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ground state of a two-body Hamiltonian. We show this by
using a two step process. We start with a four-body Hamil-
tonian with the honeycomb lattice graph state as a ground
state. Then, using results from �20� we create a three-body
Hamiltonian with approximately the same ground state. We
then use the procedure described in the previous section to
reduce each of the three-body interactions to two-body inter-
actions, hence constructing a two-body Hamiltonian with ap-
proximately the same ground state as the initial four-body
Hamiltonian.

Our starting Hamiltonian is given by

H = − 	
i

�x
�i��z

�ia��z
�ib��z

�ic�, �37�

where ia, ib, and ic are the neighboring qubits to qubit i in the
hexagonal lattice graph and each term is a member of the
generator for the stabilizer of the graph state. It is clear that
the ground state of this four-body Hamiltonian is the honey-
comb lattice state. We note that the hexagonal lattice graph
state is a universal resource for measurement based quantum
computation.

Let us first illustrate the construction for a single four-
body term in the Hamiltonian �see also Fig. 2�. In the first
step, the four-body interaction term �x

�i��z
�ia��z

�ib��z
�ic� is re-

duced to three-body interactions by adding an ancilla par-
ticle, i7. The ancilla particle is coupled via three-body inter-
actions to two distinct pairs of particles, �i , ia� and �ib , ic�.
That is, the four-body interaction is essentially replaced by
two three-body interactions �x

�i��z
�ia��x

�i7� and �z
�ib��z

�ic��x
�i7�, to-

gether with a strong single body term �1��1��i7�. In the second
step, each of the three-body terms is reduced to two-body
interactions following the procedure described in the previ-
ous section. That is, three auxiliary particles which strongly
interact pairwise in a triangular configuration are coupled via
pairwise interactions to the three system particles, i.e.,

�i1 , i2 , i3� interact pairwise and are coupled to �i , ia , i7�, and
�i4 , i5 , i6� interact pairwise and are coupled to �ib , ic , i7�. This
finally reduces the involved interactions to two-body terms,
at the cost of adding in total seven ancilla qubits. Notice that
this is just a sketch of the construction, and a more careful
analysis reveals the appearance of additional single-body
terms �see below�. The construction can now be repeated for
each four-body term appearing in the original Hamiltonian,
leading to a total of 7N ancilla qubits for an initial lattice of
N qubits. The qubits only interact pairwise among each other,
and the ground state of the resulting Hamiltonian approxi-
mates the honeycomb lattice graph state.

After applying the two steps above the resulting Hamil-
tonian is

H̃ = − a	
i

�Ai + bBi + cCi + dDi + eI� , �38�

where Ai, Bi, Ci, and Di are defined below and a, b, c, d, and
e are constants depending on n and the spectral gap of the
Hamiltonian H.

In the seven added ancilla qubits there are two sets of
three qubits which interact. The interaction diagram for each
of the two sets forms a triangle. The first part of our Hamil-
tonian, Ai, is the part that describes the interactions between
these six ancilla qubits. Let i1, i2, i3, i4, i5, and i6 be six
ancilla qubits for qubit i. Then,

Ai = �z
�i1��z

�i2� + �z
�i1��z

�i3� + �z
�i2��z

�i3� + �z
�i4��z

�i5� + �z
�i4��z

�i6�

+ �z
�i5��z

�i6�. �39�

The second part of our two-body Hamiltonian functions is
much the same way as the first part. This part of the Hamil-
tonian is a result of the first step when we created a three-
body Hamiltonian. We partitioned each original four part sta-
bilizer term into two parts, each with two operators. We then
coupled each pair with a common ancilla essentially forming
triangles which share a common vertex, the seventh ancilla
qubit. We have

Bi = �x
�i��z

�ia� + �x
�i��x

�i7� + �z
�ia��x

�i7� + �z
�ib��z

�ic� + �z
�ib��x

�i7�

+ �z
�ic��x

�i7�. �40�

The correlations described by Ci are those correlations
which connect the triangles created in Ai and Bi. Each vertex
of a triangle from Ai is coupled to a vertex from a triangle in
Bi. Ci can be written as

Ci = �x
�i��x

�i1� + �z
�ia��x

�i2� + �x
�i3��x

�i7� + �z
�ib��x

�i4� + �z
�ic��x

�i5�

+ �x
�i6��x

�i7�. �41�

The final part of our two-body Hamiltonian describes the
remaining operators acting on single qubits,

Di = �x
�i� + �z

�ia� + �z
�ib� + �z

�ic� + 2�z
�i7� + d1	

j=1

6

�x
�ij� + d2�1��1��i7�.

�42�

Again, the constants d1 and d2 depend on the number of
qubits and the spectral gap of the Hamiltonian H.

i

ia

ic

ib

i

ia ib

ic

i7

i5

i

i2

ib

ic

i7 i4i6

ia

i3

i1

(b)(a)

(c)

FIG. 2. �Color online� Illustration of the reduction of �a� a single
four-qubit interaction term �x

�i��z
�ia��z

�ib��z
�ic� to �b� two three-body

terms �x
�i��z

�ia��x
�i7� and �z

�ib��z
�ic��x

�i7� using one ancilla qubit i7 and a
strong single body term, �1��1��i7�. �c� Further reduction to two-qubit
interactions of each of the three-body terms with help of three an-
cilla particles �i1 , i2 , i3� and �i4 , i5 , i6�, respectively.
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C. Generic graph states

Given any graph state �G� it is always possible to create a
two-body Hamiltonian that has �G� �along with some ancilla
qubits� as the approximate ground state. If �G� is a graph
state on n qubits then we know from Sec. IV that there exists
a set �g1 ,g2 , . . . ,gn� of generators for the stabilizer of �G�
such that each generator has weight at most ���G��. We can
construct the ���G��-body Hamiltonian

H = − 	
i=1

n

gi, �43�

which has �G� as the ground state. We then use the steps
described above to reduce this Hamiltonian to one which has
only two-body interactions. For every k-body interaction in
the Hamiltonian �43� we require an additional O�k� ancilla
qubits for our two-body Hamiltonian. In the worst case we
would need to add O(���G��n) ancilla qubits.

In this section we have shown that by adding ancilla qu-
bits we can overcome the problems we addressed in the pre-
vious sections. We have shown that one can construct a two-
body Hamiltonian whose ground state is close to a universal
resource for measurement based quantum computation. Un-
fortunately, the Hamiltonians we have constructed are only
of theoretical interest. Due to the high degree of control and
precision that is required to create these Hamiltonians they
seem to be of little value for practical applications. Fluctua-
tions in the interaction strength as well as thermal noise are
expected to significantly influence the resulting ground state.
What might help to overcome these difficulties is the cre-
ation of encoded graph states as, e.g., suggested in �12�. The
encoding provides additional robustness against noise for the
resulting states, as error correction techniques can be applied.

Finally, we note that a bound similar to Eq. �29� can also
be obtained for the gadget construction. Note that in this
situation, the total energy �E� is typically large �24�, such
that the relative gap �E / �E� is small.

VII. CONCLUSION

In this paper we have settled the issue of whether graph
states can occur as ground states of two-body Hamiltonians.
More generally, we have shown that the quantity ���G��,
defined as the minimal d such that Sd=S, is of central inter-
est in the present context. It determines the minimum num-
ber of interactions in the sense that ���G��-body interactions
are required to obtain �G� as the exact, nondegenerate ground

state. In addition, we found that ���G���3 for all graph
states, which implies that any n-qubit graph state �G� cannot
be the exact nondegenerate ground state of a two-body
Hamiltonian acing on n qubits. We have also related the
accuracy � of approximating the graph state �G� using a
Hamiltonian with d�-body interactions and d�����G�� to the
energy gap of the Hamiltonian relative to the total energy,
which turns out to be proportional to �. When allowing the
usage of ancilla particles that act as mediating particles to
generate an effective many-body Hamiltonian on a sub-
system, we have shown that the gadget construction intro-
duced in Refs. �19,20� can be used to obtain the n-qubit
graph state �G� as an nondegenerate �quasi�ground state of a
two-body Hamiltonian acting on n��n qubits. However, an
incredible high accuracy in the control of the parameters of
the interaction Hamiltonian is required. We also remark that
our results do not directly apply to the generation of graph
states in an encoded form. On the one hand, an �exponential�
small fidelity of the physical state might still be acceptable to
obtain high fidelity with respect to the encoded �logical�
graph states when using redundant encodings corresponding
to quantum error correcting codes. On the other hand, as
demonstrated in Ref. �12�, there exist �approximate� ground
states of two-body Hamiltonians which are arbitrary close to
encoded graph states with respect to a certain encoding. The
energy gap of the corresponding Hamiltonian is constant,
independent of the system size, and the encoded graph states
constitute a universal resource for measurement based quan-
tum computation using only single qubit measurements. The
usage of encoded graph states for measurement based quan-
tum computation is the subject of ongoing research �21,22�.

We finally remark that the quantity ���G�� serves as a
natural complexity measure of graph states, as it assesses
how difficult it is to exactly prepare a state by cooling a
system into its ground state. The present results show that
graph states typically exhibit a large complexity in this sense,
whereas they have small computational complexity, since all
graph states can be prepared with a polysized quantum cir-
cuit.
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