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We show there are at least 28 distinct true stochastic local operations and classical communication (SLOCC)
entanglement classes for four qubits by means of SLOCC invariant and semi-invariants and derive the number

of degenerate SLOCC classes for n qubits.
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I. INTRODUCTION

Entanglement plays a key role in quantum computing and
quantum information. If two states can be obtained from
each other by means of local operations and classical com-
munication (LOCC) with nonzero probability, we say that
two states have the same kind of entanglement [1]. It is well
known that a pure entangled state of two qubits can be lo-
cally transformed into the Greenberger-Horne-Zeilinger
(GHZ) state. Recently, many authors have investigated the
equivalence classes of three-qubit states, using specified
SLOCC (stochastic local operations and classical communi-
cation). Diir ef al. showed that for pure states of three qubits
there are four different degenerate SLOCC entanglement
classes and two inequivalent true entanglement classes [2].
Miyake discussed the onionlike classification of SLOCC or-
bits and proposed the SLOCC equivalence classes using the
orbits [3,4]. In [5] we gave the simple criteria for the com-
plete SLOCC classification for three qubits and criteria for a
few classes for four qubits.

Verstraete et al. [6] considered the entanglement classes
of four qubits under SLOCC and concluded that there exist
nine families of states corresponding to nine different ways
of entanglement and claimed that by determinant-one
SLOCC operations, a pure state of four qubits can be trans-
formed into one of the nine families of states. Clearly, this
does not say that each family is a SLOCC class. For ex-
ample, Verstraete et al. indicated that a state consisting of
two Einstein-Podolsky-Rosen pairs and the four-qubit |¢,)
state [7] belong to the family G,,.;. Then, how many
SLOCC classes by the definition in [2] are there for each
family? What are the representations? After investigating the
nine families by means of methods in this paper, we can say
that each of the first six families includes several SLOCC
classes. We list the SLOCC classes of some of the nine fami-
lies as follows. For family
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+b
Ly, a(|0000) + [1111)) + aT(|0101) +[1010))

_b /
+ aT(|01 10) + |1001)) + LE(|0001> +10010) +]0111)
\V

+]1011)),

this consists of five true SLOCC entanglement classes, which
are a=b=0, ie. class |W), a=b#0, a=-b+#0, a
# +bA3a2+b%2#0, and a# +bA3d%+b*=0, respectively.
For family

L, a(|0000) +]0101) +]1010) + [1111)) + (i|0001)

+]0110) - i[1011)),

this includes two true SLOCC entanglement classes: a=0
and a # 0. For family

Layp,. a(|0000) + [1111)) +|0011) + |0101) +|0110),

it includes two SLOCC classes. When a=0, this becomes a
product state of a qubit state and three-qubit |W). When a
# 0, this is a true entangled state.

In [8,9], the authors used the partition to investigate
SLOCC classification of three qubits and four qubits. The
idea for the partition was originally used to analyze the sepa-
rability of n qubits and multipartite pure states in [10]. In [9],
the authors declared that they found 16 true SLOCC classes
of four qubits, where permutation is explicitly included in
the counting. Taking into account the permutation among the
qubits, there are eight true classes [9]. By means of the meth-
ods in this paper, we can illustrate how many true SLOCC
entanglement classes there are for each Span{...}. For ex-
ample, for Span{O, ¥, 0, WV}, the canonical states are

|OOOO> + |1100> + a|0011> + b|1111>
and
|0000> + |1100) + a|0001> + a|0010) + b| 1101) + b|1110),

where a # b [9]. It was not pointed out in [9] what relation a
and b must satisfy to be a representation of an SLOCC class.
It can be shown that for the former canonical state, a=—b
and a # —b represent two true SLOCC classes, while for the
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latter canonical state, ab=0 and ab #0 represent two true
SLOCC classes. We can also explain that each of
Span{000,GHZ}, Span{0,¥,0,¥}, and Span{GHZ,W} in-
cludes four true SLOCC entanglement classes and
Span{0, ¥, GHZ} includes more such classes. Also consider-
ing Span{000,000}, Span{000,0,¥}, and Span{000, W}, in
total, the eight Spans{...} in [9] include many more true
SLOCC entanglement classes.

In this paper, we find the SLOCC invariant and semi-
invariants for four qubits. For the definitions of invariant and
semi-invariant, see Sec. II. Using the invariant and semi-
invariants, we can determine if two states belong to different
SLOCC entanglement classes. We distinguish 28 distinct true
entanglement classes, where permutations of the qubits are
allowed. This classification is not complete. It seems that
there are more true entanglement classes. The invariant and
semi-invariants only require simple arithmetic operations.

II. SLOCC INVARIANT AND SEMI-INVARIANTS

We discuss a system comprised of four qubits A, B, C,
and D. The states of a four-qubit system can be generally
expressed as

15
|l//>=2ai|i>~ (1)
i=0

Two states |¢) and |¢') are equivalent under SLOCC if
and only if there exist invertible local operators «, B, vy, and
6 such that

lh=ac B ye dy), (2)

where the local operators «a, B3, v, and 6 can be expressed as
2 X 2 invertible matrices

a=<al az) ﬁ=(:81 Bz) y=<71 72)
a; ay)’ By Bu) Vs Yl

0= (53 54>' ®)

A. SLOCC invariant
Let |'y=213b;]i) in Eq. (2). If |)) is SLOCC equivalent
to |¢'), then the following equation holds:

() = Z(y' )det(a)det(B)det(y)det(5), 4)

where

I() = (axa 3 — azap) + (agay, — asayo) — (apas — a,a,4)

— (agay — aqag), &)
and
I(Y') = (byb 3= b3byn) + (byby — bsbyo) — (bobys — bibs)
~ (bgbg — b7bg). (6)

Equation (4) was derived by induction in [11]. We can
also verify Eq. (4) as follows. By solving the matrix equation
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in Eq. (2), we obtain the amplitudes q; of state |¢) in Eq. (2).
Then substituting a; into Z(), we have Eq. (4). Notice that
Z(¢) does not vary under determinant-one SLOCC opera-
tions (SL operations) or vanish under non-unit-determinant
SLOCC operations.

If ¢ is SL equivalent to ', then Z(4/)=Z(¢’). Equation
(4) implies that each SLOCC class has infinite SL classes.
This is also true for n qubits [11]. For the family L, 0y, iN
[6], let |#') be a representative state: a(|0000)+f1111))
+|0011)+|0101)+]0110). Equation (4) becomes Z())
=—a? det(a)det(B)det(y)det(5). For SL operations, Z(i)
=I(y')=—a’. 1t is clear that different values of a yield dif-
ferent SL classes. Therefore there are an infinite number of
SL classes when a # 0. However, the infinite number of SL
classes all belong to a single true SLOCC entanglement
class.

B. Semi-invariants F;

Coffman defined the concurrence of three qubits [12]. We
extend the definition of the concurrence of three qubits to
four qubits as follows. For state |#), we define F,(i)) as fol-
lows. Notice that F5(i) to Fs(i) can be obtained from F, (1)
and F,(i) by permutations of the qubits.

10
F(p) =42 [F(y).
i=1
where

Fi(4) = (agar — asas + a,as — asa,)*

— M aya, - agag)(azas — aa;),

2
Fy(y) = (agays — aya, + agayy — apa;3)

—4ay a1 — agays)(aoay, — agayy),

F3() = (apay, — ayag + aya o — azag)?

— 4ayag — apayp)(azag — ayayy),

2
Fu() = (asa15 — agays + asas — asayy)

—4(aga, — asayy)(asa,3— asa,s),

Fs() = (apa 3 — agag + ayay, - a5a8)2

- Hagag — agay)(asag — aya,3),

Fo() = (aya;s — agay, + asay, — aza)*

—4(aga g — aray)(asa,, — aza;s),

2
F7(§) = (apa 4 — asa g + axa , — agag)

- 4(agag — apay)(agaig — axayg),

Fy() = (aya15— asay, + asa;; — a;a)

- 4(asag — aya 3)(aza;, — asays),
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TABLE 1. The properties of F; for true entanglement classes.

Classes F; F;=0,i=
(a)

|GHZ) a

|Cs) b

|ka),|Eq) . |La) . [Ha) INg), | M.o) !

|774) |Fy|+|Fy| #0,|Fs|+|Fg| #0.° 34,78

|6,) |F3] +|F4] #0,|F;] +|Fg| 0, 12.5.6

log) |Fi|+|F,| #£0,|F5| +|F4| #0.° 5,6,7,8

lpa) |Fs|+|Fs| #0,|F,| +|Fg| 0 1,2,3,4,9,10

&) |F\| +|Fy| #0.|F;| +|Fg| #0. 3.4,5.6

les) |F5| +|F4| #0,|Fs|+|Fg| #0.° 12,78
(b)

W) all i

Ixa) |Fs| +|Fe| #0,|F;[ +|Fg| #0,"

|v) [Fi|+]Fa| #0,|F5|+|Fy] #0,|F,| +|Fs| #0.° i=5,6

) |Fi|+|Fy| #0,|Fs|+|Fg| #0,|F;| +|Fs| #0,F, 3.4
=Fy9.F\F,=(F,)*

|¢4> F9=Fl(),f

| ba) :

|M4> F9=F1(),f

|pa) |F\|+|F,| #0,|Fs|+|Fg| #0,Fo=F o, F{Fy=(Fy)* 3,4,7,8

[Z4) |Fy|+|Fy] #0,|F5| +|Fy| #0.° 5,6,7,8

|94) |Fi|+|Fa| #0,|F;|+|Fg| #0,Fo=F g, F\Fy=(Fy)* 3,4,5,6

|74) |F5|+|Fy4| #0,|Fs|+|Fg| #0,Fo=F o, F3F4=(Fy)* 1,2,7,8

loa) |F5|+|Fy4] #0,|F;| +|Fg| #0,Fg=F o, F3F4=(Fy)* 1,2,5,6

|ea) |Fs| +|Fg| #0,|F;| +|Fg| #0, 1,2,3,4,9,10

|ws) |F5| +|F4| #0,|Fs| +|Fg| #0,|F;|+|Fg| #0,F, i=1,2

=F . F3F4=(Fy)?

aIf F1F2=O and F3F4=0, then F9=0 and Fl()?&o or ngO and F]():O.
be Fi=Ff=Fk=07 where 1§l<_]<k§4, then |F9| +|F10| #0 and F9F10=0.

°If F\F,=0, then Fo=F,,#0.
9If F3F,=0, then Fo=F,#0.
eIfFlFZZO and F3F4=0, then F9=F10=0.

It Fj=F;=F,=0, where 1 =i<j<k=4, then Fo+0.

Fo() = (apays — aray; + ayayy — asay,)*

- dapay — arapy)(aya s — asas),

Fio(h) = (agay; — azag + asaig— agas)”
—4azay - asay)(agag — asay).

For state |¢//), let F;(i") be obtained from F;() by replacing
a in F,() by b. Then by induction we can show that F; have
the following interesting properties and the properties are
called semi-invariants.

In Eq. (2), let =1, where I is an identity. Thus, Eq. (2)
becomes

=10 B® y® 8y). (7)

Then we have the following:

Fi(y) = F()det’(B)det’(y)det*(d), i=1,2.  (8)

Equation (8) can be verified as follows. We obtain the
amplitudes a; of state |¢) by solving Eq. (7). Then substitut-
ing a; into F(), we derive Eq. (8). Also, in Eq. (2), let 8
=1, then F,(y)=F,(¢')det*(a)det?(y)det’(S), i=3,4. In Eq.
(2), let y=I, then F(¢)=F;(¢')det*(a)det*(B)det?(d),
i=5,6. In Eq. (2), let =1, then Fy¢)
=F(¢/)det?(a)det?(B)det*(y), i=7,8. In Eq. (2), let a=I
and B=I, e, |Y=I”I®yR4|y'), then F(i))
=F(¢/)det*(y)det?*(5), i=9, 10.

Next let |) be SLOCC equivalent to |¢') in Eq. (2). By
solving the matrix equation in Eq. (2), we obtain the ampli-
tudes a; of state |¢) in Eq. (2). Then we can calculate F; of
state [#), i.e., the F; of class |¢/). We compute the F; of all
the degenerate entanglement classes and 28 true entangle-
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TABLE II. The properties of F; for the degenerate entanglement classes.
Classes F;=0
|GHZ)23® (s]0)+1[1))4 i+7,8 |F5| + |[Fg| #0
|GHZ) 124® (s]0)+1|1))3 i#5,6 |Fs|+|Fg| #0
|GHZ) 134 ® (s|0)+1[1)), i#3,4,9,10 |F3| + |Fy4| #0,Fg=F g, F3F,;=(F,)?
(s]0)+1[1)); ® |GHZ) 34 i#1,2,9,10 |Fi| + |Fa| #0,Fg=F,F F,=(Fy)*
[W)® (s|0)+1|1)); All F;=0
|GHZ),, ® |GHZ)34 All F;=0
|GHZ) 3 ® |GHZ)»4 i#9,10 Fo=F1y#0
|GHZ) 4, ® |GHZ)»3 i#9,10 Fo=Fy#0
Only two qubits are entangled All F;=0
separate states All F;=0

ment classes. See Tables I(a) I(b), and II and [13]. If the F;
do not vanish for some classes, then we give the expressions
for the F; in [13]. We list the properties of the F; of the 28
true entanglement classes in Tables I(a) and I(b) and of the F;
of all the degenerate entanglement classes in Table II. For the

TABLE III. The properties of D; and F; for the true entangle-

derivations of the properties of the F;, see [13]. We also
compute all the F; of the 28 true entanglement states [see
Table III(a) and III(b)].

C. Semi-invariants D, D,, and D;

In [5], we computed the following expressions of D, D,

ment states.

and D5 for |GHZ), |W). Using D,, D,, and D5, we found a

true entanglement state |C,) which is distinct from |GHZ),

States D, D, Dy F;#0, when i= |W), and |¢,) [7]. We define D,(1)) for state ¢ as follows:
(a) D () = (a,a4 — agas)(ay a1, — ajoa;s)

|GHZ) 0 0 0 9

|C4> +0 +0 +0 9 - (a3a6 - a2a7)(a9a12 - a8a13)’ (9)

|k2) 0 0 0 9

|E,) 0 0 0 9 Dy () = (asa; — asag)(aga;; — agayp)

IL4>> 0 0 0 9 = (apaz - ajay)(ap a5 - ajzan), (10)

H, 0 0 0 9

I;}O) 8 9;0 8 190 Ds(4) = (azas — ayaq)(a,0a1, — agay,)

4
|7m) 20 0 0 1.6.9.10 —(axay — agag)(ay a3 — aga,s). (11)
|62) #0 0 0 4.7,9,10 Then by induction we can demonstrate that the D,(i))
|oa) 0 #0 0 2,3 have the following interesting properties, which are also
|pa) 0 #0 0 6,7 called semi-invariants. These properties can also be verified
&) 0 0 #0 2,7,9,10 by substituting the amplitudes a; of state |¢4) in Eq. (2) into
les) 0 0 #0 3,6,9,10 D,(), i=1,2, and 3. For state |¢/), let D,(¢/) be obtained

(b) from D,(#) by replacing a in D,() by b. Then, in Eq. (2), let
[W) 0 0 0 a=1 and y=I, ie. |PH=I10BRIRS|Y), then D, ()
Ixa) 0 #0 0 6,7,9 =D,(¢)det?(B)det*(8). In Eq. (2), let a=I and B=I, then
1 q
|va) 0 0 0 1,3.8 Dy () =D, (¢ )det*(y)det*(8). In Eq. (2), let a=I and =1,
|w74) 0 0 0 1,5,7 then D;(h)=D5(y )det?(B)det?(y).

4 4,7 ext let c equivalent to n . .
|y #0 0 0 3,4,9,10 Next let |#) be SLOCC equival 'Y in Eq. (2). By
|ba) 0 #0 0 9 solving the matrix equation in Eq. (2), we obtain the ampli-
| 1na) 0 0 #0 9,10 tudes a; of state |#) in Eq. (2). Then we can calculate D; of
|oa) 0 0 0 1,6 state |¢), i.e., the D; of class |#/'). We compute the values of
[Z4) 0 0 0 2.3 D,, D,, and D5 of the degenerate SLOCC equivalence
|94) 0 0 0 1,8 classes (see Table IV). We give the values of D, D,, and D5
|74) 0 0 0 3.6 of the 28 true entanglement classes in Tables V(a) and V(b)
lo) 0 0 0 3.8 and of the 28 true entanglement states in Tables II(a) and
) 0 0 0 5.8 II(b). We also calculate the values of D;, D,, and D; of
|w4> 0 0 0 4,57 states |GHZ>12® |GHZ>34, GHZ>13® |GHZ>24, and |GHZ>14

®|GHZ),3, see Table VI. If D;=0 for some i and for some
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TABLE 1V. The invariants of the degenerate entanglement classes.

Classes A D, D, Dy F
IGHZ) 3@ (s[0)+1[1))4 0 0 0 0 >0
IGHZ)14® (s[0)+1]1))3 0 0 0 0 >0
IGHZ),34® (s0)+1(1)), 0 0 0 0 >0
(s]0)+1]1)); ® |GHZ )34 0 0 0 0 >0
[W)® (s|0)+1[1)),* 0 0 0 0 0
|GHZ),, ® |GHZ)34 #0 0 A 0 0
|GHZ) 3 ® |GHZ)»4 #0 A 0 0 >0
|GHZ) 4, ® |GHZ)»3 #0 0 0 A >0
only two qubits are entangled 0 0 0 0 0
separate states 0 0 0 0 0

In W) (s]0)+1[1));, i=1,2.3.4.

class in Tables V(a) or V(b) or IV, then it implies that D;
=0 for that i and for all the states of the class. If D; is A for
some i and for some class in Tables V(a) or V(b) or IV, then
it means that D;=0 for that i and for some states of the class

TABLE V. The SLOCC invariants of true entanglement
classes.

Classes F D, D, D, 7
(a)
|GHZ) >0 0 0 0 #0
|Cy) >0 A A A #0
|K4) >0 A A 0 #0
|Ey) >0 A 0 A #0
L) >0 0 A A #0
|H,) >0 A 0 0 #0
Ny >0 0 A 0 #0
M) >0 0 0 A #0
|77, >0 A 0 0 #0
16,) >0 A 0 0 #0
EA >0 0 A 0 #0
pa) >0 0 A 0 #0
|€4) >0 0 0 A #0
ey >0 0 0 A #0
(b)
|W) 0 0 0 0 0
IXa) >0 A A A 0
|ug) >0 0 A A 0
o) >0 A 0 A 0
|y >0 A 0 0 0
| ba) >0 0 A 0 0
| 1na) >0 0 0 A 0
les) >0 A 0 0 0
|Z4) >0 0 A 0 0
| 9,) >0 0 0 A 0
|74) >0 0 0 0 0
loa) >0 0 0 0 0
|ea) >0 0 0 0 0
|wg) >0 0 0 0 0

while for other states of the class D;# 0. If D; is A, then we
give the expression for D; in [13]. For example, for class | )
in Table V(a), D, is A, D,, is A, and D;=0. It says that for
some state of class |«,) in Table V(a), D, # 0 and D, # 0 but
D=0 for every state of class |«,). However, for state |«,) in
Table IIl(a), D,=0, where i=1, 2, and 3.

III. INVARTIANT AND SEMI-INVARIANTS
FOR SLOCC CLASSIFICATION

A. Representatives of true entanglement classes

It is well known that the states |GHZ), |W), |¢,), and |C,)
are the representatives of disjoint true entanglement classes
of four qubits. Utilizing the SLOCC invariant 7 and the
semi-invariants F; and D; of four qubits, we find 28 distinct
true entanglement classes. The representatives of the classes
are listed below.

(1) From the construction of |¢4), we do the following
tests. From all the 15 true entanglement states: (|0)+]i)+]/)
—|15))/2, where |i),|j) €{[3).]5).]6).]9).[10),]12)}, which
is obtained from |C,), we find the representatives of seven
different true entanglement classes. They are |GHZ),
|ba) [ 40), | 12a)s | Ka) |Eq), and |Ly).

(2) From [6], we consider the states of the following
forms: (|OY+|i)+[j)+[k)+|D)+|15))/\6, where |i),|j),]k).|0)
€{[3).]5).16),]9),]10),[12). There are 15 true entanglement
states, of which seven are chosen as the representatives
of different true entanglement classes. They are |C,),

|7T4>’ 04).|pa).1és).|€s) and |04>-

(3) From the 15 true entanglement states: (|0)+|i)+]j)
+y+|D=[150)/V6, where i), ), [k),|D) € {I3),15),]6),]9),
|10),]12)}, we choose |x4) as a representative.

TABLE VI. The properties of D; for two GHZ pairs.
States D, D, D;
IGHZ),® |GHZ) 54 0 £0 0
|GHZ) 3 ® |GHZ)4 #0 0 0
IGHZ),, ®|GHZ)»3 0 0 £0

052311-5



LI et al

(4) Consider the true entanglement states of the following
forms: [3)+|x)+|12), where |x) €{|5),|6),]9),|10)}; |5)+]|x)
+[10), where |x) €{|3),]6),|9),|12)}; |6)+|x)+|9), where
|x) €{|3),|5),|10),]12)}. Notice that the binary representa-
tives of 3 and 12, 5 and 10, and 6 and 9 are complementary,
respectively. From the 12 true entanglement states, we find
three inequivalent true entanglement states. They are
|Hy),|[Ng), and [My).

(5) The classes whose representatives have three product
terms.

Let $,=(001)7, S,=(010)7, S;=(100)7, V,=(011)7, V,
=(101)7, and V3=(110)7. Consider the permutations:
§:8;V:V;. For example, §,5,V,V, is considered as a matrix

0001
0110
1 011

Each row of the matrix is considered a basis state of four
qubits. Thus, the matrix can be considered to be the state
(|1)+]6)+|11))/+3. From the permutations, we find repre-
sentatives: |@4), |74), [04), [04), [ta)s [S4)-

(6) |wy) is Ly, in [6]. From states of the forms ()
+|5)+|y)+|z))/2, where x+5+y+z=27, we choose |u),
|®,), and |w,) as representatives.

(7) Up to permutations of the qubits, each one of the
following groups is considered as one true entanglement
class. However, we do not show that the different groups
cannot be obtained from one another by permutations of the
qubits.

We list the 28 true entanglement classes as follows.

(1) |GHZ)=(|0)+]15))/\2.

) [W=(|1)+12)+]4)+[8)/2. i

(3) [Coy=(|3)+|5)+|6)+]9)+|10)+]12) /6.

@ [k)=(0)+[3)+[10)-[15)72,  |E)=(|0)+]5)+]9)
—15))72, |Ly)=(10)+[3)+|9)-[15))/2. B

(5)  |HY=(3)+]6)+[12)/V3,  [\gy=(|5)+]6)+]10)/13,
IM)=(|3)+|5)+|12)/13. _

©) |m)=((0)+[3)+[5)+[6)+[10)+[15))/V6, |6,)=(|0)
+|5)+|6>+|10>;|—|12)+|15))/\«"6, losy=(|0)+|3)+|9)+|10)
+[12)+[15)/V6,  |py)=(0)+[3)+]6)+]10)+12)+[15))/\6,
1£)=((0)+[6)+]9)+[10)+12)+[15))/\6. |€)=(|0)+[3)+]6)
+|9)+[10)+]15)) /6. B

(7) [xay=(0)+3)+]6)+]10)+[12)~ |15))/ V6.

®)  [e)y=(0)+|5)+[10)-[15))/2, |$s)=(|0)+[3)+]12)
~[15)72, |p1)=(0+[6)+19)-[15)) /2. _

©) le)=(D+[6)+[11)/N3, |99)=(|2)+[5)+[11)/13,
[7)=(D+[7)+[10) /13, [24)=(|2)+[7)+[9))/\3. -

(10) [Zy=(0)+[11)+12))/\3, [e)=([0)+[3)+]13))/\3.

(1) Juy=(|2)+[5)+|9)+|11)/2.

(12) [wy)=((0)+[5)+[8)+14))/2.

(13) [wy)=(12) +]5)+[8) +[12))/2.

B. Sufficient conditions for a true entanglement state

Let |1,0) be a state of four qubits. From Tables I, II, IV, and
V it is not difficult to see that |¢}) is a true entanglement state
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if |¢/) satisfies one of the following conditions.
(1) Z()=0 and D) # 0, where i=1,2 or 3.
(2) Z(¢p) #0 and Fi(p) # 0, where i=1,2,3,4,5,6,7 or 8.
(3) Z(¢) # 0 and Dy(¢) # 0 and D(4)) #O0.

IV. AT LEAST 28 DISTINCT TRUE ENTANGLEMENT
CLASSES

A. Degenerate entanglement classes

The authors in [8] gave an upper bound for the number of
degenerate (N+ 1)-entanglement classes in terms of the num-
ber of N-partite entanglement classes. In this paper, we give
an exact recursive formula for the number of degenerate en-
tanglement classes of n qubits (see Appendix). By the recur-
sive formula, for five qubits, there are 5 X 1(4)+66 distinct
degenerate SLOCC entanglement classes, where #(4) is the
number of true SLOCC entanglement classes for four qubits.
We only use combinatorial analysis to derive the recursive
formula. The authors in [9] declared there are 16 true en-
tanglement SLOCC classes for four qubits and at most 170
degenerate entanglement classes for five qubits. If so, by our
recursive formula there would be 146 degenerate SLOCC
entanglement classes for five qubits. However, in this paper,
we report there are at least 28 true entanglement SLOCC
classes for four qubits. Thus, by the recursive formula there
are at least 206 degenerate SLOCC classes for five qubits.
From the recursive formula, we know that most of the de-
generate entanglement classes of n qubits are (n—1)-qubit
true entanglement classes with a separate qubit like A
—-(BC...Z),_;, where (BC...Z),_; is truly entangled.

For four qubits, by computing, we obtain the SLOCC in-
variant, and the semi-invariants F; and D; of all the degener-
ate entanglement classes. See Tables IV, II, and VI. For ex-
ample, the value F of three-qubit GHZ entanglement
accompanied by a separable qubit does not vanish. The proof
is given as follows. Other proofs are omitted. By the defini-
tion of F and Sec. 3.1 of [5], it is easy to obtain this result.

For class |GHZ),3c® (s|0)+¢|1))p, by Sec. 3.1 of [5],
(apais—asayo+ara - agag) # 4asag—aga)(aga g —aras)
or (a1a15—asay +asa 3 —azas)* # 4asag—a,a3)(aqay,
—asa,s), and other F; vanish.

For class |GHZ),5p® (s|0)+1|1))¢, (agaiz—asag+a,ay,
—asag)® # 4(agag—agary)(asag—ayarz)  or  (axa;s—agay
+a3a14=asa10)° # Haga 0= ara14) (azay —azays), and other
F; vanish.

For class |GHZ)4cp® (s|0)+1|1))g, (aga;—asag+a,a;g
—azag)’ # 4(arag—agay)(asag—aray)  or  (a4a15-aqap3
+asay—a7a1y)” # Haga = asays) (azaz—asays).

For class (s|0)+¢[1),® |GHZ)gcp, (apa;—aras+a,aq
—azas)’ # 4aray—agag)(azas—aa;)  or  (agajs—apap
+agay—ayag) # 4y a3-aga;s) (@ 0a - agayy).

B. 28 classes in Tables V(a) and V(b) are true
entanglement classes

It is known that the classes |GHZ), |W), |¢4) [7], and |C,)
[5] are inequivalent true entanglement classes.
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Part 1. The classes in Table V(a) are true entanglement
classes.

Since for the classes in Table V(a), Z#0 and F>0, we
only need to show that the classes in Table V(a) are distinct
from the degenerate entanglement classes |GHZ)3
®|GHZ),, and |GHZ),;®|GHZ),;. However, the F; in
Tables III(a) do not satisfy the properties of the F; of classes
|GHZ),3® |GHZ),, or |GHZ) 4 ® |GHZ),5 in Table II. Hence,
the classes in Table V(a) are true entanglement classes.

Part 2. The classes in Table V(b) are true entanglement
classes.

Since Z=0 for classes in Table V(b), the classes in Table
V(b) are distinct from the degenerate entanglement classes
|GHZ),,®|GHZ)35, |GHZ);3®|GHZ),;, and [|GHZ),
® |GHZ),3. For some states of classes |x4), |vs), [@4), |¢h),
[b4)s |1a)s |@4), |S4), and | D), always D; # 0 for some i (see
[13]). However, all the classes in Table IV except for
|GHZ)|,®|GHZ)34, |GHZ);3®|GHZ),,, and |GHZ),,
® |GHZ)3, require D;=0, where i=1, 2, and 3 (see Table
IV) So classes |X4>’ U4>’ m4>» ¢4>’ ¢4>7 /J’4>7 QD4>7 §4>, and
|9,) are not degenerate entanglement classes. The classes
[74), |04)s |ta), |ws) in Table V(b) are not degenerate en-
tanglement classes because the properties of the F; of classes
[74), |04), |ta), |@4) in Table 1(b) do not satisfy the conditions
of the F; in Table II.

C. 28 Classes in Table V(a) and V(b) are distinct
from each other

Clearly, the classes in Table V(a) are distinct from the
ones in Table V(b) because the values of Z of all the classes
in Table V(b) are zero while the values of Z of all the classes
in Table V(a) are not zero.

Part 1. Let us show that the classes in Table V(a) are
distinct from each other.

For class |GHZ), D;=0, where i=1, 2, and 3 [see Table
V(a)]. However, D;# 0 always for some i and for some states
of other classes in Table V(a). Consequently, the class |GHZ)
is distinct from the other classes in Table V(a). For state |C,),
D;# 0, where i=1, 2, and 3 [see Table III(a)]. It is easy to see
from Table V(a) that for the other classes, D;=0 always for
some i. For example, D=0 for class |«,) [see Table V(a)]. It
implies that D;=0 for every state of class |«,). Therefore,
class |C,) is different from other classes in Table V(a).

For some states of class |«,), D;#0 and D, #0 (see the
case for class |k,) in [13], and for every state of class |k,),
D;=0). Therefore class |k,) is different from the last 11
classes in Table V(a). Also, classes |E,) and |L,) are different
from each other and from the last nine classes in Table V(a).

Let us demonstrate that class |H,) is different from classes
|74) and | 0,). For state |H,), Fo# 0 and F;=0 when i # 9 [see
Table III(a)]. Thus, state |H,) does not satisfy the conditions
of F; of classes |m,) or |6,) [see Table I(a)]. Therefore, class
|H,) is different from classes |m,) and |6,). For some states
of class |Hy), D;#0 and for every state of class |H,), D,
=0 and D;=0, therefore class |H,) is different from |\,) and
|M,) and the last four classes in Table V(a). Also, |\,) and
|M,) are different from each other and from the last six
classes in Table V(a).
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From Table I(a), it is easy to see that for the last six
classes: |m4), |64), |04), |pa)s |€4), and |e,), the properties of
F; are disjoint, hence they are distinct from each other.

Part 2. We argue that the classes in Table V(b) are distinct
from each other.

Since F=0 for class |W) and F#0 for other classes in
Table V(b), class |W) is distinct from the other classes in
Table V(b). For some states of class |y,), D; #0, where i
=1, 2, and 3, see the cases for class |y,) in [13]. As discussed
for class |C,) in Part 1, class |x,) is distinct from the other
classes in Table V(b).

For some states of class |v), D,#0 and D;# 0 (see the
cases for class |v,) in [13]), and for every state of class |u),
D,=0 [see Table V(b)]. Therefore, class |v,) is different from
other classes in Table V(b). We omit the similar discussions,
which can be found in Part 1. We need to argue that |¢,) and
|¢,) are different from each other. For state |¢,), F;=0 and
F,=0 [see Table III(b)]. This contradicts that |F,|+|F,| #0
for class |¢,) [see Table I(b)]. This is done. Also, |¢,) and
|s4) are different from each other, as are |w4) and |9,). What
remains is to explain that |7,), |04), |ts) and |w,) are distinct
from each other. This is obvious because the properties of
their F; are disjoint [see Table I(b)].

Conjecture. There should be a large number of true
SLOCC entanglement classes. We can show %(\f'2| 15)+|8)
+|4)+|2)+|1)) in [14] is a true entanglement state, which
does not belong to the 28 classes because the state has the
following properties:

I=O, Dl:
+|F4| # 0,

A, D2: A, D3: A,
Fs|+|Fg| # 0, and |F,| + |Fg| # 0.

F\|+|F,| #0,

Fy

V. SEMI-INVARIANTS OF n QUBITS

In [11], we list the following semi-invariants. When i+ is

2
odd, let F,u=(aa+aa~aya,~a.a)*~4(a,a;_—a,a, )
X(ayap —a,az,). Otherwise, let F,,,=(aa;+aa,—a,a,

- aras)2 - 4(aiaj—2 - apaq—2) (akal+2 - aras+2) . Let

F=4( S Fud+ 2 IFWI). (12)

odd(i+j) even(i+j)

The subscripts in the above expressions satisfy the following
conditions.
i<j, k<I, p<gq, r<s, i<k<p<r,

i+j=k+l=p+qg=r+s,

i®j=k®l=p®g=rds. (13)

Remark. We can consider that Eq. (13) is a special parti-
tion of an integer.

Example 1. Let (|0)+|2"—=1))/2 be the state |GHZ) of n
qubits. Then F of state |GHZ) does not vanish.

Proof. This is because the following term does not vanish:
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|[(610a2"—1 - azazn—s) +(ajamn_y — a302"—4)]2
— 4(agayn_y — arapn_yg)(aiaz_; — azam_s)|
= |aoa2n_1| = 1/4

Notice that other terms do vanish.

Example 2. Let |[W)=(|0...01)+]0...010)+|0...0100)
+-)/ Jn, where the amplitudes a,i=1/ \e";, where j
=0,1,...,(n—1), and other amplitudes a;=0. Then F of |W)
vanishes.

Proof.

(1) We show that a,a;=a,a;=a,a,=a,a;=0. If a,a;#0,
then i=2" and j=2", where m <n. Clearly, we cannot find k
or [ such that k=2% and [=2" and 2" ®2"=2°® 2",

(2) We show that (a,a;_;—a,a, )(aa. —a.a,,.,)=0. It is
enough to illustrate aa; =a,a, =aa;1=a,a.,=0. As-
sume that i=2" and j—1=2" and k=2° and [+1=2". Since
i+j=k+1[, 2"+2"+2=2%+2" Since i®j=k®[, then (D (j
—D=k®(+1), ie., 2"®2"=2°®?2". It is not possible for
2Mm42"+2=2+2" and 2" ®2"=2°® 2 to both hold.

(3) Also, we can show that (aaj—a,a,,)(aa.,
_aras+2) =0.

We conclude that F' vanishes. From examples 1 and 2, it is
trivial that the states [GHZ) and |W) of n qubits are inequiva-
lent.

VI. SUMMARY

In this paper, we found the SLOCC invariant and semi-
invariants for four qubits. By means of the invariant and
semi-invariants we can determine if two states are inequiva-
lent. Then, we show that there are an infinite number of SL
classes and at least 28 distinct true SLOCC entanglement
classes. The invariant and semi-invariants only require
simple arithmetic operations. The ideas can be extended to
five or more qubits for SLOCC classification. In this paper,
we also give the exact recursive formulas for the number of
degenerate SLOCC classes of n qubits. By the recursive for-
mula, for six qubits, there are 6 X#(5)+30X#(4)+276 dis-
tinct degenerate SLOCC entanglement classes, where #(5) is
the number of true SLOCC entanglement classes for five
qubits.
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APPENDIX: NUMBER OF DEGENERATE SLOCC
CLASSES FOR n QUBITS

Let d(n) be the number of degenerate SLOCC classes for
n qubits and #(n) the number of true entanglement SLOCC
classes for n qubits and #(1)=1.

1. By Computing d(5) demonstrate how to derive d(n)

Case 1. Only four-qubit true entanglement accompanied
with a separable qubit.

PHYSICAL REVIEW A 76, 052311 (2007)

For example, ABCD—-E, where ABCD is truly entangled.
Note that four qubits can truly be entangled in #(4) distinct
ways. Clearly, there are (Z)t(4) distinct degenerate SLOCC
classes. This situation can be considered as that of five balls
divided into two groups. The first group contains exactly one
ball and the second group contains exactly four balls. Thus,
there are % different ways [15]. Note that the four balls
correspond to four qubits. Therefore, for this case, the num-
ber of degenerate SLOCC classes can be rewritten as
%t(l)t(4). We can consider this case as a partition of 5: 1
+4=5.

Case 2. Only three-qubit true entanglement accompanied
with two separable qubits.

For example, ABC—-D—-E, where ABC is truly entangled.
As indicated in [2], three qubits can truly be entangled in two
inequivalent ways. It is easy to see that there are 2(;) distinct
degenerate SLOCC classes. Let us consider that the five balls
are divided into three groups. Each of the first two groups
contains exactly one ball and the third group contains exactly
three balls. Thus, there are %‘,3, different ways [15]. Note
that ABC—D—-E and ABC—-E-D represent the same class.
Hence, for this case, the number of degenerate SLOCC
classes can be rewritten as %:3, X t(1)t(1)t(3) X % We re-
gard this case as being a partition of 5: 1+1+3=5.

Case 3. Only two-qubit true entanglement accompanied
with three separable qubits.

For example, AB—C-D-E, where AB is a two-qubit
GHZ state. It is clear that there are (;) distinct classes. We
consider that the five balls are divided into four groups. Each
of the first three groups contains exactly one ball and the
fourth group contains exactly two balls. Thus, there are
ﬁ different ways [15]. Note that AB—-C-D-E, AB-C
-E-D, AB-D-C-E, AB-D-E-C, AB-E-C-D, and
AB—-E—-D-C belong to the same class. Then, for this case,
the number of degenerate SLOCC classes can be rewritten as
ﬁ;,z, Xt(1)r(1)e(1)1(2) X % Let us consider this case as a
partition of 5: 1+1+1+2=5.

Case 4. Two GHZ pairs accompanied with a separable
qubit.

For example, AB—CD-E, where AB and CD are two-
qubit GHZ states. For this case, there are 15 degenerate
SLOCC classes. Note that AB—CD—-E and CD—-AB-E rep-
resent the same class. Similarly, for this case, the number of
degenerate SLOCC classes can be rewritten as #:2,
Xt(1)t(2)1(2) X % We can consider this case as a partition of
5: 1+2+2=5.

Case 5. Two-qubit GHZ® three-qubit GHZ and two-qubit
GHZ® three-qubit W.

For example, AB—CDE. We can list the ways of entangle-
ment as follows. AB—CDE; AC-BDE;,; AD-BCE; AE
—-BCD; BC-ADE; BD-ACE; BE-ACD; CD-ABE; CE
—ABD; and DE-ABC. Hence, there are 2(;) degenerate
SLOCC classes. Similarly, for this case, the number of de-
generate SLOCC classes can be rewritten as 2?—3', X 1(2)t(3).
We regard this case as being a partition of 5: 2+3=5.

Case 6. A product state: A—-B—-C—-D-E.

It is trivial that o X /()r(1)r(1)e(1)e(1) X % =1. Let
us consider this case as a partition of 5: I+1+1+1+1=5.1In

052311-8



CLASSIFICATION OF FOUR-QUBIT STATES BY MEANS ...

total, there are 5X#(4)+66 degenerate SLOCC classes for
five qubits.

2. Exact recursive formula of d(n)

For n qubits, we consider the degenerate entanglement
way 1, ®r,® -+ ®ry, where k=2 and the r; qubits are truly
entangled, i=1,2,...,k. As indicated in [15], there are
r]!r:!!‘,rk! different ways to divide n balls into k groups such
that the jth group contains exactly r; balls, where ri+r,
+---+r,=n. Note that r; qubits can truly be entangled in #(r;)
distinct ways. Let s; be the number of occurrences of i, in
risTys...,r. Thus, for this situation, there are
ﬁt(rl)t(rz)...t(fk)m degenerate SLOCC classes.
In total, d(n)= Emt(rl)t(rz)...t(rk)m, where the
summation is extended over all the following Euler partitions
of n: ri+ry+-+--+r,=n in which k=2 and l=ri=r,=---
=rn.<n.
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3. Compute d(4) using the recursive formula

For four qubits, the following are the partitions of 4. 1
+3; 1+1+2; 2+2; 1+1+1+1.

Case 1. For the partition 1+3, there are %t(l)t(3)=8
degenerate SLOCC classes. They are A-BCD, B-ACD, C
—ABD, and D-ABC. Note that three qubits can truly be
entangled in two inequivalent ways.

Case 2. For the partition 14142, there are
ﬁt(l)t(l)t@)%=6 degenerate SLOCC classes. They are
A-B-CD, A-C-BD, A-D-BC, B-C-AD, B-D-AC,
and C-D-AB.

Case 3. For the partition 2+2, there are %t(Z)tQ)%:
degenerate SLOCC classes. They are AB—CD, AC—BD, and
AD-BC.

Case 4. For the partition 1+1+1+1, we have a product
state. It is trivial that T7eyy X 2(1)e(1)e(1)r(1) X £ =1.

In total, there are 18 degenerate SLOCC classes (see [6]).
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