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Effects of the vacuum state on the statistics of nonclassical states

N. Alioui* and A. Amroun-Frahi
Faculté de Physique, Laboratoire Interactions Matiere Rayonnements, Université d’Alger, BP 32, Bab-Ezzouar, Algérie

~ C. Bendjaballah'
Laboratoire des Signaux et Systémes, C.N.R.S., and Ecole Supérieure d’Electricité, 3 rue Joliot-Curie, 91192 Gif-sur-Yvette, France
(Received 18 April 2007; published 10 October 2007)

Based on the calculation of the Wigner function, some statistical properties of the superposition of two
coherent states with a vacuum state are demonstrated. The distance variation difference function is calculated
for these states. Application of homodyne statistics shows that the addition (subtraction) of the vacuum state
can improve the classical channel capacity of a noiseless binary symmetric system.
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I. INTRODUCTION

In a previous paper [1], we analyzed the information and
detection performance of systems of optical communications
in which entangled states are received by various detectors.
These states, that are a superposition of two coherent states
[2], have been taken to be pure states and are modulated in
phase. We showed that, for such ideal classical systems, the
performance is limited only by the type of detector. A photon
counting system, for example, is closest to the optimal.

In order to describe more realistic channels, we model a
noisy channel as a coupler which adds (or subtracts) the
vacuum state to the superposition of the two coherent states.
This paper uses the Wigner function to calculate the statisti-
cal properties of such states. The probability distribution
functions (PDFs) of the field and of its intensity are shown to
be complementary. We then evaluate the effects of the
vacuum state on the transmission of the information using a
typical homodyne detector. The paper is organized as fol-
lows.

Section II is devoted to the fundamental equations. First
we explain how to use the PDF of the photon number to
choose the coefficient of the vacuum state. Because we are
mainly interested in the nonclassical properties of the state,
we use the Wigner function which is a quasiprobability dis-
tribution that can take negative values. In order to complete
the characterization of the states, we establish some proper-
ties of the variances of the field and its intensity. We show
that, depending on the vacuum state coefficient, a variety of
nonclassical states can be generated.

The distance variation difference (DVD) that measures
the deviation of any state from its corresponding coherent
state is calculated for the superposition of the coherent states
with the vacuum state in Sec. III. An approximation of the
DVD is calculated for low power input radiation.

Section IV presents an application of the results of the
preceding sections. It shows that the superposition of coher-
ent states with the vacuum state can be used to improve the
transmission of information in a noiseless binary symmetric

*bendjab_n@hotmail.com
Tcherif.bendjaballah@lss.supelec.fr

1050-2947/2007/76(4)/043810(10)

043810-1

PACS number(s): 42.50.Ar

channel. The variations of the classical channel capacity with
respect to the input power is explained using the DVD func-
tion. Finally, Sec. V is a discussion of the results.

II. BASIC RELATIONS

We consider a pure state of light and its density operator
expressed as

|¥) =d(|a) + |- @) + 7|0)), (2.1a)

pu= WX =[dP(p, + p_+ [ypo+ A+ AT+ T + 1),

(2.1b)
where a=aye’’ and |+a) are the coherent states
obeying  {a;| a2)=e‘1/2‘“1‘“2|2, L) e]d?a= I, and

d*a=d(Re a)d(Im a), where 1 is the identity operator. In
Eq. (2.1a), |0) is the vacuum state. We also set
pr=laal, p_=|~a)-al, p=[0X0, A=|a)}-a
I'=v(|0)(a|+|0)-a]). For an operator O, O' denotes its
conjugate. The last four terms of Eq. (2.1b) show the inter-
ference between the coherent states and between the coherent
states and the vacuum state. The terms corresponding to I’
are a little more complicated than those due to A.

We assume at first that y is an arbitrary real constant and
limit ourselves to the specific values §=7, and a=iay. The
coefficient d in Eq. (2.1a) is then determined by normalizing
the state | W) such that

, and

1
2 2
2(1+e B+ 2ye 5’4+3§)

|d|* = : (2.2)

where SB= ao\s‘E. Before calculating the probability and the
quasiprobability functions needed here, we must specify the
coefficient y which is a parameter of the model.

A. Coefficient of the vacuum state

Let us first consider the case where vy is an arbitrary con-
stant. Hereafter, we set Aw=1. The conventional creation
and annihilation operators 4’ and 4, respectively, obey the

a). These

commutator [d,d+]=f, and the equation d|la)=«
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operators can be used to describe the momentum operator
a'+a

2

N .dl-a . 5 .
P=i“Z" and the coordinate operator X= which is some-

2
times called the field operator [3].
We need the following definitions, notations, and relations

Xlxy=alx). [Zx)eldx=1. and  Plp)=plp). [Z.IpXpldp=1.
The commutator is given by [X,P]=i. We also

repeatedly use the scalar products
n 2 2 ~.
<n| @)= %e—‘a‘ 2, <x| @)= (717)1/46—1/2x +a\2x-a Re(a)
: 2 .5 .
<[7| a>=(7%)1/4€_1/2p —ia\2p+ia Im(a)’ and <x|p>= %Tezxp [3-5].
Suppose we are measuring the Hermitian number operator

N=a'a=N' in the state |W). From the above formulas, we
easily demonstrate that the PDF for the discrete outcomes n
is given by
pyn;B,y)=Tr p,;N
= [n| )|
(£ sy

n!

Py (276_B2/4 + SZE) d(n)
1+e P+ 2ye‘Bz/4 + g

s

(2.3)

where 8(n) is such that 8(0)=1 and &(n>0)=0. This PDF
has the main property that p,(n)=0, n.=2€+1, and
€=0,1,.... This is sometimes seen as indicating the nonclas-
sicality [6]. The first two moments of the photon number can
be calculated taking into account that the second term of the
numerator of Eq. (2.3) has no contribution to the moments of
n. We have

= ——20=) (2.40)

e L+eP 42y Py L -
Br a2 2 oy ,-B2

(n? = slF 2+ -2)e7 ] (2.4b)

-p? A P
1+e P +2yeP +5

We now consider the case where y depends on S. In fact,
because the first two moments of the photon number are %2
and %2(,82+2) for the coherent state, we derive the values of
¥(B) from the solutions of the equations (i): <n>—%2=0 and
(i1): (nz)—%Z(B2+2)=O, (n)y and (n®) being given by Egs.
(2.4a) and (2.4b). We get from (i)

Y. = —26‘52/4(1 = E_BZM\/@'BZ/Z— 1).

The condition (ii) leads to
2
> 2e7F72 1
==2 -5/4(1 ¥ \/1——) :—2<1 FB-— 2),
Yem e N 2+ B B3k

where y.(0)=7,(0)=-2.

The second order moment being more significant physi-
cally, we choose to select Eq. (2.6) to define the dependence
of y on B. We then have VB,y.=<v,=0,(ly_|=]|y.]). We
can also show that y,(8— %) —0. Notice finally that vy, is

(2.5)
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a monotonic function of B while y_ has a minimum for
p=5.

The calculation of the variance of the photon number at
moderate power is easily deduced from Egs. (2.4a) and

(2.4b),
- B ( Y 2)
WA=\ 2P 27)
yielding
1
5B4’ 7’:0,
oM(B.Y) = (2.8)

— 2(1_,_1) -
ZB —23 ’ 7_71’

proving that O%V(ﬁ,'y_) and o?\,(ﬂ,O) are less than the vari-
ance of a coherent state.

Having determined the values of 7 that are of interest here
from the photon counting distribution, we now want to study
the statistical properties of the field and its intensity, using
their PDFs. The appropriate method to calculate these PDFs
is to derive them from the Wigner distribution.

B. Wigner distribution

The Wigner distribution in the phase space of the density
operator (2.1b) is given by
4o

(x+ Elpylx - He2Pede,

1
Wix.p)=— (2.9)

—o0

where |x+£) are the eigenvectors of the operator X. Notice
that W(x, p) is a real function normalized to unity. We denote
|d?

(Wy +W_+ YPwo + yw, +w,), (2.10)
v

2
W(x,p) =

where the w,,w_, and w, are the functions associated with
the density operators p,, p_, and p,, respectively [see Eq.
(2.1b)]. The other terms of Eq. (2.10) are

v, = f e+ el af + - a)a)lx - Dexpl( 2ipe)de

(2.11)

and
o= |Gl @01+ - 0]+ 0+ 03 bl

Xexp(-2ip&)ds,

and correspond to the interference between the coherent and
vacuum states, respectively. We obtain

2|d|?
W(x,p:B,7y) = 2P e‘(xzﬂ’z)[e‘ﬁ2 cosh(2pB) + cos(2x)
T

(2.12)

+ 29~ cosh(pB)cos(Bx) + g} . (213)

Typical plots of these functions versus x for various 7y with
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FIG. 1. The Wigner functions W(x,0;8,7v)
are plotted versus the coordinate x (field ampli-
tude) for B=1. The curves are indexed with the
value of y=vy,, 0, -2,v..

B=1 are given in Fig. 1. Other curves for higher values of 3
are displayed in Fig. 2.

In order to explain the behavior of W(x,p;B,7y), some
useful closed expressions can be obtained when the light
intensity is low (82=<1). Thus

—x? 2
W(r0:6.9) = — (1 - = 1/32> (2.14)

I+3

for arbitrary constant y>-2. It clearly shows a negative part
within the domains

illustrating a nonclassical behavior even for y# 0. However,
for the special values of y., we have

—X

W(x,0:8,7.) = —1[1 T 228+ (x* = 222 821,

T
(2.16)

which clearly differs from Eq. (2.14). In particular,
W(x,0;8,v.) is =0, as opposed to W(x,0;/,y,) which is
=0, within the domains

- I~
1 ’12 1 J2
_?_\—SxS—/——+\—, (2.17a)
\rﬁ 2 \B 2
~ [
l 1’2 1 ’2
=i (2.17b)
VB2 VB2

After having examined the conditions for nonclassicality di-
rectly from the quasiprobability distribution in phase space,
we wish to show that more can be derived from the variance
of the measured coordinate operator. This is deduced from
the photon field distribution.

0.5+ - v==5 (a)
0 | —
-3 2 3
15 FIG. 2. The PDFs p,(x;8,7)
are plotted versus the coordinate x
p, (B s 1o (field amplitude) for ,8=.10 and y
05kF J =-5, 0, 5. The Gaussian PDF
‘ A ‘ A : py(x;0,0) is plotted as a dashed
93 2 1 0 1 2 3 line in the upper curve.
1.5
L ]
=5 ()
0.5 4
0 L | |
-3 -2 -1 0 1 2 3
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C. Photon field distribution

Basically, homodyne detection is the measurement of the

operator X whose continuous outcome x can be seen as the
random variable (RV) of the light field [3]. The statistical

properties of X can be summarized with the study of
p¢(x;,8 ,y), the PDF of the field, which is necessarily posi-
tive. In order to find the PDF of the field, we must integrate
the Wigner functions with respect to the momentum p. In
fact,

W(x;B,y) = f W(x,p; B, y)dp

1(” * .
= J ( f e‘z'Pédp)<x+§|ﬁ¢|x—§>d§

_ J AE(x+ €yl - Ode

= (x|pylx) = (x> = py(x: Boy). (2.18)

where 8(¢) is the Dirac function. From Eq. (2.18), we have

1 +cos(2B8x) + 2y cos(Bx) + 325
1+eP + 27@‘B2/4 + 322

pt,//(X;B’ 7) =pa(x)

i

(2.19a)

_x2

e

Polx) = (2.19b)

a
A more general expression is given in the Appendix.

We obtain from Eq. (2.19a), p,(x:8,0)=0 for
(t+D)m
x€=i;—B,B¢O. It shows a nonclassicality within the

domains that include those that have been previously deter-
mined [Egs. (2.15)—(2.17)].

The moments of x can then easily be derived. Notice, first,
that due to the parity of Eq. (2.19a), we have for
€=0,1,...

Py =0. (2.20)

The first two moments that are #0 are then easily obtained,

11+Z4(1-289eF + Y2 - B)e Pl

<X2>=_ 0 ) s
2 L+eP 429 P4 L
(2.21a)
o
31+ 3+ (1-48+3B)e " +29(1 - B+ 5B P
4 1+e‘ﬁ2+2'ye‘32/4+ z ,

(2.21b)

yielding the variance 0%(8,7)=(x). Note that 0%(0,0)=3
corresponding to the fluctuations of the vacuum state char-
acterizes a lower limit of the classical field variance. Note
also that o%(3, 7c)=% for
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o2 (B

FIG. 3. Plots of o'ff(,B , ), the variance of the coordinate X (field)
versus y the coefficient of the vacuum state added to the superpo-
sition of two coherent states. The curves are indexed with the value
of 8: 0.5, 1, 2. The parameter 3 is such that 8>=2a?, where a? is
the power of the coherent state. The abscissa 7. is given by
yo==2 o384

y, = — 264 (2.22)

Because of the term in e‘xz, the domain of interest of
Eq. (2.19a) can be restricted to small values of x, say
xE[-4,4],YB,y. Up to B* and y+# -2, a useful expression
for the variance can be obtained,

1
ox(B,y) = Slao+ a(PB+a(yp, (2.23)

1+%
here ay,=1, :—L, and =——4_ F rthermore,
w ao a(y) Y as(y) 2(“_'2!)2 u

for the special values of v, it can be shown

!
1 o 1
2(1_'B+2ﬁ4>’

y=0,

2 1

1(1 l 3)
S\ 148+ 58,

1 1 1
0-)2((E7’)/)2< E<1_6+_B __6ﬂ3>7 Y=Y+

Y=7--

(2.24)

When y=v,, the field variance starts by decreasing as
increases. When y=1v_, the field variance starts increasing
with 8 as shown in Figs. 3 and 4.

Although the above expressions are valid only for low
values of B, they appear good enough to approximate 8" the
positive abscissa of the extrema of o'?( We easily obtain S*
=0 and 1 for y=0. For y=1,, we get ,8*=@ =(.86 which
is reasonably close to the numerical value %. The variance is
continuously increasing in the domain of approximation for
y=_. More comments are given in Sec. V. We now want to
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1.8
2B
161 -
141 ‘ 4
Y
12r 1 FIG. 4. Plots of d%(B,7), the
variance of the coordinate X
T I (field) versus B2=2a?, o being
- the power of the coherent state.
08 7 The curves are indexed with the
value of y: y_, 0, and v,.
0.6/ e
0
0.4 e
Y+
[ 1 1 1 1 1 B |
0 0.5 1 15 2 25 3

complete these results about the characterization of the non-
classicality by studying the properties of the light intensity.

D. Photon intensity distribution

As in the treatment of the classical optical coherence of
electromagnetic fields, it is convenient to introduce the con-
cept of intensity. This is defined, at position 7 and time ¢, as

J(r,0) = V' (r,0V(F,1), (2.25)
where V(r,t) is the analytic signal associated with the
instantaneous real field VY(r,f) via the relation
V(7 1)=2 Re[V(F,1)] [7]. The quantum-mechanical con-
struction in terms of operators closely follows this descrip-
tion.

We consider a field component of the radiation of a given
polarization, with wavelength \, confined in a volume ()
such that (3> \3. The intensity operator, up to a scalar y, is
given by

J(F.0) = xa'a. (2.26)

This operator, however, cannot be seen as an operator that
localizes photons precisely. It is associated with the photon

number operator N such that

f JFHdPF=N. (2.27)
Q

Here, we establish some results concerning the properties of
the intensity J=|E|’.

For a quasimonochromatic field E, the components which
can be measured are the RVs E,=|E|cos ¢ and E =|E[sin 9.
They are assumed to be independent and to have the same
distribution (2.19a). The distribution of the random phase ¥
is supposed uniform over 9€[0,27], p(9)dd=42, so that
the PDF of J is given by

2

2
Py(J:B,7) =K exp(- J)f0 [1 +c0s(28VJ cos )
+2y cos(,BVg cos O) + g]

X { 1+ cos(ZB\G sin )

'}’2

+ 2 cos(BVJ sin 9) + E]dﬂ, (2.28)

where K is a constant of normalization such that
JoPy(N)dJ=1.

In the general case, the PDF of the intensity can be cal-
culated only numerically. However, we can prove the follow-

ing expression for terms up to B*:

P(//(J,B, 7) = [aO(B’ y) + al(ﬂ’ y)J + (lz(ﬁ, y)Jz]eXp(_ J),
(2.29a)
ag(B,y) =1+ 2 ,82 B,
oLy v+2 4('y+ 2)2
_ 2 B
al(B’Y)__ ’)’+2 (y+2)2
Yt 12
ax(B,y) = ye2r 2)2/34. (2.29b)

From this approximation, it can be seen that there must exist
several values of intensity J* # 0 leading to P,(J*;3,y) —0.
This is, as has been mentioned above, a necessary condition
for nonclassicality. An approximation of J* is easily evalu-
ated from Egs. (2.29a) and (2.29b) to be
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FIG. 5. Plots of the PDF P (J;,y) versus J
the intensity, for various values of B and for the
B two special values of y: vy, and y_. Remark that
for high values of 3, Py(J:8,7)=P,J;8.0).

35

2+ 7y

J(y=1+ (2.30)

2B
The agreement of the estimated values with the computed
values is rather poor as can be seen in Fig. 5. This approxi-
mation is, however, useful since it shows that
J () >J"(y.) for a given B#0.

We can now derive some approximate results which are in

good agreement with the exact results. Thus we have shown
(

3
1—2/32+5/34, y=0,

Sl
1-2B8+=B"+=-B", v=7,,

B, y) =1 2 2

(2.31)

1+2,8+§ﬁ2+2,83 —
4 4 5 y_y—'

\
As for a'f(, the variance of the intensity starts decreasing with
respect to B for y=0 and 7,, whereas it starts increasing for
V.

Here again, although the previous expressions are valid
only for low values of B, they appear good enough to ap-
proximate 3%, the positive abscissa of the extrema of 0% We
easily obtain £*=0 and 36 for y=0. For y=1, the minimum
occurs at ,8*:%. For y=1v_ the variance continuously in-
creases in the domain of approximation.

Because of the relation between the operators J and N, it
is tempting to make a comparison of the corresponding vari-
ances (2.8) and (2.31). This is briefly discussed in Sec. V.

As seen, several functions can be defined to measure the
difference between classical and nonclassical behaviors. We
want to introduce the distance variation difference, a crite-
rion that was recently shown to be efficient.

II1. DISTANCE VARIATION DIFFERENCE

The distance variation difference (DVD), D, was intro-
duced for other purposes and for a discrete variable in [8].
The DVD is a measure of the difference between classical

and quantum states. We recently applied it to the measure-

ment of the photon number operator N and concluded that
D <0 is the condition for nonclassicality [9].

Because the DVD is bounded by the Fisher entropy, it is
applicable for a continuous variable such as the photon field
x, as well. Therefore we will set

Dy(B,y) = f Vpy(x; B, y)dx — f \po(x; B)dx,

(3.1)

where p,(x;B,¥) and p,(x;B) are the PDFs of the field X
measured in the state |/} and the coherent state |a), respec-
tively. We have p,(x; ,8)=%Te‘x .

Although Eq. (3.1) obeys two properties of a distance
function, it is not a distance because it can be negative. Only
a few exact results of Eq. (3.1) seem simple to establish. For
instance, we can show V7,

D 0,y) =0, (3.2a)

D,(B— =,y) — 0. (3.2b)

However, approximate expressions for Eq. (3.1) when
,BZS% are of interest. Thus p,(x;3,7) can be approximated
by Eq. (2.19a) which is then inserted into Eq. (3.1). So, for
the special values of y, we obtain

!’/_
DB.0) = - %Bz, (3.3a)
_ B
DyB.y.) = F (2\m) ”2,6 L (3.3b)

showing a nonclassicality (D <<0) only for y=0 and for vy, in
accordance with the previous results.

These approximate expressions (3.3a) and (3.3b) of the
DVD functions are good enough when compared with the
exact ones which are displayed in Fig. 6. Recall that we are
considering only the pure imaginary case a=ia.
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FIG. 6. Plots of the DVD functions of the
states analyzed in this paper versus 8>=2a?, o?

-0.1 8
-0.2 T B
-0.3F 0 E
2
—0.4 I I I I I P

being the power of the coherent state, for various
values of y=0, v,, and y_.

0.5 1 1.5 2 25

So far, such a source of superposed coherent states has
been analyzed from the nonclassical statistics point of view.
We now want to see how it can be used to transmit informa-
tion and see how the D function is involved.

IV. HOMODYNE PROCESSING

As an application of the previous results, let us consider a
binary system of communication where the source delivers
the light state (2.1a). Here the channel is noiseless and the
receiver is a homodyne one. The channel is symmetric and
the transition probabilities P( output|input) are such that [1]

P(0[0) =pa(x), PC1[1)=pylx;B.7),

P(0[1)=P(1]0)=P,,, (4.1)

where p,(x;B,7),pa(x) are given by Egs. (2.19a) and
(2.19b), respectively, and P,, is the probability of error. It is
given by

P,=3(1+P;—P,), (4.2)

where the P, and P, are the false-alarm and detection prob-
abilities that result from a decision threshold w [3]. This
threshold u, calculated such that p,(x; 8, 7) > p,(x;0), deter-
mines, in general, two domains of decision x = u, such that

Pf-:f Pyx;0)dx, Pd=f pylx;B,y)dx.  (4.3)
“ “

The classical channel capacity is
CX(ﬁ’ 7) = lOg 2+ Per lOg Per+ (1 - Per)log(l - Per)~
(4.4)

Here, the domain of the decision is the union of several
disjoint intervals determined by the intersection of
py(x;B,y) and p,(x;0) as can be seen in Fig. 2 [curves (a)].
The results of the exact calculation of Eq. (4.4) are plotted in
Fig. 7.

Following our method [1], some approximations valid for
B=1 will be useful to explain the numerical results. These
approximations are based on setting the threshold at

5
wo= =l -eFl+olf), (@5

1 y+8

ey)=—-"—"-2,

£-2,
Uyr2 7

(4.5b)

yielding to calculate the probability of error P, (4.2) and
then inserting the probability of error into Eq. (4.4) to bound
the capacity Cyx(B,y). After some calculation done for
=1 we get

.
1 Ey ,
P ) =07
5 SB Y
1 E,

P (B.y) =9 Y Y=Y (4.6)
L E B _
27 2p-4 7T

\_ \_ v —_ 2
Here we set E0=erf(72) ~ 32, where erf(z) = %Tfae "dt. Denot-

2
ing Aoz%, we obtain with the help of P,.(B,v), a lower
bound to Cx(8,7),

AoB +0(BO), y=0,
AoB+0(BY), Y=

A (4.7)
A+ B +o(BY, y=1.

An upper bound to Cy(B,y) based on the maximum of the
eotfoB
4-p

P, is attained for y=-2+f°, yielding P,=
=erf{( \E) ~1 and f,= 2'—4\ % . Therefore

where ¢
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Cy (B

FIG. 7. Plots of channel capac-
ity for a binary system of commu-
nication with a homodyne receiver
and a source of nonclassical states
versus 3°=2a% o being the
power of the coherent state. The
curves are indexed with the value
of y: 0, y,, and 7y_.

e
Cx(B.Y)= B (4.8)

Combining Egs. (4.7) and (4.8), we can prove that
CX(B’O) = CX(B? 7+) = CX(B’ 7—)9 (49)

as can be seen in the results displayed in Fig. 7.

V. RESULTS AND DISCUSSION

The main results are summarized in Figs. 1-7. Some ex-
amples of the functions W(x,0; 8, y) given by Eq. (2.13) for
moderate power (B8=1) and for different values of vy are dis-
played in Fig. 1. The main property of the nonclassicality,
i.e., the negativity of these functions, is clearly shown for the
values of vy, and y=0.

In Fig. 2, the PDF p,(x;B,y) of the light field is
plotted for the high value of B=10 and three values of
7— -5, 0, 5. There are several values of

=x —(2€+1)2 , €=0,1,... yielding p,(x;8,7)=0.

In Fig. 3, the variance of the light field 0%(8, y) is plotted
versus 7y for various values of B2. It is clearly seen that
0'22;, V B#0, provided that y=1y. where 7, is given
by Eq. (2.22). Moreover and as expected, 02—>2 when
y— +. Notice that, depending on 7y, the field exhibits both
classical and nonclassical properties. This is not the case
when we plot 0'2 versus 3 considering 7y as an independent
parameter. In fact in Fig. 4, we plot the same variance o'2
versus 3 for the three specific values of . It is first seen that
VB, 0%((,3’%)5%, and ai(ﬁ,y_)zlz. Furthermore, the ap-
proximation (2.24) leads to B, =1 as the abscissa of the
minimum which is close the numerical value.

In Fig. 5, the PDF of the intensity, given by Eq. (2.28), is
plotted versus the intensity J for the two special values of y
and for various values of B. Notice that for B>1,
P,(J;B,7y) behaves like [1+cos(28V J)]e" The extrema can
then be easily evaluated, J,, (l) and Jy,= (z ) We notice

that P,(J;3,y) vanishes for a few values of the intensity J
# 0, whereas for its discrete counterpart p L/,(n; B, 7y), there are
several n, yielding p,(n.:8,7)=0,V B.

Furthermore, from Eqs (2.8) and (2.31), we observe that
(B, 7.)— (B, 0)= 3B +0(B) and  o3(B,v,)-05(B,0)
=-2B+0(B). It is 1nterest1ng to compare these expressions
with those corresponding to classical and nonclassical states.

For the first type, e.g., thermal light, we have aﬁ,(ﬂ)
=3B2+;B" and o%(B)=;B" For the second one, e.g.,
squeezed light having ¢=0 as a squeezing parameter,
we have o03(B,0)=3B8% 2%+3sinh>2¢ and o%(B,0)
=—%¢ sinh +sinh* @ +ysinh? 2¢ [10].

At low power, for all states, the photon counting fluctua-
tions increase with the power. On the contrary, the nonclas-
sical states intensity fluctuations decrease with the power.
This fact that can make questionable the definition of the
intensity is, however, corroborated by the variance of the
field for which we get, using Eq. (2.24), 0')2((,8, v.)
~03(B.0)==38+0(B).

Figure 6 plots the DVD functions of the state |) versus
the power of the coherent state |a), for various values of 7.
The approximations given by Egs.(3.3a) and (3.3b) are in a
good agreement with the numerical results. We also remark
that the highest DVD of the states analyzed in this paper
occurs when y=1vy_.

In Fig. 7, it is clearly shown that the classical channel
capacity is significantly improved when the vacuum state is
added, with a coefficient that depends on the input power, to
the superposed pure coherent states. The highest channel ca-
pacity is attained when the nonlinear parameter is such that
y="7_. The lowest channel capacity, when 2= 2 is attained
for y=0 which then corresponds to the pure Schrodinger
state.

Finally, we conclude that adding the vacuum state to the
superposition of two coherent states generates a variety of
classical and nonclassical states that can be used to improve
the transmission of information over a noiseless binary sym-
metric channel. The variation of the classical channel capac-
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ity with respect to the input power is more appropriately
described by the D function than by the variance. Moreover,
in view of Figs. 6 and 7, the behavior of Cy(8,7) versus

Dy(B,v) is nonlinear as for B*=< 1 we have Eq. (4.9) for
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APPENDIX: PHOTON FIELD DISTRIBUTION

Instead of Eq. (2.1a), we may consider the state

(W) = d(|ae') + 79~ ae'”) + ¥]0)), (A1)
where d is chosen so that (¥|W¥)=1. Thus
1 1
jdf* =5 . (A2)

21 4¢F cos o+ 76‘32/4(1 +cos @) + 5

where we denote 8=|a|\2. The PDF of the field is obtained
as usual,

pu(x) = |<JC|‘I’>|2
_x2
e
?
N

=2dJ? {6_52 cos? 9[cosh(28x cos 6)

+cos(2Bx sin 0+ ¢)]

—B2/2 cos? 0[€—Bx cos 6

+ ve cos(Bx sin 6+ ¢)

+ &P o 9 cog(Bx sin 6)] + ﬁ} (A3)

2
We recall that Eq. (2.18) can be deduced from Eq. (A3) for
¢=0,60=7.
Approximated closed expressions of the first two mo-

ments can easily be obtained for S< 1. They are derived
from the PDF of x in the state (A1),

e—x
pv(x) =Ki——=(A-TB+Ap), (A4)
AN
where K,=1+0(/%) and
I'= [sin 6 sin ¢ + 'ysin(ﬁ— §>sin§}x =[x,
(A5a)
_ ba
A=1+cos ¢+ y(1+cos @)+ % (A5D)
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A=co+cx, (A5c)

co=cos ¢ — (1 +cos qo)(cos2 0+ %COS(ZG)),

c;=2(1 +cos @)cos’ O+ %/[cos(Z ) + sin ¢ sin(26)]

leading to
Iy
=-—28, A6
(x) NG (A6a)
<2>_1+L%C1ﬁ2 (A6b)
YT A
which show a nonclassical behavior for 0:’2—7 and
2 cos ¢ — (1 +cos @)cos® 6
<— .cp(” ) A7)
3 sin ¢ sin(26) + (1 + cos @)cos(26)
Note that in the limit of S<1, we have
2sin 6 cos¥ (D=0 (Aga)
Yo=-2-—7—y —~ =0, a
sm(&— *2“3)
8 (1 + cos @)cos® —cos ¢ n 1
Yi=-3 .. —(x) =7,
3 (1 +cos ¢)cos(26) + sin ¢ sin(26) 2
(A8Db)

provided that 0—*2“5 #{,{ is an integer.
Similarly, for 8> 1, we have for a particular value of
0=7,

e cos(Bx + @) + 2y cos(Z)cos (& + ¢)
pu(x) =K,—=| 1+ 7 ,
NI 1+

(A9)
where K,=1+ %‘2[1 e P14 %y)] is such that Eq. (A9) is
1+

normalized with respect to x € ]-,o[. One has

1 (1+y)sing

(x)=- 7 ﬁﬂe_ﬁzm’ (A10a)
I+ ycos o+
2
ot Qe ()
2 21+ycos o+ % 2
(A10b)
which characterizes a nonclassical state as long as

(1+7y)cos <0, i.e., y<-1 for the case studied here.
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