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Achromatic wavefront forming with space-variant polarizers: Application to phase singularities
and light focusing
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We investigate the polarization-to-phase conversion of space-variant polarized light waves. Our analysis can
be considered as an extension of Pancharatnam’s phase to the case of space-variant polarization. In two
particular cases—azimuthally and radially variant polarization—we found striking consequences. Using an
azimuthally variant polarizer combined with a circular analyzer, it is possible to induce spin-to-orbital angular
momentum exchange and to generate optical vortices of arbitrary charge. Radially variant polarizers with linear
or quadratic radial dependence of the transmission direction generate nondiffracting beams or focus light,
respectively. Our results are potentially relevant for the design of achromatic wavefront forming (and correct-
ing) elements based strictly on space-variant polarization optics.
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I. INTRODUCTION

Space-variant polarizers (i.e., inhomogeneous polarizers)
are striking optical elements with interesting properties and
applications. In particular, radial (and azimuthal) polarizers
have recently attracted increased interest. For example, radi-
ally polarized light fields have been used to increase focus
sharpness [1-4] and to achieve superresolution [5]. Also,
other applications like particle trapping [6] and generation of
optical vortices [7-9] have been reported. Radially polarized
light fields have been achieved using space-variant birefrin-
gent elements [1,5,7,9-12], subwavelength gratings [13], and
conical prisms [14-16].

In spite of the large amount of work devoted to this topic,
a general analysis of space-variant polarized light waves is
lacking. The purpose of this work is to investigate the spatial
phase modulation generated by space-variant polarizers. In
particular, we will discuss phase effects induced by azimuth-
ally and radially variant polarizers. We will demonstrate
theoretically and experimentally that optical vortices of arbi-
trary topological charge can be generated using azimuthally
variant polarizers, while radially variant polarizers can be
used to generate nondiffracting Bessel beams and to achieve
sharp beam focusing.

To the best of our knowledge, in the literature there are no
references to spatial phase effects associated with general
space-variant polarized waves [17].

In Secs. II and III we describe the theory of the
polarization-to-phase conversion and in Sec. IV we present
validation experiments.

II. POLARIZATION-TO-PHASE CONVERSION

Let us consider a monochromatic plane wave traveling

along the z axis characterized by the electric field E;,, which
is incident on a polarizer lying in the xy plane (see Fig. 1). If
the polarizer has its transmission direction along the unit
vector p forming an angle 6 with respect to the x axis, in a
vector-column representation one has p=(<%). The Jones
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matrix of the polarizer can be written as the dyadic product
pp-

Now, assume that after the polarizer there is a N\/4 wave-
plate (with its fast axis along the x axis) and an analyzer with
its transmission direction along the unit vector p,4s at +45°
with respect to the waveplate fast axis, as shown in Fig. 1.

The output field E,,, will be given by

Equ =ﬁ¢45ﬁ¢45 : W'ﬁﬁ - Eiy =ﬁ¢45(13¢45 : W‘ﬁ)(ﬁ ) Ein)’
(1)

where W=((1) ?) is the Jones matrix of the /4 waveplate.

It is easily verified that p.4s-W- ﬁ:(l/\E)exp(iiG), SO
that the expression (1) can be rewritten in the form

>, A A > . A
Eq = (1/\‘"2)(17 ' Ein)eXP(ile)Pﬂs- (2)

Thus, the combination “arbitrary polarizer”—"“\/4
waveplate”—“analyzer at +45°” provides a polarization-to-
phase conversion, i.e., a polarization angle 6 is converted
into a phase factor exp(xi6).

The appearance of the phase factor exp(xi6) can be inter-
preted as a consequence of the fact that a linearly polarized
wave can be decomposed into a linear combination of phase-
shifted right and left circularly polarized waves, and that the
combination A/4 waveplate—analyzer at +45° is a circular

Fast axis

Polarizer

A/d-waveplate Analyzer
FIG. 1. Polarization-to-phase conversion.
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analyzer. In the next sections we will demonstrate that this
apparently trivial polarization-to-phase conversion has im-
portant consequences when applied to space-variant polariz-
ers.

Notice that p,ys-W-p=p-W-p.4s, and thus the combina-
tion “polarizer at £45°” —*“N\/4 waveplate”—“arbitrary polar-
izer” provides also a phase conversion. This last combination
of polarizers and \/4 waveplate is often used in interfero-
metric devices with geometric (Pancharatnam) phase control
(see, e.g., [18,19]).

Finally, in Eq. (2) the factor p- E;, can eventually provide
an additional phase modulation. For example, when the inci-
dent wave is circularly polarized with amplitude E,, we will

have Ein=E0( ;l.), where o==1 is the helicity of the wave. In
this case p-Ej,=E, exp(iof), and thus, substituting this last
expression in (2), we obtain

Eou = (Eg/\2)expli(o+ 1) 0] 5. 3)

III. SPACE-VARIANT POLARIZERS

Space-variant polarizers are inhomogeneous polarizers in
which the angle 6 (of the transmission direction with respect
to the x axis) changes point to point on the polarizer surface;
that is, #=6(x,y). From (3), we have

Eou(x.y) = (Ef\2)expli(o+ 1) 0(x,y) pass.  (4)

Thus, the output field has two phase modulations with dif-
ferent origins; one of them is due to the interaction of the
incident circularly polarized wave with the space-variant po-
larizer, and the other contribution is due to the interaction of
the (space-variant) polarized wave with a circular analyzer.
In the following, we will discus particular cases of space-
variant polarizers.

A. Azimuthally variant polarizers

Let (r,¢) be the radial and angular coordinates, respec-
tively, of an arbitrary point (x,y) on the space-variant polar-
izer. Azimuthally variant polarizers are those in which the
transmission direction depends only on the polar angle ¢. In
the literature, a particular case of azimuthally variant polar-
izer in which the transmission direction is characterized by
(@)= is called a radial polarizer, while a polarizer with
O(@)=@+m/2 is often called an azimuthal polarizer, as
shown in Figs. 2(a) and 2(b). Thus, a radial polarizer should
not be confused with a radially variant polarizer, which will
be studied in Sec. III B.

In fact, there are many types of azimuthally variant polar-
izers that cannot be strictly classified as azimuthal or radial
polarizers. A simple example of this situation is the case
when 0(¢)=¢+a, with ay=const (#0,7/2,m,...). Al-
though a, destroys the symmetry of the polarizer, the result-
ant phase modulation is essentially the same as for radial and
azimuthal polarizers, because in general a constant phase
factor expli(o+1)ay,] does not have measurable conse-
quences.
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FIG. 2. (a) Radial polarizer; (b) azimuthal polarizer.

Another example that cannot be strictly classified as a
radial or an azimuthal polarizer is the case when 6(¢@)=ne¢
with n integer (and n# 0, 1). Figures 3(a) and 3(b) show the
situation for n=-1 and 2, respectively.

Now, consider the particular case in which a circularly
polarized plane wave (Ein) is incident on an azimuthally vari-
ant polarizer with polarization direction characterized by the
angular dependence 6(¢)=ne+ay,, where n is an integer and
ay is constant. From (4) we have

P N
T *
R
N4
¢ 2 .

FIG. 3. Azimuthally variant polarizers with 6(¢)=n¢. n= (a)
—1; (b) 2.
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Eou(9) = Ej expli(o+ 1)ne]puss. (5)

where Ej=(Ey/ V2)expli(ox 1)ag].

Thus, at the output of the system we will have a helical
beam with azimuthal number /=(o+1)n. In other words,
with the combination of an azimuthally variant polarizer, a
N/4 waveplate and an analyzer at +45°, it is possible to
generate an optical vortex with arbitrary topological charge
[=(o=1)n. The resultant topological charge will depend on
the helicity of the incident beam (o) and on the orientation of
the analyzer p.4s. Both contributions to the phase can be
reinterpreted in terms of spin-to-orbital angular momentum
exchanges between light and matter. (For a discussion of the
spin-to-orbital angular momentum exchange in inhomoge-
neous anisotropic media, see, e.g., Marrucci et al. [9].)

These independent contributions to the phase can rein-
force or cancel each other. For example, if the incident wave
is circularly polarized with o=1 and the analyzer is at —45°
with respect to the x axis, the resultant topological charge
will be zero independently of the azimuthally variant polar-
izer, and then we will recover a plane wave without phase
singularity along the propagation axis. On the other hand,
when the analyzer is at +45° with respect to the x axis, we
will obtain an optical vortex with double topological charge,
[=2n. In fact, the circular polarization of the incident wave is
not an essential requirement for the existence of phase sin-
gularities, as clearly shown in (2). For example, even if we
have an incident linearly polarized wave, we will obtain at
the output an optical vortex (with space-variant amplitude
Ein‘ p). Its topological charge will be /= +n depending on the
+45° analyzer orientation with respect to the x axis.

The striking issue to be noted is that the existence (or not)
of the phase singularity depends on the orientation of an
analyzer, which does not possess singularity at any point on
its surface. Equivalently, instead of mechanically changing
the analyzer orientation, it is possible to interchange the fast
and slow axes of the A/4 waveplate using an electro-optical
device, e.g., a Pockels or Kerr cell. In this way the optical
vortex could be electrically switched.

B. Radially variant polarizers

A radially variant polarizer is a special case of a space-
variant one in which 6=6(r), i.e., there is no angular depen-
dence, as in the example shown in Fig. 4. To the best of our
knowledge, this kind of polarizer has not been studied in the
literature.

Let us now consider a circularly polarized monochromatic

plane wave (E“m) incident on a radially variant polarizer with
polarization direction characterized by the angle 6(r). From
(4), we have

Equ(r) = (Ey/\2)expli(o £ 1) 6() 1P us- (6)

Hence, the output field has a radial phase modulation which
can be used for light focusing. For example, let us consider
the particular case when 6(r)=a r+b, with « and b, being
constants. From (6) we obtain
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FIG. 4. Example of radially variant polarizer.

Eout(r) = E(l) exp[i(o- + l)ar]ﬁ1457 (7)

where Eq=(Ey/ \E)exp[i(ai 1)by).

Thus, the outgoing wave has an axiconlike phase factor
expli(ox1)ar], where (0£1)a is the component of the wave
vector in the radial direction (k,). A negative phase
(o£1)ar<0 means a positive axicon, which will produce a
Jo Bessel beam around the propagation axis, i.e., a nondif-
fracting beam with nonvanishing intensity on the axis [20].

Now, let us consider the case when 6(r)=Br>+b,, where
B and b, are constants. From (6) we obtain

Eou(r) = E} expli(o £ 1) r2]p ass. (8)

Hence we conclude that the combination of a polarizer with
quadratic radial dependence, a A/4 waveplate, and an ana-
lyzer at £45° works as a lens with focal length f given by

f=—al/(ocx1)B\. 9)

When (o+1)B<0, the outgoing wave (E,,) represents a
sharply focused light beam. Thus, the value of f will depend
on the helicity (o) of the incident wave, on the factor B
which is characteristic of the radially variant polarizer, and
on the +45° orientation of the analyzer. In other words, the
device works like a switchable lens. For example, if the in-
cident wave is circularly polarized with =1 and the ana-
lyzer is at —45° with respect to the x axis, the lens effect will
be “off” (i.e., “infinite” focal length). On the other hand,
when the analyzer is at +45° with respect to the waveplate
fast axis, one obtains a lens of finite focal length f
=—m/2 B\, which will be positive or negative depending on
the sign of 8. Equivalently, instead of mechanically changing
the +45° analyzer orientation, it is also possible to inter-
change the fast and slow axes of the N/4 waveplate using an
electro-optical device, e.g., a Pockels or Kerr cell.

IV. EXPERIMENTAL RESULTS

A. Setup

We have performed some experiments to illustrate the
generation of a desired phase modulation starting from the
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FIG. 5. Experimental setup.

corresponding space-variant polarizer. To do this, it is neces-
sary to use high-optical-quality polarizers without phase
noise.

The complete setup is shown in Fig. 5. It consists in a
Mach-Zehnder interferometer with a polarized He-Ne laser
(A=633 nm, 1 mW) as light source, and an external system
with a polarized green laser (A=532 nm, 10 mW) as light
source. The Mach-Zehnder interferometer is utilized to
verify the existence of the desired phase distribution, while
the external system induces a space-variant polarizer of high
optical quality on a Bacteriorhodopsin (BR) film (variant
DN96, OD 4, provided by MIB GmbH) [21,22].

In one of the interferometer arms we have inserted the
polarization-to-phase converter (formed by the BR film, the
N4 waveplate QW,, and the analyzer P), which has the
function of converting the space-variant polarization into a
space-variant phase profile.

Next we will describe the details of the setup shown in
Fig. 5. The expanded He-Ne laser beam is split with the help
of a polarizing beam splitter (PBS) into two linearly polar-
ized beams. To describe the setup it is convenient to choose
the x axis lying in the plane of Fig. 5. Then, the field ampli-
tude of the light wave incident on the A/4 waveplate QW,,
can be written as

1
Eyene = EO(O ) (10)

with E, constant. The waveplate QW has its fast axis at 45°
with respect to the x direction; thus it will be characterized

by the matrix
|
M= , (11)
i 1

where we have omitted some unimportant factors. (The
waveplate is rotated 45° with respect to the orientation cho-
sen for doing the calculations in Secs. IT and III.)

Thus, after QW, we will have a circularly polarized wave

1
EQW=E0<Z. ), (12)

which “reads” the polarization pattern induced on the BR by
the green light.

PHYSICAL REVIEW A 76, 053815 (2007)

The N/4 waveplate QW has its fast axis parallel to that of
QW,, so that it will also be characterized by the matrix M.

When the BR is not illuminated by green light, there is no
polarization information saved on the BR. Hence, the state of
polarization of the incident (reading) He-Ne beam will not
change. In this case, after QW; we have a polarization state
orthogonal to that before QW,. After QW, there is an ana-
lyzer (P) with its transmission direction at +45° with respect
to the QW, fast axis, i.e., along the x axis,

1
P+45—<0), (13)

which is blocking the direct He-Ne beam.

Due to the light-induced dichroism of the BR, the incident
(writing) polarized electric field Egye,(x,y) will induce a po-
larization mask on the BR film when illuminated with green
light [21,22]. Its transmission matrix is given by

Mygg = (1 =Y+ ypp, (14)
. . . L (cos Oy | .
where [ is the unit matrix, and p=(Sin e(x,y)) is the polariza-

tion direction of the incident (writing) wave Egeen(x,y).
O(x,y) is the angle of p with respect to the x axis, and 7y
(<1) is an efficiency factor that depends on the BR type
utilized in the experiments, the green-laser intensity, the
room temperature, etc. In our case vy is of the order of 0.04.

The first term on the right side of (14) means that a large
fraction of the incident (red) light passes through the BR
without changes. This spurious light will be blocked by the
analyzer at +45°, as discussed above.

The spatial polarization distribution 6(x,y) on the BR was
generated using space-variant polarizers (SVPs) (Frank
Woolley & Co., Reading PA), with the same polarization
distribution. The SVP was illuminated with a circularly po-
larized wave generated by a A/4 waveplate QW, (for
532 nm) with its fast axis at 45° with respect to the incident
polarized wave. The “image” of the SVP that is projected
(using the lens Ls) on the BR is not an amplitude-modulated
image, but an image of the polarization distribution [23].

The available space-variant polarizers cannot be used di-
rectly in the interferometric setup to generate the desired
phase distributions, because they show a high level of phase
noise. In contrast to this, the polarization distribution in-
duced on the BR film is of high optical quality, since the BR
is not sensitive to the phase noise of the incident (writing)

wave Egreen(x ’y)

In our experimental setup, the (x,y) plane of the BR is
slightly tilted with respect to the plane of the SVP, which
could generate a small angular distortion of the polarization
distribution (i.e., a distorted image of the SVP) on the BR.
This distortion is not relevant for our purposes. However, if
we would like to have a distortion-free image of the SVP, we
have to use the fact that the decay time of the BR type used
in our experiments is of the order of 30 s or more (depending
on the room temperature). Thus, the polarization pattern can
be written on the BR film with its plane perpendicular to the
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FIG. 6. Woolley’s polarizer with n=4 viewed through a linear
polarizer, for three different polarization directions in steps of
/4 (rad). (a)-(c) show three photographs with eight dark brushes,
with a rotation of 7/16 (rad) between consecutive images.

propagation direction of the green beam. Then, we would
have up to 30 s to tilt the BR plane, and to put it perpendicu-
lar to the propagation direction of the (reading) He-Ne beam,
as shown in the figure.

The combination  “space-variant  polarizer”—“\/4
waveplate”—"“analyzer at +45°” is placed in one of the inter-
ferometer arms, while in the other interferometer arm there is
an attenuator (ATT). Both waves are recombined with a
beamsplitter (BS), and finally they are brought to interfere
with the help of a polarizer (P,), which can be rotated to
compensate the residual intensity differences of the two
waves and achieve a high contrast interferogram. Finally, a
lens (L,) images the plane of the BR on a charge-coupled
device camera (C). In the setup, M, , are mirrors, SF, , are
spatial filters, and L,_, are lenses to expand the laser beams.

B. Experiments

First we performed experiments to generate optical vorti-
ces using an azimuthally variant polarizer with linear angular
dependence, 6(¢)=n¢, with n=4 [see expression (5)]. Fig-
ures 6(a)-6(c) show this element viewed through a linearly
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FIG. 7. Typical forklike interferogram due to an optical vortex
with topological charge 8.

polarizer (i.e., illuminated with linearly polarized light) for
three different polarization directions in steps of /4 (rad).

. cos(4¢) > cos(em/4) .
When p= ( Sin(w)) and Ein=E0( sin(m/4)) with £e=(0,1,2),

the intensity pattern will be I(@)=|p-E;|*=E} cos’(4¢
—817/4)=(E§/2)[1+cos(8<p—sw/2)]. Then the dark regions
will be centered around the angular positions ¢, =mm/8
+em/16, with m an odd integer. Thus, there are eight values
of ¢,, in the interval [0,27]. Figures 6(a)-6(c) show three
images with eight dark “brushes,” with a rotation of
/16 (rad) between consecutive images.

With the exception of n=1, in all azimuthally variant po-
larizers manufactured by Frank Woolley and Co. the polar-
ization changes in a discontinuous way. This does not really
disturb our experiments, because the important quantity is

the topological charge defined as [(ox1)/27w]|$V6H-ds
(where ds is a line element on a curve enclosing the origin of
coordinates), which remains invariant independently of the
discontinuous polarization changes.

Figure 7 shows the interferogram produced by interfer-
ence of the wavefront due to the space-variant polarizer and
a slightly tilted plane reference wave. This figure shows
clearly the typical forklike interferogram due to an optical
vortex with topological charge 8, as theoretically predicted
for o=1 and the analyzer at +45°.

In our second experiment we used a radially variant po-
larizer with linear radial dependence, 6(r)=ar, with «
~-2.5 rad/mm [see expression (7)]. (This value of « is the
value obtained directly on the BR film, not on the SVP.)
Figures 8(a)-8(c) show this element viewed through a linear
polarizer, for three different polarization directions in steps
of /4 (rad). The azimuthal rings come from the discontinu-
ous polarization rings of the element.

Figure 9 shows the interferogram produced by interfer-
ence of the wavefront due to the space-variant polarizer and
a slightly tilted reference wave. On a central strip of the
image, it is possible to consider that the interferogram pos-
sesses an approximately linear spatial carrier. We can apply
to this central strip a method similar to that developed by
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FIG. 8. Radially variant polarizer viewed through a linear po-
larizer, for three different polarization directions in steps of
/4 (rad).

the authors [24] for phase retrieval in interferograms with
linear spatial carrier. Figure 10 shows the retrieved phase
profile; the figure shows clearly an approximately linear
phase profile characteristic of an axiconlike element.

y-coordinate (mm)

1 2 3 4 5 6

x-coordinate (mm)

FIG. 9. Interferogram produced by interference of a wave with
the phase modulation due to a polarizer with linear radial depen-
dence and a slightly tilted wave.
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FIG. 10. Retrieved linear phase profile characteristic of axicon-
like elements.

V. DISCUSSION AND CONCLUSIONS

We have demonstrated theoretically and experimentally
that it is possible to generate a desired wavefront using
space-variant polarizers. Some of these ideas were already
(in a latent way) in the literature about the so-called topo-
logical (Pancharatnam) phase, which we have extended to
include the case of space-variant polarizers. (There is a series
of papers [25] devoted to wavefront generation with Pan-
charatnam’s phase, which is achieved by the use of
computer-generated subwavelength gratings.)

We have shown that the resultant spatial phase modula-
tion (o+1)6(r, ¢) has two different origins; the interaction of
the incident (circular polarized) wave with the space-variant
polarizer, and the interaction of the space-variant polarized
wave with the circular analyzer. These independent contribu-
tions can reinforce or cancel each other.

We have performed some illustrative experiments with
azimuthally and radially variant polarizers to demonstrate the
generation of different phase profiles from the corresponding
spatial polarization distributions. Starting with an azimuth-
ally variant polarizer with n=4, we have shown that it is
possible to generate an optical vortex with topological charge
8, as predicted by the theory. Also, starting with a polarizer
with linear radial dependence we have generated an axicon-
like phase profile.

The main problem in generating the desired phase profiles
was the difficulty in finding commercially available polariz-
ers with the required spatial distribution and the necessary
optical quality. We overcame this difficulty by using the po-
larmotion elements of Frank Woolley, which have the desired
polarization pattern, but a noisy optical thickness [26], and
inducing only their dichroism onto a high-quality Bacterio-
rhodopsin film. The drawback of using BR is that, because of
the its low polarizing efficiency, most of the spurious (red)
light passing through BR has to be blocked with the help of
an analyzer at +45°. For this reason, when the helicity is o
=1, we cannot perform experiments with the analyzer at
—45° (or, equivalently, when the helicity is o=-1, we cannot
perform an experiment with the analyzer at +45°).

Finally, it is important to notice that, with the hypothesis
that the waveplate could be made achromatic, the generated
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phase profiles will also be achromatic, because polarization
is essentially a wavelength independent phenomenon. (In-
deed, the polarization efficiency of a regular polarizer is
wavelength dependent. However, this is not an essential
characteristic of the phenomenon; it is a characteristic of the
material used to make the polarizer.) Compared to direct
phase modulation methods, in which usually the refractive

PHYSICAL REVIEW A 76, 053815 (2007)

index (or the optical path) of a phase mask is changed, this
achromatic behavior is an important difference.
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