
Dynamic-polarization forces on fast ions and molecules moving over supported graphene

I. Radović, Lj. Hadžievski, and N. Bibić
VINČA Institute of Nuclear Sciences, P.O. Box 522, 11001 Belgrade, Serbia

Z. L. Mišković*
Department of Applied Mathematics, University of Waterloo, Waterloo, Ontario, Canada N2L 3G1

�Received 12 June 2007; published 4 October 2007�

We use a two-dimensional, two-fluid hydrodynamic model to describe the high-frequency plasmon excita-
tions of the carbon valence electrons responding to fast ions and electric dipoles, which move parallel to a
single sheet of graphene supported by an insulating substrate. We calculate the stopping and the image forces
on ions and dipoles, as well as the dynamic torque on dipoles about their center of mass, resulting from the
dynamic polarization of graphene. While the results for ions are similar to those obtained earlier for ion
channeling through carbon nanotubes in dielectric media, the stopping and the image forces on dipoles show
strong directional dependencies. The torque on point dipoles implies a strong alignment effect in the direction
of motion at lower speeds, as well as a tendency of the dipole to “roll” over the graphene at high speeds.
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I. INTRODUCTION

Renewed interest in the properties of two-dimensional
�2D� electron systems is stimulated by recent discovery of
graphene, a single sheet of carbon atoms forming hexagonal
lattice, which exhibits electronic properties of a semimetal
�1,2�. Besides being the fundamental building block of
highly oriented pyrolytic graphite �HOPG�, carbon nano-
tubes, and fullerene molecules, graphene is currently attract-
ing a great deal of interest on its own right owing to its
fascinating physical properties and a broad range of potential
application areas �3�, including the emerging field of plas-
monics �4�. Namely, recent investigations of the low-energy
collective electron excitations in graphene show that this ma-
terial may be used as a basis for nanoelectronic devices op-
erating in the terahertz range of frequencies owing to the
peculiar behavior of the graphene � electrons as a 2D gas of
massless Dirac fermions for the band energies up to a few eV
�5–7�.

On the other hand, interactions with external charged par-
ticles moving over graphene at speeds far greater than its
Fermi velocity, are dominated by the collective electron ex-
citations at the optical and ultraviolet frequencies, involving
both � and � electrons. Such processes are ubiquitous in the
electron energy loss spectroscopy �EELS� of graphene-based
materials �8–10�, and can play an important role in ion scat-
tering from the surface of such targets. For example, the
directional effects in the interactions of heavy, energetic
charges with highly oriented pyrolytic graphite �HOPG� have
been recently studied in several contexts, including ion and
molecule implantation in HOPG �11�, ion channeling
through HOPG �12�, and secondary electron emission from
HOPG induced by fast ions �13� and molecules �14�. In ad-
dition, studying scattering of fast ions from free and sup-
ported graphene under grazing incidence may open interest-
ing parallels with the phenomena discovered in the scattering

experiments on solid surfaces �15�. For example, one can
speculate on the kinds of defect formation on graphene by
analogy with the recent studies of nanostructures formed on
crystal surfaces due to the impact of highly charged ions
�16,17�. It is further interesting to note that, while the dy-
namic polarization effects in surface grazing scattering have
been well understood for ionic projectiles �15,16�, similar
processes involving fast molecules have received attention
only very recently �18� from the perspective of possible ap-
plications in the molecular transmission through nanocapil-
laries �19�.

With a view of extending these studies of solid surfaces to
graphene, we explore here the effects of dynamic polariza-
tion of graphene on forces acting on fast ions and polar mol-
ecules moving parallel to it. Specifically, we calculate the
stopping force and the image force which, in the regime of
high projectile speeds and large distances from graphene,
respectively, describe the dissipation of the projectile’s ki-
netic energy into plasmon excitations in graphene, and the
conservative force attracting the projectile towards graphene.
In addition, we calculate here for the first time the torque on
polar molecules represented by an electric dipole, thus gen-
eralizing the discussion of the alignment effects for slow
dimers moving in a homogeneous electron gas �20�, for slow
polar molecules on solid surfaces �21,22�, and fast diclusters
grazingly scattered from metal surfaces �23�, to the case of
fast molecules under grazing incidence upon graphene.

Given that such processes are dominated by the high-
frequency plasmon excitations of all four valence electrons
in graphene, we use here the 2D, two-fluid, semiclassical
hydrodynamic model based on the jellium approximation for
the positive ion charges in graphene �24–26�. It has been
shown that treating the � and � electrons as two interacting
fluids provides a qualitatively correct account of the splitting
of plasmon branches in the visible and uv ranges of frequen-
cies in both fullerenes �25� and single-wall carbon nanotubes
�26�. Although hydrodynamic models of the electron gas are
generally considered to be of only limited quantitative value
compared to, e.g., random phase approximation for the re-
sponse of carbon nanotubes �27�, they have proven to be*zmiskovi@math.uwaterloo.ca
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quite effective in the qualitative analysis of plasmon hybrid-
ization of relevance in the area of plasmonics �28�. More-
over, hydrodynamic models of plasmon excitations in nano-
structures appear to be quite versatile in handling the
boundary conditions due to the presence of a dielectric envi-
ronment �29�, as is often the case with graphene �8,30�.
While the configuration of a graphene sheet supported by a
substrate opens an interesting possibility of exciting novel
plasmon modes in the case of metallic substrate �8,31�, we
limit ourselves here to the insulating substrate, such as SiO2
lying underneath a single graphene sheet �30�.

After outlining the theoretical model in the following sec-
tion, we shall present and discuss the results for the stopping
and image forces on point ions and point dipoles, as well as
for the torque on point dipoles. Atomic units will be used
throughout unless otherwise stated explicitly.

II. BASIC THEORY

We use a Cartesian coordinate system with R= �r ,z� and
assume that graphene occupies its xy plane with coordinates
r= �x ;y�. Furthermore, a fast projectile is assumed to move
parallel to the graphene in the upper half-space defined by
z�0, while the planar surface of a substrate is assumed to be
placed at distance h underneath the graphene. Thus, the sub-
strate occupying the region z�−h is assumed to be described
by an abrupt jump in the dielectric constant from unity char-
acterizing vacuum or air, to a �constant� value �. In order to
treat the effects of substrate on the dynamic response of
graphene to external perturbation, we follow the method of
Doerr and Yu �29,32� and assume that a polarization charge
is induced on the substrate surface with the density per unit
area ��r , t�. Then, integrating Gauss’ law for the total electric
field � ·E=4���r , t���z+h�, gives the boundary condition
for the total electric potential ��R , t� at the substrate surface,

� ��

�z
�

z=−h+0
− � ��

�z
�

z=−h−0
= − 4�� . �1�

If there are no free charges on the substrate surface, one may
integrate Gauss’ law for the electric displacement field
� ·D=0, with D���z�E, to obtain

� ��

�z
�

z=−h+0
− �� ��

�z
�

z=−h−0
= 0. �2�

The key point in the method of Doerr and Yu �32� is to
write the total electric potential � as the sum of the external
perturbing potential �e, the potential due to charge polariza-
tion on graphene �g, and the potential due to the induced
surface charge on the substrate �s, so that

� = �e + �g + �s. �3�

Further, one can define �s to satisfy the boundary condition

� ��s

�z
�

z=−h+0
− � ��s

�z
�

z=−h−0
= − 4�� , �4�

by writing the solution of the Poisson’s equation for the in-
duced charge on substrate �2�s=−4���r , t���z+h�, as

�s�R,t� =	 d3R�
��r�,t���z� + h�


R − R�

. �5�

While this choice of �s ensures that the total electric poten-
tial satisfies Eq. �1�, the actual expression for � �and hence
�s� will be obtained by applying Eq. �2�.

It is convenient to introduce Fourier transform Ã�k ,z ,��,
with respect to time and coordinates in the xy plane, defined
by

A�R,t� =	 d2k

�2��2

d�

2�
eik·r−i�tÃ�k,z,�� ,

of an arbitrary function A�R , t��A�r ,z , t�, with k= �kx ,ky�.
Then, one obtains

�̃s�k,z,�� =
2�

k
e−k�z+h��̃�k,�� , �6�

where k=�kx
2+ky

2 and �̃�k ,�� is the Fourier transform of the
polarization charge on the substrate surface. Similarly, if
n�r , t� is the perturbation of the number density per unit area
of electrons in graphene, one obtains

�̃g�k,z,�� = −
2�

k
e−k�z�ñ�k,�� . �7�

Next, we describe the � and � electrons in graphene as
two fluids occupying the xy plane and having the equilibrium
number densities per unit area n�

0 0.321 and n�
0 0.107,

respectively. The perturbations of their densities nj�r , t� and
their velocity fields u j�r , t�, with j=� ,�, satisfy the linear-
ized continuity equation,

�nj�r,t�
�t

+ nj
0�r · u j�r,t� = 0, �8�

and the linearized momentum-balance equation,

�u j�r,t�
�t

= �r���R,t��z=0 −
	 j

nj
0�rnj�r,t� − 
 ju j�r,t� . �9�

Here, �r is the component of the full gradient operator which
differentiates in directions parallel to the xy plane. The first
term on the right-hand side of Eq. �9� is the tangential force
on an electron due to the total electric field at z=0. The
second term describes the internal interactions in the electron
fluids based on the Thomas-Fermi model �33,34�, giving 	 j
=�nj

0. The last term in Eq. �9� represents the frictional force
on an electron due to scattering on the positive charge back-
ground, with 
 j being the frictional coefficient which we take
to be vanishingly small. Solving the fluid equations by
means of the Fourier transform gives a relation between the
total electron number density on graphene, n=n�+n�, and
the local value of the total potential at z=0 in the form

ñ�k,�� = ��k,���̃�k,z = 0,�� , �10�

where the polarization function of graphene in the two-fluid
model is given by ��k ,��=���k ,��+���k ,�� with
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� j�k,�� =
nj

0k2

	 jk
2 − ��� + i
 j�

for j = �,� . �11�

Using the relation �10� along with Eqs. �6� and �7� and the
Fourier transforms of the boundary condition �2� and the
decomposition of the total potential �3�, one can obtain the

induced densities ñ and �̃ in terms of the local value of the
external potential �̃e�k ,z ,�� at the graphene plane and its
derivative perpendicular to the substrate surface. Since we
are interested in values of the induced potential �ind=�s
+�g, restricted to the region above graphene �z�0�, its Fou-
rier transform can be written as

�̃ind
� �k,z,�� = −

2�

k
e−kz

��1 −
� − 1

� + 1
e−2kh���̃e�z=0 +

� − 1

� + 1

e−kh

2�
� ��̃e

�z
�

z=−h

1 +
2�

k
��1 −

� − 1

� + 1
e−2kh� . �12�

We consider a projectile represented by a rigid distribu-
tion of charge with the volume density function �̂ext�R�,
which moves parallel to the graphene at constant velocity
V= �v ,0� with v= �vx ,vy�, so that its density in the laboratory
frame of reference can be written as �ext�R , t�� �̂ext�R−Vt�.
Therefore, the Fourier transform of the external potential can
be expressed as

�̃e�k,z,�� = 2���� − k · v�
2�

k
	 d3R�e−ik·r�−k�z−z���̂ext�R�� .

�13�

Since in Eq. �12� we only need values of �̃e�k ,z ,�� for z
�0, assuming that the external charge �̂ext�R� is fully local-
ized above the graphene plane allows us to write

�̃e
�k,z,�� = 2���� − k · v�

2�

k
ekzF�k� , �14�

with the structure factor of the external charge given by

F�k� =	 d3R�̂ext�R�f�R;k� , �15�

where we have defined f�R ;k��e−ik·r−kz.
The factor ���−k ·v�, appearing in Eqs. �13� and �14�,

will be carried into Eq. �12�, implying that the induced po-
tential is stationary in the moving frame of reference at-
tached to the external charge distribution. Denoting this po-

tential by �̂ind�R�, we note that the induced potential in the

laboratory frame is then �ind�R , t���̂ind�R−Vt�. Taking
this into account while inserting Eq. �14� into Eq. �12� and
performing the inverse Fourier transform, one obtains

�̂ind
� �R� =	 d2k

�2��2 f*�R;k�
2�

k
F�k�� 1

D�k,k · v�
− 1� ,

�16�

where

D�k,�� = ��k� +
2�

k
��k,�� , �17�

with the auxiliary function

��k� �
� + 1

2

1 + coth�kh�
� + coth�kh�

, �18�

quantifying the effects of the substrate on the response of
graphene. One notices that, when �=1 or kh→ +�, ��k�
reaches its minimal value �min=1 corresponding to a free-
standing graphene layer, whereas its maximal value �max
= ��+1� /2 �for fixed �� is reached for kh→0.

In passing, we note that, for �=const, the zeros of D�k ,��
give two plasmon branches with the dispersion relations de-
fined by

�±
2�k� =

��
2 �k� + ��

2�k�
2

±����
2 �k� − ��

2�k�
2

�2

+ � 2�k

��k��2

n�
0n�

0 , �19�

where

� j
2�k� =

2�k

��k�
nj

0 + 	 jk
2 for j = �,� , �20�

are the single-fluid plasmon dispersions for noninteracting �
and � electrons. One can show that the long wavelength
limit of the low-frequency plasmon branch behaves quasia-
coustically, with the dispersion relation �−�k�=vak, where
the “acoustic” speed va=�3�n0 /80.71 �n00.428 being
the surface density of valence electrons in graphene� is not
affected by the presence of the substrate. On the other hand,
the high-frequency plasmon branch exhibits typical 2D dis-
persion, �+�k�=�4�n0k / ��+1�, which is suppressed by the
factor �2/ ��+1� due to the presence of the substrate when
compared to the free-graphene case.

One can use expression �16� to study the effects of dy-
namic polarization of graphene on the external charge. So, its
self-energy Eself, or the image potential is obtained as
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Eself �
1

2
	 d3R�̂ext�R��̂ind�R�

=
1

2
	 d2k

�2��2

2�

k
�F�k��2� 1

D�k,k · v�
− 1� , �21�

whereas the dynamic polarization force Find on the external
charge is obtained from the induced electric field in the mov-

ing frame Êind�R�=−��̂ind�R�, as

Find �	 d3R�̂ext�R�Êind�R�

=	 d2k

�2��2 �kez − ik�
2�

k
�F�k��2� 1

D�k,k · v�
− 1� ,

�22�

where ez is a unit vector in the direction of the z axis. We
note that this force consists of a conservative part corre-
sponding to the image force on the projectile Fi, which acts
in the direction perpendicular to graphene, and a dissipative
part, giving rise to the stopping force Fs, which acts in the
direction opposing projectile’s motion. Proceeding in a simi-
lar fashion, one can also define the torque � on the external
charge distribution about some point R0 in the moving frame
as �35�

� �	 d3R�̂ext�R��R − R0� � Êind�R� . �23�

While the torque on a point charge centered at R0=0 is
clearly zero, a finite distribution of charges, like in polar
molecules, may experience rotation about its center of mass,
placed at R0, due to nonvanishing torque induced by the
dynamic polarization of the target. To illustrate this point, we
assume that the external charge density �̂ext�R� is both highly
peaked and appreciable only around point R0= �r0 ,z0� in the
moving frame, giving rise to a well-defined multipole expan-
sion �35�, with total charge Q=�d3R�̂ext�R�, and electric di-
pole with moment �=�d3R�R−R0��̂ext�R�. Consequently,
one can approximate the structure factor F by using the Tay-
lor expansion of f�R ;k� about R0, so that

F�k�  	 d3R�̂ext�R��f�R0;k� + �R − R0� · ��f�R;k��R=R0
�

�24�

=�Q − � · �ik + kez��f�R0;k� , �25�

and consequently,

�F�k��2  ��Q − k�z�2 + ��
 · k�2�e−2kz0, �26�

with z0�0 being the projectile distance from graphene and
�z and �
, respectively, the components of its dipole moment
perpendicular and parallel to graphene. We note that, by set-
ting Q�0 and �=0 we obtain the point-charge model for
fast ions, whereas taking Q=0 along with ��0 gives the
point-dipole model suitable for representing polar molecules
with permanent electric dipole traveling parallel to graphene
at distances greater than, say, 1 Å. Moreover, in this limit of

point dipole, the centroid of charge R0 coincides with the
dipole’s center of mass. Thus, the assumption of strong lo-
calization of the external charge distribution allows the
torque on a point dipole around its center of mass to be

approximated on the basis of Eq. �23� as ��� Êind�R0�.

III. RESULTS

We study separately the cases of a point ion and a point
dipole. For a point charge Q moving along the x axis with
speed v at the distance z0�0 above graphene, the stopping
and the image forces are the x and z Cartesian components of
the induced force �22� given by, respectively,

Fs
�i� �

v · Find

v
=

Q2

2�
	 	 dkxdkye

−2kz0
kx

k
Im� 1

D�k,kxv�� ,

�27�

Fi
�i� � −

dEself

dz0
=

Q2

2�
	 	 dkxdkye

−2kz0 Re� 1

D�k,kxv�
− 1� ,

�28�

where we have used the symmetry properties of the real and
imaginary parts of the function D�k ,��.

In Figs. 1 and 2 we display the velocity dependencies of
the stopping and the image forces on proton �Q=1� at dis-
tances z0=1 and 3, respectively. Results are shown for three
cases: two-fluid model of graphene with �dash-dotted lines�
and without �solid lines� SiO2 substrate �with �3.9 and h
4.2 �8,30��, as well as a one-fluid model for all four va-
lence electrons in graphene without substrate �dashed lines�
�36�. One notices effects which are similar to those obtained
for proton channeling in carbon nanotubes in analogous situ-
ations �26,29,36�. For example, the presence of a substrate is
seen to slightly decrease the magnitudes of both forces at
high speeds without affecting their low-velocity behavior
�29�. On the other hand, the presence of the low-energy, qua-
siacoustic plasmon in the two-fluid model gives rise to reso-
nant features at low velocities around its “acoustic” speed
va0.71, which are not seen in the one-fluid model, while
the two models give virtually indistinguishable results for
both forces at high speeds �26�. In addition, while dynamic
thresholds are seen in Figs. 1�a� and 2�a� for stopping forces
at the speeds v0.7 �for the two-fluid model� and v2 �for
both models�, Figs. 1�b� and 2�b� show marked differences
between the two models in the values of image forces at low
speeds. While this is a consequence of the peculiar features
of static screening in 2D within the linearized Thomas-Fermi
model �37�, we note that our hydrodynamic model of
graphene is least reliable at low projectile speeds as it ig-
nores the details of the energy dispersion in the � electron
bands of graphene. When this is taken into account, it has
been shown recently that the static screening in an intrinsic
graphene cannot be treated by a linearized Thomas-Fermi
model �38�. Finally, it is worth mentioning that Figs. 1�b�
and 2�b� imply that, towards the highest speeds displayed,
the effect of the substrate tends to slightly increase the mag-
nitude of the image force. This can be explained by the fact
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that the screening ability of graphene is diminished at high
frequencies �cf. Eqs. �10� and �11��, so that the image force
on the projectile is then simply reduced to the static screen-
ing by the substrate.

Figures 1 and 2 also imply a strong decrease in the mag-
nitudes of both the stopping and image forces with increas-
ing distances of proton from graphene, which is further illus-
trated in Fig. 3 for the two-fluid model without a substrate
and for three speeds: v=1, 3, and 5. The effects of the sub-
strate are so weak in this parameter range that we only show
in Fig. 3 the curves corresponding to speed v=5 for the case
of graphene above the SiO2 substrate, described as in Figs. 1
and 2. One notices in Fig. 3 that the decay rates of both
stopping and image forces are strongly affected by the proton
speed, in accordance with the results found for carbon nano-
tubes �26,29,36�.

For a point dipole moving along the x axis with speed v at
the distance z0�0 above graphene, we shall use the angles
from spherical coordinates to describe the orientation of its
moment, �= ��x ,�y ,�z����sin � cos � , sin � sin � , cos ��,

with the polar angle � taken relative to the z axis and the
azimuthal angle � relative to the direction of motion, i.e., the
x axis. So, the stopping and the image forces on the dipole
are, respectively,

Fs
�d� =

�2

2�
	 	 dkxdkye

−2kz0
kx

k
��kx cos � + ky sin ��2 sin2 �

+ k2 cos2 ��Im� 1

D�k,kxv�� , �29�

Fi
�d� =

�2

2�
	 	 dkxdkye

−2kz0��kx cos � + ky sin ��2 sin2 �

+ k2 cos2 ��Re� 1

D�k,kxv�
− 1� . �30�

In Figs. 4 and 5 we consider the case of a point dipole at
distance z0=3 having the moment of magnitude �=1, which
is oriented in the xz plane �that is, �=0� with its direction
relative to the z axis given by the angle �. Figure 4 shows the
velocity dependencies of the stopping and image forces for
three orientations: �=0, 45°, and 90° shown with solid,
dashed and dash-dotted lines, respectively, whereas Fig. 5
shows the full dependencies on both the angle � and speed v.

0 1 2 3 4 5 6 7
0.0

0.1

0.2

0.3

-F
i[

a.
u.

]

v [a.u.]

b)

0.00
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0.10

0.15

0.20

-F
s

[a
.u

.]

one fluid
two fluid
two fluid+SiO2

z0=1 a.u.a)

FIG. 1. The dependencies on speed v �in a.u.� of �a� stopping
and �b� image forces �in a.u.� on proton moving at distance z0

=1 a.u. above graphene in the cases: �solid lines� two-fluid model
without substrate, �dashed lines� one-fluid model without substrate,
�dash-dotted lines� two-fluid model with SiO2 substrate �with �
3.9 and h4.2 a.u.�.
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-F
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a.
u.

]

v [a.u.]
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FIG. 2. The dependencies on speed v �in a.u.� of �a� stopping
and �b� image forces �in a.u.� on proton moving at distance z0

=3 a.u. above graphene in the cases: �solid lines� two-fluid model
without substrate, �dashed lines� one-fluid model without substrate,
�dash-dotted lines� two-fluid model with SiO2 substrate �with �
3.9 and h4.2 a.u.�.
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Two cases are displayed in Fig. 4 for the two-fluid models of
graphene: no substrate �thick lines�, and the SiO2 substrate
�thin lines�. One notices similarities with the case of an ion,
but with much smaller magnitudes of both forces and rela-
tively weaker effects of the substrate at high speeds. Most
importantly, the image force in Fig. 4�b� exhibits an intrigu-
ing tendency of becoming repulsive at the intermediate and
high speeds for dipole orientations away from the direction
perpendicular to graphene. This finding conforms to the re-
sults obtained recently for a fast dipole moving over a metal
surface �18�. One also notices strong dependencies on angle
� in both the stopping and image forces, which are further
revealed in Fig. 5 employing contour plots. It becomes clear
from Fig. 5�a� that the stopping force is weakest for dipole
orientations in the direction of motion, whereas Fig. 5�b�
shows that the dynamic image force becomes most repulsive
precisely in those same directions.

Figures 6 and 7 show the dependencies of the stopping
and image forces on the angle � and velocity v for the case
of a point dipole at distance z0=3 having the moment of
magnitude �=1, which is oriented along a cone with the
�half-� opening angle of �=45° relative to the z axis. Figure
6 shows the velocity dependencies of the stopping and image

forces for four orientations: �=0, 45°, 90° and 135°, shown
with solid, dashed, dotted, and dash-dotted lines, respec-
tively, for the case of the two-fluid model of graphene with-
out substrate. The results are similar to those shown in Fig. 4,
but with the angular dependencies intricately determined by
the dipole speed, as further displayed in Fig. 7, where the
periodic � dependencies of both the stopping and image
forces are seen to be shifted to higher angles as the velocity
increases.

Finally, the three Cartesian components of torque on a
point dipole are

�x =
�2

2�
	 	 dkxdky

e−2kz0

k
�− kx

2sin�2��
2
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FIG. 3. The dependencies on distance z0 �in a.u.� of �a� stopping
and �b� image forces �in a.u.� on proton moving at speeds v
=1 a.u. �solid lines�, 3 a.u. �dashed lines�, and 5 a.u. �dotted lines�
for the two-fluid model of graphene without substrate, and at speed
v=5 a.u. �dash-dotted lines� above graphene with SiO2 substrate
�with �3.9 and h4.2 a.u.�.
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lines�, and 90° �dotted lines�. Results are shown for the two-fluid
model of graphene without substrate �thick lines� and with SiO2

substrate �thin lines, with �3.9 and h4.2 a.u.�.
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We shall only consider the case of a dipole oriented in the xz
plane �that is, for �=0� with its direction relative to the z
axis given by the angle �. In that case, the only nonvanishing
component of torque is �y, describing rotation of the dipole
about the y axis passing through its center of mass, and
therefore being responsible for dipole’s “rolling” over the

surface of graphene. In Fig. 8 we show the dependencies of
�y on both the angle � and velocity v for a dipole with mo-
ment �=1 moving at the distance z0=3. The effects of sub-
strate are displayed in Fig. 8�a� for the two-fluid model of
graphene and for three dipole orientations: �=0, 45°, and
135°, shown with solid, dashed, and dash-dotted lines, re-
spectively �the case �=90° being identical to that of �=0�.
One notices the low-velocity resonances around va0.71
and a weakening of the torque by the presence of a substrate
at high speeds. Interestingly, the change in the sign of torque
at low speeds indicates a tendency of the dynamic-
polarization forces to align the dipole in the direction of
motion, whereas the positive torque values at high speeds
indicate that the dipole tends to“roll” along the graphene
plane. We note that, although our model is of limited value at
low speeds, the conclusion regarding the alignment effect
confirms the recent findings for slow polar molecules on
solid surfaces �22�. On the other hand, the “rolling” of the
dipole at high speeds should be a reliable conclusion coming
from our model.
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IV. CONCLUDING REMARKS

We have used a simple 2D, two-fluid model to describe
the collective electronic excitations of graphene in response
to fast charge distributions moving parallel to it. This model
reproduces qualitatively the split of plasmon dispersions into
the low-frequency �-electron branch and the high-frequency
�+�-electron branch, which are differently affected by the
presence of an insulating substrate. We have calculated both
the stopping force and the image force on point ions and
point dipoles, as well as the torque acting on point dipoles
moving parallel to graphene. The results obtained for the
stopping and image forces on point ions are qualitatively
similar to those found earlier for ion channeling through car-
bon nanotubes embedded in dielectric medium �29�. Specifi-
cally, the effects of the substrate are found to mostly reduce
the high-velocity magnitudes of all calculated quantities, but
these effects are relatively weak owing to a large gap be-
tween the graphene sheet and substrate, as was recently dem-
onstrated for the SiO2 substrate �30�.

The results obtained for the stopping and image forces on
point dipoles are qualitatively similar to those found recently
for electric dipoles moving parallel to metal surfaces �18�.
Most notably, the image force on dipoles is found to become
repulsive at the medium-to-high speeds and for the dipole
moments oriented in the direction of motion. In addition, we
have presented here the first calculations of torque acting on
fast point dipoles about their center of mass moving parallel
to a planar nonhomogeneous electron distribution. The
torque is found to consist of both the dissipative and conser-
vative parts and is therefore comparable in magnitude to the
stopping and image forces on dipole. In the special case of
the dipole moment oriented in the scattering plane perpen-
dicular to graphene, the sign of torque implies a strong align-
ment of the dipole moment in the direction of motion at low
speeds, in accord with recent findings for polar molecules
at solid surfaces �22�. On the other hand, our finding that
the dynamic torque at high speeds seems to give rise to the
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0 1 2 3 4 5 6 7

-0.0005

0.0000

0.0005

0.0010

0.0015

0.0020

0.0025

0.0030

� y
[a

.u
.]

v [a.u.]

�=0
�=45�
�=135�

a)

z0=3 a.u.
�=0

0 1 2 3 4 5 6 7
0

30

60

90

120

150

180

b)

�y [a.u.]

v [a.u.]

�
�d

eg
�

-5.400

-2.040

1.320

4.680

8.040

0.001

0.001476

0.001812

0.002148

0.002484

0.002820

140�10-4

E-4�10-4

E-4�10-4

E-4�10-4

E-4�10-4

E-4�10-4

FIG. 8. The dependency on speed v �in a.u.� of the y component
of torque �in a.u.� on a point dipole moving at distance z0=3 a.u.
with the moment �=1 a.u. orientated in the scattering plane per-
pendicular to graphene, and with the angle � relative to the normal
to graphene. �a� Results are shown for �=0° and 90° �solid lines�,
45° �dashed lines�, and 135° �dotted lines�, in cases of the two-fluid
model of graphene without substrate �thick lines� and with SiO2

substrate �thin lines, with �3.9 and h4.2 a.u.�. �b� The depen-
dencies on speed v �in a.u.� and angle � �in degrees� are shown for
the two-fluid model of graphene without substrate.

RADOVIĆ et al. PHYSICAL REVIEW A 76, 042901 �2007�

042901-8



dipole rolling over graphene may be further extrapolated to
the case of electric dipoles moving parallel to metal surfaces
�18�.

Although further studies of dynamic interactions of fast
charges with graphene are warranted on an expanded param-
eter space and, particularly, with improved descriptions of
the graphene dielectric response, we believe that the model
presented here and the results obtained have the merit of an

easy tractability and transparency, while providing qualita-
tively useful implications for a range of future experiments.
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