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Short and intense x-ray pulses may be used for atomic-resolution diffraction imaging of single biological
molecules. One of the dominant damage mechanisms is atomic ionization, resulting in a large fraction of atoms
with core holes. We calculated the atomic scattering factor of atoms with atomic charge numbers between 3
and 10 in different ionization states with and without a core hole. Our results show that orbital occupation and
the change of the orbitals upon core ionization �core relaxation� have a significant impact on the diffraction
pattern.
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Ultrafast coherent diffraction imaging of isolated biologi-
cal moleculas is anticipated to be one of the premier appli-
cations of x-ray free electron lasers �XFELs� �1�. In a likely
scenario, molecules are injected into the x-ray beam and two-
dimensional projections of diffraction patterns are recorded.
Patterns that belong to classes of similar orientation are av-
eraged to improve the signal-to-noise ratio, and the class
averages are assembled into a three-dimensional diffraction
pattern. Finally, the electron density is reconstructed using
phase-retrieval algorithms, from which atomic positions may
be inferred.

Large x-ray fluences are needed to improve the signal-to-
noise ratio due to the low scattering strength of single mol-
ecules. The associated increase in damage is overcome by
using pulses that are shorter than the relevant damage
mechanism. For x-ray energies of 8–12keV, as required for
atomic-resolution imaging �2�, one of the main damage pro-
cesses is atomic ionization. For low-Z materials, ionization
damage is initiated primarily by photoionization of the 1s
�K� shell. A large fraction of the excited ions relax through
Auger decay within 5–10 fs �3�, emitting electrons of a few
hundred eV energy. Since the time scale for atomic deexci-
tation is comparable to the XFEL pulse length, a large frac-
tion of atoms have single or multiple core holes. It is antici-
pated that this nonequilibrium ionization state of the
molecule has a profound effect on its diffraction pattern. In
the simplest approximation, chemical bonding is neglected
and the far-field molecular diffraction pattern is taken as the
sum of the products of the atomic structure factors for each
atomic state and the Fourier transform of the atomic posi-
tions.

In this paper we present calculations of the atomic struc-
ture factor of atoms in different ionization states with and
without a core hole. We begin by considering the ionization
dynamics of molecules in biomolecular imaging using
XFELs, and we estimate the fraction of atoms that have
single or double core holes. We then calculate the scattering
factor of light atoms in different ionization states by calcu-
lating the electronic wave functions, extracting the electron
densities and calculating the elastic scattering amplitude us-
ing the nonrelativistic form-factor approximation �4�. For at-

oms with atomic charge numbers Z between 3 and 10, we
provide fitting parameters for a simple algebraic expression
for the atomic form factor, similar to results reported in �5�
for ground-state ions. Finally, we discuss the consequences
of these results for biomolecular imaging using XFELs.

We used a continuum dynamics model as described in
Ref. �6� to calculate the damage process in a protein mol-
ecule of diameter 80 Å. In this model we assume that the
sample is a spherically symmetric continuum of matter,
with a density of 1.35 g/cm3 and a composition of
H51.6C30.8N8.2O9.4. This is similar to the anthrax lethal factor,
a particular protein of current interest �7�. Other protein mol-
ecules have similar composition. The main damage processes
are ionization and Coulomb-force driven atomic motion. The
model contains approximate descriptions of the dominant
physical processes, including photoionization �8�, Auger de-
cay �3�, trapping of electrons, Debye shielding, nonuniform
collisional ionization �9�, and three-body recombination. The
contribution of shake-up and shake-off processes associated
with photoionization and Auger decay for low-Z materials is
small and is neglected �10�. We focus the analysis in this
section on carbon since carbon is the dominant x-ray-
interacting constituent of biomolecules. Figure 1 shows the

average number of electrons in the K �Z̄K� and L �Z̄L� shells
of carbon. In these simulations, we assumed a fluence of
3�1012 photons/ �100 nm�2 and pulse lengths between 1 and
100 fs. Damage is initiated by K-shell photoionization, lead-

ing to a decrease of Z̄K with time. Most photoelectrons es-
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FIG. 1. Average number of electrons in the K and L shells of
carbon as a function of time for different pulse lengths. The arrows
indicate lines of decreasing pulse length �0=100,30,10,3 ,1 fs.
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cape and induce a few secondary ionization events on their
way out of the molecule. Photoelectrons are electrostatically
trapped later during the pulse when a sufficient charge has
accumulated and the kinetic energy of the photoelectrons is
smaller than the absolute value of its potential energy, which
can only occur for large molecules. Once photoelectrons are
trapped, they lead to rapid ionization of the atoms until this
process is balanced by its reverse process �three-body recom-
bination�. Subsequently the atoms relax through Auger de-
cay, emitting Auger electrons with an energy of a few hun-
dred eV that are typically trapped and lead to secondary
ionization events. The number of valence electrons �charac-

terized by Z̄L� quickly decreases with time primarily due to
electron-impact ionization and, to a lesser extent, due to Au-
ger decay. Figure 2 shows the fraction of carbon ions with
single and double core holes in the K shell that still have
electrons remaining in the L shell. Since the pulse lengths
can be larger or smaller than the Auger lifetime of carbon of
about 10 fs, the fraction of atoms with core holes varies with
pulse lengths. In this example, trapping of the photoelectrons
does not occur. Figure 2 shows that shorter pulses lead to a
larger fraction of atoms with core holes. The fraction of car-
bon atoms with two core holes is only between 1% and 7%
at the end of the pulse, so that their effect on the molecular
diffraction pattern is expected to be small. On the other hand,
the fraction of carbon atoms with a single core hole quickly
increases in time and reaches its maximum between 12% and
40% at the end of the pulse. For such a large fraction of
atoms it is important to consider the effect of the modified
electron density on the scattering factor. In the following we
calculate these scattering factors by first calculating the wave
function of ground-state ions and ions with a single core
hole, extracting the electron density, and finally calculating
the atomic form factor.

We use the multiconfigurational self-consistent-field
�MCSCF� theory to calculate the electronic wave function.
MCSCF theory is a generalization of the Hartree-Fock �HF�
theory to systems dominated by more than one electronic
configuration and has been proven to be very useful for de-
scribing excited states of molecules �11�. In HF theory, the
electronic wave function is approximated by a single con-
figuration of spin orbitals and the energy is optimized with
respect to variations of these spin orbitals. In the MCSCF

approximation, the wave function is written as a linear com-
bination of configurations of spin orbitals, whose expansion
coefficients are optimized simultaneously with the one-
electron functions �the molecular orbitals�. Since core-hole
states are embedded in electronic continua with an infinite
number of states with lower energy, they are subject to varia-
tional collapse of �i� the orbitals and �ii� the electronic con-
figuration. We use a two-step second-order optimization pro-
cedure that prevents the orbital collapse as described in Refs.
�12–14�. We use the concept of restricted active space �RAS�
�15� to avoid variational collapse in the configurational space
by imposing occupancy restrictions for the core orbitals. For
a RAS wave function, the orbitals are divided into inactive,
active, and secondary orbitals. No restrictions are placed on
the occupation of the active orbitals, the inactive orbitals are
always doubly occupied, and the secondary orbitals are al-
ways unoccupied, subject to the condition that the total num-
ber of electrons be conserved. The active orbitals are further
subdivided into RAS1, RAS2, and RAS3 spaces. A lower
limit is placed on the allowed number of electrons in RAS1
orbitals, and an upper limit is placed on the allowed number
of electrons in RAS3 orbitals. No constraints are placed on
the occupations of RAS2 orbitals. For single-core-hole cal-
culations, RAS1 contains only the core orbital occupied by
exactly one electron, and RAS2 and RAS3 are used for com-
plete and restricted electron distributions.

Molecular orbitals are generated by expansion in a finite
set of atomic basis functions. We have employed a standard
ANO basis set �16� comprising 14s9p4d3 which is suffi-
ciently flexible for core hole optimization problems �14�. The
calculations were performed using the SIRIUS program sys-
tem that is part of DALTON �23�.

To calculate the electron density � from the N-electron
wave function �, we consider the first-order reduced density
matrix �, which can be written as

��x�,x��� = N� ��x�,x�2, . . . ,x�N��*�x��,x�2, . . . ,x�N�dx�2 ¯ dx�N.

�1�

The coordinates x� represent collectively the spatial coordi-
nates r� and the spin coordinate � of an electron. Since � is
Hermitian, it is possible to define an orthonormal basis �	i�
in which � is diagonal. It can then be written as

��x�,x��� = �
i


i	i�x��	i
*�x��� . �2�


i is called the occupation number of the natural spin orbital
	i in the wave function � �17�. The diagonal element of � is
the density of the electrons, ��x��=��x� ,x��. The electron den-
sity as a function of the spatial coordinates only is obtained
by integration over the spin coordinate, ��r��=	��x� ,x��d�.

Figure 3 shows the radial dependence of the electron den-
sity broken down into the natural orbitals 1s, 2s, and 2p for
neutral carbon and for a carbon ion with a single 1s core
hole. It can be seen that the electron density of the 1s orbital
is reduced and the 2s and 2p orbitals are contracted toward
the center of the atom due to core relaxation. We performed
similar calculations using a simpler HF code �18� which is in

FIG. 2. Fraction of carbon ions with single core holes �upper set
of five curves� and double core holes �lower set of five curves�.
The arrows indicate lines of decreasing pulse length �0

=100,30,10,3 ,1 fs.
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principle less precise than MCSCF since it uses only a single
configuration of spin orbitals. We found, however, that the
HF results agree within 2% with the MCSCF results.

We now consider the case of coherent elastic photon scat-
tering from isolated atoms or ions. In this case, no energy is
transferred to the atomic system and its internal state does
not change. The photon energy is assumed to be sufficiently
low so that nuclear Thompson and nuclear resonance scatter-
ing can be neglected. For light elements, this is the case for
photon energies below 100 keV �4�. In this case the elastic
scattering amplitude is dominated by elastic scattering from
bound electrons �Rayleigh scattering�. The amplitude for
Rayleigh scattering in the nonrelativistic form-factor ap-
proximation is −r0���i ·�� f�f�q�� �19�, where ��i and �� f are the
polarization vectors of the incoming and scattered photons,
respectively, r0 is the classical electron radius, and q� is the
wave-vector transfer. The form-factor approximation is valid
in the limit of photon energies much larger then electron
binding energies �typically less than 1 keV in light atoms�
and small momentum transfer. In this case the electrons can
be considered as being loosely bound to the atom. The
atomic form factor f�q�� is given by the Fourier transform of
the electron charge number density,

f�q�� =� ��r��e−iq� ·r�dr� . �3�

If ��r�� is spherically symmetric, which we assume in the
following calculations, then f can be written as

f�q� = 4��
0



��r�r2 sinc�qr�dr �4�

with sinc�x�
sin�x� /x. In the form-factor approximation, the
bound electrons are treated as a continuous charge distribu-
tion with Thompson-like scattering from each charge ele-
ment. In the special case of forward scattering, f�0�=N,
where N is the number of electrons in the atom. We neglect
many-electron correlation effects, usually referred to as the
independent particle approximation, which is a good ap-
proximation when the photon energy is larger than the photo-
effect threshold. For experiments at XFELs we are primarily
interested in photon energies between 8 and 14 keV, so that

Eq. �3� adequately describes the amplitude of the Rayleigh
scattering off isolated light atoms and ions.

f�q�� can be written as the sum of the atomic form factors
fn of the occupied natural orbitals n. Figure 4 shows fn for
neutral carbon and carbon with a single core hole. fn�0�
equals the natural orbital occupation number. With increas-
ing q, fn drops once 1/q is smaller than the size of the
subshell. The electrons of all subshells contribute similarly to
the atomic scattering factor for small q, whereas for larger q
only the inner subshells contribute significantly. It can also
be seen that core ionization does not only affect f1s but also
f2s and f2p due to core relaxation. This effect is most pro-
nounced around 0.25a0

−1, which falls into a regime that is
important for biomolecular imaging using XFELs.

Figure 5 shows the total atomic scattering factor f of car-
bon in different ionization states with and without a core
hole. This figure indicates the importance of the detailed sub-
shell occupancy for q�0.1a0

−1. Figure 5 also shows the ef-
fect of core relaxation on f . Calculations using the Hartree-
Fock method without core relaxation typically lead to
smaller values of f than more precise MCSCF calculations
that take core relaxation into account.

We have performed similar calculations for other low-Z
elements with 3�Z�10. For computational convenience,
the calculated form factors have been fitted by the analytical
expression

FIG. 3. Electron density of the 1s, 2s, and 2p subshells for
neutral carbon �solid lines� and for carbon with a single core hole
�dashed lines�. a0 is the Bohr radius.

FIG. 4. Atomic scattering factor the 1s, 2s, and 2p subshells in
neutral carbon �solid lines� and in carbon with a single core hole
�dashed lines�.

FIG. 5. �Color� Total atomic scattering factors of carbon with
N=6 �black�, N=5 �red�, N=4 �green�, N=3 �blue�, and N=2 �light
blue�. The dashed lines correspond to ions in the ground state, the
thick solid lines to ions with a core hole without core relaxation,
and the thin solid lines to ions with a core hole with core relaxation.
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f�q� = c + �
i=1

5

ai + e−biq
2
, �5�

following the procedure described in �5�. The fitting param-
eters for low-Z elements in their various ionization states
with and without a core hole are available from EPAPS �24�.

For biomolecular diffraction imaging using short x-ray
pulses, it is anticipated that the diffraction pattern is recorded
up to a scattering angle � of about 22° �1�, where 2� is the
angle between the wave vectors of the incoming and the
scattered light. For 8-keV photons, as will be provided by the
LCLS �20�, this corresponds to wave-vector transfers of up

to q=4� sin��� /
=1.6a0
−1. For 12-keV photons, as will be

provided by the Euro XFEL �21�, this corresponds to q
=4.7a0

−1. For 0.1a0
−1�q�0.6a0

−1, the atomic scattering factor
strongly differs for core-hole ions with and without core re-
laxation. To demonstrate the significance of this effect on
imaging, we have calculated the time-integrated intensity of
the scattered x rays of a molecule undergoing damage using
atomic scattering factors �i� without and �ii� with core relax-
ation. We use the residual R factor �1� to quantify the degree
of image degradation for each of these two cases. Figure 6
shows the R factor as a function of resolution length. R gen-
erally increases at finer resolutions. If core relaxation is taken
into account, significantly larger R factors are obtained than
without core relaxation. In these calculations we neglect
chemical bonding and the deviation of the atomic scattering
factor from spherical symmetry. The errors associated with
these effects may further affect the diffraction pattern �22�.

In summary, we have calculated the atomic scattering fac-
tors of low-Z ions with and without a core hole and fitted
simple algebraic expressions to the form factors. In the con-
text of biomolecular diffraction imaging using short x-ray
pulses, we have found that core relaxation has a significant
effect on the diffraction pattern of molecules.
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