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Polarization evolution of a few-cycle ultrashort laser pulse propagating in a degenerate
three-level medium
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The propagation of an arbitrary polarized few-cycle ultrashort laser pulse in a degenerate three-level medium
is investigated by using an iterative predictor-corrector finite-difference time-domain method. It is found that
the polarization evolution of the ultrashort laser pulse is dependent not only on the initial atomic coherence of
the medium but also on the polarization condition of the incident laser pulse. When the initial effective area is
equal to 27, complete linear-to-circular and circular-to-linear polarization conversion of few-cycle ultrashort
laser pulses can be achieved due to the quantum interference effects between the two different transition paths.
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I. INTRODUCTION

Propagation of few-cycle ultrashort laser pulses in nonlin-
ear media has attracted considerable interest during the past
decade. When a light pulse is short enough, it interacts with
atoms and molecules before they can be affected by their
environment. The interaction is then described by simple
quantum-mechanical rules [1]. Moreover, many features re-
lated to the propagation of ultrashort laser pulses through a
nonlinear medium can contribute to ultrafast optical response
measurements [2,3] and ultrashort pulse generation [4,5], etc.
For example, the propagation of intense femtosecond pulses
in a Raman-active medium is a strong attractor for the gen-
eration of single-cycle subfemtosecond pulses in the visible
and uv spectral range [6,7]. Hence, studies of propagation
dynamics of ultrashort laser pulses are of great importance.

If the temporal width of the laser pulse becomes compa-
rable to the optical period, it is the electric field itself rather
than the intensity envelope that drives the interaction. In or-
der to analyze the nonlinear propagation effects of such laser
pulses, a fully nonperturbative model is needed, which
avoids invoking any of the standard approximations. Nu-
merical techniques such as the finite-difference time-domain
(FDTD) method have proven to be particularly useful and
powerful tools for solving the Maxwell-Bloch equations in
the time domain [8—13]. Using this technique, eminent new
effects have been found [4,14-20]. For example, the forma-
tion of optical subcycle pulses has been demonstrated in
dense media of two-level systems due to the pulse splitting
and reshaping of few-cycle ultrashort laser pulses [4]. An-
other example is the notion of carrier-wave Rabi flopping,
which was first introduced theoretically by Hughes [14], and
subsequently demonstrated experimentally in GaAs [21].

Most of the investigations in this field consider linearly
polarized few-cycle ultrashort laser pulse excitation. The
electric field vector and dipole moment are confined to a
single direction, and the selection rule Am=0 is applied. In
fact, the orientational distributions of the dipole moments
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must be considered in some transitions [22], and the vector
character of the electric field can dramatically affect a num-
ber of nonlinear interactions [23-25]. The propagation of a
vector electric field in resonant two-level atoms can be de-
scribed by using the real-vector representation approach [26].
Based on this model, in our previous work, lossless propa-
gation and polarization evolution of elliptically polarized
few-cycle ultrashort laser pulse have been demonstrated [27].
Moreover, it has been found recently that circular-to-linear
and linear-to-circular conversion of optical polarization can
occur due to the natural anisotropic shape of self-assembled
dots. Conversion values up to 50% can be achieved, which
may have practical applications in information processing
[28].

In this work, we investigate the propagation dynamics
process of polarized few-cycle ultrashort laser pulses in a
degenerate A-type three-level atomic medium. The two elec-
tric dipole transitions are between the states with Am==1,
respectively. Our results show that, due to the quantum in-
terference effects between the two different transition paths,
highly efficient circular-to-linear and linear-to-circular polar-
ization conversion of few-cycle ultrashort laser pulses can be
realized in this medium during the course of propagation.
The conversion efficiency can be close to unity.

II. THEORETICAL MODEL

The system under consideration is shown in Fig. 1. The
full Hamiltonian is

0 -9 E 0
H=I:IO+I:Iint= _@Azl’EA oy —623'5 - (D)
0 — 93 E 0

912=921=(0.:=9,)12, 932=0 2= (9, +ip,)/2 are the matrix
elements of the electric dipole moments. Here we consider
9.=¢,=¢. The electric field is given by
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FIG. 1. An example of a degenerate A-type three-level system
formed by the sublevels in the 3s3p 1P1—>3s4s 1S0 transition for
atomic magnesium.

E(z=0,1) =XE,(t) + YE,(1)

=%E (1)cos(wr) + )?Ey(t)cos(wt +¢). (2)

EX and Ey are the pulse envelopes of the two electric
components,

E, (1) = Eqyy sech[ 1.76(t — to)/ 7., ]. (3)

Ey, and Ey, are the initial field amplitudes, and 7, and 7, are
the full widths at half maximum (FWHMSs) of the ultrashort
laser pulse intensity envelopes. The corresponding Rabi fre-
quencies are defined as Q.(f)=pE(1)/h and Q1)

=pE (1)/h, respectively. ¢ is the phase difference between

the two electric components. When Ex=Ey, ¢=11/2 is asso-
ciated with right-circularly-polarized light, while ¢=37/2 is
associated with left-circularly-polarized light.

Exploiting the symmetry of the rotations under the SU(N)
group, it has been shown [13,29,30] that the density matrix
p(7) and the Hamiltonian H(z) can be expressed in terms of
the N*~1 generators \; of the SU(N) Lie algebra. The time
evolution of the density matrix can then be expressed in
terms of the evolution of an (N*>—1)-dimensional real coher-
ence vector S. In the degenerate A-type three-level medium,
the time-evolution real coherence (pseudospin) vector equa-
tions are derived as follows (the deduction process is shown
in Appendix A):

o1 1 1
Sl = EQyS3 — (l)0S4 + EQXS6 + Q},S7 - ESI, (4)

-
. 1 1 1 V3 1
Sz =- EQ).S::, + (1)055 - EQXSG - EQyS7 + TQySS - FZSz,

()

. 1 1 1 1 1
S3 =- EQ},SI + EQ),Sz + EQxS4 - EQXSS - FZS:;, (6)

. 1 1 1
S4 = wOSl - EQXS3 + EQ“VSG + QXS7 - 554, (7)
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. 1 1 1 3 I
S5 =- (00S2 + EQXS::, - EQ},S6 - EQXS7 + FQxSS - FZSS’

(8)

. 1 1 1 1 1
S6 =- EQXSI + EQXSZ - EQ},S4 + EQ},SS - FZSG, (9)

. 1 1 1
S7 =- Q},Sl + EQ),SZ - QXS4 + EQXSS - FI(S7 - S70),

(10)
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The population relaxation and dephasing times are given by
T, and T,, respectively. Using the same method described in
our previous work [27], the effective area for an arbitrary
polarized laser pulse in this medium can be written as

o 1
Aeffzj Qef(t)dt:—g\rAi+A§, (12)
—o0 \r’

where A, ,=(p/ ﬁ)ffZEx’y(t)dt are the areas of the electric
field components along the x and y axes, respectively.

Consider the propagation of an ultrashort laser pulse
along the z axis in a degenerate three-level medium, polar-
ized in a plane perpendicular to z. The Maxwell equations
take the form

oH, _ 1 E,

ot _,u a7’

oH, 1k,
o nooz’

IE;__1oH, 10P;

ot € dz et

GE, _1oH, 1P,

. 13
ot e dz € ot (13)

The Maxwell equations are coupled to the time-evolution
equations of the quantum system via the macroscopic polar-

ization P. This macroscopic polarization acts as a source for
the radiation field and can dramatically affect the polariza-
tion evolution of the ultrashort laser pulse during the course
of propagation.

The macroscopic polarization induced in the medium is
given by the expectation value of the dipole moment
operator:

P(t) = — Ne{Q) = — Ne Tr(pP) == N Tr(pp),  (14)

where N is the density of the medium. Using Eqgs. (A3a) and
the expression for the electric dipole moments given above,
the polarization components along x and y can be obtained as
follows:
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FIG. 2. (Color online) Evolu-

tion of a few-cycle laser pulse and
the time-dependent populations
P11, P2, and ps33 at the simulation
distances z=0, 24, and 144 um.
The medium is initially prepared

in a coherent superposition of the
lower  states  cy(z,0)=1/12,
c2(z,0)=0, ¢3(z,0)=1/V2. (a)

y-polarized ultrashort laser pulse
propagation with the effective

area equal to 27 (A.=0, A,
=2.828m, e, Ag=2m); (b)
x-polarized ultrashort laser pulse
propagation with effective area

Norm. amplitude and p , p_., p,,

equal to 27 (A,=2.828m, A,=0,
ie., Ayy=2m). (c) 0.97 effective
area (A,=1.273m, A,=0)
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PX=ENpSl+5N(@S2’ P),=—£Np54—5N({OS5, (15)
where N is the density of the medium. Thus, the vector Max-
well equation Eq. (13) is coupled successfully to the time-
evolution equations (4)—(11).

In the numerical simulation, we employ a standard FDTD
approach [8] for solving the full-wave Maxwell equations,
and a predictor-corrector method to solve the pseudospin
equations, which avoids invoking the slowly varying enve-
lope approximation and the rotating wave approximation
(RWA). The specific parameters are p=2.08X 1072 Cm,
N=4Xx10"®ecm™, 7,.=7,=101s, T)=T,=1ns, and w=w,
=1.6 fs7!. The atomic dipole moment data and transition fre-
quency of atomic magnesium are deduced from the NIST
tables [31]. The results to follow can, of course, be scaled to
various optical and material parameters.

III. RESULTS AND DISCUSSION

We first investigate the case in which the two lower states
[1) and |3) are coherently prepared: ¢;(0)=1/+2, ¢,(0)=0,
c3(0)=(1/\5)e"¢ (i is an adjustable phase). As has been
shown in Refs. [32,33], such a coherent superposition can be
created with the use of stimulated Raman adiabatic passage
[34]. Propagation of linearly polarized long laser pulses in a
coherently prepared medium has been widely studied and
exhibits a variety of interesting effects [35-41]. In what fol-
lows, we shall be interested in the effect of various initial
polarization conditions and atomic coherence on the propa-
gation dynamics process in a degenerate A-type three-level
medium with the Am= =1 transition when the pulse duration
is a few optical cycles.

Consider the initial coherently prepared medium with ¢
=0, i.e., ¢;(0)=c5(0)=1/2. Figure 2(a) shows the propaga-
tion of a few-cycle ultrashort laser pulse with polarization
direction along the y axis (A,=0, A;=2.828, i.e., A,=2m)
through the medium. It can be found that there is no popu-

550 600 650

x-polarized ultrashort laser pulse
propagation.

lation variation during the course of propagation, and the
medium is then effectively transparent to the incident laser
pulse. This phenomenon is the so-called electromagnetically
induced transparency (EIT) [36]. In contrast, for the incident
laser pulse polarized along the x axis (A,=2.8287, A;=0,
ie., A,y=2m) [see Fig. 2(b)], the populations in levels |1)
and |3) remain equal during the interaction, and the medium
is completely inverted and returned to its initial state. No
polarization evolution occurs during the course of propaga-
tion. Self-induced transparency (SIT) [42] is essentially re-
produced.

The physical mechanism of the above phenomena can be
understood as follows. First, the macroscopic polarization is
determined by both the initial atomic coherence of the me-
dium and the polarization condition of the initial incident
laser pulse [see Egs. (4)—(11) and (15)]. Then it acts as a
source for the radiation field and will further influence the
pulse evolution when propagating through the medium [see
Eq. (13)]. In the first case [Fig. 2(a)], the macroscopic polar-
izations along the two axes induced in the medium are both
equal to O because of the destructive quantum interference
effect between the two different transition paths. Thus, the
medium is totally transparent to the incident laser pulse. In
the second case [Fig. 2(b)], the direction of macroscopic po-
larizations induced in the medium is consistent with that of
the incident laser pulse. Hence, the polarization property of
the laser pulse remains invariant when propagating through
the medium. When the effective area is equal to 2, SIT is
essentially recovered.

The above analysis can be totally demonstrated by ana-
Iytic deduction through the equations of motion for the prob-
ability amplitudes. The deduction process is shown in the
Appendix B. Moreover, it should be pointed out that no
RWA is involved in the deduction process. As a result, our
analysis holds true even when the pulse duration is down to
a few optical cycles.

When the initial effective area is less than 7 (for example,
A,=1273m, A,=0, ie., A,;=0.97), contrary to the long-
pulse case, in which the pulse is absorbed by the medium

033827-3



SONG et al.

Norm. amplitude and p, , p,,, P,

0 50 100 100 150 200 2501150 1200 1250 1300

Time (fs)

FIG. 3. (Color online) Polarization evolution of few-cycle ul-
trashort laser pulse propagating in a medium that is initially coher-
ent prepared in the same way as that in Fig. 2. (a) 27 right-
circularly-polarized few-cycle ultrashort laser pulse (A,=A =2,
¢=m/2) propagation at the simulation distances z=0, 24, and
336 um; (b) as in (a) but for the effective area equal to 0.97
(A=A,=0.97, p=m/2).

[42], the x-polarized few-cycle ultrashort laser pulse will
evolve into several nonvanishing O pulses [see Fig. 2(c)].
Thereafter, hardly any population exchanges can be seen in
the medium. It should be noticed in this case that, although
the pulse shape changes, the polarization property remains
invariant during the course of pulse evolution, which is con-
sistent with our analysis above.

For ultrashort laser pulses with other initial polarization
conditions beyond the two special cases mentioned above,
what form will they eventually evolve to? From the point of
view of the macroscopic polarization, if the direction of the
macroscopic polarization induced in the medium is not con-
sistent with that of the initial incident laser pulse, it will
result in variation of the polarization property of the propa-
gating ultrashort laser pulse. Figure 3(a) shows a right-
circularly-polarized few-cycle ultrashort laser pulse propa-
gating in the same initial coherent preparation of the medium
as that in Fig. 2, and the initial effective area is 27 (A=A,
=2m, ¢p=ml2, i.e., A, f:277). Obvious polarization conver-
sion can be seen during the course of propagation, and the
initial population exchange between the three states gradu-
ally dies out. Eventually, an EIT-type few-cycle ultrashort
laser pulse linearly polarized along the y axis is formed, and
thereafter the laser pulse propagates unaltered. This evolu-
tion phenomenon can be utilized to achieve efficient circular-
to-linear polarization conversion of few-cycle ultrashort laser
pulses.

Our inspection also shows that, for few-cycle ultrashort
laser pulse, the efficiency of polarization conversion depends
on the effective area of the initial incident ultrashort laser
pulse. Figure 3(b) shows a right-circularly-polarized few-
cycle ultrashort laser pulse with initial effective area equal to
097 (A,=09m, A;=097, ¢=m/2, ie., A,;=097). The
evolution is much different from that of Fig. 3(a). During the
course of propagation, pulse splitting accompanies the polar-
ization conversion. Though there are hardly any population
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FIG. 4. (Color online) Evolution of a few-cycle ultrashort laser
pulse initially linearly polarized along the x axis (A4,=2.828, A,
=0) in a medium that is initially prepared in a single state. (a)
Medium is initially prepared in the level 1>; a left-circularly-
polarized few-cycle ultrashort laser pulse [Ex(t)=fy(t), ¢=3m/2]is
eventually formed; (b) the medium is initially prepared in the level
3>; a right-circularly-polarized few-cycle ultrashort laser pulse

[Ex(t)zﬁy(t), ¢=1/2] is eventually achieved.

exchanges after propagating 144 um, both EIT-type and O
SIT-type pulses coexist eventually. Hence, to achieve com-
plete circular-to-linear polarization conversion of few-cycle
ultrashort laser pulses, the effective pulse area should be
equal to 2.

In fact, polarization conversion occurs not only in an ini-
tial coherent superposition of states, but also in a single ini-
tial state. When the population is initially in the level |1), a
left-circularly-polarized ultrashort laser pulse is prohibited
according to the selection rules, which is similar to the EIT
form. As a result, if a linearly polarized few-cycle ultrashort
laser pulse with effective area equal to 27 (for example, A,
=2.82, Ay=0, ie., Aeff=277) is injected into this medium,
the pulse will evolve into a left-circularly-polarized few-
cycle ultrashort laser pulse [Ex(t)=Ey(t), ¢=37/2] [see Fig.
4(a)]. On the contrary, if the medium is initially in the level
|3), a right-circularly-polarized few-cycle ultrashort laser
pulse [Ex(t)=Ev(t), ¢=m/2] [see Fig. 4(b)] is eventually
formed. Hence, both left- and right-circularly-polarized few-
cycle ultrashort laser pulses can be achieved by controlling
the initial population distribution of the medium.

IV. CONCLUSIONS

In summary, we have investigated the polarization evolu-
tion of few-cycle ultrashort laser pulse propagating in a de-
generate A-type three-level medium with Am==1. It has
been found that both the initial atomic coherence of the me-
dium and the polarization condition of the incident laser
pulse can affect the macroscopic polarization of the medium,
which plays an essential role in the polarization evolution of
ultrashort laser pulses during the course of propagation.
When the vector macroscopic polarization induced in the
medium is equal to 0 or consistent with that of the incident
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ultrashort laser pulse, the polarization property of the ul-
trashort laser pulse will remain invariant during the course of
propagation. Otherwise, polarization property of the laser
pulse will change. By controlling the initial coherence prepa-
ration of the medium and the effective area of the incident
ultrashort laser pulse, efficient linear-to-circular and circular-
to-linear polarization conversion of few-cycle ultrashort laser
pulses can be achieved, which might be helpful in achieving
ultrafast polarization switching.
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APPENDIX A: DEDUCTION PROCESS OF THE
TIME-EVOLUTION REAL COHERENCE
(PSEUDOSPIN) VECTOR EQUATIONS

The dynamical evolution of an N-level atomic system is
determined by the Liouville equation for the density
operator:

p A
ih— =[H,p]. Al
o = P (A1)

It has been shown [13,29,30] that the density matrix p(r)
and the Hamiltonian H(z) can be expanded in terms of the
N*-1 generators of the SU(N) Lie algebra \; according to

o
=i+ z S{(0\;, (A2a)
| ’ N N1
ﬁ(t)zaﬁ E(% wk)f+ 21 yi(ON; |, (A2b)
- i

where fiw, is the energy of level k, and 1 is a unit operator.
The coefficients S;(t) and y(t) are given by

5,0 = Trp(X ), (A3)
Ay (1) = TILH(DN]. (A3b)

If the generators Xj are chosen to satisfy
Tr(xj):k) = 2djk’ (A4)

the evolution of the density matrix [Eq. (Al)] can be ex-
pressed in terms of the evolution of an (N?>—1)-dimensional

real coherent vector S= (81,85, ...,8\v2_):
S N*-1
EL: > A0S0, j=12,....N> =1, (A5)
k=1

where
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1 PRI
Ajk =— 2l_ﬁTI'(H[)\], }\k]) . (A6)

When a three-level system is considered, a possible
choice of the Gell-Mann SU(3) generators satisfying Eq.
(A4) is given by [13,30]

010
}\1= 1 00 5 )\2=
000

(e

’ )\3=

|

0 0 O

o O
- o O
oS = O
- O O
S O O
[

7\42 —i
0

oS O o~
oS O O

0
0

S O =

i
0, (A7)
0 -i 0 0

o O

=1
-1 00 | -1 0
M= 001 0, N=—| 1 -1
ARAW

0 00 0

[\

Because of the relation
[):j,):k] = 2ifjkixi~
the equation of motion (A5) takes the form

Si:ﬁjk’)/jsk’ i,j,k:l,...,g,

where summation over j,k is assumed, f;j; is the completely
antisymmetric structure constant of the SU(3) group that can
be derived from Eq. (A8), and ; can be calculated from Egs.
(1), (A3Db), and (A7).

Now we obtain the following equations for the time-
evolution real coherence (pseudospin) vector:

(A8)

(A9)

| 1
Sl = EQ},S:; - 0)054 + EQXS6 + QyS7, (AlO)

. 1 1 3
S2 =— EQ),S3 + (,l)oSs - EQXS6 - EQ},S'] + ?QySS?
(A11)

) 1 1 1 1
S3 == EQ“VSI + EQ},SZ + EQXS4 - EQ)CSS, (A]Z)

) 1 1
S4 = wOSl - EQXS?, + EQ},SG + QxS7, (A13)

. 1 1 1 3
SS = - (U()SZ + EQXSS - EQyS6 - EQXS7 + ?QXSS’

(A14)

. 1 1 1
Se=— EQXSI + E‘Q’xSZ - EQ,VS4 + EQYSS’ (AIS)
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. 1 1
S7=—QyS1 + EQ)/SZ_QXS“J'- EQXSS, (A16)
A Iy
. V3 V3
S8:_ FQySZ—?sts. (A17)

By introducing the phenomenological decay times 7 and 7,
[8,13,26], one can finally obtain the equations for the time-
evolution real coherence (pseudospin) vector in the presence
of relaxation effects [see Egs. (4)—(11)].

APPENDIX B: POLARIZATION-INVARIANT PULSE
PROPAGATION

According to the analysis above, there are two special
cases in which the polarization property of the laser pulse
stays invariant: the first case is that the macroscopic polar-
izations along the two axes are both equal to 0, then EIT-type
pulse propagation can achieved; the second case is that the
direction of the macroscopic polarizations induced in the me-
dium is consistent with that of the incident laser pulse, which
corresponds to SIT-type pulses. To demonstrate these analy-
ses, we substitute Eq. (A3a) into Eq. (15), and obtain

1 1 1
P.(1)= ENEOS1 + ENﬁsz = ENW(PIZ + po1 + P23+ p32)

Nople1(Dc5(1) + (D)) (1) + (D) e3(1) + es(Dey ()],

N | —

(B1)

1 1 i
Py(t) =~ ENWS4 - ENKJSs = ENW(Plz = P21+ P23 = P3)

Nple,(0es(t) = ex(t)e () + ex(t)es(t) = es(t)es(0)].

(B2)

L
2

We also derive the equations of motion for the probability
amplitudes near the input surface of the medium. From Eq.
(1) one gets (without involving the RWA)

1
ia%ﬁ(t) =- E[QX(Z =0,1) - iQy(Z =0,0]e,(H), (B3)
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i%@(t) == %[QX(Z = 0,7) +i€,(z = 0,0)]c, (1) + woe (1)

H0G=00-i0G=00k0, (B4

1
i§c4g=-Eny@=on+xg@=anquy (B5)

If the initial coherent preparation c1(0)=1/42, ¢,(0)=0,
c5(0)=(1/+2) is considered, to achieve EIT-type pulse
propagation, both P,(7) and P (r) should be equal to 0, which
means ¢,(1)=c,(0)=0 [see Egs. (B1) and (B2)] is necessary.
Then Egs. (B3)-(B5) reduce to

Q0 (z=0,0) +iQ(z=0,1) +[Q(z=0,0) = iQ(z=0,)] =0,
(B6)

a solution of Eq. (B6) is given by
Q.(z=0,1)=0. (B7)

Then the derived initial polarization condition is consistent
with that in Fig. 2(a).

To achieve SIT-type pulse propagation, the system must
be kept in stabilization; thus c;(¢)/c;(f)=c5(0)/c,(0)=1 is
needed. Substituting c4(f)=c,(z) into Egs. (B3)—(B5), one
gets the necessary initial pulse polarization condition as

Q,(z=0,1)=0. (B8)

Under these situations, one can derive from Egs. (B1) and
(B2)

Py(z=0,1)=0. (B9)

As a result, the macroscopic polarization induced in the
medium is consistent with that of the incident laser pulse,
which does not affect the polarization property of the inci-
dent laser pulse, and SIT-type ultrashort laser pulse propaga-
tion is achieved. This again demonstrates our analysis above.

For other initial population distributions, the necessary
initial polarization conditions of the incident ultrashort laser
pulse for both EIT-type and SIT-type pulse propagation can
also be derived using the same method.
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