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A geometrical description of open quantum systems is presented. This is based on a connection on a vector
bundle over a Grassmann manifold, as well as the Anandan geometric phase for pure states �J. Anandan, Phys.
Lett. A 133, 171 �1988��. The geometric phase proposed here also naturally includes the geometric phase in
adiabatic open quantum systems proposed by Sarandy and Lidar �Phys. Rev. A 73, 062101 �2006��. The
present geometrical description can be applied to all the quantum systems described by time-local master
equations for density operators.
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I. INTRODUCTION

The geometric phase is one of the most interesting con-
cepts in quantum physics �1�. Berry first found that a geo-
metrical phase factor appears, in addition to a dynamical
phase factor, in an adiabatic and cyclic quantum evolution
with a nondegenerate eigenstate of a Hamiltonian �2�. Simon
pointed out that the Berry phase can be regarded as a ho-
lonomy on a line bundle over a parameter space �3�. The
Berry phase was generalized to the case of a degenerate
eigenspace by Wilczek and Zee �WZ� �4�. Interestingly, the
Berry and WZ phases have the same mathematical structures
as Abelian and non-Abelian gauge field theories, respec-
tively. Aharonov and Anandan �AA� introduced the nonadia-
batic �Abelian� geometric phase �5�. Furthermore, Anandan
generalized the AA phase to the non-Abelian one �6�. The
AA phase has also been generalized to the noncyclic case by
Samuel and Bhandari �SB� �7� by applying Pancharatnam’s
geometric phase for the interference between two polarized
light beams �7,8� to quantum interference.

Recently, geometric phases for mixed states have been
extensively studied, especially for geometric quantum com-
putations �9,10�. There are mainly three general approaches
to the definition of the mixed-state geometric phase which
are based on state purification �11,12�, quantum trajectories
�13�, and quantum interferometry �kinematic approach�
�14–19�, respectively �see Refs. �20–22� for the other ap-
proaches�. The first approach proposed by Uhlmann defines a
parallel transport for a purification of a density operator
�12,23�. A connection is defined on a fiber bundle whose
fiber and base manifold are a Hilbert-Schmidt space �24,25�
and the manifold of all density operators, respectively. This
approach has a problem that the geometric phase depends on
the evolution of the ancillary part �26�. The second approach
proposed by Carollo et al. is based on the application of the
SB approach �Pancharatnam’s phase� to each quantum trajec-
tory �27�. Very recently, a problem of this approach that the
geometric phase depends on the type of unraveling �non-
physical parameters� has been pointed out �28�. The third
approach is a natural generalization of the SB approach �Pan-
charatnam’s phase� to the mixed-state case. This approach
was first based on quantum interferometry assuming unitary

evolution and nondegenerate density operators �14�. The
geometric phase by this approach has been experimentally
observed with nuclear spins �17� and photons �19�. The gen-
eralizations to the cases of degenerate density operators �16�
and nonunitary evolution �18� have been achieved by kine-
matic approaches. While the geometric phase by this kine-
matic approach is well defined, this does not correspond to a
generalization of the pure-state non-Abelian geometric
phases such as the WZ and Anandan phases �4,6,29�. Re-
cently, the proposals to unify the purification and kinematic
approaches have been reported �30,31�. In the case of non-
unitary evolution, however, the same problem as the purifi-
cation approach arises �31�. Very recently, Sarandy and Lidar
�SL� have proposed a natural generalization of the WZ phase
to the mixed-state case �21�, which is based on adiabatic
approximation in open quantum systems �32�. In this paper,
we propose another formulation of the geometric phase for
mixed states, which is a natural generalization of the Anan-
dan phase �6�. The geometric phase proposed here also natu-
rally includes the SL phase.

This paper is organized as follows. In Sec. II, a vector
representation for density operators is introduced. In Sec. III,
a geometric structure for density operators is defined. The
geometric phase for mixed states in the present formulation
is also proposed. In Sec. IV, a geometric description of open
quantum systems in the present formulation is presented. In
Sec. V, a simple example is discussed. This is stimulated
Raman adiabatic passage �STIRAP� �10,33,34� with dephas-
ing. The conclusion is presented in Sec. VI.

II. VECTOR REPRESENTATION OF DENSITY
OPERATORS

Consider a quantum system described by an
N-dimensional complex Hilbert space HN�C�. The Anandan
phase for pure states is based on a connection on a vector
bundle over a Grassmann manifold, Gn,N�C�, where Gn,N�C�
is the set of n-dimensional subspaces of HN�C� �6,35–39�.
Each point on Gn,N�C� corresponds to a subspace of HN�C�.
The fiber over a point on Gn,N�C� is the vector space corre-
sponding to the point. Similarly, our approach is also based
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on a connection on a vector bundle over a Grassmann mani-
fold. We use the Hermitian Hilbert-Schmidt space �24,25�,
HN2�R�, instead of HN�C�, to describe density operators.
HN2�R� is an N2-dimensional real Hilbert space spanned by
the following Hermitian operators:

�k�� � �k��k� for k = 1,2, . . . ,N ,

�N + 1�� �
�1��2� + �2��1�

	2
, �N + 2�� �

�1��2� − �2��1�
	2i

, . . .

�N2 − 1�� �
�N − 1��N� + �N��N − 1�

	2
,

�N2�� �
�N − 1��N� − �N��N − 1�

	2i
,

where 
�k� �k=1, . . . ,N� is an orthonormal basis of HN�C�
�40�. The inner product is defined as

�w,v� � ��w�v�� � Tr�wv� , �1�

where w ,v�HN2�R�. 
�k�� �k=1,2 , . . . ,N2� is an orthonor-
mal basis of HN2�R� with respect to the above inner product
�41�. Any density operator can be expressed as

���� = �
k=1

N2

�k�k�� , �2�

where �k �k=1,2 , . . . ,N2� are real coefficients.

III. GEOMETRIC STRUCTURE FOR DENSITY
OPERATORS

We use a Grassmann manifold, Gn,N2�R�, which is the set
of n-dimensional subspaces of HN2�R�. We also define a vec-
tor bundle, Vn, over Gn,N2�R� whose fiber over a point on
Gn,N2�R� is the vector space corresponding to the point. A
connection is defined as

��vk�� � �
j=1

n

�v j����v j�d�vk�� � �
j=1

n

�v j��A j,k, �3�

where � and d denote the covariant and exterior derivatives,
respectively, and 
�vk�� �k=1,2 , . . . ,n� is an orthonormal ba-
sis of Vn�Gn,N2�R�. The one-form A j,k is regarded as a
gauge field in gauge field theory �39�. This type of connec-
tion is fundamental from a mathematical point of view
�6,36,37,42,43�. The covariant derivative for ����
=� j=1

n � j�v j���Vn is defined as

����� � �
k=1

n

�vk����vk�d���� = �
j=1

n

�d� j�v j�� + � j � �v j��� .

�4�

From the definition of A j,k, under a so-called gauge transfor-
mation �vk���=� j=1

n gj,k�v j��, A j,k transforms as a gauge field:

A j,k� = �
j�,k�=1

n

gj,j�
−1 A j�,k�gk�,k + �

j�=1

n

gj,j�
−1 dgj�,k, �5�

where A j,k� corresponds to the connection for the new basis.
As a result, ����� is gauge invariant, that is, independent of
the choice of the basis. The parallel transport condition is
given by �����=0. Let C be a curve represented by Vn�s� on
Gn,N2�R�. The horizontal lift, ���s���, of C is given by

���s��� = �
j=1

n

� j�s��v j�s��� , �6�

�� �s� = P exp− �
C
A��� �0� , �7�

where 
�v j�s���� is an orthonormal basis of Vn�s�, ��
= ��1 , . . . ,�n�T �T denotes transpose�, P denotes path order-
ing, and A is the matrix-valued one-form whose elements are
A j,k. When C is closed, P exp�−�CA� is the holonomy and is
gauge invariant. This holonomy is the geometric phase factor
for the density operator in the present formulation �44�. In
general, the present geometric phase factors are non-Abelian.

IV. GEOMETRIC DESCRIPTION OF OPEN QUANTUM
SYSTEMS

Next, we consider the time evolution of a mixed state. In
most cases, the evolution of a density operator is determined
by a master equation. We consider master equations in the
following form:

d

dt
���t��� = L�t����t��� , �8�

with

L�t� � �
k,l

Lk,l�t��k����l� , �9�

where Lk,l�t� are real numbers. This master equation is local
in time in the sense that the time derivative of ��t� at any
time t is determined by ��t�, and no time integration is nec-
essary �25,45�. An important example of the time-local mas-
ter equation is a Lindblad-form master equation
�21,25,32,46�. While the Lindblad-form master equations can
be applied only to Markovian processes, general time-local
master equations can describe non-Markovian processes
�25,45�. Here, we consider the case where ���t��� is confined
in a time-dependent n-dimensional subspace Vn�t� of
HN2�R�. Then, ���t��� can be expressed as ���t���
=�k=1

n �k�t��vk�t���, where 
�vk�t���� is an orthonormal basis of
Vn�t�. By applying the projection operator,
� j=1

n �v j�t�����v j�t��, onto Vn�t� to the right-hand and left-hand
sides of Eq. �8�, we obtain
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����� = dt�
j=1

n

�v j����v j�L���� , �10�

where Eq. �4� has been used. It should be noted that Eq. �10�
is obviously gauge invariant. The equation for � j�t� is given
by

d� j + �
k=1

n

A j,k�k = dt�
k=1

n

��v j�L�vk���k. �11�

�k=1
n A j,k�k and dt�k=1

n ��v j�L�vk���k in Eq. �11� can be re-
garded as geometrical and dynamical parts, respectively �47�.
The formal solution for Eq. �11� is

�� �t� = P exp−� A +� W�t�dt��� �0� , �12�

where W�t� is the matrix whose elements are
��v j�t��L�t��vk�t���. Thus it is found that if an open quantum
system is described by a time-local master equation and is
confined in a time-dependent subspace of HN2�R�, then the
time evolution is given by a matrix consisting of the geo-
metrical and dynamical parts. This is the geometrical de-
scription of an open quantum system in the present formula-
tion. Since in general A and W�t� is not commutable with
each other, the geometrical and dynamical phase factors can-
not be separated from each other. If W is zero or negligible,
Eqs. �10� and �12� reduce to �����=0 �parallel transport con-
dition� and Eq. �7�, respectively. Then, the evolution of the
open quantum system is purely geometrical and corresponds
to the horizontal lift of the curve Vn�t� on Gn,N2�R�. Further-
more, if the evolution is cyclic �the curve is closed�, the
evolution is given by the geometric phase factor �holonomy�,
P exp �−�A�, proposed here.

As in the case of the Anandan phase �6�, we can formulate
geometric phases based on a connection on a vector bundle

over a parameter space, if a set of parameters R� �t� determines
the subspace Vn�t� of HN2�R� in which the state is confined.
The vector bundle over the parameter space is naturally in-

duced by Vn with respect to the mapping Vn�R� � �43�. This
formulation based on a connection on the induced bundle is
significant for applications to quantum-state manipulation,
since we can control quantum states geometrically if the
above parameters are controllable. A typical example of this
situation is an adiabatic evolution of an open quantum sys-
tem �21,32�. Thus it turns out that the geometric phase pro-
posed here naturally includes the SL phase �21,22,48�.

V. EXAMPLE: STIMULATED RAMAN ADIABATIC
PASSAGE WITH DEPHASING

Finally, we discuss a simple example. The example is
stimulated Raman adiabatic passage �STIRAP� �10,33,34� in
a � configuration in the four-level system depicted in Fig. 1.
This has been used for the geometric realization of a single-
qubit rotation in Ref. �10�. The Hamiltonian is given by

H�t� = i
�

2 �
j=1,2

�� j�t��3��j� − � j
*�t��j��3�� , �13�

where �1 and �2 are the Rabi frequencies corresponding to
the �1�-�3� and �2�-�3� transitions, respectively, and are set as
�1=−�e� sin�� /2� and �2=� cos�� /2�, where � is a posi-
tive constant. It is assumed that � varies from �=0 to �=0,
and the initial state is a superposition of �0� and �1�. This
Hamiltonian has the following dark state �nontrivial zero-
eigenvalue eigenstate�: �D�=cos�� /2��1�+ei� sin�� /2��2�. In
the pure-state case, the STIRAP process via the dark state
provides �1� with the Berry phase factor ei	, where 	
= i��D�d�D�=−� sin �d�d� �10�.

To consider the mixed-state case, the dephasing for all the
transitions is taken into account �49�. For simplicity, the
dephasing rates are assumed to be equal to one another and
be much smaller than �. The master equation is given by

d�

dt
= −

i

�
�H,�� +




6�j�k

�� j,j − �k,k���� j,j − �k,k� − 3�� ,

�14�

where 
 is the dephasing rate and �k,k��k��k�. The density
operator can be expressed as ����=�k=1

16 �k�k��, and then Eq.
�14� has the form d

dt� j =�k=1
16 L j,k�k. By diagonalizing the ma-

trix L, it is found that ������k=1
6 �k�vk���V6�t��G6,42�R�,

where

�v1�� = �0��0�, �v2�� =
�1��1� + �2��2� + �3��3�

	3
,

�v3�� =
3�D��D� − 	3�v2��

	6
, �v4�� =

�D��0� + �0��D�
	2

,

�v5�� =
�D��0� − �0��D�

	2i
, �v6�� =

�3��B� − �B��0�
	2i

,

with �B�=−e−i� sin�� /2��1�+cos�� /2��2�. �� �tf� �tf: the time
at which the process finishes� can be expressed as follows
under some approximation �50�:

0
1

3

)(
1
tΩ

2

)(
2
tΩ

FIG. 1. Four-level system used for the example. � j�t� �j=1,2�
is the Rabi frequency corresponding to the �j�-�3� transition.
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�� �tf� = MGMD�� �0� , �15�

with

MG ��
1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 cos 	 sin 	 0

0 0 0 − sin 	 cos 	 0

0 0 0 0 0 1

� , �16�

MD � diag�1,1,e−�tf�,e−
tf,e−
tf,e−
tf� , �17�

where 	 is the Berry phase defined above, �t�
� 3

4
�0
t sin2 ��t��dt�, and diag�a1 , . . . ,a6� denotes a 6�6 di-

agonal matrix whose diagonal elements are a1 , . . . ,a6. MG
and MD correspond to the geometrical and dynamical phase
factors, respectively, in the present formulation. It should be
noted that in the present case the geometrical and dynamical
phases are commutable, and consequently the evolution of ��
can be given by the product of MG and MD. The rotation
matrix MG is exactly equivalent to the Berry phase factor in
the pure-state case. This means that the present formulation
is a natural generalization of the pure-state geometric phase.
On the other hand, MD induces the decay of the polarization
and leads to the uniform distribution of the populations of

�1�, �2�, and �3�. Although the present case is similar to adia-
batic open quantum systems considered in Refs. �21,22�, the
simple results derived above may not be naturally obtained
from the formulation of Ref. �21� �see Ref. �51� for the rea-
son�.

VI. CONCLUSION

We have presented a geometrical description of open
quantum systems, which is a generalization of Anandan’s
formulation for pure states �6� to the mixed-state case. The
geometric phase proposed here also naturally includes the
geometric phase in adiabatic open quantum systems pro-
posed by Sarandy and Lidar �21�, and is expected to be ap-
plied to the nonadiabatic case. The geometric description can
be applied to all the quantum systems described by time-
local master equations in the form of Eq. �8�. We have dis-
cussed an example using �-type STIRAP in a four-level sys-
tem with dephasing. As a result, the followings have been
found: in this case, the mixed-state geometrical and dynami-
cal phase factors in the present formulation are separable
from each other; the mixed-state geometric phase factor is
equivalent to the Berry phase factor in the pure-state case;
and the mixed-state dynamical phase factor induces the de-
cay of the polarization and leads to the uniform distribution
of the population. The geometrical description presented here
will provide a deeper understanding of the dynamics of open
quantum systems.
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