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Spontaneous emission and scattering in a two-atom system:
Conservation of probability and energy
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An explicit calculation of conservation of probability and energy in a two-atom system is presented. One of

the atoms is excited initially and undergoes spontaneous emission. The field radiated by this atom can be
scattered by the second atom. It is seen that the Weisskopf-Wigner approximation must be applied using a
specific prescription to guarantee conservation of probability and energy. Moreover, for consistency, it is
necessary to take into account the rescattering by the source atom of radiation scattered by the second atom.
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I. INTRODUCTION

Recently, there has been renewed interest in understand-
ing problems involving emission in a dielectric from a mi-
croscopic point of view [1-3]. To understand more complex
problems, such as those involving propagation in a dielectric
and/or the recoil an atom undergoes in spontaneous emis-
sion, it is helpful to first consider the simpler problem of a
single source atom and a single medium atom. In the case of
identical atoms, this problem has received a great deal of
attention [4,5]. There are also calculations in which coopera-
tive emission involving two different atoms is considered
[6]. In most of these treatments, however, there was little or
no discussion of conservation of energy and probability. It
might seem that this is a trivial consideration, but, as is often
the case, appearances can be deceiving.

It should be recalled that probability conservation proves
to be problematic even for the problem of an isolated atom
undergoing spontaneous decay. This problem has never been
solved exactly, although perturbative solutions based on
quantum electrodynamics can be formulated. Weisskopf and
Wigner [7] considered the problem of spontaneous decay and
introduced two approximations that led to a consistent solu-
tion in which probability was conserved. The first approxi-
mation was to extend the frequency integration over vacuum
field modes to minus infinity, based on the assumption that
most contributions of field modes occur near the atomic fre-
quency. The second approximation was to evaluate all
vacuum field mode frequencies at the atomic transition fre-
quency, except when those frequencies appeared in phase
factors. There is no formal justification for this procedure; if
one does not make such an assumption, but introduces some
appropriate high-frequency cutoff, probability is conserved
only approximately [8]. It is rather remarkable that the
Weisskopf-Wigner approach leads to conservation of prob-
ability [9]. On the other hand, there is no guarantee that this
procedure will work when analyzing more complex systems,
such as the two-atom system considered in this work. One
goal of this paper is, then, to establish explicitly the manner
in which probability and energy are conserved in a two-atom
system and to indicate the manner in which the Weisskopf-
Wigner approximation must be used to achieve these results.

A secondary goal of this paper is to examine the various
physical processes that give rise to interference effects be-
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tween the field emitted by the source atom and the scatterer.
In particular, the role played by retardation is brought into
focus. To illustrate the conceptual problems that can arise,
consider the scattering problem illustrated schematically in
Fig. 1. A source atom A at the origin is excited at =0 to a
state having energy 7w, and undergoes spontaneous emis-
sion. The field radiated by the source atom can scatter from a
second atom B located at position R,. Within the rotating-
wave approximation, there are only three state amplitudes

b2,];()’ b],2;0’ bl,l;k

that enter the problem. The first subscript refers to atom A,
the second to atom B, and the third to the radiation field. To
first order in (I'/A), where the detuning

A=wy—w (1)

and w is the atom B transition frequency, the probability
2 byl + ol =1, (2)
k

since the lowest contribution to |b) .|* is of order (I'/A)2.
The rate I' is less than or of the order of the decay rates of
atoms A or B.

As innocuous as it seems, Eq. (2) leads to an apparent
paradox. The amplitude b, has three contributions in
lowest-order perturbation theory. The first arises from the
direct emission of atom A with no scattering and is of order
(I'/A)°. The second, of order (I'/A), involves scattering from
atom B and depends on b, ;.o(t—Ry/c) since the radiation
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FIG. 1. (Color online) Source atom A is prepared in its excited
state and undergoes spontaneous emission that can be scattered by
atom B.
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must travel from atom A to atom B before it is scattered. The
third contribution, already discussed by Milonni and Knight
and shown to be of the same order as the second contribution
[4], can be linked to radiation that is emitted by atom A,
scattered by atom B, and then rescattered from atom A. This
contribution must depend on b, ;.(t—2R/c) since the radia-
tion must travel from atom A to atom B and back before it
can be rescattered by atom A. It would appear that the inter-
ference terms in |b; .4 |* involving the (I'/A)° and each of the
(I'/A) terms involve retardation at different times, namely,
Ry/c and 2R(/c. But all contributions to the probability re-
sulting from the presence of atom B are of order (I'/A)2. As
a consequence, all contributions to the probability of order
(I'/A) must vanish. How can these (I'/A) terms involving
retardation at two different times combine and cancel one
another to ensure that overall probability is conserved? This
apparent paradox is resolved in Sec. II.

Conservation of energy also proves to be problematic.
Given the initial conditions, it is clear that the average en-
ergy in the system of atoms plus field is equal to 7 w,. Since
this average energy must be conserved, we face a range of
problems similar to those encountered in the probability cal-
culation. An analysis of energy conservation allows one to
see how the energy is partitioned between the atoms and the
field.

The problems discussed in this paper are of fundamental
importance when one considers the more complex problem
of a medium of scatterers or a system in which the source
atom is allowed to recoil on emission. As such, this calcula-
tion represents a type of “building-block™ solution that may
prove useful in treating such problems.

II. HAMILTONIAN

The source atom, located at Ry=0, is modeled as having a
J=0 ground and J=1 excited state separated in frequency by
wy. Atom B is located at position R and has a J=0 ground
state and J=1 excited state; the frequency separation of its
ground and excited states is denoted by w. It is assumed that
|A|/ @< 1, enabling one to make a rotating-wave approxima-
tion in considering the field—atom-B interaction. On the other
hand, it is assumed that I'/|A| <1, allowing one to make an
expansion of the probability amplitudes as a power series in
this parameter. The source atom is excited by a z-polarized
optical pulse into its m;=0 excited state at r=0. As such, the
source atom can be considered as a “two-level” atom with
lower state |1)=|/=0) and upper state |2)=|/=1,m,;=0). The
processes I consider are (i) radiation emitted by the source
atom without scattering, (ii) radiation emitted by the source
atom that is scattered by atom B, and (iii) radiation that is
emitted by the source atom, scattered by atom B, and rescat-
tered by the source atom.

In rotating-wave approximation, the Hamiltonian for the
atom-field system is

H=Hy+V, (3)

where

PHYSICAL REVIEW A 76, 043816 (2007)

1
hw how
Hy=—7ol+ X —~olim) +hoa a,. @)

m=—1

V= hgy(a — alor) + gl (mom)ay, o

+ géx(m)*aixo’f(m)e"‘k"‘o), (5)
172
T (1
8k = 1(2ﬁ60V> M(fk )os
, ® 1/2 .
8 (m) =i ( 5 ﬁe]:)V) AC (6)

o, are raising and lowering operators for the source atom,
0.=[2)(2|=|1)X1|, 6®(m) are raising and lowering operators
for atom B associated with the m sublevel of the J=1 excited
state, ”(m)=|m)5(m|-|g)?(g| is the population difference
operator between excited state (J=1,m) and ground state
(g,J=0) of atom B, w is the z component of the dipole
moment matrix element of the source atom between its
ground and excited states (assumed real), u' is \3 times the
reduced matrix element of the dipole operator for atom B
between its ground and excited states (assumed real), a, is
an annihilation operator for a photon having propagation
vector k and polarization e()‘), wg=kc, V is the quantization
volume, and (el(()‘))ilz pr [(EE‘))xii(E:z‘))y]/\Q, (e:()‘))oz(efz‘))z,
where the unit polarization vectors are

el((l) = 9k =cos 6, cos ¢ X+ cos b, sin ¢y — sinb,Z;
(7a)

5]((2) = b= —sin X+ cos . (7b)

A summation convention is used in Egs. (4) and (5), as well
as all subsequent equations, in which any repeated symbol
on the right-hand side of an equation is summed over, unless
it also appears on the left-hand side of the equation. Equa-
tions (4) and (5) describe a system in which the source atom
and atom B interact via the quantized radiation field.

It is convenient to expand the state vector as

|2, Ry)) = by o(1,Rg)e™"“0'[2;0) + gm,O(t’ Ro)e™"“0'|m;0)
+ bk}\(t,Ro)e_iwk1|k)\>, (8)

where b, g=b, 1, is the amplitude (in an interaction repre-
sentation) to find the source atom excited, atom B in its

ground state, and no photons in the field,; gin,OEbl,;11;O is the
amplitude (in an interaction representation) to find atom B in
excited sublevel m, the source atom in its ground state, and
no photons in the field; while bkk(t,Ro) =D 1., is the am-
plitude (in an interaction representation) to find both atoms
in their ground states and a photon having wave vector k and
polarization X\ in the field. In the rotating-wave approxima-
tion, these are the only states that enter for the chosen initial
conditions. Note that the third term is written as

Byo(t,Rg)e™ " rather than b, o(f,Rg)e™ to reflect the fact
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that this state actually enters as a virtual state with energy
hw, rather than energy fiw. Probabilities are calculated to
order (I'/A) and energies to order A2/ A. Higher-order cor-
rections can be included, but they seriously complicate the
solution.

III. CONSERVATION OF PROBABILITY

To prove explicitly that population is conserved, one must
show that

P=1by o(t,Rp)* + > |bk}\(t7R0)|2 + |Em,0(I’R0)|2
ky
~ |byo(t.Rp)|* + > |bk)\(tsR0)|2 =1, )
ky

assuming b, o(t=0)=1. The |b,,(t,Rp)|> term can be ne-
glected in the probability calculation since it is of order
(T'/A)2. To proceed, I note first that b, 4(f) can be written as

by o(t.R) = BY(1) + B(t.Ry), (10)
0)

where b(2 o(1) is the solution in the absence of atom B, and
B(t,Ry) is a correction of order (I'/A). Assuming the source
atom to be excited “instantaneously” at =0, it follows that

[10]
b1 = e7O(1), (11)

where y=(1/ 4’7T€0)(2,LL2(.08/ 3#c?) is one-half the source atom
decay rate (in the absence of atom B) and O(r) is the Heavi-
side step function. Equation (11) is derived using the conven-
tional Weisskopf-Wigner approximation in which integrals
over w; are extended to —o and all factors of w, are evalu-
ated at w), except when they appear in phase factors. To
calculate P, one needs to find b, o(z,R,) and Zk)\|bk}\(t»R0)|2~

From Schrodinger’s equation, it follows that the state am-
plitude by (1) evolves as

b'k)\(l, Ry) = igie ™07y (1)
— gy (m)"e o eniemhRop, (1) (12)

or

t
f dt,e_i(wo_wk)t’[gkbz,o(l",Ro)
0

> |bk}\(f,Ro)‘2 =2
L5 Ky

2
~ g, ()" e b, (1" Ry)]

t t
— 2 dtlf dt”ei(wk_wo)(t/_t”)
k, J0 0

X[|gkl*bo(t" ,Rp)b3 o(1",Ry)

+ |g]'(k(m)|25m,0(t’,RO)E;’O(t”,RO)]

t t
—{ f dr' f di"e" g gy (m)
0 0

PHYSICAL REVIEW A 76, 043816 (2007)

Xeik.RObz’O([’,Ro)l”)';’o([”,Ro) +cC.C. |.

(13)

The amplitudes b, o(z,Ry) and b,, (t,Ry) obey the equa-
tions of motion [2,3]

byo=—vbyo— V(M,/M)eikOROFo;m(Ro’ko)gm,o(f - Ry/c),
(14a)

dby,o/di == [Y(u'Iw)* = iA]b,0

= Y 1) e™RoF,, o(Ro,ko)by ot = Rolc),
(14b)

where

Foo(R,ko) = 4 (do(koRo) Yo,0(6, $o)
1
+ ngz(koRo)Yz,o(eo, ¢ |,  (15a)
N

= Fo.51(Ro, ko) = F.p.0(Rg, @)
T [aAn
= —\47V3/20d,(koR) Yz,:l(ao, o),
(15b)

] 3 1 3
do(x)=—§, d2<x>=—i(;—;)—;, (16)

and ky=wy/c [dy(x)=e " hy(x), where hy(x) is a spherical
Hankel function of the first kind]. Equation (14b) can be

integrated formally, assuming that b, varies slowly in a
time of order 1/A [10]. To order I'/A, one obtains

koRoF, o(Ro,ko)bsg(t — Rofc),

(17)

~ '/
byo(t) ~ - iWe

where

byo=— Ybyo—[[(Ry) +iS(Ro)IbXY(t = 2Ry/c)  (18)

and

T(Ry) +iS(Ry) = —i

Y'Iw?
TeszOROFO;m(RO,kO)Fm;()(ROs k())

(19)

with both T(R,) and S(R,) real.
Note that, for kyRy>>>1 (atom B in the radiation zone of
atom A),

T(Ry) = T(Ry)sin(2kyR,), (20a)

S(R) = - T'(Ry)cos(2kyRy), (20b)

where
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9 Y (u'lw)?

'Ry =- 4 AlkoRy)? sin” 6. (21)
0

The general result (19) contains both near- and
intermediate-field contributions; however, the adiabatic solu-
tion (17) is valid only if [y(u'/ )/ A]|F,.0(Ro,ko)| < 1 or

Yp'lp)

A (22)

(koRo)3 >

For smaller separations, the two-atom system decays in a
cooperative fashion. It is assumed that condition (22) holds.
Equation (17) can now be substituted into Eq. (13). The

term proportional to l;,n,o(t’ ,Ro)l;:z,o(f",Ro) is of order
(I'/A)? and can be neglected. Evaluating the first term using
the “normal” Weisskopf-Wigner approximation (setting wy
=w, except if it appears in a phase factor), one obtains

t
3 4, :Ro =27 sl RO
ky 0
t t ) )
_ f dt/f dtnet(wk—a)o)(t —1 )gkgll()\(m)elk.Ro
0 0

sz,o(f',Ro)g;,o(f",Ro) + C-C.:| . (23)

By combining Egs. (9), (17), and (18) {with b, o=—b,
—[f(RO)+i§(R0)]b(2(f())(t—2R0/C)}, and (19), one can show,
that for probability to be conserved, one must have

B1+B2:0, (24)

where

t
B,=-T(Ry)(2y) f dr' BN BY(' = 2Rfc), (25a)
0

// ) ) t
_iY(MA ) an;o(Ro,ko)gkgl;A(m)e_'kORoelk'Rof dr’
0

Bz=

t
Xb(z%(t’)J dt"ei(“'k_“’o)(’,_’”)b%(t” —Ry/c) +c.c.,
0

(25b)

and we used the fact that b(z?())(t) is real. As mentioned in the
Introduction, for probability to be conserved there must be
cancellation of a term involving retardation at Ry/c with one
at 2R0/ C.

This apparent paradox is resolved when one explicitly
carries out the integration in Eq. (25b). The interference of
b(z(f())(t’) and b(z?g)(t”—RO/ ¢) occurs only for "=t —R/c, lead-
ing to a term that varies as b;(?())(t’—ZRO/ ¢). To see this ex-
plicitly, one carries out the summation over k in Eq. (25b)
by using the prescription = —[V/(2m)*]fdk=[V/
(2mc)* ][ widw S dQy, extending the w, integration to —o,
setting w;=w, except where it appears in phase factors, and
using the relation
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4
e Ro= 470 D iV 4, (06 D) Y500, D0)J (KR),  (26)

m=—{

in which Y, is a spherical harmonic and j, a spherical
Bessel function. Only the hy(kR,) part of jo(kRy)=[h¢(kRy)
+hy(kRy)]/2 contributes to B, since the first term in Eq.
(25b) arising from the h,(kR,) contribution is purely imagi-
nary. After some algebra, one obtains

t
B,=[(Ry)(27) f dr' BNy (' = 2Ry/c) = - B,
0
(27)

and probability is conserved, as expected.

One can understand the dependence b(z(?())(t’)b(z?())(t’
—2R,/c) appearing in B; and B, in terms of interference in
emission. The field intensity emitted from the source atom
involves a product of excited-state amplitudes b, (1")b5 (")
evaluated at the same time. Since b, ((#') has contributions
from both b(z(f())(t’) and b(z?()](t’—ZRo/ ¢), the interference be-
tween these components gives rise to the dependence in B;.
Thus B; corresponds to an interference between the field
backscattered by atom B and rescattered by the source atom
with the field emitted by the source atom at a later time.

The B, term is more complex. The B, term can be written
as

B= 2 Iy (tRy), (28)
L5

where
t t )
Ik)\(t7R0) =f dt,f dt”Ik)\(taRO;t’at”)l(wk_w())(t ) (29)
0 0

and
oty i(wp—wp)(t' =1")
I, (. Ryt 1") = %0

X [gkgﬂx(m)eik'RObz,o(f’)Efn,o(f",Ro) +c.c.].
(30)

The quantity [y (t,Rg;¢’,1") is the contribution to
|191(A(t,R())|2 resulting from interference of the field emitted
by atom A at time ¢’ with that emitted by atom B at time ¢”
(recall that Ry=Rz—R,). Actually, the quantity of interest
here is

Iwk(t,RO;t’,t”)zz,fdﬂklk)\(t,Ro;t',t"), (31)
A

which can be interpreted as a frequency distribution associ-
ated with this interference term. With the use of the addition
theorem Eq. (26), and the fact that j,(x)=[e”d,(x)
+e ™dy(x)]/2, it follows that, to order (I'/A),
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I, (1, Rg;1', 1) = iC,,(Ro)e™0Rob T ()b, (", Ro)
X el "Rf) | ¢ ¢ 4 iD, (Ry)e oRo

(0) (l )bm (](t” R )e‘(“’k—‘”o) t'—1"-Ry/c) +c.c.,
(32)

where C,,(Ry) is a purely real and D,,(R,) a complex func-
tion of Ry resulting from the angular integration over ;. In
this form, Iwk(t,RO;t’ ,t") can be viewed as the interference
of the outgoing wave emitted from atom A at time 7’ with the
outgoing wave emitted from atom B at time ?”.

In integrating over wy, to get B,, one finds that

t
Bz(l,Ro):f dt’Bz(t,RO;t,), (33)
0

where

By(t.Rst") = 271iC,,(Ro)e™0Rob (1" — Ry/c)by, o' Ro)
+c.c.+ ZwiDm(RO)e_ikOROb(z%(t’
+Ro/c)by, o' Ro) +c.c. (34)

When the specific form (17) for me is 1nserted into Eq.
(34), the C,,(Ry) term varies as |b2 O(I - ; however,
this term is purely imaginary and does not contrlbute to B,.
On the other hand, the D,,(R,) term varies as b 0(z‘ +Ry/

)b(o)(t —Ry/c); since this term is complex, it does contrib-
ute to B,(t,Ry;1').

Using Eq. (17), one can write B,(7,R;t") in the form

By(t,Rg;t") = iC(R)[bX)(1' = Ro/c)* + c.c.
+iD(Rg)e 2koRop0) (1" + Ry/c) b1 = Ry/c)
+c.c., (35)

where C (Ry) is a purely real and E(RQ) a complex function
of Ry. It is tempting to interpret the |b<0) —Ry/c)|? term as
a forward scattering term with no phase shift and the

‘z’kOROb(O o’ +Ry/ c)b(o)(t —Ry/c) term as a backward scat-
tering term with an e‘z’kORO phase shift. The backward scat-
tering term corresponds to a wave backward scattered from
atom B interfering with the wave emitted from atom A at a
time R,/ c greater than the scattering time at atom B. In other
words, this term corresponds to interference between ampli-
tudes b7, (', Ro) ~bS)(1'~Ry/c) and bY)(t' +Ry/c). Of
course, for this term to contribute, one must have 2YRy/c
= 1. Then interpretation in terms of backward and forward
scattering, while attractive from a mathematical point of
view, is a bit misleading. It is apparent from Egs. (31) and
(30) that there are contributions to B, from scattering at all
angles.

On the other hand, if kyR;,>>1, most contributions to the
Q) integral in Egs. (25a) and (25b) do come from the end
points of integration, at #=0, . In this limit and to order
(I'/A), there are four distinct processes that contribute to the
probability of emission: (1) direct emission by the source
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atom A; (2) radiation emitted by the source atom interfering
with radiation forward scattered from atom B—this term is
purely imaginary and does not contribute to the probability;
(3) radiation emitted by the source atom interfering with ra-
diation backward scattered from atom B; and (4) radiation
emitted by the source atom interfering with radiation back-
ward scattered from atom B and rescattered by atom A. Con-
tributions (3) and (4) cancel one another in the emission
probability.

IV. CONSERVATION OF ENERGY

The expectation value of the energy must equal Aw if we
start the system with the source atom excited, atom B in its
ground state, and no photons in the field. I wish to show that
energy is conserved to order #I'(I'/A). From Egs. (3)—(5)
and (8), it follows that conservation of energy can be ex-
pressed as

fuag|ba o1, Ro)|” + w2, 15,,0(t.Ro)[* + ﬁwk|bk)\(t’R0)|2 +(V)

= ﬁa)o, (36)

Note that, in contrast to the population calculation, I must

keep the term i w|b,, o(z, Ry)|? since it leads to a contribution
to the energy of order #1'(I'/A). By rewriting the equation as

hw0<|b2,0(t,R0)|2 +2 |bk)\(tsR0)|2> + 102 |y, 0(tRo)?
k) m

+ fi = @)y (1, Ro) > +(V) =Ty
and using the fact that (|b,0(t,Ro)|*+=y |by, (7, Ro)[*)=1

—Em|l;mq0 , 2, one finds that the energy conservation con-
dition can be restated as

— A2 by o(t, R + Fil(wy — @o)|by, (1, R[> +(V) = 0.

(37)

I now proceed to evaluate each of these terms separately.
From Eq. (17), one finds

— 1A By o(t, R = T (R) |6t = Ryfe)?,  (38)
where

r'(Ro) == Fm;o(Ro,k0)|2- (39)

Y (w' )
N >

For kgRy>1, I'"(Ry)=I'(Ry) [Eq. (21)].
Next I calculate the interaction term. From Egs. (5) and
(8), it follows that

<V> = h[gkbk)\(h RO)b;,O(L RO)
+ gl'(h(m)bk)\(t, Ro)l;fmo(t,Ro)eik'RO]e_i(“’k_wo)[ +c.c.

Substituting expression (17) and the integral of Eq. (12) into
this equation, one finds
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t
(V)= it 2, |gi*b o(1,Ro) f di' e t="p, (7' Ry)
k) 0
~ . ! .
+c.c.+ iﬁgkgl’(x(m)b;,o(t, RO)e’k'Rof dt' e~ (@)=t
0

sz’o(t,,Ro) +C.C. — lhgkgl:(m)b;,o(t’RO)
t

Xe‘ik'Rof dr' e e =p" (1 Ro) +c.c. (40)
0

The first term is purely imaginary so that the first two terms
do not contribute. The second and third terms involve sums
very similar to those encountered in the probability calcula-
tions and, to order AI'(I'/A), one finds

(V) == 20T (Ry)[bS)(1 - Ro/c) > — 225 (R)
XbONOBLY(1 — 2R/c). (41)

I now turn my attention to the second term in Eq. (37),
=y A~ w0)|bk)\(t,R0)|2. If one used the “normal” prescrip-
tion for applying the Weisskopf-Wigner approximation in
which wy, is replaced by w, except in phase factors, this term
would vanish and energy would not be conserved. Instead, in
the integral over w,, I adopt an alternative procedure in
which wy is evaluated at w, except in phase factors and in
the factor (w;— ). In some sense, the justification for this
procedure is that it will lead to conservation of energy. Using
the integral of Eq. (12), one finds that to order 2I'(I'/A),

12 (o — o) by, (1, Ro)|* = K1 + K>, (42)
ky
where
t
E |gil* (@ wo)j dl’b;,o(ﬂ,Ro)
"2 K, 0

1
f e @@=y (7 Ro) +cc.,  (43a)

0
e t o~
K,=- ﬁgkg{(x(m)elkko(wk - wo)J dt'b,, (' .Ry)
0

t
XJ dl‘"e‘i(‘“k_‘”o)(t,_t”)b(z(’)())(tﬂ) +c.c. (43b)

0

Converting the summation over k to an integral using the
modified form of the Weisskopf-Wigner approximation, I
find that K, is given by [11]

ﬁ'yfw f’ . J
Ki=i— | do,| dt'by,(t")—
e A 2.0( )(%,
! .= ! "
Xj dt"e” = p, (") + c.c.
0

t
=iﬁ'yf dr’ bzo(t) bzo(t)+cc.
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13
=ihy f dt' by o(t")[= vbao(1')
0
—{T(Ry) + iS(R)}IY(' = 2Ry/c)] + c.c.

=21S(R,) f dr b [B(t' = 2Ry/c)]

t
_ P
~ 245(R,) f dt’[b(z‘?())(t’—2R0/c)]—&t,b§%(t’). (44)
0

For K,, I use Egs. (6) and (17) to obtain

7(# /L)

K, =—ihggg k( ) F,.0(Rq.kp)e” #Roe™Ro(ay, — ag)

12 12
X f dr' b (t' — Ryfc) f d"e e =Op0 (1) + c.c.
0 0

AT (Ry) [~ !
- iM A, f dt' bL)(1' = Ry/c)
21 o 0 ’

t
J di'e —lﬂ)]‘(l‘ t—RO/c)b (t”)+CC
0

#HIT(Ry) +iS(Ry)} [~ !
+ { ( 0) iS( 0)}f d_ka)kf dt"bgo())(t”)
v — 0 ’

t
J dr' ORI — RJe) + c.c.

ﬁF’(R )
0 J J dr' byt —RO/c)—

f df" ettt RO/C)Z’)(Z(?())(I”)+C.C.
0

7{T(Ro) + iS(Ry)} [~ ! J
_l { ( 0) L ( 0)}J d(I)kJ dtub(20())(t//)_”
T e 0 ’ ot

1
XJ d;’ei‘T’k(f"‘f"RO/C)bg%(t’ —Ry/c) +c.c.
0

t
d ~
= ﬁr,(Ro)J dt,y|b(2(’)())([’ —Ro/C)|2 + ZﬁS(Ro)
0

13
J
X f dt”b(z%(t”)ﬁb(z%(t”—2R0/c). (45)
0

Combining Egs. (44), (45), and (42), T obtain finally

2 ey - w0)|bkx(t Ro)|> =" (Ry) |b o(t = Ro/c)|?
ky
+ 2hS(R)DSY (DBt — 2Ry/c).
(46)

It then follows from Egs. (37), (38), (41), and (46) that en-
ergy is conserved.
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The results can be summarized as follows: The average
energy in atom B is

I'(R
Ep=- ﬁw%wg%(t —Ry/c)|*, (47)

the interaction energy is
(V) == 241" (Ro)|b55(r = Ro/c)
— 2RSSR 1Bt = 2Ry/c), (48)
and the energy of the source atom plus the field is

I'"(Ry)

EA + EFZ ﬁwo + ﬁw—|b(2?())(t— Ro/C)|2

+ 2T (Ry)|BSy(r = Ric)[?

+ 2hS(R)DSY (1B — 2R /c). (49)
If we look in the limit y(t—Ry/c)=<1 and yR,/c>1, then
'R
EF -~ ﬁ(l)o + th“?(z(’)())(t— R0/C)|2

+ AT (R) |37 = Ry/c)[*. (50)

This limit corresponds to times for which the field is totally
emitted from atom A and is being scattered by atom B, but
has had insufficient time to rescatter from atom A. The sec-
ond term in Eq. (50) corresponds to a reduction in field en-
ergy resulting from the excitation of atom B [since I''(R,) is
positive for negative A, this term is negative, regardless of
the sign of A]. The third term in Eq. (50) is much smaller
than the second and corresponds to an increase in field en-
ergy for A <0. One interpretation of this term is that the field
produces a light or ac Stark shift that lowers the energy of
atom B; as a consequence the energy of the field increases.
Based on Maxwell’s equations, one usually concludes that it
is the propagation vector rather than the frequency that
changes when radiation propagates in a dielectric medium. In
this problem, as well as in pulse propagation in a dielectric,
there is nothing inconsistent with the fact that the average
frequency in the field changes while it interacts with dielec-
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tric atoms, compared to the average frequency in vacuum.

Another interpretation of the third term in Eq. (50) can be
given in terms of the frequency distribution (32), which, with
the aid of Eq. (17), can be written as

1, (t.R) = C(Ry) O, (wy — @g) + Re[D(Rg)e o]

X 05(wy — wp) + IM[D(Ry) e~ 2% R0 E(w;, — w,),
(51)

where the real functions O;(x) (i=1,2) and E(x) are even and
odd functions of x, respectively. In the limit y>1 and
YRo/c>1, the second and third terms do not contribute
since they are linked to a contribution varying as an integral
of b(z?())(t”—RO/ c)b(z?g)(t”+R0/ ¢). On the other hand, the first
term, while not contributing to the probability since it is an
odd function of (w;—w,), does contribute to the average
value of (w,—wp); in this way the average field energy in-
creases as a result of the interference term.

V. SUMMARY

I have given an explicit calculation of conservation of
probability and energy in a two-atom system. One of the
atoms is excited initially and the spontaneous radiation emit-
ted by this atom can be scattered by the second atom. It was
seen that the Weisskopf-Wigner approximation must be ap-
plied in a specific manner if both probability and energy
conservation is to be guaranteed. In a future planned work, I
will extend this calculation to include the recoil the atoms
undergo in the emission and scattering problem. This exten-
sion brings in yet another package of problems. The results
must certainly be independent of the choice of the initial
wave packets of the atoms, but the scattering and rescattering
seem to depend in a sensitive way on this choice.
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=L lb ()0 1)0()]

=0(- t’)®(t')%bz,o(t') = by o)At -1")0O(r')

+byo(0)O(—1")(1").
It can be shown, however, that if one simply sets

9 tdt”é‘(t' )b (t”)—ib (")
a' ), 2OV gy 720

in Egs. (44) and (45) as I have done, the final results are the
same that are obtained using the complete expression for the
time derivatives of the integrals.



