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The electromagnetic interaction of a moving compound charged system with leading relativistic corrections
is studied. An effective Hamiltonian is obtained by using a set of canonical transformations, and it is demon-
strated that the coupling of the total motion to internal degrees of freedom is uniquely determined by Lorentz
covariance. Several known results such as the Röntgen term and the interaction of the spin with the electric
field are recovered, and new results for various relativistic and recoil corrections are obtained.
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In this paper we consider a system of N particles interact-
ing electromagnetically. Each particle is characterized by
mass m, charge e, spin s�, magnetic moment �� =egs� / �2m�,
and charge radius �r2�. We aim to derive an effective Hamil-
tonian of the compound system, starting from the Hamilto-
nians of the individual particles with their mutual interac-
tions, including the electromagnetic field. This effective
Hamiltonian will depend on global operators, such as total
momentum, spin, on the electromagnetic field at the mass
center, including its derivatives, and on internal degrees of
freedom. The nonrelativistic Hamiltonian for a compound
system has already been treated in the literature, for example,
in �1,2�. It is known that the electric dipole coupling acquires
a correction, the so called Röntgen term when the system
moves �3,4�. Similarly, a spin of the moving body couples to
the electric field �5� as a result of the Lorentz boost. In this
work we rederive these known results and obtain an effective
Hamiltonian including the leading relativistic correction. In
order to carry out this derivation we assume that the electro-
magnetic field slowly changes within the dimension of the
system, and perform a set of canonical transformations to
decouple the total momentum from internal degrees of free-
dom as much as possible. It will be shown that most of the
terms are determined by Lorentz covariance and gauge sym-
metry, and we therefore expect that this Hamiltonian should
be valid also for nonelectromagnetically bound systems such
as nuclei.

The initial Hamiltonian is a sum of one-particle terms Ha

and two-particle interactions Hab including relativistic cor-
rections �6,7� �using natural units �=c=1�
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where �� = p� −eA�r�� and �ra
2� includes for convenience the

Darwin term. We now introduce global variables, the center

of mass R� and the total momentum �� with M =�ama, e
=�aea as follows:

R� = �
a

ma

M
r�a, �4�

�� = �
a

�p�a − eaA� �R� �� = P� − eA� �R� � , �5�

and relative coordinates

x�a = r�a − R� , �6�
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 , �8�

�Ri,Pj� = i�ij , �9�

�xa
i ,Pj� = �Ri,qa

j � = 0. �10�

We next perform a sequence of canonical transformations 	,
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H� = e−i	Hei	 + �t	 , �11�

to transform the Hamiltonian to a form where the coupling of
internal degrees of freedom to the total momentum is simpli-
fied, and can be interpreted in terms of Lorentz covariance.
The first 	1 is the Power-Zienau-Wooley transformation �2�,
which assumes that the characteristic wavelength of the elec-
tromagnetic field is larger than the size of the system

	1 = �
a
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0
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where A0�A0�R� �, E� �E� �R� �, similarly B� �B� �R� �, and the last

equation defines the symbol D. The kinetic momentum is
transformed to
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and the kinetic energy to
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where l�a=x�a�q�a. While l�a is not an angular momentum op-

erator, the sum �al�a obeys angular momentum commutation
relations and can be interpreted as the total orbital angular
momentum. The transformed Hamiltonian, denoted by H1,
can now be obtained by using Eqs. �4�–�7� and �13�–�15�,
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�16�

where all fields A� , E� , and B� are at the point R� , and we have

neglected many higher order terms, such as the E� �B� term
and relativistic corrections to magnetic interactions, and left
only leading relativistic corrections. Let us now consider

terms involving powers of �� . The highest power term

− �
a

1

8ma
3	ma

M
�� 
4

= −
�� 4

8M3 �17�

is the relativistic correction to the kinetic energy of the whole
system. The term �� �� 2 vanishes identically because �aq�a

=0. The quadratic terms are
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While the first term in the above has an obvious physical
interpretation, with the internal energy being added to the
mass of the system, the second term is eliminated by using
the canonical transformation 	2,

	2 =
�i� j

8M2 �
a

�xa
i qa

j + xa
j qa

i + qa
i xa

j + qa
j xa

i � . �19�

This transformation, according to Eq. �11� generates the con-
tribution �2H, which shall be added to the total Hamiltonian
of the system

�2H = i�H0,	2� + �t	2

=
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where

H0 = �
a
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2
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+ eA0 − D� · E� , �21�

and we neglect �� j ,Ei��. . .�, which is a higher order correc-
tion. The second term in Eq. �20� will be combined with the
fourth term in Eq. �33� and further transformed in Eqs. �37�
and �38�. Let us now summarize the transformations per-
formed so far by presenting the total Hamiltonian H2 of the
system

H2 = HIN + H� + HMM − D� · E� −
1

2
	Dij −

�ij

3
Dkk
E,j

i

−
1

6
DijkE,jk

i +
�i� j

2M2 EiDj + �
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1

2
Dik
 jilB,k

l

+
1

2 �
a�b

eaeb

4�
�	 s�a

ma
�

x�ab

xab
3 
 j

− 	 �ij

xab
+

xab
i xab

j

xab
3 
 qa

i

ma
�

+ �
a
�−

qa
2

2ma
2qa

j −
ea

2ma
�ga − 1��s�a � E� � j

+
eEi

4M
�xa

i qa
j + xa

j qa
i + qa

i xa
j + qa

j xa
i ��
 , �22�

where

HIN = �
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+ �
a
	 q�a

2

2ma
−

q�a
4

8ma
3
 , �23�

H� =
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+ �
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a
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and the charge radius �R2� is

e�R2� = �
a

ea��ra
2� + �xa

2�� + ¯ , �26�

where by dots we denote omitted higher order terms. We

shall transform now the terms with a single power of �� and
start with spin dependent terms. The canonical transforma-
tion 	3 is

	3 = − �
a

s�a

2ma
� q�a ·
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M
, �27�

and it leads to the contribution denoted by �3H,
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M
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where we have neglected ��i ,Ej� times some operators.
These terms are relativistic corrections to the finite size and
the quadrupole moment, which we neglect here from the
beginning. The first and the fourth terms in the above cancel
out with corresponding terms in H2 in Eq. �22�, the second
term when combined with orbital angular momentum will
give total spin, and the third term together with the similar
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term in H2 in Eq. �22� is canceled by the next transformation
	4,

	4 = − �
a
� ea

2ma
�ga − 1� −

e

2M
�s�a � x�a · E� . �29�

It gives the following contribution to the Hamiltonian:
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a
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The next canonical transformation 	5 is used to remove the
following terms from H2:

−
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and is of the form

	5 =
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+ �
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M
. �32�

Calculation of the commutator with H0 is more tedious, and
as before we neglect terms involving the commutator
�Ei ,� j��. . .�, since they are relativistic corrections to the fi-
nite size and the quadrupole moment. The result is
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−
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 . �33�

The first two terms in the above cancel those in Eq. �31�, the
third term is left intact, and the fourth and the fifth are sub-
jects of further transformations. Before applying them, let us
summarize the obtained results in terms of H5.

H5 = HIN + H� + HM1 + HMM − D� · E� +
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where

HM1 = − �
a
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a
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−
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We used in Eq. �34� the following tensor decomposition:

xixjxk = �xixjxk��3� +
x2

5
��ijxk + �ikxj + � jkxi� , �36�

and neglected the electric octupole interaction. It is worth
noting that the Hamiltonian in Eq. �35� includes the interac-
tion of the total spin with the electromagnetic field, in a
similar way �see Eq. �50�� as in Eq. �2�.

The transformation 	6 is used to bring the last term in-

volving �� to the more familiar form

	6 = −
1

4M
�Ej�i + �iEj��

a

eaxa
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j . �37�

The corresponding contribution to the Hamiltonian is
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The last term cancels out with the corresponding one in H5
and the first term will have interpretation of the velocity
correction to E2 transition. The next, 	7, is used to transform
two terms containing eEi / �2M� in H5,

	7 =
eEi

4M
�

a
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i xa
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and gives
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The first term in Eq. �40� is combined with the second term
in the result of the last transformation 	8,

	8 =
e�tE

i

12M
�
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which is
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to obtain
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At this point we are finished with canonical transformations
and summarize results in terms of the total Hamiltonian H
�H8,
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where
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HE2 = −
1

2�
a
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HEE = −
e

4M
E� 2�

a
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2 +

e2

4M2EiEj�
a
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i xa

j − �ijxa
2� ,
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and the term �� · ���B� −�tE� ��aeax�a
2 / �6M�, which vanishes

outside the sources of the electromagnetic field, is neglected.
We have split this Hamiltonian into parts, which have a sepa-
rate physical interpretation. HIN in Eq. �23� is the internal
Hamiltonian of the system. H� in Eq. �24� is the kinetic and
potential energy of the total system, for convenience includ-
ing the finite size correction. HE1, HM1, HE2 are interaction
Hamiltonians for E1, M1, and E2 transitions respectively.

HE1 in Eq. �45� includes a number of relativistic corrections,
the so-called Röntgen term �3,4� and other velocity depen-
dent terms. These terms have an interpretation of the velocity
correction to the electric dipole interaction, namely,

�� 2

2M�1 −
1

M	�
a

q�a
2

2ma
+ �

a�b

eaeb

4�xab

�

− D� · �E� +
��

M
� B� −

��

2M
	��

M
· E�
�

=
�� 2

2M�1 −
1

M	�
a

q�a
2

2ma
+ �

a�b

eaeb

4�xab
− D� · E�
� − D� · E� �,

�48�

where

E� � = E� +
��

M
� B� +

1

2M2�� 2E� −
1

2M2�� ��� · E� � �49�

is the Lorentz boost transformation of the electric field E� up

to quadratic terms in the velocity �� /M. HE1 includes also the

term eEi

4M �a�b
eaeb

4�

xa
i

xab
for which we could not find a physical

interpretation, and this term is the only place where the cou-
pling of the compound system to the electromagnetic field
depends on internal interactions between elements of this
system. We have not been able to eliminate this term by a
further canonical transformation.

HM1 in Eq. �35� involves coupling of spin and angular
momentum to the electromagnetic field. The expectation
value of the second term is

�
a
� ea

2ma
�l�a + gas�a� −

e

2M
�l�a + s�a�� 1

2M
��� � E� − E� � �� �

=
e

2M
�g − 1�

S�

2M
· ��� � E� − E� � �� � , �50�

where the total spin S� is

S� = �
a

�s�a + l�a� , �51�

and the factor g is defined by

eg

2M
S� ���

a

ea

2ma
�l�a + gas�a�� . �52�

It has been demonstrated in �5� that the presence of the term
in Eq. �50�, which has the same form for any spin, is required
by Lorentz covariance.

HE2 in Eq. �46� is the electric quadrupole coupling to the
electromagnetic field and includes the correction due to the
nonvanishing velocity of the system. HEE in Eq. �47� is an
additional contribution to the electric polarizability, which
vanishes for the neutral system, and HMM in Eq. �25� is the
known magnetic susceptibility �8�.

All the corrections to the electromagnetic interaction,
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which involve the total mass of the system �in the denomi-
nator�, are small for atomic systems. Nevertheless they are
non-negligible when confronted with precise measurements;
for example, nuclear recoil corrections to the g factor of
atomic systems. They have been obtained by Hegstrom in
�9�, and in our notation his leading terms are

�H = −
e

2me
�	1 −

me

mN

L� + gS�� · B� −

e

2mN
�
j�k

ir� j � �� k,

�53�

where me , mN are the electron and the nucleus mass, and

L� , S� are the total angular momentum and the spin of all
electrons. One can show that the expression obtained here,

�H = − �
a

ea

2ma
�l�a + gas�a� · B� , �54�

is equivalent to the result in Eq. �53� for the case of a spin-
less nucleus. Another possible application of the obtained
Hamiltonian is the calculation of forbidden radiative molecu-
lar transition rates, such as ortho para in H2. This transition
has been considered by Raich and Good in �10�, although we
think their calculations are not complete. This is because
they have not included higher order couplings to the electro-
magnetic field. Namely, the part of our Hamiltonian, which is
responsible for this transition, is

�H = − �
A

eAx�A · E� − �
b

ebx�b · E� − �
A

eA

2mA
�gAxA

i sA
j B,i

j

+ �gA − 1�s�A � x�A · �tE� � + �
A,b

eAeb

4�

1

2xAb
3

�	 gA

mAmb
s�A · x�Ab � p�b −

�gA − 1�
mA

2 s�A · x�Ab � p�A
 .

�55�

A , b are indices of nuclei and electrons, respectively. This
transition can go directly via the third term, which has been
omitted in Ref. �10�, or by a hyperfine perturbation of the
electronic state: the third term, followed by the electric di-
pole interaction: the first term of Eq. �55�.

Recoil corrections, which are small for atoms and mol-
ecules, become important for atomic nuclei. They are
uniquely determined by Lorentz covariance, and do not de-
pend on internal interactions within the system, with only
one exception. Therefore we might expect a very similar
Hamiltonian for a nonelectromagnetically bound, but still
nonrelativistic system, such as a nucleus. It would be inter-
esting to verify this, and to perform similar calculations for
nuclear systems using �-effective perturbation theory �11,12�
and to obtain precise values for the charge radius, polariz-
abilities, or the magnetic moment, which can be confronted
with those obtained from atomic spectroscopy.

I wish to acknowledge useful comments from I. Biały-
nicki-Birula and J. Komasa.

�1� B. R. Johnson, J. O. Hirschfelder, and K.-H. Yang, Rev. Mod.
Phys. 55, 109 �1983�.

�2� D. P. Craig and T. Thirunamachandran, Molecular Quantum
Electrodynamics �Academic, London, 1984�.

�3� E. A. Power and T. Thirunamachandran, Proc. R. Soc. London,
Ser. A 372, 265 �1980�.

�4� C. Baxter, M. Babiker, and R. Loudon, Phys. Rev. A 47, 1278
�1993�.

�5� V. B. Beresteckij, E. M. Lifshitz, and L. P. Pitaevskii, Quantum
Electrodynamics �Pergamon, Oxford, 1982�.

�6� H. A. Bethe and E. E. Salpeter, Quantum Mechanics of One-
and Two-Electron Atoms �Academic, New York, 1957�.

�7� K. Pachucki, Phys. Rev. A 69, 052502 �2004�.
�8� L. W. Bruch and F. Weinhold, J. Chem. Phys. 117, 3243

�2002�.
�9� R. A. Hegstrom, Phys. Rev. A 7, 451 �1973�.

�10� J. C. Raich and R. H. Good, Jr., Astrophys. J. 139, 1004
�1964�.

�11� E. Epelbaum, Prog. Part. Nucl. Phys. 57, 654 �2006�.
�12� R. Machleidt, e-print arXiv:0704.0807.

KRZYSZTOF PACHUCKI PHYSICAL REVIEW A 76, 022106 �2007�

022106-6


