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When two-photon interactions are induced by down-converted light with a bandwidth that exceeds the pump
bandwidth, they can obtain a behavior that is pulselike temporally, yet spectrally narrow. At low photon fluxes
this behavior reflects the time and energy entanglement between the down-converted photons. However,
two-photon interactions such as two-photon absorption �TPA� and sum-frequency generation �SFG� can exhibit
such a behavior even at high power levels, as long as the final state �i.e., the atomic level in TPA, or the
generated light in SFG� is narrow-band enough. This behavior does not depend on the squeezing properties of
the light, is insensitive to linear losses, and has potential applications. In this paper we describe analytically this
behavior for traveling-wave down conversion with continuous or pulsed pumping, both for high- and low-
power regimes. For this we derive a quantum-mechanical expression for the down-converted amplitude gen-
erated by an arbitrary pump, and formulate operators that represent various two-photon interactions induced by
broadband light. This model is in excellent agreement with experimental results of TPA and SFG with high-
power down-converted light and with entangled photons �Dayan et al., Phys. Rev. Lett. 93, 023005 �2004�;
94, 043602 �2005�; Pe’er et al., ibid. 94, 073601 �2005��.
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I. INTRODUCTION

Parametrically down-converted light �1–4� exhibits corre-
lations between the down-converted modes, and has been a
primary source in experimental quantum optics �5–11�. At
low photon fluxes, these correlations are inherently nonclas-
sical, and are exhibited in the generation of entangled photon
pairs �12–15�. Two-photon interactions induced by entangled
photons are expected to exhibit nonclassical features, in par-
ticular a linear dependence on the intensity �16–22�, as was
observed with two-photon absorption �TPA� �23� and with
sum-frequency generation �SFG� �24�. At higher powers, the
correlations between the down-converted modes are better
expressed as quadrature correlations. In this regime, the non-
classical nature of the correlations lies in the fact that their
precision can exceed the vacuum shot-noise level, a phenom-
enon that is named squeezing �13,25–33�, and is expected to
affect two-photon interactions even at photon fluxes which
exceed the single-photon regime �16,22,34–37�. However,
while squeezing �i.e., the high precision of the correlations�
is easily destroyed �for example, by linear losses�, the re-
maining correlations still have a dramatic effect on two-
photon interactions. Specifically, when the down-converted
bandwidth is significantly larger than the pump bandwidth,
the down-converted light can induce two-photon interactions
with the same efficiency and sharp temporal behavior as ul-
trashort pulses, while exhibiting high spectral resolution as
that of the narrow-band pump �38–41�. Although at low pho-
ton fluxes these properties are a manifestation of the time
and energy entanglement between the down-converted pho-
tons, at high powers exactly the same properties are exhib-
ited if the final state of the induced two-photon interaction is
narrow band enough �40�. This effect occurs since the nar-
row bandwidth of the final state “postselects” only the con-
tribution of photon pairs that are complementary in energy;
as has been demonstrated with subdiffraction limit imaging
�42� and super-resolving phase measurement �43�, postselec-

tion enables classical sources to demonstrate effects that
would have otherwise required entanglement. Thus, in the
high-power regime, these seemingly nonclassical properties
are completely described within the classical framework �in
fact, they are equivalent to the correlations that exist between
the transmitted signal and its key in spread-spectrum com-
munication systems �44��, and do not depend on the squeez-
ing degree of the down-converted light. This equivalence of
broadband down-converted light to coherent ultrashort
pulses also implies an ability to coherently control and shape
the induced two-photon interactions with pulse-shaping tech-
niques, although the down-converted light is neither coher-
ent, nor pulsed. This effect was demonstrated both in high
power �39,40� and with broadband entangled photons �41�,
in which case it can be viewed as shaping of the second-
order correlation function of the entangled photons g2���.
The fact that these unique properties can be exhibited at high
powers, with no dependence on nonclassical features of the
light �such as entanglement or squeezing�, makes this phe-
nomena both interesting and applicable �44,45�.

In this paper we describe analytically this unique behavior
of two-photon interactions with broadband down-converted
light. First, in Sec. II, we analytically solve the equations of
motion for broadband parametric down conversion with ar-
bitrary pump �continuous or pulsed�, obtaining a nonpertur-
bative solution that is valid both for low-power and for high-
power down-converted light. The derivation takes into
account the specific spectrum of the pump, assuming only
that it is significantly narrower than the down-converted
spectrum. The solution, namely the annihilation operators for
the down-converted fields, is represented as a function of the
down-converted spectrum, a property that is typically easy to
calculate, estimate, or measure.

In Sec. III, we formulate quantum-mechanical operators
that can represent multiphoton phenomena, specifically TPA,
SFG, and coincidence events, induced by any broadband
light. By evaluating the expectation value of these operators,
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using the annihilation operators derived in Sec. II, we obtain
in Sec. IV a generic analytic expression for two-photon in-
teractions induced by broadband down-converted light, as a
function of the pump spectrum and the down-converted
spectrum. In Sec. V we derive specific expressions for TPA,
SFG, and coincidence events induced by broadband down-
converted light, and analyze their temporal and spectral
properties. In Sec. VI we give a brief summary of our results
and add some concluding remarks.

II. SOLVING THE EQUATIONS OF MOTION FOR
BROADBAND DOWN CONVERSION WITH AN

ARBITRARY PUMP

In our derivations we have chosen to use a continuous-
variables version of the formalism suggested by Huttner et
al. �46�. This formalism represents the quantum fields in
terms of space-dependent spectral mode operators a�� ,z�,
instead of time-dependent momentum mode operators a�k , t�.
The advantage is that unlike momentum modes, temporal
modes are unchanged by a dielectric medium, reflecting the
physical fact that while the energy density of the fields de-
pends on the medium, the energy flux does not. Accordingly,
a temporal periodicity, instead of a spatial periodicity, is as-
sumed in the quantization process. We have performed the
transition to continuous variables �taking the temporal peri-
odicity to infinity� following the guidelines of the same pro-
cedure in momentum and space �47–49�. Specifically, as-
suming a single polarization and a single spatial mode we
may write

E�t,z� = E+�t,z� + E−�t,z� ,

E+�t,z� = i�
0

�

d�� ��

4�c�S
â��,z�e−i��t−z/c�, �1�

E−�t,z� = „E+�t,z�…*,

where S is the beam area, � is the permittivity, and
â†�� ,z� , â�� ,z� are the slowly varying complex amplitudes
of the creation and annihilation operators of the electromag-
netic field �50�. A major advantage of this formalism is the
relative convenience at which we can define a momentum

operator Ĝ�z� for the electromagnetic field in a dispersive
medium, and use it as the generator for space propagation.
The equations �and hence the solutions� derived in the fol-
lowing resemble those attained by using the classical Max-

well equations, or by using the Hamiltonian for time propa-
gation and replacing the spatial coordinate z by tc �see, for
example, �51��; however the derivation presented here is a
multimode, continuum-frequency one, enabling us to take
into account the specific spectrum of the pump and the fact
that each signal mode is coupled by the pump to multiple
idler modes, and vice versa.

The momentum operator related to the second-order non-
linear polarization is of the form �46,52–54�

Ĝnl�z� = �
0

�

d�p�
0

�

d�����p,���âs��,z�âi��p

− ��âp
†��p,z�e−i�k��p,��z + H.c.� ,

���p,�� = 	��,�p�� ��p���p − ��
16��0c3Snp��p�ns���ni��p − ��

,

�2�

where the subscripts s , i , p denote the signal, idler, and pump
modes, respectively, ns,i,p��s,i,p� denote the corresponding in-
dices of refraction, and

�k��p,�� = kp��p� − ks��� − ki��p − �� . �3�

The primary assumption throughout our calculations is
that the down-converted spectrum �DC is considerably
broader than the pump bandwidth 
p,

�DC � 
p, �4�

where we take �DC to denote the bandwidth of the signal �or
the idler� field �note that the signal and the idler have the
same bandwidth�. Having assumed a narrow-band pump, we
can safely neglect the dependence of 	 �which is typically
real� and �k on �p, since typically the crystal’s nonlinear
properties vary only at much larger scales of frequencies, and
write ���p ,��=���� and �k��p ,��=�k���. We thus write
the equation of motion for âs�� ,z� for undepleted, strong
pump, replacing âp��p ,z� with the spectral amplitude of the
classical pump field Ap��p�,

�âs��,z�
�z

= −
i

�
�âs��,z�,Ĝnl�z��

= − i����e−i�k���z�
0

�

d�pAp��p�âi
†��p − �,z� .

�5�

The same can be formulated for the idler, which leads to

�2âs��,z�
�z2 = ������2�

−�

�

d��
0

�

d�pAp��p�Ap
*��p + ��âs�� + �,z� − �k�������e−i�k���z�

0

�

d�pAp��p�âi
†��p − �,z� . �6�

For a stationary light field we can write �55�
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�
0

�

d�pAp��p�Ap
*��p + �� = 2�Ip
��� , �7�

where Ip= �Ip�t�	= ��Ap�t��2	 is the mean power �in units of
photon flux� of the pump field, and so

�
−�

�

d��
0

�

d�pAp��p�Ap
*��p + ��âs�� + �,z� = 2�Ipâs��,z� .

�8�

A similar result can be obtained for nonstationary, pulsed
light with a final duration of �p, by approximating

�
0

�

d�pAp��p�Ap
*��p + �� 
 �

�p

Ip�t�dt when ��� 
�

�p


 0 otherwise. �9�

This approximation reflects the fact that the spectral am-
plitude of a finite signal can be considered roughly constant
within spectral slices that are smaller than 2� /�, where � is

the signal’s duration. Accordingly, since �under the condition
of Eq. �4�� pulsed down-converted light has a duration which
is always equal or shorter than the pump pulse, its spectral
components may be regarded as constant over spectral slices
that are smaller than 2� /�p. For this reason it is safe to
approximate

�
−�

�

d��
0

�

d�pAp��p�Ap
*��p + ��âs�� + �,z�


 �
�p

Ip�t�dt����2�
−�/�p

�/�p

d�âs�� + �,z�


 �
�p

Ip�t�dt����2�
−�/�p

�/�p

d�âs��,z� = 2�Ip����2âs��,z� ,

�10�

obtaining the same result as with a stationary pump, except
for the fact that the averaging Ip= �Ip�t�	 is performed over
the duration of the pump pulse. Thus, both for stationary and
nonstationary pumps, Eq. �6� becomes

�2âs��,z�
�z2 = 2�Ip����2âs��,z� − �k�������e−i�k���z�

0

�

d�pAp��p�âi
†��p − �,z� . �11�

The solution of Eqs. �5� and �11� is

âs��,z�ei�k���z/2 = �cosh�����z� +
i�k���
2����

sinh�����z��âs��,0� −
i����
����

sinh�����z��
0

�

d�PAp��p�âi
†��p − �,0� �12�

with

���� = �2�Ip����2 − �k���2/4. �13�

The average photon flux spectral density for the signal and
the idler fields is therefore �49�

ns,i��,z� =
1

2�
�

0

�

d���0�âs,i
† ��,z�âs,i���,z��0	

=
Ip���2�
���2�

sinh2�����z� . �14�

Since the down-converted spectrum can readily be calcu-
lated or measured for any specific down-conversion appara-

tus, we find it convenient to present our following calcula-
tions using ns,i��� as given parameters, thus avoiding the
issue of evaluating 	��� and the other elements of ���� that
determine the down-converted spectrum, and focusing on the
behavior of two-photon interactions induced by such a light.
Assuming that the down-conversion process occurred along
a distance L, we denote

ns,i��� =
����2

Ip����2ns,i��,L� = sinh2�����z� , �15�

thus obtaining the following simple expression for âs,i�� ,L�:

âs,i��,L�ei�k���L/2 = ��1 + ns,i��� +
i�k���
2����

�ns,i����âs,i��,0� −
i����
����

�ns,i����
0

�

d�PAp��p�âi,s
† ��p − �,0� . �16�

For good phase-matching conditions �i.e., �k�����Ip�����, we obtain ����→�2�Ip���� and therefore �k��� /�����1,
in which case Eq. �16� can be further simplified to
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âs,i��,L�ei�k���z/2 = �1 + ns,i���âs,i��,0� −
i

�2�Ip

�ns,i����
0

�

d�PAp��p�âi,s
† ��p − �,0� �17�

with

ns,i��� = 2�ns,i��,L� . �18�

III. DERIVING OPERATORS FOR WEAK TWO-PHOTON
INTERACTIONS INDUCED BY

BROADBAND FIELDS

In this section we derive expressions for weak �perturba-
tive� two-photon interactions induced by broadband fields.
Limiting ourselves to low efficiencies of interaction, we ne-
glect the depletion of the in-coming fields a1,2�� ,z� that in-
duce the interaction. Therefore we suppress in the following
their dependence on z, denoting a1,2�� ,z�=a1,2�� ,0�
=a1,2���. We begin with specific expressions for SFG and
TPA, and then obtain a generic expression which will be
used in the following sections.

A. SFG

For SFG, we use the nonlinear momentum operator of Eq.
�2�, replacing âp

† with the creation operator of the SFG mode
âSFG

† ,

�âSFG��,z�
�z

= −
i

�
�âSFG��,z�,Ĝnl�z��

= − i�
0

�

d����,��â1���â2�� − ��e−i�k��,��z,

�19�

with

�k��,�� = kSFG��� − k1��� − k2�� − �� . �20�

This leads to the following approximation for âSFG�� ,z
=L�, where L is the overall length of the nonlinear medium,

âSFG��,L� 
 âSFG��,0� + �
0

�

d�� e−i�k��,��L − 1

�k��,�� ����,��â1���â2�� − ��

= âSFG��,0� − iL�
0

�

d�e−i�k��,��L/2 sinc��k��,��L/2����,��â1���â2�� − �� , �21�

where sinc�x�=sin�x� /x. Since we are interested only in the nonlinearly generated amplitude, we shall ignore the first term,
âSFG�� ,0�, in Eq. �21�. The overall SFG photon flux through the plane z=L for a given initial light state ��	 is therefore

NSFG�t,L� =
1

2�
�

0

�

d��
0

�

d�����âSFG
† ��,L�ei�tâSFG���,L�e−i��t��	 = ����̂SFG

† �t,L��̂SFG�t,L���	 , �22�

where �̂SFG�t ,L� is the photon flux amplitude operator

�̂SFG�t,L� =
1

�2�
�

0

�

d�âSFG��,L�e−i�t

= −
iL

�2�
�

0

�

d�e−i�t�
0

�

d�e−i�k��,��L/2 sinc��k��,��L/2����,��â1���â2�� − ��

= −
iL

�2�
�

0

�

d�e−i�t�
0

�

d����,��â1���â2�� − �� , �23�

taking ��� ,�� to include the coupling coefficient ��� ,�� and phase matching terms

���,��  e−i�k��,��L/2 sinc��k��,��L/2����,�� . �24�

Using Taylor expansion about the center frequency of the SFG spectrum �0, �k�� ,�� can be separated into two terms,
where one depends on �−�0 and the other on �− ��	,
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�k��,�� 
 � �kSFG���
��

−
�k2�� − ��

��
��� − �0� + � �2kSFG���

��2 −
�2k2�� − ��

��2 ��� − �0�2 + � �k2�� − ��
��

−
�k1���

��
��� − ��	�

+ � �2k2�� − ��
��2 −

�2k1���
��2 ��� − ��	�2 = �k��,��	� + �k��,�0� , �25�

where the first two terms represents the difference between
the group velocities and between the group-velocity disper-
sions of the pump and the idler, and the second represents the
difference between the group velocities and between the
group-velocity dispersions of the signal and the idler. In
type-I phase matching this implies a linear dependence on �p
versus a much weaker quadratic dependence on �, since the
group velocities of the signal and the idler are identical,

�k��,�� 
 � �kSFG���
��

−
�k2�� − ��

��
��� − �0�

+ � �2k2�� − ��
��2 −

�2k1���
��2 ��� − ��	�2.

�26�

Since the sinc function in Eqs. �21�–�24� results from in-
tegration over the exponent ei�k, and since ��� ,�� depends
very weakly on �, for good phase-matching conditions �i.e.,
small �k�, the approximation �k�� ,��
�k�� , ��	�
+�k�� ,�0� enables us to represent the dependence of
��� ,�� as

���,�� 
 gSFG�� − �0�fSFG��,�0� , �27�

with

gSFG�� − �0� = e−i�k��−�0�L/2 sinc��k�� − �0�L/2� ,

fSFG��,�0� = e−i�k��,�0�L/2 sinc��k��,�0�L/2����,�0� ,

�28�

and with �0 being the center frequency of the SFG spectrum.
Assigning ��−�0 we then rewrite the photon flux ampli-
tude operator �Eq. �23�� as

�̂SFG�t,L� = −
iLe−i�0t

�2�

�� d�e−i�tgSFG���

��
0

�

d�fSFG��,�0�â1���â2��0 + � − �� .

�29�

By applying Eq. �22�, using �̂SFG as defined in Eq. �29�,
we may evaluate the SFG intensity induced by any initial
state ��	 of the light �note again that this expression is valid
only as long as the up conversion does not deplete the in-
coming fields�.

B. TPA

Using second-order perturbation theory, very similar ex-
pressions can be derived for TPA. The interaction Hamil-
tonian of an atom and one spatial mode of the electromag-
netic field takes the form of

HI
TPA�t� = i�

j
�

k

�kj�k	�j�ei�kjt+�kt−�jt�
0

�

d�� ��

4�c�S

��â���e−i�t − â†���ei��t�� , �30�

where �kj = �k���j	 are the dipole moment matrix elements,
�kj =�k−� j, �k ,� j are the level lifetimes, and the summation
is performed over all the combinations of the unperturbed
atomic levels �j	 , �k	. In order to evaluate the TPA amplitude,
we may use the second-order approximation for the time-
evolution operator that corresponds to this interaction Hamil-
tonian, taking only the terms that contribute to a transition
from the initial �ground� level �g	 to the final level �f	. As-
suming the atom is initially in the ground state �g	, the prob-
ability Pf

TPA for a light state ��	 to induce TPA can be repre-
sented as

Pf
TPA�t� = ����̂TPA

† �t��̂TPA�t���	 , �31�

with �̂TPA�t� defined in a very similar way to Eq. �29�,

�̂TPA�t� = −
e−i�ft

4�c�S�
�

n

� fn�ng�
0

�

d��
0

�

d��
����ei��fg−�−���t

�� fg − � − �� − i� f���ng − � − i�n�
â1���â2����

= −
e−i�ft

4�c�S�
�

n

� fn�ng� d�
e−i�t

� + i� f
�

0

�

d�
���� fg + � − ��
��ng − � − i�n�

â1���â2�� fg + � − �� , �32�

where the subscripts g ,n , f denote the ground, intermediate, and final levels, respectively, and �=�+��−� fg. Once again, the
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subscripts 1,2 denote the two spatial modes of the fields that induce the interaction. For convenience, we assume here that the
atom is located at z1=z2=0 along these modes. For nonresonant TPA, i.e., when the spectra of the inducing fields do not
overlap with any resonant intermediate levels, the operator defined in Eq. �32� can be approximated to

�̂TPA�t� 
 −
e−i�fgt

4�c�S�

�
n

� fn�ng

��ng − ��	� � d�
e−i�t

� + i� f
�

0

�

d����� fg + � − ��â1���â2�� fg + � − �� , �33�

where ��	 is the center frequency of the field in mode 1.
The similarity between Eq. �33� and Eq. �29� becomes evident if we denote

�̂TPA�t� = const � e−i�fgt� d�e−i�tgTPA����
0

�

d�fTPA��,� fg�â1���â2�� fg + � − �� , �34�

with

gTPA��� =
1

� + i� f
,

fTPA��,� fg� = �
n

� fn�ng

���� fg − ��
��ng − � − i�n�

, �35�

and for nonresonant TPA,

gTPA��� =
1

� + i� f
,

fTPA��,� fg� = ���� fg − �� , �36�

where in both expressions we approximated ���� fg+�−��

���� fg−��, since the atomic level linewidth �which de-
fines the range over which � is integrated� is negligible com-
pared to the optical frequencies.

C. A generic two-photon operator

In the next section we shall take advantage of the similar-
ity between the expression for SFG and nonresonant TPA,
and perform all the derivations using the following generic
form for the probability amplitude of the final state of the
nonlinear interaction:

�̂�t,�1,�2�

= e−i�0t� d�e−i�tg���

��
0

�

d�f��,�0�â1���ei��1â2��0 + � − ��ei��0+�−���2.

�37�

By introducing the exponents e−i�1,2�1,2 we take into ac-
count the possibility that the fields â1,2�� ,0� have propa-
gated freely separately, accumulating temporal delays of �1,2,
respectively, before inducing the interaction. The final prob-
ability for the interaction, and hence the intensity I�t ,�1 ,�2�
of the measured signal is then represented by

I�t,�1,�2� � ����̂†�t,�1,�2��̂�t,�1,�2���	 . �38�

The effect of any inhomogeneous broadening mechanism
of the final level may be taken into account by evaluating the
intensity I��0� of each homogeneously broadened subset
with center frequency �0, and defining

Itotal �� P��0�I��0�d�0, �39�

with P��0� being the probability distribution of the center
frequency �0.

By assigning the appropriate expressions for
g��� , f�� ,�0�, Eqs. �37�–�39� may represent SFG �using the
definitions in Eq. �27��, TPA �using Eq. �35��, or nonresonant
TPA �using Eq. �36��, as well as other two-photon interac-
tions. For example, to evaluate the rate of coincidences of
photons at some optical bandwidth � around �0 /2, we may
assign

f��,�0� 
 1 when �� − �0/2�  �/2


 0 otherwise,

g��� 
 1 when ���  �


 0 otherwise, �40�

where we assumed that the bandwidth � is smaller than the
optical frequency �0 /2. Under these conditions, �̂�t ,�1 ,�2�
� Ê1

+�t−�1�Ê2
+�t−�2�, and so the overall intensity is simply

proportional to the second-order correlation function be-
tween the fields: I�t ,�1 ,�2��g�2���1−�2�, which is typically
taken to represent coincidence events.

Finally, f�� ,�0� may also represent any spectral filters
���� that are applied to the inducing light by denoting

f��,�0� = �������0 − �� , �41�

where we assume that the spectral filtering is constant within
spectral slices that are narrower that the final state band-
width, and so we may neglect the dependence on �. If this is
not the case, than we should keep the dependence on �:
f�� ,�0 ,��=�������0+�−��. In the case of SFG, a spec-
tral filter can be applied to the up-converted light as well, in
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which case its amplitude transmission function should mul-
tiply g���.

IV. A GENERIC EXPRESSION FOR TWO-PHOTON
INTERACTIONS WITH BROADBAND DOWN-

CONVERTED LIGHT: THE COHERENT AND
INCOHERENT SIGNALS

For the following derivations we shall assume that the
signal, idler, and pump fields have each a single spatial mode
and polarization, that the down-conversion process occurred

along a distance L, and that the signal and idler may then
traveled along different paths, resulting in delays of �s ,�i,
respectively, before inducing the nonlinear interaction. Note
that in the following we consider only two-photon interac-
tions that result from cross mixing of the signal and the idler
fields and not from self-mixing of the signal with itself or the
idler with itself �the possible contribution of such self-
mixing terms will be considered briefly later on�. Assuming
that good phase-matching conditions are achieved for down-
conversion at some bandwidth �DC, we use the expressions
obtained for âs,i�� ,L� �Eq. �17�� in â1,2�� ,0� of Eq. �37�,
respectively,

�̂�t,�s,�i� = e−i�0t� d�g���e−i�t�
0

�

d�f��,�0�ei��sei��0+�−���ie−i�k���L

���1 + ns���âs��� −
i

�2�Ip

�ns����
0

�

d�PAp��p�âi
†��p − ���

���1 + ni��0 + � − ��âi��0 + � − �� −
i

�2�Ip

�ni��0 + � − ���
0

�

d�P�Ap��p��âs
†��p� + � − �0 − ��� . �42�

Operating on the initial vacuum state and using a���a†����=
��−���+a†����a���:

�̂�t,�s,�i��0	 = e−i�0t� d�g���e−i�t�
0

�

d�f��,�0�ei��sei��0+�−���ie−i�k���L

� � − 1

2�Ip

�ns���ni��0 + � − ���
0

�

d�PAp��p��
0

�

d�P�Ap��p�� � âs
†��p� + � − �0 − ��âi

†��p − ���0	

−
i

�2�Ip

��1 + ns����ni��0 + � − ��Ap��0 + ���0	� . �43�

It is interesting to note the difference between the two
terms of �̂�t ,�s ,�i��0	 in Eq. �43�. The first one includes two
creation operators, and so results in a linear combination of
different two-photon states which are in principle distin-
guishable from each other. The second one, however, is just
the vacuum state, multiplied by a linear combination of sca-
lars, which represent the spectral components of the down-
converted light. As a result, the intensity, which is propor-
tional to �0��̂†�t ,�s ,�i��̂�t ,�s ,�i��0	, will include two terms;
one which will represent the incoherent sum, and one which
will represent the coherent sum over the spectral components
of the down-converted light. Accordingly, we will separate
the intensity I�t ,�s ,�i� to two components, which we will
denote as the “coherent” and the “incoherent” signals,

I�t,�s,�i� � �0��̂†�t,�s,�i��̂�t,�s,�i��0	

= Ic�t,�s,�i� + Iic�t,�s,�i� . �44�

The coherent signal can be derived quite immediately
from Eq. �43�,

Ic�t,�s,�i� =
1

2�Ip
�� d�g���Ap��0

+ ��e−i��t−�i��
0

�

d�f��,�0�e−i�k���L

� ��1 + ns����ni��0 + � − ��e−i���i−�s��2

.

�45�

In order obtain Iic�t�, we shall change variables in Eq.
�43�, u=�p−� ,v=�p�+�−�, leading to
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�̂ic�t,�s,�i��0	 =
ei�0��i−t�

2�Ip
�

0

�

du�
0

�

dv� d�g���ei���i−t��
0

�

d�pei��p−u���s−�i�

�f��p − u,�0�e−i�k��p−u�L�ns��p − u�ni��0 + � − �p + u� � Ap��p�Ap�v + u + � − �p�âs
†�v − �0�âi

†�u��0	 ,

�46�

and so

Iic�t,�s,�i� =
1

�2�Ip�2�
0

�

du�
0

�

dv�� d�g���ei���i−t��
0

�

d�p
�ns��p − u�ni��0 + � − �p + u�

�f��p − u,�0�e−i�k��p−u�LAp��p�Ap�v + u + � − �p�ei�p��s−�i��2

. �47�

Equations �45� and �47� can be calculated numerically by
assigning the appropriate f�� ,�0�, g���, the spectral ampli-
tude of the pump Ap��p� and the power spectrum of the
down-converted light ns,i���. However, these expressions
can be further simplified analytically by making a few more
reasonable assumptions, according to the specific nonlinear
interaction that is being evaluated. Our only assumption so
far was that the pump bandwidth 
p is significantly smaller
than the down-converted spectrum �DC. This assumption en-
abled us to neglect the dependence of �k on the spectrum of
the pump, and replace �p with its center value ��p	. Simi-
larly, we will assume that n��� and f��� are also roughly

constant within spectral slices that are narrower than the
pump bandwidth 
p. In order to simplify Eqs. �45� and �47�,
we will assume from here on that the bandwidth � of the
final-state g��� is also significantly smaller than the down-
converted bandwidth,

�DC � 
p,� . �48�

In TPA � represents the bandwidth of the final level � f,
and in SFG it represents the possible �phase-matched� band-
width for the up-conversion process. In accordance with this
assumption we will neglect the dependence of ns,i on �,
which leads to

Ic�t,�s,�i� =
1

2�Ip
��

�

d�g���Ap��0 + ��e−i��t−�i��2

� ��
0

�

f��,�0�e−i�k���L��1 + ns����ni��0 − ��e−i���i−�s�d��2

,

Iic�t,�s,�i� =
1

�2�Ip�2�
0

�

du� f���p	 − u,�0��ns���p	 − u�ni��0 − ��p	 + u��2

��
0

�

dv��
�

d�g���e−i��t−�i��
0

�

d�pAp��p�Ap�v + u + � − �p�ei�p��s−�i��2

. �49�

To further clarify these expressions, let us further restrict
ourselves only to SFG and nonresonant TPA, for both of
which we can approximate the amplitude of spectral function
f�� ,�0� to be some average value f0 over some spectral
bandwidth �, where � is taken to denote only the part of this
spectrum that overlaps with the down-converted spectrum
�DC. We will not neglect, however, the phase of f�� ,�0�;
specifically—let us assume that the signal and the idler have
spectral phases of �s��s� ,�i��i�, respectively �for example,
due to spectral filters or a pulse shaper�. Thus we take
f�� ,�0� to be

f��,�0� 
 favg � ei��s���+�i��0−���

when � lies within the bandwidth �


 0 otherwise, �50�

with ���DC. Let us also focus our attention from here onto
two-photon interactions with a final-state frequency that is
close to the pump frequency �as will soon become evident,
outside this regime the coherent signal dies out, leaving only
the incoherent signal�,
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��0 − ��p	� � � . �51�

We now define an “effective pulse” Pe�t� which is the power
of a pulse with a power spectrum that is equal to ne���
= �ns���+1�ni��0−��, and spectral phase that is equal to
ei��s���+�i��0−���,

Pe�t� =
2�

P0
�F−1���1 + ns����ni��0 − ��

�ei��s���+�i��0−���e−i�k���L��2, �52�

where the factor of 2� originates from the symmetric defi-
nition of the Fourier transform as x�t�=F−1�x����
− 1

�2�
�X���e−i�td� and with P0 being the total power �times

2�� of such a pulse with a constant spectral phase �a
“transform-limited” pulse�,

P0 = ��
�

��ns��� + 1�ni��0 − ��d��2


 �2�n2 + n� ,

�53�

where n= �ns���	
�ni��0−��	 is 2� times the average of
the photon flux spectral density of the down-converted light
over the bandwidth � �see Eqs. �14�–�18��. Due to the nor-
malization by P0 we obtain

0 � Pe�t� � 1, �54�

where Pe�0�=1 is achieved for the unshaped �transform-
limited� pulse. Finally we also take note of the fact that the
signals depend only on t−�i and �i−�s: I�t ,�s ,�i�= I�t−�i ,�i

−�s�.
Using the definitions of Eqs. �53� and �52�, Ic�t ,�s ,�i�,

Iic�t ,�s ,�i� take the following form:

Ic�t − �i,�i − �s� 
 �favg�2
�2�n2 + n�

2�Ip
��

�

d�g���Ap��0 + ��e−i��t−�i��2

Pe��i − �s�

Iic�t − �i,�i − �s� 
 �favg�2
n2

�2�Ip�2�
�

du�
0

�

dv � ��
�

d�g���e−i��t−�i��
0

�

d�pAp��p�Ap�v + u + � − �p�e−i�p��i−�s��2

. �55�

V. THE RESULTS: THE TEMPORAL AND SPECTRAL
BEHAVIORS OF THE COHERENT VS INCOHERENT

SIGNALS

A. General

Equation �55� already reveals most of the unique features
of two-photon interactions induced by broadband down-
converted light that were mention at the introduction. These
features are presented in Figs. 1–4. In order to present a
quantitative picture of the behavior and the relative magni-
tudes of the coherent and incoherent signals, we assume in
the following realistic physical parameters, that are similar to
the experimental parameters in �39,40�. Specifically, we
assume broadband, degenerate but noncollinear down-
converted light at a bandwidth of 80 nm around 1033 nm,
and consider two-photon interactions around �0=516.5 nm.
Specifically, for TPA we assume a final-level bandwidth of
�TPA
5 MHz, and for SFG we assume a phase-matched
bandwidth for up conversion of �UC=0.3 nm. We assume the
down-converted light was generated by a pump that is a
�3 ns pulse with a bandwidth of 
p=0.01 nm around
516.5 nm. Such parameters are typical for Q-switched laser
systems.

The first unique feature is the coherent signal’s nonclassi-
cal linear intensity dependence: Ic�n2+n. This behavior
manifests the fact that the signal and idler modes share a

single wave function. Figure 1 depicts this behavior of the
coherent signal, compared to the quadratic intensity depen-
dence of the incoherent signal. The relative magnitudes of
the incoherent signals for SFG, TPA, and coincidence events
are calculated using Eqs. �68�, �87�, and �96�, respectively
�derived in the following subsections�.

Note that while the dependence of the coherent signal on
the flux of the down-converted photons may be linear, the
response of the two-photon signal �TPA, SFG, or coinci-
dences� to attenuation of the down-converted light by linear
losses �namely absorption or scattering, for example, by op-
tical filters or beam splitters� is always quadratic, as is evi-
dent from the presence of the term �favg�2 in the expressions
for both the coherent and incoherent signals. This behavior is
depicted by the dash-dotted line in Fig. 1, which assumes
that down-converted light with average spectral photon den-
sity of n=0.2 is being attenuated by optical filters. These
results are in excellent agreement with the experimental re-
sults of SFG with entangled photons presented in �24�.

The second unique feature that appears in Eq. �55� is the
pulselike response of the coherent interaction to a relative
delay between the signal and the idler, as represented by the
term Pe��i−�s�, which is the �normalized� response of mix-
ing two ultrashort pulses with practically the same spectra as
the signal and idler. As such, Pe��i−�s� is sensitive to disper-
sion, including the dispersion that was accumulated in the
down-conversion process itself, denoted by the term e−i�k���L

in the definition of Pe��i−�s� �Eq. �52��. Figure 2�c� shows a
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zoomed-in picture of this sharp temporal dependence of the
coherent signal on relative delay between the signal and the
idler beams, assuming that dispersion is either negligent or is
compensated by spectral phase filters, leading to a sharp re-
sponse which is exactly as if the interaction was induced by
a pair of 35 fs �transform-limited� pulses.

The coherent summation over the spectrum which leads to
this pulselike behavior also implies that the coherent signal
can be shaped by spectral-phase manipulations, exactly simi-
lar to coherent ultrashort pulses. Note that the shape of
Pe��i−�s� is determined by the sum of the phases applied to
antisymmetric spectral components of the signal and the
idler, �s���+�i��0−��. This implies that if the same phase
filter is applied to both the signal and the idler beams �or the
same dispersive medium�, only spectral phase functions that
are symmetric about �0 /2
��p	 /2 would affect Pe��i−�s�.
Figures 2�c�–2�e� demonstrate how applying a spectral phase
filter to the signal �or idler� spectrum leads to the same result

as with coherent ultrashort pulses. This ultrashort-pulselike
behavior �including the ability to tailor it by a pulse shaper�
was demonstrated experimentally with high-power SFG in
�39�, high power TPA in �40�, and with broadband entangled
photons in �41�, with excellent agreement with our calcula-
tions.

Interestingly, Pe��i−�s�, does not depend on the specific
type of the two-photon interaction, i.e., the coherent signal of
TPA, SFG, or coincidence events will always exhibit this
ultrashort-pulselike behavior. The contrast between the tem-
poral behavior of the coherent signal and that of the incoher-
ent ones is shown in Fig. 2�a�. Note that Fig. 2�a� presents
the instantaneous peaks of the coherent and incoherent sig-
nals at t=�i for one, single-shot arbitrary example. As is
evident, the incoherent signals �calculated for TPA, SFG, and
coincidence events by Eqs. �61�, �79�, and �95�, respectively,
assuming n�1� always demonstrate a temporal dependence
on �s−�i that is on the same ns timescale as the pump pulse.

It is important to note that the duration of such
Q-switched pulses is much longer than their coherence time
�which in this case is 2� /
p
89 ps�, which was their dura-
tion if they were transform limited. Such pump pulses, for
which

�p � 2�/
p, �56�

can be considered a “quasi-continuous” light, since they can
be viewed as short bursts of continuous light, especially
when time scales that are shorter than �p are considered,
during which the average intensity stays roughly constant.
Thus, such quasicontinuous pump pulses yield approxi-
mately the same results for Ic, Iic as a continuous pump,
especially when the ensemble average of many such pulses is
considered. In particular, as will be shown in the next sub-
sections, once averaged the incoherent signals all becomes
proportional to the normalized second-order correlation
function of the pump gp

�2���i−�s�. This behavior is depicted in
Fig. 2�b�, which depicts the calculated gp

�2���i−�s� together
with a zoomed-in presentation of the instantaneous incoher-
ent TPA signal ITPA

ic . As is evident, even without averaging
ITPA

ic follows very closely gp
�2���i−�s�. This is explained by

the fact that the incoherent excitation of the long-lived �
�30 ns� final atomic state actually averages the intensity
fluctuations of the pump �see Eq. �79��. When the ensemble
average of many such quasicontinuous pulses is taken, the
incoherent TPA signal, as well as ISFG

ic and Rcic become prac-
tically identical to gp

�2���i−�s�, demonstrating the expected
�2 “bunching peak” at delays which are shorter than the
coherence length of the pump ��s−�i1/
p� �4�.

Another result of the temporal integration which is per-
formed by the incoherent TPA process, is the fact that the
behavior of ITPA

ic ��i−�s� is more smooth and symmetric than
that of ISFG

ic ��i−�s�, which represents an instantaneous pro-
cess. Since coincidence measurement also includes a tempo-
ral integration over the �1 ns gating time of the detectors,
Rcic presents a behavior which is more smooth and symmet-
ric than ISFG

ic , but not as much as ITPA
ic .

Unlike the incoherent signals, the coherent signal’s sharp
behavior Pe��i−�s� depends on the large-scale properties of
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FIG. 1. Power dependence of the coherent and incoherent parts
of two-photon interactions with down-converted light. �a� The rela-
tive magnitudes of the coherent signal Ic �black line� vs the inco-
herent signals for TPA, SFG, and coincidence events �ITPA

ic , ISFG
ic ,

and Rcic, respectively, gray lines�, assuming typical physical param-
eters described in the text, represented on a log-log scale. The graph
shows the n2+n dependence of Ic, with n being the average spectral
photon density, i.e., the total photon flux in each of the signal and
idler modes, divided by their bandwidth �. All the incoherent sig-
nals demonstrate a quadratic dependence on n. The dashed line
represents a completely linear function, for comparison. �b� The
dependence of Ic on n represented on a linear scale, demonstrating
the nearly linear dependence at small values of n. The dash-dotted
line depicts the quadratic response of Ic assuming that down-
converted light with n=0.2 is being attenuated by linear losses.
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the down-converted spectrum, and therefore its shape is not
affected by shot-to-shot noise, only its relative height. Thus,
we see that there are three time scales in our system. One is
the duration of the pump pulse �which can be infinity for a
continuous pump�, the other is the coherence time of the
pump which is �1/
p �and is equal to the duration of the
pump pulse, in case it is a transform-limited one�, and the
shortest time scale is the behavior of the coherent signal,
which is on the same time scale as the coherence time of the
down-converted light: 1 /�. In the case considered in Fig. 2,
the 35 fs pulselike behavior of the coherent signal stands in
contrast with the temporal behavior of the down-converted
light itself, which is a 3 ns pulse in this case, i.e., 85 000
times longer. The effect is of course even more intriguing

when continuously-pumped down conversion is considered.
The temporally-sharp behavior of the coherent signal also

stands in contrast with its equally sharp spectral behavior.
More specifically, we need to distinguish between two spec-
tral behaviors. One is the excitation spectrum, i.e., the fre-
quencies which are excited by the two-photon interaction.
The other is the dependence of the interaction on the pump
wavelength. In the case of SFG, the excitation spectrum cor-
responds to the spectrum of the up-converted light. In the
case of TPA this spectrum corresponds to which atomic lev-
els will be excited. By Fourier-transforming the amplitude of
the coherent signal in Eq. �55� back to the frequency domain
� of the generated signal, we see immediately that the exci-
tation power spectrum of the coherent signal is simply the
spectral overlap between the narrow-band pump and the final
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FIG. 2. The temporal behavior of the coherent and incoherent parts of two-photon interactions with down-converted light, as a function
of a relative delay between the signal and the idler fields. �a� The relative magnitudes of the coherent signal Ic �black line� vs the incoherent
signals for TPA, SFG, and coincidence events �ITPA

ic , ISFG
ic , and Rcic, respectively, gray lines�, assuming typical physical parameters �described

in the text�, represented on a logarithmic scale. This graph depicts the instantaneous peak of the signals at t=�i for one typical down-
converted pulse, and shows the contrast between the sharp temporal behavior of Ic, and the behavior of the incoherent signals, which is on
the same ns time scale as the pump pulse. Note that ITPA

ic presents a smooth and symmetric graph, reflecting fact that the long-lived �
�30 ns� final atomic state integrates over the intensity variations of the pump pulse. Similarly, Rcc, which takes into account integration over
the gating time Tg�1 ns is more smooth than ISFG

c , which represents an instantaneous parametric process. For the case assumed here of a
nontransform-limited 3-ns pump pulse, the ensemble average of all the incoherent signals becomes proportional to the normalized intensity
correlation function of the pump gp

�2���i−�s�, which exhibits a ��2 “bunching peak” at delays which are shorter than the pump’s coherence
time 2� /
p. This is shown in �b� in black, together with the instantaneous incoherent TPA signal ITPA

ic �gray�, which can be approximated to
be proportional to gp

�2� even without averaging. �c� A zoomed-in presentation of the ultrashort-pulselike behavior of the coherent signal:
Ic��i−�s�� Pe��i−�s�, assuming dispersion is compensated and no additional spectral filtering, resulting in a behavior that is identical to that
of mixing two 35 fs transform-limited pulses. �e� Ic at zero signal-idler delay as a function of the magnitude of a spectral phase filter �s���
that is applied to the signal, for example by a pulse-shaper. �s��� is drawn in �d� �black line� at a magnitude of �, together with the
down-converted power spectrum �gray line�. �f� The shaped temporal behavior of the coherent signal with �s��� as depicted in �d� applied
to the signal field.
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state, and does not reflect the broad spectra of the signal and
the idler fields which induce the interaction

Ic��,�s,�i�


 �favg�2
�2�n2 + n�

Ip
Pe��i − �s��g�� − �0�Ap���ei��i�2.

�57�

This implies that if the pump bandwidth is narrower than
the final state bandwidth, the excitation spectrum Ic���
would follow that of the narrow-band pump, as is shown for
SFG in Fig. 3. In other words, the coherent signal behaves as
if the pump itself was inducing the interaction. While the
spectral behavior of the incoherent signal is harder to deduce
out of Eq. �55�, in the following we show that it is approxi-
mately that of the final state; this is shown more easily if we
assume the final state is significantly broader than the pump
�Eq. �61��, or the other way around �Eq. �74��. This spectral
behavior of the coherent and incoherent was demonstrated
experimentally in �38,39�.

For the case of TPA, even if the pump is narrower than
the final atomic state, this is not reflected in the spectrum of
the fluorescence from that level, because the temporally ran-
dom, incoherent emission process of the emission erases the
information on the exact frequency that drove the transition
�especially in this limit of weak, nonstimulated interaction�.
However, while the excitation spectrum may not be directly

accessible, the other kind of spectral behavior, i.e., the de-
pendence of TPA on the pump wavelength, can be explored
experimentally. As already evident from Eq. �55�, the mag-
nitude of the coherent signal depends on the total spectral
overlap between the pump spectrum and the final state spec-
trum. This is shown in Fig. 4, which considers TPA in atomic
rubidium �Rb� at the 5S1/2−4D3/2,5/2 transition. The coherent
TPA rate indeed behaves as if the pump laser itself was in-
ducing the transition �which is of course a forbidden transi-
tion for a one-photon process�, demonstrating a spectral reso-
lution of 0.01 nm, almost resolving the 13.4 GHz hyperfine
splitting between the 4D3/2 and the 4D5/2 levels, even though
the interaction is induced by a light with a total bandwidth
that is �2000 times wider. For the sake of simplicity we
ignored in Fig. 4 the hyperfine splitting of the 5S1/2 ground
level in Rb �3 GHz for Rb87, 6.8 GHz for Rb85�. This cal-
culation should be compared with the experimental results of
�40� �in which a wider pump bandwidth of 0.04 nm and
power broadening prevented resolving the hyperfine split-
ting, nonetheless demonstrating a spectral resolution that was
�2000 times narrower than the down-converted bandwidth�.
In contrast, the incoherent signal �for SFG, TPA, and of
course coincidence events� is practically independent of the
wavelength of the pump �see Eq. �61� for SFG and Eq. �74�
for TPA�. The incoherent signal responds only to the change
in the down-converted power spectrum that results from the
change of the pump wavelength, and so it exhibits only the
very wide spectral response that is expected in an interaction
that is induced by mixing of two 80-nm wide incoherent
beams. This can be viewed as resulting from the fact that the
incoherent interaction has no knowledge of what was the
wavelength of the pump that generated the down-converted
light, since that “information” lies only in the correlations
between the spectral phases of the down-converted modes—
phases that play no role in the generation of the incoherent
signal.
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FIG. 3. The spectrum of the coherent and incoherent parts of
SFG light induced by high-power �n�1� broadband down-
converted light, with physical parameters as described in the text.
The graphs are shown on a logarithmic scale in �a� and a linear
scale in �b�, and demonstrate how the coherent signal �black� rep-
licates the narrow spectrum of the pump �
p=0.01 nm�. In contrast,
the spectrum of the incoherent signal �gray� is as wide as the phase-
matching conditions at the crystal allow it to be ��UC=0.3 nm�.
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FIG. 4. The dependence of the coherent part of TPA �ITPA
c ,

black� induced by down-converted light, as a function of the center
frequency of the pump. The graph shows how ITPA

c behaves as if the
0.01-nm-wide pump itself is inducing the transition �5S1/2

→4D3/2 ,4D5/2 in atomic Rb, with the transition wavelengths drawn
in gray�. The incoherent part of the TPA is practically insensitive to
the pump wavelength, and since for practical power levels �n�1� it
is smaller than the coherent part by roughly 
p /�
1/2000 �with

p, � being the bandwidths of the pump and the down-converted
light, respectively�, it is too small to appear in this graph.
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In the following sections we present more specific ana-
lytic expressions for the temporal behavior of the coherent
and incoherent signals, performing approximations that fit
various two-photon interactions. First we consider the case
where the spectral width of the final state exceeds that of the
pump, as is typically the case with SFG and is always the
case with coincidence detection. Then we consider the case
where the spectral width of the final state is smaller than that
of the pump, as can occur with TPA. For more accurate re-
sults, and for experimental schemes that do not comply com-
pletely with the assumptions and approximations that follow,
Eqs. �49� or �55� should be used.

B. Pump bandwidth smaller than the final-state bandwidth
(example: SFG)

So far we have assumed that the down-converted band-
width is significantly larger than the pump bandwidth and the
final-state bandwidth �Eq. �48��. In the following derivation
we consider the case where the pump bandwidth is also sig-
nificantly narrower than the final-state bandwidth:

� � � � 
p. �58�

This condition allows us to simplify the expressions for
both the coherent and the incoherent signals from Eq. �55� by
using the following approximation:

�
�

d�g���Ap��̄ + ��e−i��t−�i�


 �2�g���p	 − �̄�Ap�t − �i�ei�̄�t−�i�, �59�

where Ap�t�=F−1�Ap���� is the temporal amplitude of the
pump, leading quite immediately to

Ic�t − �i,�i − �s�


 �g���p	 − �0��2�favg�2
Ip�t − �i�

Ip
�2�n2 + n�Pe��i − �s� ,

�60�

Iic�t − �i,�i − �s� 
 �
�

d���g�����2�favg�2
Ip�t − �i�Ip�t − �s�

Ip
2 �n2,

�61�

with Ip�t�= �Ap�t��2. To represent more accurately typical ex-
perimental conditions, we can take the ensemble average of
the signals �i.e., averaging over many pulses in the case of a
pulsed pump, or over time in the case of a continuous pump�.
In particular, if we consider a continuous pump or a quasi-
continuous pump �i.e., the center part of a nontransform-
limited pump pulse for which �p�2� /
p�, we can approxi-
mate for t−�s , t−�i��p,

�Ip�t − �i�	 
 �Ip�t − �i�	 
 �Ip�0�	 
 Ip. �62�

This allows us to further simplify the expressions for the
coherent and incoherent signals by using

�Ip�t − �i�	
Ip


 1, �63�

�Ip�t − �i�Ip�t − �s�	
Ip

2 

�Ip�t − �i�Ip�t − �s�	

�Ip�t − �i�	�Ip�t − �s�	
= gp

2��i − �s� ,

�64�

where gp
2��i−�s� is the normalized second-order correlation

function of the pump field. Note that the pump field was
taken as a classical amplitude throughout this paper, hence
gp

2 represents in our derivation only classical intensity corre-
lations. This leads to

�Ic�t − �i,�i − �s�	


 �g���p	 − �0��2�favg�2�2�n2 + n�Pe��i − �s� . �65�

�Iic�t − �i,�i − �s�	 
 �
�

d���g�����2�favg�2gp
2��i − �s��n2.

�66�

As is reflected in the term ��d���g�����2 in Eqs. �61� and
�66�, the power of the incoherent signal is indeed the inco-
herent summation of all its spectral components, and its
spectrum follows that of the final state. This behavior is de-
picted in Fig. 3 for SFG, in which case we may write

�favg�2�g�� − �0��2 = L2 sinc2��k���	,��L/2��2���	,�� .

�67�

With the exception of very long crystals �i.e., more than
�1 cm in the case of type-I up conversion, or more than a
few mm in the case of type-II up conversion�, the up-
converted bandwidth �UC is typically at least of the order of
0.01 THz, and could even reach tens of THz for very short
crystals. This bandwidth is orders of magnitude larger than
the typical bandwidth of continuous lasers, and even larger
than the bandwidth of Q-switched, ns-pulsed lasers. Thus,
the condition of Eq. �58� is typically satisfied for SFG, unless
ultrashort pulses �hundreds of fs or less� are used.

Equations �61� and �66� display both the spectral and the
temporal behaviors of the incoherent signal more clearly
than Eq. �55� did. As is evident, the incoherent signal is
practically insensitive to the pump wavelength, and its re-
sponse to a relative delay between the signal and the idler is
very slow, since it depends on the temporal behavior of the
pump, which is either continuous or a very long pulse, com-
pared to the ultrashort-pulselike behavior of the coherent sig-
nal; as demonstrated by the term Ip�t−�i�Ip�t−�s�, the inco-
herent signal depends only on the temporal overlap between
the intensities of the signal and the idler �which follow the
intensity of the pump�. This behavior is depicted in Figs.
2�a�–2�c�. In particular, Fig. 2�b� shows the “bunching” peak
which is exhibited by the incoherent signal for a quasicon-
tinuous pump at delays which are shorter than the pump’s
coherence length.

Since the observed signal is always the sum of the coher-
ent and incoherent contributions, it interesting to compare
the magnitude of the coherent signal to that of the incoherent
one. The average ratio between the coherent signal and the
incoherent one is therefore
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�Ic�t − �i,�i − �s�	
�Iic�t − �i,�i − �s�	



�Ip�t − �i�	Ip

�Ip�t − �i�Ip�t − �s�	
�

�

�n2 + n�
n2 Pe��i − �s� ,

�68�

which for a continuous or quasicontinuous pump becomes

�Ic�t − �i,�i − �s�	
�Iic�t − �i,�i − �s�	



�

�gp
2��i − �s�

�n2 + n�
n2 Pe��i − �s� .

�69�

In the absence of spectral phase filters, and assuming that
dispersion is corrected, we can assign Pe�0�=1. Thus, taking
into account that typically 1�gp

2��i−�s��2, the expected
ratio between the coherent and incoherent signals approaches
� /� for high powers �n�1�, and even more for low powers
where n+n2�n2. Thus, under the conditions of broadband
down conversion and a narrow-band final state assumed
throughout our derivation, the coherent signal dominates

over the incoherent signals �see the relative magnitude of
ISFG

ic in Figs. 1–3�.

C. Pump bandwidth larger than the final-state bandwidth
(example: TPA)

For the following derivation we assume that the final-state
bandwidth � is significantly narrower than the pump band-
width, as may often be the case with TPA:

� � 
p � � . �70�

Assuming this, we can simplify the expressions from Eq.
�55� by assuming that the spectral amplitude of the pump
remains constant within spectral slices which are narrower
than �:

Ap��̄ + �� 
 Ap��̄� . �71�

Additionally, in order to evaluate the incoherent TPA sig-
nal we use Parseval’s theorem to obtain the following
relation:

�
0

�

d���
0

�

d�pAp��p�Ap�� − �p�ei�p��2

= 2��
−�

�

Ip�t� + ��Ip�t��dt�, �72�

leading to

Ic�t − �i,�i − �s� 
 �favg�2�Ap��0��2
�2�n2 + n�

2�Ip
��

�

d�g���e−i��t−�i��2

Pe��i − �s� , �73�

Iic�t − �i,�i − �s�


 �favg�2
�n2

2�Ip
2�

−�

�

Ip�t� + ��Ip�t��dt���
�

d�g���e−i��t−�i��2

.

�74�

Equations �73� and �74� show that in this case the spectra
of both the coherent and the incoherent signals are deter-
mined by the spectrum of the final state g���.

To clarify the temporal behavior of both signals, let us use

�
�

d�g���e−i��t−�i� = G�t − �i� , �75�

with G�t�=F−1�g���� being the slowly varying envelope of
the temporal response of the final state. This leads to

Ic�t − �i,�i − �s�


 �favg�2�Ap��0��2
�2�n2 + n�

Ip
�G�t − �i��2Pe��i − �s� ,

�76�

Iic�t − �i,�i − �s�


 �favg�2
�n2

Ip
2 �

−�

�

Ip�t� + ��Ip�t��dt��G�t − �i��2. �77�

Considering TPA as a probable example for the case
where the final state is considerably narrower than the pump,
we can substitute g���= 1

�+i� . Using F−1�g����=U�t
−�i�e−�h�t−�i� �where U�t� is a stepfunction�, we obtain for
TPA

Ic�t − �i,�i − �s�

= �TPA
�Ap��0��2

Ip
U�t − �i�e−2�f�t−�i��2�n2 + n�Pe��i − �s� ,

�78�

Iic�t − �i,�i − �s� = �TPA

�
−�

�

Ip�t� + �s − �i�Ip�t��dt�

Ip
2

�U�t − �i�e−2�f�t−�i��n2, �79�

with
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�TPA =
1

32�3
��

n

� fn�ng

c�S�
�2

��	�� fg − ��	�
��ng − ��	�2 . �80�

In order to have a better estimation of the magnitude of
the coherent TPA signal as compared to the incoherent one,
let us try to estimate the average magnitude of �Ap��0��2,
assuming of course that �0 is within the pump spectrum �i.e.,
��0− ��p	 � 
p /2�. For a pulsed pump, we can use Parse-
val’s theorem again to relate between the average spectral
power of the pump ��Ap�2	 to the average temporal power Ip,


p��Ap�2	 = �pIp. �81�

However, to obtain a similar relation for a continuous
pump we need to identify the longest time scale in our sys-
tem, which defines the smallest frequency increment, i.e., the
quantization unit of our frequency domain. In the case con-
sidered in this section, the smallest frequency scale is that of
the final state, � f �Eq. �70��, hence the longest relevant time
scale is the final-state lifetime � f. Accordingly, we can ap-
proximate for a continuous pump,


p��Ap�2	 
 � fIp, �82�

which is identical to Eq. �81�, only with � f replacing �p. In
other words, although the pump is continuous, we can treat it
as if it was composed of a series of pulses, each of them � f
long. Since the atomic state, which is the slowest component
in our system, has a “memory” only � f long, its response is
not affected by interactions that occurred more than � f sec-
onds ago. All the other components of our system have
shorter coherence time; for example, since the pulse band-
width is significantly wider than � f =2� /� f, it is not affected
by such “chopping” of continuous light to pulses � f long.
Using Eq. �82�, and assuming the final state is included
within the pump spectrum, we obtain

Ic�t − �i,�i − �s�


 �TPA
� f


p
U�t − �i�e−2�f�t−�i��2�n2 + n�Pe��i − �s� ,

�83�

and the ratio between the coherent and the incoherent signals
is therefore

Ic�t − �i,�i − �s�
Iic�t − �i,�i − �s�



Ip

2

�
−�

�

Ip�t� + �s − �i�Ip�t��dt�

�
�


p

n2 + n

n2 Pe��i − �s� . �84�

Similarly to the case with SFG, we see that the coherent
signal is stronger than the incoherent one �in the absence of
dispersion or delay between the signal and idler�, this time
roughly by the ratio between the down-converted bandwidth
and the pump bandwidth � /
p.

To clarify the dependence of the incoherent signal on a
relative delay between the signal and the idler, let us consider
the case of a continuous, stationary pump, for which �Ip�t

+��	= �Ip�t�	= Ip, and so the intensity correlations can be rep-
resented by the normalized second-order correlation function
of the pump

�
�f

Ip�t� + �s − �i�Ip�t��dt�

Ip
2 
 � f

�Ip�t + �s − �i�Ip�t�	
�Ip�t + �s − �i�	�Ip�t�	

= � fgp
�2���i − �s� , �85�

where � f is the lifetime of the atomic �f	 state, which is the
physical time interval over which the intensity correlations
are actually integrated. Equation �85� is valid as long as the
lifetime of the final state is much longer than the coherence
time of the pump, which is indeed the case considered here
since we assumed 
p��. Therefore we may write

Iic�t − �i,�i − �s� 
 �TPA� fgp
�2���i − �s�U�t − �i�e−2�f�t−�i��n2,

�86�

and the ratio between the coherent and incoherent signals
then becomes

Ic�t − �i,�i − �s�
Iic�t − �i,�i − �s�



1

gp
�2���i − �s�

�


p

n2 + n

n2 Pe��i − �s� .

�87�

If the final state is inhomogeneously broadened with an
inhomogeneous bandwidth �IH, we may use Eq. �39� to ob-
tain �assuming this time that �IH�
p�

IIH
c �t − �i,�i − �s�


 �TPA� fU�t − �i�e−2�f�t−�i��2�n2 + n�Pe��i − �s� ,

IIH
ic �t − �i,�i − �s�


 �TPA� fgp
�2���i − �s�U�t − �i�e−2�f�t−�i��IH�n2, �88�

and the ratio between the coherent and the incoherent signals
is then the same as in Eq. �87�, only with �IH replacing 
p.

Similar results can be obtained for a quasicontinuous
pump, i.e., if we consider the ensemble average of
nontransform-limited pulses, for which we may write �for
small delays, �i−�s��p�

���f

Ip�t� + �s − �i�Ip�t��dt�

Ip
2 � 
 �pgp

�2���i − �s� . �89�

This leads to the same results as with a continuous pump,
with the only difference being that �p is replacing � f,

�Ic�t − �i,�i − �s�	


 �TPA
�p


p
U�t − �i�e−2�f�t−�i��2�n2 + n�Pe��i − �s� ,

�90�
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�Iic�t − �i,�i − �s�	 
 �TPA�pgp
�2���i − �s�U�t − �i�e−2�f�t−�i��n2,

�91�

and the ratio between the average coherent and the average
incoherent signals therefore remains the same as in Eq. �87�.
Accordingly, in the case of inhomogeneous broadening the
same results hold, with �p replacing � f there as well.

D. Coincidence events

It is quite intriguing to compare the results obtained for
SFG and TPA with down-converted light to the expected rate
Rc of coincidence events, i.e., the simultaneous arrival of
signal and idler photons. Typically, the coincidence rate is
evaluated as proportional to the second-order correlation
function g�2����. If the temporal response of the coincidence
detectors �and the corresponding electronics� is slower than
the coherence time of the photons ��1/��, as is typically the
case, then it is taken into account by integrating over the
gating time Tg,

Rc � �
Tg

g�2����d� . �92�

In order to obtain an approximated expression for the co-
incidence rate, we will use the spectral functions
g��� , f�� ,�0� defined in Eq. �40�. Essentially, this means
that we treat coincidence detection as if it was an SFG pro-
cess with a very large up-converted bandwidth �UC,

�UC = 2� . �93�

Intuitively speaking, such SFG process may be considered
as equivalent to coincidence detection since any pair of pho-
tons that arrives at the crystal simultaneously �i.e., with a
temporal separation that is smaller than their coherence time
�1/�� has an equal probability to be up converted, regard-
less of the frequency of the resulting up-converted photon.
Although we have previously assumed that �UC�� �Eq.
�48��, this assumption was made only to allow the neglect of
the spectral variations of ns,i���. Therefore, if we limit our
discussion to down-converted spectrum that its average is
approximately smooth, we may use the expressions obtained
for SFG to describe g�2���s−�i�, simply by replacing �UC by
2�,

g�2���s − �i� �
Ip�t − �i�

Ip
�2�n2 + n�Pe��i − �s�

+
Ip�t − �i�Ip�t − �s�

Ip
2 2�2n2, �94�

where the first term represents the coherent contribution, and
the second represents the incoherent one. However, g�2���s

−�i� represents the actual coincidence detection rate only for
infinitely fast detectors; for broadband radiation the temporal
resolution of the coincidence detectors is typically orders of
magnitude longer than the coherence time of the photons.
Therefore, applying Eq. �92� and taking Tg�1/� , ��s−�i�,
we obtain

Rcc �
Ip�t − �i�

Ip
��n2 + n�Pe��i − �s� ,

Rcic �
Ip�t − �i�Ip�t − �s�

Ip
2 2Tg�2n2. �95�

As with TPA or SFG if a temporal averaging is performed
for the case of a continuous pump, or an ensemble average is
performed with quasicontinuous, long pump pulses, the ratio
�Ip�t−�i� / Ip	 in the coherent term approaches 1, and the ratio
�Ip�t−�i�Ip�t−�s� / Ip

2	 in the incoherent term approaches
gp

2��i−�s� �for small delays�. Thus the ratio between the av-
erage coherent and the incoherent contributions becomes

Rcc

Rcic 

1

gp
2��i − �s�

1

2Tg�

�n2 + n�Pe��i − �s�
n2 . �96�

Since at any power level down-converted light is essen-
tially composed of simultaneously created photon pairs, it is
natural to assume that it will exhibit high degree of bunch-
ing, in the sense that there will always be a significantly
higher rate of simultaneous arrivals of photons from the sig-
nal and the idler beams �at zero delay�, as compared to Pois-
sonian or even thermal distributions. However �and counter-
intuitively�, as is evident from Eqs. �95� and �96�, since Tg
�1/�, at high-power levels �n�1� the coincidence rate is
dominated by the incoherent term, which exhibits similar
bunching properties as those of the pump; thus, unlike the
frequency-selective processes of SFG and TPA, the coherent
contribution to the coincidence rate is dominant only at the
very low-power levels of n�1, where down-converted light
can be described as a stream of entangled photon pairs.

VI. SUMMARY AND CONCLUSIONS

In this paper we derived expressions for two-photon in-
teractions induced by broadband down-converted light that
was pumped by a narrow-band laser. In Sec. II we solved the
equations of motion for the annihilation and creation opera-
tors of broadband down-converted light generated by an ar-
bitrary narrow-band pump. In Sec. III we formulated opera-
tors that represent the photon flux or the probability
amplitude of weak two-photon interactions �i.e., assuming
low efficiency of the interaction, so that the inducing fields
are not depleted� induced by arbitrary broadband light. In
Sec. IV we combined the results of the previous sections to
obtain expressions for the intensities of two-photon interac-
tions, namely SFG, TPA, and coincidence events, induced by
broadband down-converted light, and in Sec. V we explored
their temporal and spectral behaviors under various condi-
tions.

Our calculations show that the intensity of two-photon
interactions induced by broadband down-converted light can
be represented as the sum of two terms, one �Ic� that exhibits
a coherent behavior, and a second one �Iic� that exhibits an
incoherent behavior,

Itotal = Ic + Iic. �97�

The two terms vary dramatically both in their spectral
properties, as well as in their temporal properties. We con-
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sidered the case where the signal and the idler may propagate
freely along different optical paths from the down-converting
crystal, accumulating independent temporal delays �s, �i be-
fore inducing the two-photon interaction. The coherent signal
then responds to a relative delay between the signal and the
idler in an ultrashort-pulselike behavior,

Ic�t,�s,�i� � Ip�t − �i�Pe��i − �s� , �98�

where Ip�t� is the power of the pump �in units of photon
flux�, and Pe��i−�s� is the temporal response one would have
obtained if the two-photon interaction was induced by mix-
ing two ultrashort, transform-limited pulses with the same
power spectra as the signal and the idler, although the signal
and the idler are each incoherent and may even be continu-
ous �see Fig. 2�c��. Accordingly, Pe��i−�s� is sensitive to
dispersion just as a coherent ultrashort pulse �including the
dispersion of the down-conversion process itself�, and can
even be shaped by conventional pulse-shaping techniques
�see Figs. 2�d�–2�f��. Note that at low powers this corre-
sponds to shaping of the second-order correlation function
g�2� of the down-converted entangled photon pairs. It is also
interesting to note that Pe��i−�s� responds to the antisym-
metric sum of the phases applied to the signal and the idler:
�s���+�i���p	−��, with ��p	 being the center frequency of
the pump. Thus, if the same spectral filter is applied to both
the signal and the idler beams, only phase functions that are
symmetric about ��p	 /2 affect Pe. Similarly, if the signal and
the idler travel through the same medium, only odd orders of
dispersion will have an effect on Pe.

In contrast, the incoherent signal depends only on the
temporal overlap between the intensities of the down-
converted signal and idler beams, and so reacts to a delay
between the signal and the idler on the same time scale as the
long pulses or even continuous behavior of the pump

Iic�t,�s,�i� � Ip�t − �i�Ip�t − �s� �99�

if the pump is narrower than the final state, or

Iic�t,�s,�i� � �
−�

�

Ip�t� + �s − �i�Ip�t��dt�, �100�

if the final state is narrower than the pump. In both cases, if
we consider the temporal average in the case of a continuous
pump, or the ensemble average in the case of a quasicontinu-
ous pump �i.e., nontransform limited pulses, for which �p
�2� /
p, with �p being the duration of the pulses, and 
p
their bandwidth�, then the average incoherent signal is pro-
portional to the normalized second-order correlation function
of the pump �for �i−�s��p�,

�Iic�t,�s,�i�	 � gp
2��i − �s� . �101�

Thus, as depicted in Fig. 2, there are three temporal time
scales in our system. The longest one is the duration of the
pump pulse �which can be infinity for a continuous pump�.
This time scale dictates the temporal behavior of the inco-
herent signal as a function of the signal-idler delay. The next
is the coherence time of the pump which is �1/
p �and is
equal to the duration of the pump pulse, in case it is a
transform-limited one�. For signal-idler delays which are

shorter than this coherence time, the average of the incoher-
ent signal is higher since the intensities of the signal and the
idler become correlated, as they both reflect the intensity
fluctuations of the pump. The shortest time scale is the be-
havior of the coherent signal, which is on the same time
scale as the coherence time of the broadband down-
converted light: 1 /�.

As for the spectral behavior, the coherent signal behaves
as though the interaction is actually being induced by the
pump itself, and not by the down-converted light. Thus, the
coherent signal is induced only if the pump spectrum over-
laps with the final state:

Ic��0 + �� � ��
�

d�g���Ap��0 + ���2

, �102�

where g��� represents the spectrum of the final atomic level
in TPA, or the phase-matching function for up conversion in
the case of SFG, and with �0 being the center frequency of
the final atomic level or of the phase-matched spectrum in
case of SFG. The consequences of this spectral behavior is
that by scanning the pump wavelength we can perform two-
photon spectroscopy with the spectral resolution of the
narrow-band pump, even though the interaction is induced
by light that is orders of magnitude wider than the pump, and
not by the pump itself �see Fig. 4�. In the case of SFG this
means that light is being up converted only at those wave-
lengths

ISFG
c ��0 + �� � �g���Ap��0 + ���2, �103�

so that even if the phase matching conditions allow broad-
band up conversion, ISFG

c replicates the narrow spectrum of
the pump �see Fig. 3�.

The incoherent signal, on the other hand, is insensitive to
the exact wavelength of the pump that generated the down-
converted light. Since the information on the original wave-
length of the pump is imprinted in the phase correlations
between the down-converted modes, it affects only the co-
herent signal Ic. Accordingly, the incoherent signal is in-
duced at all the possible frequency band of the final state of
the interaction �see Fig. 3�,

Iic��0 + �� � �g����2. �104�

The coherent and incoherent signals also exhibit different
dependencies on n, the average photon-flux spectral density,
and on the bandwidth � of the down-converted light. While
the incoherent signal depends quadratically on n, the coher-
ent signal includes an additional, nonclassical term that de-
pends linearly on n:

Ic � �n2 + n� , �105�

Iic � n2. �106�

This behavior is presented in Fig. 1.
Additionally, since the coherent signal results from coher-

ent summation over the entire �correlated� spectra of the sig-
nal and the idler, it depends quadratically on �, while the
incoherent signal depends only linearly on �.
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Thus, excluding the case of pump pulses that are trans-
form limited, the ratio between the average coherent and
incoherent signals can be represented as

�Ic	
�Iic	



1

gp
2��i − �s�

�

max��,
p�
�n2 + n�

n2 Pe��i − �s� ,

�107�

where � is the bandwidth of the final state. As long as the
delay between the signal and the idler beams is smaller than
1/�, and in the absence of odd-order dispersion, we can
assign Pe
1. Taking into account that typically 1�gp

2�0�
�2, we see that the coherent signal is dominant not only at
low photon fluxes �n�1, i.e., at the entangled-photons re-
gime�, but also at classically high-power levels, as long as
both the pump and the final state of the interaction are nar-
rower than the down-converted bandwidth,

�Ic	
�Iic	



�

max��,
p�
. �108�

In the case of coincidence detection, the relatively long
gating time Tg of the electronic coincidence detection circuit
makes the incoherent contribution to the coincidence counts
rate Rc much larger,

Rcc

Rcic 

1

2Tg�

�n2 + n�
n2 . �109�

Thus, for the coherent contribution to dominate in elec-
tronic coincidence detection, one is restricted to very low
photon fluxes �n�1�.

It is important to note that in this paper we took into
account only two-photon interactions that result from cross
mixing of the signal and the idler fields and not from self-
mixing of the signal with itself or the idler with itself. In both
TPA and SFG, the cross-mixing term can be isolated spec-
trally if the signal and the idler are nondegenerate. In SFG,
the cross-mixing term can also be isolated spatially if the

down conversion is noncollinear. However, in cases where
the self-mixing term is indistinguishable from the cross-
mixing terms �for example, in the case of TPA with degen-
erate signal and idler fields, or if degenerate and collinear
down conversion is considered� this has the effect of increas-
ing the incoherent signal by a factor of 2,

Iic ⇒ 2Iic. �110�

Naturally, the coherent signal is generated only by cross
mixing of the signal and the idler fields, and therefore is not
affected by such self-mixing terms.

Finally we note again that none of the effects described in
this paper is directly related to squeezing. Even the nonclas-
sical linear intensity dependence is in fact independent of
squeezing; since the coherent and incoherent signals are at-
tenuated equally �quadratically� by such losses, this effect
can be observed even in the presence of losses that would
wipe out the squeezing properties completely. Moreover,
while the squeezing degree grows with n and is very small
for n�1, the linear term becomes less and less dominant as
n grows, and is completely negligible at n�1. Furthermore,
excluding the linear intensity dependence of the coherent
signal, all the other effects considered in this paper are com-
pletely described within the classical framework. Indeed,
such effects can be created by appropriately shaping classical
pulses, so that they obtain similar antisymmetric spectral
phase correlations �56,57�. However, the precision of these
correlations in broadband down-converted light can be many
orders of magnitude higher than achievable by pulse-shaping
techniques �44,45�. The unique properties of two-photon in-
teractions induced by broadband down-converted light are
therefore both interesting and applicable.
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