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We present a relativistic calculation of the hyperfine structure in pionic and kaonic atoms. A perturbation
method has been applied to the Klein-Gordon equation to take into account the relativistic corrections. The
perturbation operator has been obtained via a multipole expansion of the nuclear electromagnetic potential. The
hyperfine structure of pionic and kaonic atoms provides an additional term in the quantum electrodynamics
calculation of the energy transition of these systems. Such a correction is required for a recent measurement of
the pion mass.
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I. INTRODUCTION

In the last few years transition energies in pionic �1� and
kaonic atoms �2� have been measured with an unprecedented
precision. The spectroscopy of pionic and kaonic hydrogen
allows the strong interaction at low energies to be studied
�3–5� by measuring the energy and natural width of the
ground level with a precision of a few meV �6–8�. Addition-
ally, light pionic atoms can be used to define new low-energy
x-ray standards �9� and to evaluate the pion mass using high-
accuracy x-ray spectroscopy �10–13�. Similar endeavors are
being undertaken using kaonic atoms �2�.

In this paper we present a calculation of the hyperfine
structure in pionic and kaonic atoms considering the pertur-
bation term due to the interaction between the pion or kaon
orbital moment and the magnetic moment of the nucleus.
Nonrelativistic calculations for the pionic atom hyperfine
structure can be found in Refs. �14–16�. Other theoretical
predictions for the hyperfine structure �HFS� including rela-
tivistic corrections can be found only for spin-1

2 nuclei
�17,18�. Contrary to these methods, our technique is not re-
stricted to this case and can be used for an arbitrary value of
the nuclear spin while automatically including the relativistic
effects. In particular, we calculate the HFS energy splitting
for pionic nitrogen, which has been used for a recent mea-
surement of the pion mass aiming at an accuracy of a few
ppm �10,11,13,19�, and for kaonic nitrogen, which has been
proposed for the kaon mass measurement �2�.

This paper is organized as follows. In Sec. II we calculate
the first energy correction by applying a perturbation method
to the Klein-Gordon �KG� equation. In Sec. III we obtain the
perturbation term using the multipole expansion of the
nuclear electromagnetic potential. Section IV is dedicated to
numerical calculations for some pionic and kaonic atoms,
and Sec. V is our conclusion.

II. CALCULATION OF THE ENERGY CORRECTION

The relativistic dynamics of a spinless particle is de-
scribed by the Klein-Gordon equation. The electromagnetic

interaction between a negatively charged spin-0 particle with
a charge equal to q=−e and the nucleus can be calculated by
introducing the nuclear potential A� into the KG equation via
the minimal coupling p�→p�−qA� �20�. In particular, in the
case of a central Coulomb potential �V0�r� ,0�, the KG equa-
tion for a particle with mass m is

m2c2�0�x� = � 1

c2 �i��t + eV0�r��2 + �2�2��0�x� , �1�

where � is the Planck constant, c is the velocity of light, and
the scalar wave function �0�x� depends on the space-time
coordinate x= �ct ,r�. We consider here the stationary solu-
tion of Eq. �1�. In this case, we can write

�0�x� = exp�− iE0t/���0�r� �2�

and Eq. �1� becomes

� 1

c2 �E0 + eV0�r��2 + �2�2 − m2c2��0�r� = 0, �3�

where E0 is the total energy of the system �the sum of the
mass energy mc2 and binding energy E0�.

The perturbation correction E1 can be deduced by intro-
ducing an additional operator W in the zeroth-order equation:

� 1

c2 �E + eV0�r��2 + �2�2 − m2c2 − W�r����r� = 0. �4�

In the case of a correction V1 to the Coulomb potential V0,
we have

W�r� = −
1

c2 �2e2V0�r�V1�r� + 2eEV1�r� + e2V1
2�r�� . �5�

If we consider the interaction with the nuclear magnetic field
as a perturbation, we have

W�r� = i�e�2Ai�r��i + ��i,A
i�r��� − e2Ai�r�Ai�r� . �6�

The correction to the energy due to W can be calculated
perturbatively with some manipulation of Eqs. �3� and �4�
�21,22�, or via a linearization of the KG equation using the
Feshbach-Villars formalism �23,24�. In both cases we have
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E1 =
c2	W


2�E�0�
nl + 	eV0
�

, �7�

where we define for an arbitrary operator A

	A
 =

�
V

�*�r�A�r,t���r�d3r

�
V

�*�r���r�d3r

. �8�

Equation �7� is valid for any wave function normalization.

III. CALCULATION OF THE HYPERFINE
STRUCTURE OPERATOR

The expression for W�r� in the HFS case is derived using
the multipole expansion of the vector potential A�r� in the
Coulomb gauge �25–27�:

A�r� = − i
�0

4�
�

k
� k + 1

k
�1/2

r−k−1Ckk � Mk, �9�

where the symbol � indicates here the general scalar product
between tensor operators, Uk �Vk=�q�−1�qUq

kV−q
k .

We neglect here the effect due to the spatial distribution of
the nuclear magnetic moment in the nucleus �28� �Bohr-
Weisskopf effect�, while the effect due to the charge distri-
bution �Bohr-Rosenthal effect� is included in the numerical
results of Sec. IV.

The hyperfine structure splitting due to the magnetic di-
pole interaction is obtained by taking into account only the
first magnetic multipole term in Eq. �9� �25,26�:

A�r� = − i
�0

4�
2r−2C11 � M1. �10�

M1 operates only on the nuclear part �ImI
 and C11 is the
vector spherical harmonic �26,29� acting on the pion part
�nlm
 of the wave function. We note that the product between
C11 and M1 is a vector, and thus a tensor of rank 1 �C11

�M1�1.
We can decompose the perturbation term W�r� as

W�r� = W1�r� + W2�r� , �11�

where

W1�r� = + i�e�2Ai�r��i + ��i,A
i�r��� �12�

is the linear part and

W2�r� = − e2Ai�r�Ai�r� �13�

is the quadratic part.
We study first the operator W1. We note that ��i ,A

i�r��
=� ·A�r�=0 since we are using the Coulomb gauge. In this
case we have

W1�r� = + 2i�eAi�r��i

= − 2i�eA�r� · �

= − e�0�
2

2�
r−2�C11 · ��1 � M1. �14�

Using the properties of the spherical tensor �26,29�, we can
show that

Cq
11 · � = −

r−1

2
Lq, �15�

where Lq is the dimensionless angular momentum operator in
spherical coordinates. The perturbation operator can be writ-
ten as a scalar product in spherical coordinate of the operator
T1 acting on the pion wave function, and the nuclear opera-
tor M1:

W1�r� =
e�0�

2�
r−3�L1 � M1� = T1 � M1 �16�

with

Tq
1 =

e�0�

2�
r−3Lq. �17�

The expected value of the operator W1 can be evaluated
by applying the scalar product properties in spherical coor-
dinates �29,30�:

	n�l�IF�mF� �W1�nlIFmF
 = �− 1�l+I+F�FF��mFmF�
�II�

� �F I l�

1 l I
�	n�l��T1�nl


�	I�M1�I
 , �18�

where � a b c
d e f

� represents a Wigner 6-j symbol. The reduced
operator 	n�l� �T1 �nl
 is calculated from the matrix elements
	n�l�m� �Tq

1 �nlm
 by a particular choice of the quantum num-
bers m and q and application of the Wigner-Eckart theorem:

	n�l��T1�nl
 = �l0
�− 1�l−1

� l 1 l

− 1 0 1
� 	n�l�1�T0

1�nl1


= �l0
ll + 12l + 1

e�0�

2�
	n�l�1�r−3L0�nl1


= �l0�ll�
ll + 12l + 1

e�0�

2�
	n�l�r−3�nl
 ,

�19�

where � a b c
d e f

� indicates the Wigner 3-j symbol.
The nuclear operator can be related to the magnetic mo-

ment of the nucleus by 	II �M0
1 � II
=�I�N �26,27� where �I is

the nuclear dipole moment in units of the nuclear magneton
�N=e� /2mpc:

	I�M1�I
 =
�I�N

� I 1 I

− I 0 I
� . �20�

Using Eq. �17�, the total expression for W1�r� becomes
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	n�l�IF�mF� �W1�nlIFmF


= �FF��mFmF�
�ll��I�N �

e�0�

2�

�
F�F + 1� − I�I + 1� − l�l + 1�

2I
	n�l�r−3�nl
 , �21�

which, as expected, is equal to zero for l=0 �and hence I
=F�.

To find the final expression of the HFS energy shift, we
have to evaluate the contribution of the operator W2�r�
=−e2Ai�r�Ai�r�. For this proposal, we use the equivalence of
the scalar product �tensor operator of rank 0� between two
tensor operators of rank 1 and the standard scalar product
between two vectors:

W2�r� = e2A�r� · A�r� � e2A1�r� � A1�r� . �22�

The operator W2 is a scalar product of two tensor operators
acting in the same space. In this case we have �29�

	nlIF�W2�nlIF
 = e2�
F�
�1 1 0

F F F�
� � 	nlIF�A1�nlIF�


�	nlIF��A1�nlIF
 . �23�

The reduced matrix element 	F� � �A1 � �F
 can be calculated by
again applying the Wigner-Eckart theorem for the compo-
nent q=0:

	nlIF��A1�nlIF
 =
	nlIF�F��A0

1�nlIFF


� F� 1 F

− F� 0 F
� , �24�

where �31�

A0
1�r� = − i

�0

4�
2r−2�C11 � M1�0

1 = i
�0

4�
r−2�

q

�− 1�qqCq
1M−q

1 .

�25�

To evaluate the matrix element 	nlIF�F� �A0
1 �nlIFF
 we can

explicitly decompose �nlIFF
 as a function of the eigenfunc-
tions �nlm
 and �ImI
 using the Clebsch-Gordan coefficients.
We have

	nlIF�F��A0
1�nlIFF
 = i

�0

4�

1

r2 �
m�,mI�,m,mI

	�lm�ImI��lIF�F�


�	�lmImI�lIFF
 � �	nlm��r−2C1
1�nlm


�	ImI��M−1
1 �ImI
 − 	nlm��r−2C−1

1 �nlm


�	ImI��M1
1�ImI
� . �26�

Applying the Wigner-Eckart theorem, we obtain

	nlIF�F��A0
1�nlIFF


= i
�0

4�

1

r2 	nl�r−2C1�nl
	I�M1�I


� �
m�,mI�,m,mI

	�lm�ImI��lIF�F�
	�lmImI�lIFF


� �� l 1 l

− m� 1 m
�� I 1 I

− mI� − 1 mI
�

− � l 1 l

− m� − 1 m
�� I 1 I

− mI� + 1 mI
�� .

�27�

The reduced matrix element 	nl �r−2C1 �nl
 can be decom-
posed into a radial and an angular part:

	nl�r−2C1�nl
 = 	nl�r−2�nl
	l�C1�l
 . �28�

Due to its symmetry properties, 	l �C1 � l
 is equal to zero for
any l �29�. This result implies that the reduced matrix ele-
ments of A1 are always equal to zero. As a consequence, the
diagonal elements 	Ai�r�Ai�r�
=0 for any wave function, and
therefore W2 does not contribute to the HFS energy shift.

We can now write the final expression for the HFS energy
correction:

E1
nlF =

�I�Ne�0�c2

4��E0
nl − 	nl�V0�r��nl
�

� �F�F + 1� − I�I + 1� − l�l + 1�
2I

�	nl�r−3�nl
 .

�29�

This formula is obtained by a perturbation approach to the
KG equation. For this reason, all the relativistic effects are
automatically included in Eq. �29�. In the nonrelativistic
limit c→	, �E0− 	V
� /c2→m and we find the usual expres-
sion of the HFS from the Schrödinger equation �32�.

IV. NUMERICAL RESULTS

We present here some calculations for a selection of pi-
onic and kaonic atom transitions. Such calculations are ob-
tained by numerically solving the Klein-Gordon equation us-
ing the multiconfiguration Dirac-Fock code developed by
one of the author �Indelicato and Desclaux and co-workers
�33–36�� that has been modified to include the spin-0 particle
case, even in the presence of electrons �37�. The first part is
dedicated to the 5→4 and 8→7 transitions in pionic and
kaonic nitrogen, respectively. In the second part we study the
dependence of the HFS splitting against the nuclear charge Z
to observe the role of the relativistic corrections.

A. Calculation of the energy levels of pionic
and kaonic nitrogen

The precise measurement of the 5g→4f transition in pi-
onic nitrogen and the related QED predictions allow for the
precise measurement of the pion mass �10–13,19�. In the
same way, the transition 8k→7i in kaonic nitrogen can be
used for a precise mass measurement of the kaon �2�. For
these transitions, strong interaction effects between the me-
son and nucleus are negligible, and the level energies are, if
one excludes relativistic recoil corrections, directly depen-
dent on the reduced mass of the atom. The nuclear spin of
the nitrogen isotope 14N is equal to 1, leading to the presence
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of several HFS sublevels. The observed transition is a com-
bination of several different transitions between these sub-
levels, causing a shift that has to be taken into account to
extract the pion mass from the experimental values. Transi-
tion probabilities between HFS sublevels can easily be cal-
culated using the nonrelativistic formula �32,38� �the role of
the relativistic effects is negligible here�. If one neglects the
HFS contribution to the transition energy,

AnlIF→n�l�IF� =
�2F + 1��2F� + 1�

2I + 1
�l� F� I

F l 1
�2

Anl→n�l�,

�30�

where

Anl→n�l� =
4�Enl − En�l−1�3

3m2c4�




�Z
�2

l

2l + 1
�Rnl

n�l−1�2, �31�

with

Rnl
n�l� =

1

a0
2�

0

	

�nl
* �r��n�l��r�r3dr , �32�

where a0=� / �mcZ
� is the Bohr radius and �nl are the non-
relativistic wave functions.

For these calculations, presented in Tables I and II, we
used the nitrogen nuclear mass value from Ref. �39�. The
Coulomb term in Table I includes the nonrelativistic recoil
correction using the reduced mass in the KG equation. The
pionic and nuclear charge distribution contributions are also
included as in �37,40�. For the pion charge distribution radius
we take r�=0.672±0.008 fm �41�. For the nuclei we take
values from Ref. �42�. The leading QED correction contribu-
tion, due to the vacuum polarization, is calculated self-
consistently, thus taking into account the loop-after-loop con-
tribution to all orders, via the Uehling approximation. This is
obtained by including the Uehling potential into the KG
equation �35�. Other higher-order vacuum polarization con-
tributions are calculated as perturbations to the KG equation:

these are the Wichman-Kroll and Källén-Sabry corrections
�43,44�. The self-energy is calculated using the expression in
Ref. �45� and it includes the recoil correction. The relativistic
recoil term has been evaluated by adapting the formulas from
Refs. �18,46� �more details can be found in Ref. �13��. The
calculations presented here do not take into account second-
order recoil effects �Fig. 1 top�, or higher QED corrections
such as vacuum polarization and self-energy mixed diagrams
�Fig. 1 bottom�. The contribution from these terms has been
estimated using the formula for a spin-1

2 particle with a mass
equal to the pion mass. For the 5→4 pionic nitrogen transi-
tions, vacuum polarization and self-energy mixed diagrams
contribute in the order of 1 meV for the diagram with the
vacuum polarization loop in the nuclear photon line �47�
�Fig. 1 bottom left�, and 0.0006 meV for the diagram with
the vacuum polarization loop inside the self-energy loop �48�
�Fig. 1 bottom right�. The second-order recoil contributions
are on the order of 0.04 meV �49� �Fig. 1 top�. The largest

TABLE I. Energy �in eV� contribution for the selected levels in pionic nitrogen. The first error takes into
account neglected higher-order QED corrections. The second is due to the accuracy of the pion mass
�±2.5 ppm�.

5g-4f 5f-4d

Coulomb 4054.1180 4054.7189

Finite size 0.0000 0.0000

Self-energy −0.0001 −0.0003

Vacuum polarization �Uehling� 1.2485 2.9470

Vacuum polarization �Wichman-Kroll� −0.0007 −0.0010

Vacuum polarization �loop after loop� 0.0008 0.0038

Vacuum polarization �Källén-Sabry� 0.0116 0.0225

Relativistic recoil 0.0028 0.0028

HFS shift −0.0008 −0.0023

Total 4055.3801 4057.6914

Error ±0.0011 ±0.0011

Error due to the pion mass ±0.010 ±0.010

TABLE II. Hyperfine transition energies and transition rate in
pionic nitrogen.

Transition F-F�
Transition rate

�s−1�
Transition E

�eV�
Shift
�eV�

5f →4d 4-3 4.57�1013 4057.6876 −0.00606

3-2 3.16�1013 4057.6970 0.00341

3-3 2.98�1013 4057.6845 −0.00910

2-1 2.13�1013 4057.7031 0.00946

2-2 2.25�1013 4057.6948 0.00112

2-3 0.01�1013 4057.6822 −0.01138

5g→4d 5-4 7.13�1013 4055.3779 −0.00304

4-3 5.47�1013 4055.3821 0.00113

4-4 5.27�1013 4055.3762 −0.00482

3-2 4.17�1013 4055.3852 0.00420

3-3 0.36�1013 4055.3807 −0.00029

3-4 0.01�1013 4055.3747 −0.00624
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contribution comes from the unevaluated diagram with the
vacuum polarization loop in the nuclear photon line �47�.

Assuming a statistical population distribution of the HFS
sublevels, we can use Eq. �30� to calculate the mean value of
the transitions using the results in Table II. Comparing this
calculation with the one without the HFS, we obtain a value
for the HFS shift. For the transitions 5g→4f and 5f →4d we
obtain shifts of 0.8 and 2.2 meV, respectively. These values
correspond to a correction to the pion mass of between 0.2
and 0.6 ppm.

The transition energies for the 8→7 transitions in kaonic
nitrogen are presented in Tables III and IV. As for pionic
nitrogen, the error contribution due to the QED correction
not considered here is dominated by the unevaluated diagram
with the vacuum polarization loop in the nuclear photon line
�47�, the associated correction is estimated as to be on the
order of 0.5 meV. For the 8k→7i and 8i→7h transitions we
have a HFS shift of 0.6 and 0.8 meV, respectively, which
correspond to a correction to the kaon mass of between 0.2
and 0.3 ppm.

As a general note, we remark that, if we assume a statis-
tical distribution of the population of the initial state sublev-

els, transitions nl→n�s with the s orbital as the final state
have an average HFS shift equal to zero, because of an exact
cancellation between the weighted excited sublevels’ energy
shifts as seen from Eq. �30�.

B. General behavior of the hyperfine structure
correction over Z

For the nonrelativistic case, the HFS splitting normalized
to the binding energy and to the nuclear magnetic moment
depends linearly on Z
. Any deviation from this linear de-
pendence in the Klein-Gordon HFS can be attributed only to
relativistic effects.

To study the behavior of the normalized HFS splitting
�EF=1/2

9p −EF=3/2
9p � / �E0�I� for the relativistic case, we calcu-

lated the HFS for a selected choice of pionic atoms with a
stable nucleus of spin 1/2. The orbital 9p has been chosen to
minimize the effect of the finite nuclear size and strong in-

TABLE III. Energy �in eV� contribution for the selected levels in kaonic nitrogen. The first error takes
into account neglected higher-order QED corrections. The second is due to the accuracy of the kaon mass
�±32 ppm�.

8k-7i 8i-7h

Coulomb 2968.4565 2968.5237

Finite size 0.0000 0.0000

Self-energy 0.0000 0.0000

Vacuum polarization �Uehling� 1.1678 1.8769

Vacuum polarization �Wichman-Kroll� −0.0007 −0.0008

Vacuum polarization �loop after loop� 0.0007 0.0016

Vacuum polarization �Källén-Sabry� 0.0111 0.0152

Relativistic recoil 0.0025 0.0025

HFS shift −0.0006 −0.0008

Total 2969.6374 2970.4182

Error 0.0005 0.0005

Error due to the kaon mass 0.096 0.096

TABLE IV. Hyperfine transition energies and transition rate in
kaonic nitrogen.

Transition F-F�
Transition rate

�s−1�
Transition E

�eV�
Shift
�eV�

8i→7h 7-6 1.19�1013 2970.4169 −0.00216

6-5 1.00�1013 2970.4196 0.00050

6-6 0.98�1013 2970.4145 −0.00453

5-4 0.84�1013 2970.4217 0.00265

5-5 0.03�1013 2970.4175 −0.00154

5-6 0.00�1013 2970.4125 −0.00656

8k→7i 8-7 1.54�1013 2969.6365 −0.00149

7-6 1.33�1013 2969.6383 0.00029

7-7 1.31�1013 2969.6347 −0.00326

6-5 1.15�1013 2969.6398 0.00178

6-6 0.03�1013 2969.6367 −0.00126

6-7 0.00�1013 2969.6332 −0.00480

FIG. 1. Diagrams relative to the unevaluated QED contribu-
tions: second-order recoil correction �top�, and vacuum polarization
and self-energy mixed diagrams �bottom�. Their effects are esti-
mated using the available formulas for spin-1 /2 particles.
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teraction shifts, particularly for high values of Z. The results
are summarized in Table V. For these calculations we used
the nuclear mass values from Ref. �39�, the nuclear radii
from Refs. �42,50�, and the nuclear magnetic moments from
Ref. �51�.

For higher Z values a nonlinear dependence on Z
 ap-
pears as can be seen in Fig. 2. This nonlinearity originates in
the two different parts of Eq. �29�: the nontrivial dependence
on E0 in the denominator and the expectation value
	nl �r−3 �nl
.

V. CONCLUSIONS

We have presented a relativistic calculation of the hyper-
fine structure in pionic and kaonic atoms. The precise evalu-
ation of the specific case of pionic and kaonic nitrogen is
particularly important for the new measurement of the pion
and kaon mass. The small error in the theoretical predictions,
of the order of 1 meV for the 5→4 transition, corresponds to
a systematic error of �0.2 ppm for the pion mass evaluation,

considerably smaller than the error of previous theoretical
predictions �52�.

The formalism presented in this paper can be applied for
other effects such as the quadrupole nuclear moment, which
cannot be negligible for mesonic atoms with high Z. In this
case, HFS due to the quadrupole moment can be predicted
using the next multipole in the expansion of the electric po-
tential of the nucleus to evaluate the corresponding perturba-
tion operator. This application is particularly important for
the calculation of the atomic levels in heavy pionic ions,
where relativistic and nuclear deformation effects can be
taken into account at the same time.
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