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Entangled rings, matrix product states, and exact solutions of XYZ spin chains
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We show that the ground state of the Heisenberg spin-1/2 chain in an external magnetic field, can be exactly
expressed as a matrix product state, provided that the coupling constants are constrained to be on a specific two
dimensional surface. This ground state has a very interesting property: all the pairs of spins are equally
entangled with each other. In this last respect, the results are of interest for engineering long-range entangle-
ment in experimentally realizable finite arrays of qubits, where the ground state will act as the initial state of

a quantum computer.
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I. INTRODUCTION

Combination of ideas from condensed matter physics and
quantum information science, has in recent years resulted in
fruitful and complementary methods in the study of quantum
properties of many body systems. While the starting point in
condensed matter physics is the Hamiltonian, it is the ground
or the thermal state that is of particular interest in quantum
information science, where thanks to the quantitative mea-
sures of entanglement developed in the past decade, one can
now quantify exactly the nonclassical correlations inherent in
such states [1,2]. These entanglement properties will then be
of utmost importance, when we think of such states as the
states of arrays of qubits in quantum computers, where
unique quantum features are manipulated to exponentially
surpass classical computers.

To put it in a picturesque way, in the road which connects
the above two disciplines, one traditionally starts from a
Hamiltonian in the condensed matter camp and ends at an
approximate ground state in the quantum information camp.
However, one can traverse the same road in reverse direc-
tion; start from a state with exactly known and predeter-
mined properties and go on until one finds the Hamiltonian
of which this is the ground state. This is the so-called matrix
product formalism originated in the work on the Affleck-
Kennedy-Lieb-Tasaki (AKLT) model [3] and finitely corre-
lated states [4] and resumed in many recent works on various
aspects of this interrelation [5]. This approach has led among
other things, to a new insight on quantum phase transitions
[6], where it has been shown that one can engineer classes of
quantum phase transitions (QPT) with predetermined prop-
erties, which have specific similarities and differences with
conventional QPT’s.

However, this reverse direction has an obvious drawback:
the Hamiltonian, which is found at the end of the road, may
not be simple and of wide interest to condensed matter
physicists, or may have couplings of a fine-tuned nature
[3,8].

In the present work we show that by starting from a suit-
able ansatz, the ground state of the one dimensional Heisen-
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berg spin-1/2 chain, the prototype of an interacting many
body spin system, described by the following Hamiltonian

N

H= E Jxa-x,ia-x,Hl + ‘]ya-y,ia-y,i+1 + Jzo-z,io-z,Hl - Bxe,i’
i=1

(1)

can be found exactly, on a hypersurface in the space of its
parameters. This surface is defined as follows:

2

Jo==J+ Jy=—nJ+g,

2

B.=¢€(l1-g%, (2

where (€,7)==(1,+1) are two discrete parameters, and g
and (J>0) are two continuous parameters.

We will calculate the spin correlation functions exactly
and show that singularities in the thermodynamic limit de-
velop at g=0, a property which has been called the matrix-
product-state (MPS)—quantum-phase transition (QPT) in [6],
to distinguish them from known examples of QPT’s [7]. We
will also show that, the ground state of this system has a very
interesting property: all the pairs of spins have equal en-
tanglement with each other (Fig. 1). This is a very desirable
situation for quantum computers: an array of spins, which at
low temperatures have long range and experimentally con-
trollable entanglement.

The structure of this paper is as follows: In Sec. II we
briefly explain the matrix product formalism; in Sec. III we
show that by removing an apparent restriction in this formal-
ism one can indeed construct an exact solution for the
ground state of the spin-1/2 Heisenberg chain in a certain
subset of the parameter space. In this same section we also
show that in an even more constrained subset the model is
equivalent to a free-fermion model. In Sec. IV we consider
the entanglement properties of the ground state of this
model. Finally, we conclude the paper with a discussion.

J.=—nl-g,

II. MATRIX PRODUCT FORMALISM

Let us briefly review the matrix product state (MPS) for-
malism. On a ring of N sites of d-level particles, a state is
called a matrix product state if there exist matrices A;, i
=0, ...,d-1 (of dimension D) such that
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NC(g/N,N)

FIG. 1. (Color online) In the MPS ground state of Eq. (1), all the
pairs of spins are equally entangled with each other. The curves
show scaled concurrence for rings of size (from top to bottom) 6, 7,
8,9, 10, 20, 30, 40, and 50.

1
bi iy iy = Etr(AilAiz A, 3)

Iy

where Z is a normalization constant given by Z=tr(E") in
which

d-1

E:=2 (Af®A).
=0

The state (3) is reflection symmetric if there exists a matrix
I such that A]=IIA]IT"" (where T means transpose) and
time-reversal invariant if there exists a matrix V such that
A7=VA;V~. All the correlation functions can be calculated
exactly. For example, for a local observable O, one finds

tr(E*'E EN7F)

Wlowlw) === 23— )
where
d-1
Ep:= 2, (ilO|)A; ® A;.
i.j=0

In the thermodynamic limit (N— ), only the eigenvector(s)
corresponding to the eigenvalue A,,, of E with the largest
absolute value matters and any level crossing in this eigen-
value leads to a discontinuity in correlation functions.

Given a matrix product state, the reduced density matrix
of k adjacent sites is given by

L AT N—k
tr[(Al-1 Aik ® Aj1 Ajk)E ]
tr(EN)

Piy iy i =

This density matrix has at least d*—D? zero eigenvalues. To
see this, suppose that we can find complex numbers Cipoi,
such that
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d-1
2 Ay Ay =0. (5)
J1o 50

This is a system of D? equations for @* unknowns, which has
at least d*~D? independent solutions. Any such solution
gives a null eigenvector of p. Thus for the density matrix of
k adjacent sites to have a null space, it is sufficient (but not
necessary) that d*>D?. Let the null space of the reduced
density matrix be spanned by the orthogonal vectors
le,), a=1,...,s, then we can construct the local Hamil-
tonian acting on k consecutive sites as

k]

b=, Tle) e,
a=1

where J,, are positive constants. The total Hamiltonian on the
chain will then be given by the positive operator

N
H=2, hy s
=1

where A, ;,; is the embedding of / into sites / to [+k of the
chain. The state |¢/) will then be a ground state of H. In the
next section we show how this helps us to find an exact
solution for the spin-1/2 Heisenberg chain in a certain range
of parameter space of couplings.

III. MATRIX PRODUCT STATE FOR THE HEISENBERG
CHAIN

Equation (d*>D?) puts a stringent requirement on the
dimensions of the matrices used in the construction of a ma-
trix product state. When dealing with spin 1/2 with nearest-
neighbor interactions, for which d=2 and k=1, it appears
that the only admissible dimension for the matrices A, and
A, is D=1, leading to a product state. However, it is crucial
to note that the condition d>> D? is only a sufficient and not
a necessary condition for the density matrix p to have a null
space. To proceed with our construction, we require that the
state satisfy some natural symmetries, i.e., spin-flip symme-
try which, in the language of matrix product formalism,
means that there is a matrix X such that

XAX '=€A,, XA X'=éA,,

where €=1. Working in the basis where X=0, we find the
general form of the matrices Ay and A; as follows:

a b a -b
AO = 5 Al =€ .
c d -c d
Although these two matrices are not symmetric, the state

constructed from them is symmetric under parity, since there

is a matrix 1= with the property

HAE)H_I =A0, HAt]H_l =A1.

We now consider the matrix equation (5), which in the
present case is
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Cood + CothoA | + CioAAg + ¢ AT =0. (6)

This is a set of linear equations for the four coefficients c;j,
which can be written as a matrix equation M C=0, leading to
a nonzero solution when

det(M) = 16b*c*(a - d)*(a +d)*=0.

Thus we will find nontrivial models for a=d or a=—d. The
models with b=0 or ¢=0 are not symmetric under parity,
since in these cases the matrix II will not be invertible. We
can always rescale the matrices by a constant factor without
affecting the matrix product state, so we set a=1 and use a
subsequent gauge transformation A,—SA,S”! with S

0
four classes of models defined by the matrices:

1 1 -
vl e D) o

where g is a continuous parameter and (e, 7)=+(1,+1). The
four types of models are distinguished by the values of the
pair (e, 7).

In order to see how the Hamiltonian is constructed, we
solve Egs. (6), which in view of Eq. (7) take the form

c 0
=( 1 ) to set c=1. Therefore we are left with the following

(1+8)(Cop+ Cyy) + €(1 = g)(Coy + Cy) =0, (8)

(1+7)(Copo—Cyy) — (1 = 7)(Cp; — Cy9) =0. 9

It is easy to verify that the solution space is determined by
the following two un-normalized vectors:

ley)=(1+ |y +(1- e,

|62> = (1 +g)|l/l+> - 6(1 _g)|¢+>s

where |z,/1i>=% 0,1)+]1,0)) and |¢:>=é 0,0)+|1,1)) are
Bell states. Under spin flip the above states transform as

le12)— F |e; »). The final local Hamiltonian will be given by

h=Jle)e |+ |ex){es

5

where J is a non-negative parameter and we have used the
freedom for rescaling the couplings of the Hamiltonian to set
one of the parameters equal to 1. In view of the symmetry
property of the vectors under spin flip, this Hamiltonian will
be symmetric under spin flip. Expressing the above operator
in terms of Pauli operators and subtracting a constant term
J+ I_-Zg_" we find the total Hamiltonian, which is written in
Egs. (1) and (2). This shows that the ground state energy of
the Hamiltonian (1) is

2
1*g ) (10)

50:=—N(J+

Note that the models with e=+1 (sign of the magnetic field)
are related by local 7 rotations of spins around the z axis,
where (0, ,——0,,). Also, the models with == are related
to each other by simultaneous rotations Rx(g)@)RX(%T) of
spins on adjacent sites, under which we have (o0,
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;
o>

0.5

FIG. 2. (Color online) The magnetization in the x direction as a
function of g (e=1).

=-0,,0, ). This is, of course, possible only when N is
even [12].

The correlation functions can be derived from Eq. (4).
The eigenvalues of the matrix E=Aj®Ag+A; ®A, are
2(npxg), 2(1+g) showing an MPS-QPT at g=0. Consider
for definiteness, the case »=1. The magnetization per site is
found from Eq. (4) to be

1+uM2
(o)=(0,)=0, (0, =eu a
where u: =i—jf'~ and the correlation functions G,(1,r)
:=(0,,10,,) are similarly found to be as follows:
2, N-2
U +u
G 17 =" N b
1.7) 1+uV
N-2,2 2
u" = (u*-1) l-u
G(l,r)=—————, G.(l,r)= . 11
(L) =—"7"F =175 (D

These correlation functions satisfy the following relations:

G,+G,+G,=1, (1-G)(1-G)=(a)* (12

In the thermodynamic limit (N —c°), discontinuities develop
in these correlation functions at g=0. For example, the mag-
netization per site is given by

1-1g
1+|g

(og=¢€

)

which shows a cusplike singularity at g=0 (Fig. 2).

The explicit form of such a ground state can also be de-
termined. For »=1, the matrices Ay and A; commute. By a
similarity transformation, which does not change the state
(3), both the matrices are made diagonal,

(l + \J’E 0 ) (1 - \J’E 0 )
— | AIZE — |
0 1-vVg 0 1+Vg

and the MPS state (3) will be given by

0=

1
W) o1 = =) *N + ) =), (13)
\NZ

where
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|y = (12 Vg)|0) + e(1 F \g)|1),

and Z=2M1[(1+g)"+(1-¢)"]. These expresswns are valid
for all values of g, provided that we replace \g— i\—g when
we consider negative values of g. Note that (¢,|d_)
=2(1—g) . One can indeed check that the separate product
states are ground states of H. This was first shown in [13] by
showing that the local Hamiltonian acting on two adjacent
sites, when added by a suitable constant, annihilates |¢,)®>.
However, the advantage of the matrix product state |¢+)®N
+|p_)®N (or the other one obtained by subtracting them) is
that they are invariant under spin-flip transformation 0'®N
Thus even if the couplings of the Hamiltonian are not ﬁne—
tuned as in Eq. (2), first order perturbation theory guarantees
that one of the entangled states and not the product states,
will be the unique grounds state of H.

An interesting point is J =1_+gf’ where the model reduces
to an XY model in transverse magnetic field. More explicitly
(after setting e=7=1 for definiteness and relabeling the axes
x—2z,y—x,z—y) the Hamiltonian (1) will be given by

N

Zz(l_g) O-xzo-xt+1+ (1+g) y,i+1

i=1
+(1-g )Z, (14)

According to our results, the ground state energy of this
model will be £=—-N(1+g?). This is indeed the energy,
which one obtains after turning the above Hamiltonian to a
model of free fermions. Therefore at this particular point the
free fermion solution is given by a matrix product state. To
see this let us fix for definiteness the discrete parameters as
e=n=1. As we have discussed before, models with different
discrete parameters have equal ground state energy.

According to Eq. (10) the ground state energy of this
Hamiltonian will be equal to

E=-N(1+g%. (15)
On the other hand the anisotropic XY model in a trans-

verse magnetic field is defined by the Hamiltonian
N

A N
2 5(1 + V)Ux,io'x,m + 5(1
i=1

H(\,y)=- — Y0y 0y i1+ 0

(16)

The combination of a Jordan-Wigner transformation, fol-
lowed by Bogoliubov transformation turns this Hamiltonian
into a free fermion model with the following Hamiltonian:

— i
H()\9‘y)_22 wqﬂqnq_qu’ (17)
N
where 7, are fermionic oscillators qE{ 22 Y1, .
—1}, and
w,= (YA sin ¢,)*+ (1 + X cos ¢,)*, (18)
in which
21q
=—, 19
b=y (19)
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We want to see if our results agree with these well-known
facts or not. From Eq. (1) we readily see that

H=—(1- 2)2

l12(1

l+g
4 —
Oy,i0x,i+1 2(1 _g)

gy 0-\1+l+0-

(20)
or
H=(1-g»)H(\,y),

where N\ and 7 are obtained from the following comparison:

1-g A 1+g A
=—(1+vy), =—(1-7). 21
2+ 51+ 2 —g) S=». (@2
Solving these equations for y and A we find
—2g 1+g2
y= A=—"">5. (22)
1+g% 1-¢

Hence for g><1, we have
Eo=(1-gIE(yN) = (1 —g2>[— > wq], (23)
q

where y and \ are given as above and Ey(7y,\) is the ground
state energy of the XY model. For g>>1,

Eo=(1-gE,(y:N) =(1-¢)2 o, (24)
q

where E,(y,\) is the maximum energy of the XY model.

Equations (23) and (24) can be combined in a single formula

-(1-g)I2 ,. (25)
q

2mq

—x and ¥
y X and Ty

In the thermodynamic limit N— e, where
—dx we have

o d /
2 wq:Nf 2—x\s’(y)\ sinx)?+ (1+\ cos x)%,  (26)
q —m =T

which is simplified to

T d
> quNf 2—xv/)\2(1 — v)cos? x + (1 + N29) + 2\ cos x.
q -7 &T

(27)
However, from Eq. (22) we find
NM(1-9)=1, —1+9N=\% (28)
Thus Eq. (27) will simplify further to

Tdx 2
qu=N Z—\e’cos X+ AN+ 2\ cos x
g 2T

N (7 N (™
=+ —J (N + cos x)dx = i—f Ndx = N|\|
27)_, 2mw)_,

1+g?
-N gz,
[1-¢7

(29)
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where in the last step we have used the fact that [\|=1.
Inserting this in Eq. (25) we find

E=-N(1+g%,

which is exactly what we have obtained.

We should emphasize that for finite N, it is our result (15)
and not Eq. (25), which gives the ground state energy of the
XY model (for these particular parameters). The two answers
differ by a term, which becomes smaller as N becomes larger
and vanishes only in the thermodynamic limit. The reason is
when the Jordan-Wigner transformation is applied to the
original problem, which has periodic boundary condition
(ap=ay), (a,-: = ZM1%4) called the a-cyclic problem in [9], the
new problem, which is written in terms of the fermion oscil-
lators, is no longer strictly periodic, i.e., a;;,al
=—clc; exp(im=llal,ec)) # che as it should if co=cy. In the
thermodynamic limit one can ignore this difference and treat
the c-cyclic problem (cy=c,) [9] as equivalent to the original
a-cyclic problem. For finite values of N, Eq. (15) is the so-
lution of the c-cyclic problem and not the original a-cyclic
one.

IV. ENTANGLEMENT PROPERTIES OF THE GROUND
STATE

We now come to the entanglement properties of the state
(13). At g=1 when {¢,|¢_)=0, the state becomes a standard
Greenberger-Horne-Zeilinger (GHZ)  state, %(|O~ --0)
+|1---1)). For other values of g, when |¢,) and |¢_) are no
longer orthogonal, it can be named a generalized GHZ state.
Obviously such a state induces equal entanglement between
any two spins regardless of their distance. To calculate this
entanglement we determine the reduced two particle density
matrix and use Wootters formula [10], with the result [11] as
follows:

4lg|
C: |1— glN_2.
Gre+a_g '

Thus although the ring is not totally connected, the mutual
entanglement of all pairs are equal and independent of their
distances. Looking at the N>>1 limit, one can obtain the
relation

2 olel8l
NC(E,N) _ 2gle™ (30)
N cosh g

One can interpret the left hand side as the total mutual en-
tanglement of a spin with all the other spins, and the above
equation as a universal scaling relation for this total en-
tanglement.
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For the case »n=-1, we use the transformation
U: =Rx(§)®Rx(%T) on adjacent sites, which transforms
H(n=1) to H(p=-1) and act on Eq. (13) by U®"? to obtain
the ground state as

1
W),y = TE(|X+>|X_>)®N/2 + (O™, (31
!
where
Ix2) =1+ gy, 2) £ie(1 - gy, ¥),
in which |y,+) denote the eigenstates of o,. An alternative

way for deriving this ground state and indeed the reason for
its simple structure, is to note that for »=-1, although the
matrices Ay and A; do not commute, the pairs of matrices
corresponding to Bell states, defined by

1
b, = VTE[AOAm +(-1)'A1A,,], mn=0,1,

commute with each other. The reader can verify that the
states |x).|x=) are indeed linear combinations of the Bell
states ¢ = @, ¢y =, and ¢ ;o= i, making the state (31)
a linear superposition of strings of various Bell states on
adjacent sites.

V. CONCLUSION

We have shown that the matrix product formalism can
indeed give the exact ground state of a two-parameter family
of the spin-1/2 XYZ Heisenberg chain in a magnetic field.
This adds a new example to the interesting AKLT [3] or
Majumdar-Ghosh models [8], with an important difference,
i.e., these models have no free coupling constants. Our
model undergoes an MPS—quantum-phase transition [6] as
one of the parameters passes a critical point, which stimu-
lates further exploration of the MPS—quantum-phase transi-
tion in a set of important exactly solvable models. Moreover,
the ground states have an interesting property that all the
pairs of spins are equally entangled with each other, making
them good candidates for engineering long-range entangle-
ment in experimentally realizable arrays of qubits or spin
systems.
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