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Thermodynamics of a Bose-Einstein condensate with weak disorder
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We consider the thermodynamics of a homogeneous superfluid dilute Bose gas in the presence of weak
quenched disorder. Following the zero-temperature approach of Huang and Meng, we diagonalize the Hamil-
tonian of a dilute Bose gas in an external random &-correlated potential by means of a Bogoliubov transfor-
mation. We extend this approach to finite temperature by combining the Popov and the many-body 7-matrix
approximations. This approach permits us to include the quasiparticle interactions within this temperature
range. We derive the disorder-induced shifts of the Bose-Einstein critical temperature and of the temperature
for the onset of superfluidity by approaching the transition points from below, i.e., from the superfluid phase.
Our results lead to a phase diagram consistent with that of the finite-temperature theory of Lopatin and Vinokur
which was based on the replica method, and in which the transition points were approached from above.
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I. INTRODUCTION

An interacting ultracold dilute Bose gas in a weak random
external potential, which is homogeneous in the mean, rep-
resents an interesting model for studying the relation be-
tween Bose-Einstein condensation and superfluidity and has
been the subject of various theoretical investigations in the
last few years [1-6]. Two different methods have been used
for performing the average over the impurity scatterers. In
Refs. [1-3] the average of the grand potential over the dis-
order is taken perturbatively in the strength of the disorder
after diagonalizing the Hamiltonian by means of a Bogoliu-
bov transformation. Alternatively, in Refs. [4-6] the averag-
ing is implemented by the replica method. In Ref. [4], the
replica symmetric solution of the model is found by a sys-
tematic diagrammatic Beliaev-Popov perturbation theory for
the dilute superfluid gas in the presence of disorder. At zero
temperature the two different approaches give equivalent re-
sults. At finite temperatures, however, the approach based on
the Bogoliubov transformation becomes unsatisfactory since
it necessarily neglects important quasiparticles correlations
[1,3]. The replica trick, on the other hand, has limitations of
its own by making the mathematical and also the physical
description less transparent. For these reasons it would
clearly be desirable to develop an alternative theory avoiding
these shortcomings. This is the goal of this paper, where we
show how the perturbative approach of Refs. [1-3] can be
extended to include the leading effects of the scattering be-
tween quasiparticles at finite temperature. As a result, some
discrepancies between the two different methods are re-
solved.

The paper is organized as follows. In order to make the
paper self-contained, we briefly rederive in Sec. II the ther-
modynamic potential and the equation of state for the case of
a vanishing spatial correlation length of the disorder poten-
tial [1]. In the limit of zero temperature, we also determine
the high-order Beliaev corrections to the chemical potential
[4]. In Sec. IIT we give the derivation of the superfluid com-
ponent of the system in the presence of a random potential.
The disorder-induced corrections of the velocity of sound are
there obtained from hydrodynamic equations for the super-
fluid component of the system. In Sec. IV we extend the
theory to finite temperatures within the mean-field Popov
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approximation. In Sec. V the thermodynamics and the phase
diagram are investigated by means of the many-body
T-matrix approximation. In particular, we use the theory to
calculate the shift of the Bose-Einstein critical temperature
and of the temperature for the loss of the superfluidity when
approaching the critical points from below. Comments and
conclusions remain for Sec. VL.

II. BOGOLIUBOV’S THEORY

We consider the effects of an external random field on the
thermodynamics of a dilute Bose gas. The random field is
assumed to have a probability distribution P[U] normalized
to one when averaged over all disorder configurations, that is
Jd[U]P[U]=1. The average over the disorder fields is de-
fined as

<'“>=Jd[U]“'P[U], (1)

and for the disorder potential we assume the ensemble aver-
ages

(U(x))=0,

(UXUKX"))=R(x-x"). (2)

At very low temperatures, when the wavelength of the atoms
in the gas is much larger than the range of the impurity
scatterers responsible for the random potential [9], one may
consider the limit of a &-correlated type of disorder

R(x-x")=Ryd(x—x").

The constant R, is then related to the concentration of the
impurities and to the s-wave scattering length of the random
scatterers [9]. We assume that any time scale of the disorder
potential is frozen, i.e., very long in comparison with the
thermodynamic time scale. This so-called quenched-disorder
limit has the consequence that the disorder average must be
taken after the thermodynamic average over the grand-
canonical ensemble. Therefore, the total average of an ob-
servable reads
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(O)g) = f dLUIPLUKO(¥)) g, 3)

where (O(W)),, indicates the grand-canonical average.

At equilibrium, the grand-canonical partition function of a
Bose gas in a disordered medium is given as a functional of
the random external potential U(x)

Zgr[U]=fd[¢*]d[¢]€Xp{— %S[lﬁ*,lﬁ;U]}, (4)

where the functional integral is performed over c-number
fields ¢"(x,7) and ¢(x,7) periodic in imaginary time over
hB=h/kgT. The Euclidean action S is given by

hB
ST 05U = f ir f ixy (%)
0

% {ﬁi BV U )}
Jr  2m # X

+%fdx’t//*(X’,T)V(X—X’)AZI(X',T)}!#(X,T),
()

where w is the chemical potential and V(x—x’") the atomic
repulsive interaction potential. The disorder average of the
thermodynamic potential (}=—(In Z,,)/ 3 is obtained from

1
D)=- /—gﬂn Zyp)- (6)

The average of Eq. (6) is highly nontrivial because the dis-
order average is nonlinear in Z,, due to the logarithm. In this
paper we calculate this average by following the method of
Huang and Meng in Ref. [1], which is based on a canonical
Bogoliubov transformation [8].

Expanding the fields in Fourier modes in a finite volume
V according to ¢(x, 7)=(1/hBV)’Z ,ay " ®* " with the
Matsubara frequencies w,=27n/#%3, and the corresponding
complex conjugate expression for #(x,7), we write the ac-

tion in momentum space as

S[a*7a] = E (_ lﬁwn + €k — lu’)ak,nak,n
k,n

1 .
+ ‘_/ 2 ak,nUk—k’ak’,nén,O
k.k'.n
1
+
208V

E ank+q,n+mak’—q,n’—mak’,n’ak,n~
kk',q

()

In this equation we have introduced the free particle disper-
sion g=%A%k?/2m and the Fourier transform of the interac-
tion potential V,=[dxV(x)e™@*. At very low temperatures,
the de Broglie wavelength A\, of the atoms is much larger
than the range r, of the interaction potential such that
ro/ A\qy<< 1. Therefore, only s-wave scattering is relevant in
the gas and we can neglect the momentum dependence of the
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interaction potential, setting Vy=V,. Breaking the gauge
symmetry of the action by introducing the decomposition
(X, 7)=\ny+ ' (x,7) and expanding the resulting expres-
sion up to quadratic order in ¢ and U, the effective action
becomes

(2) * 1 2
SNa,a 1=-hBunyV + EthOVOV+ hBnyU,

+ E ’(_ ihwn te—mt 2nO‘/O)al>:<1,rzak,r1
k.n

12

n r, o

+ (i) > (ay ,Ux + U_xay ) 6,
k.n

l ’, ok *
+ _n()VOE (ak,na—k‘—n + ak,na—k,—n) 5 (8)
2 k.n
where the prime denotes that k=0 is excluded from the
sum. The condensate density n, remains to be determined by
minimizing the thermodynamic potential. Note that we
have also neglected as of higher order the term 1/
VEL‘k,‘na;!nUk_k,ak,,nﬁn,O, which requires the assumption of
weak disorder [1]. The effective action is diagonalized by a
Bogoliubov transformation

*
Agpn = UKO p — Uk _g _, — 2k

Axn= ukak,n —Ug® k.~ k> (9)

where the coherence factors uy, vy and the complex number
Zi can be taken real positive by appropriately choosing the
phase of the complex fields. In such a case we have

€x— U+ 2”0V():|
+ - .~ 9
0,

U,
= (ng/V)'2 k _ 2’
Zax = (g 70y (u = vy)

where |y |>~|vi*=1, =0, and where the Bogoliubov
spectrum is given by

(10)

ﬁQk = \“”(Gk - M + 2]’!()V0)2 - (}’loVO)z. (1 1)

After the diagonalization the action reads
(2) * ! 2
S [a,a ]=—ﬁB,LU’l0V+ EhBHOVOV‘F ﬁﬁnoUO
+ ’a;nakﬁ(— ihw, + 7))
k,n

Bl
+ 72 [Qy — (& — pm+2nVy)]
Kk
,B_ﬁz/w |2”o(€k—ﬂ+”ovo)
- k

12
o2 (12)

By performing the functional integral of Eq. (4) and averag-
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ing over the disorder, the thermodynamic potential of Eq. (6)
becomes

1 1
(Q) == ungV+ =ngVoV+ 2= In(1 — e Ph)
2 K B
IENL
+ 52 [ﬁQk - (€k - M+ 2}’10‘/0)]
k
) € — m+nyV,
— E nORO(k;:TOO) (13)
k k
The first two terms on the right-hand side represent the
mean-field result while the remaining three terms describe
thermal and quantum fluctuations. From the thermodynamic

relation n=—(1/V)Q)/du we have for the particle density

in the grand-canonical ensemble
n=ng+n' +ng, (14)

with the depletion due to the normal interaction

1 , - 2n,V,
, E{fkﬂ—woommk)

s o
€x— M+ 2n0VO - fLQk:|
210, :

(15)
and the disorder-induced depletion

BNV (= p+ngVy)°
nR = _E noRy

(16)
Ve nQy

Here N(70)y) =(eP"*—1)"! is the Bose distribution function.
The chemical potential can be eliminated from this expres-
sion by minimizing ({)), given in Eq. (13), with respect to
the condensate density ng [cf. Eq. (20) below]. In the mean-
field approximation this yields u==nyV,, which corresponds
to the Hugenholtz-Pines relation for that approximation. At
this minimum, the thermodynamical potential of Eq. (13)
becomes (with ng=u/V,)

1 , 1
Q) = - —ngVoV+ 2" = In(1 — e P
2 K B

1 Rong
+ = Ay — g —nyVy| - E—
2%[ k= € —1oVo] % 6+ 210V,
(17)

with Q= \ € (€+2n,V,). Analogously, in the equation of
state of Eq. (14), we obtain

8 n0a3)1/2 l g +nyVy
"=py=| — -2, ————N(hQ,y), 18
""0<w ty2 T, M. (8)
(19)

where we have made the replacement V,— 728, that is, we
have eliminated the unknown bare potential V,, for the two-
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body scattering matrix T>2=4mh%a/m proportional to the
s-wave scattering length a. According to the limitations of
the Bogoliubov approximation, the theory is valid under the
conditions ng, n’' <ng=n. The constraint n’ <n implies the
diluteness condition n'3a<1. The condition ng<n is
equivalent to the inequality R)=m’Ry/8m **(na)'?<1.
Associating to the strength R, of the disorder perturbation a
length scale defined as d= (27h?%/ m)2/RFQ_, the condition on
R}, can be rewritten as 2(n'3a)2dn'*/\\m> 1. In the dilute
limit n'3a <1 this requires dn'*>1, i.., the length scale
associated with the interaction energy due to the impurity
potential must be much larger than the interparticle distance
n~'3. The condition R{<1 can also be reexpressed and elu-
cidated by introducing the healing length of the condensation
1€ con
wave function which is defined as &,.,=1/\8mna. Accord-
ing to the theory of superfluidity in Bose-Einstein condensa-
tion (BEC), the inverse of the healing length characterizes
the upper boundary of the momenta in the phononic spec-
trum of the fluid. At this wavelength, the energy of the exci-
tations is of the order of #{) = u. The condition Ry<<1 is
equivalent to 27, <<d. Therefore, the theory is valid
when the energy of the excitations, induced by the impurity
scattering, is far below the value #%/mé&.,, that marks the
crossover from the collective phononic excitations to the
single-particle excitations.

The lowest-order Hugenholtz-Pines condition u=n,V,
neglects the effects of quasiparticle interactions [10,11], as
well as the scattering between the quasiparticles and the im-
purities [4]. Nevertheless, the beyond mean-field Beliaev
corrections to the leading order result u=n,V, depend, both
in the normal and in the disorder interactions, only on two-
body collisions and can be calculated in the framework of
the Bogoliubov theory [12]. Minimizing the thermodynamic
potential of Eq. (13) with respect to the condensate density,
we have

1 ’ 26]( - 2,LL+ 3n0V0
=nyVo+ Vo= ————N(hQ
Mm=ngVo+ OV% [ 70y ()
ZEk - 2M + 3n0V0 - 2ﬁQk
210,

1 ’ € — M+ 2n0VO
- _2 RO 2
Ve 102

2noVolex — p+nVo) 26— 21 + 3nyVp)
hQy

} . (20)

In order to find the corrections to the mean-field result we
substitute in the right-hand side of Eq. (20) the zero-loop
result u=nyV, to obtain the next order correction to the re-
lation between the chemical potential and the condensate
density. At 7=0, the Bose distribution N(#{),) can be ne-
glected, and we have

1 ,6k+n0V0—th 21 ’ 1
=nyVo+2Vy—2, —————— —-nyVy—
p=roto Ovzk“ 210, o ng 210,
 Q— —2nyV,
__E Roek—n()()z_ (21)
Vi (&+2n0V)

Subtracting the ultraviolet-divergent contribution —nOV%(l/
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V)2, '1/2¢€, in the third term and eliminating in the above
expression the bare potential V, for the two-body scattering
matrix defined by the Lippmann-Schwinger equation 728
=v0—v0(1/V)2k’§T2B, we find

40 |nga 1 €
TZB<1 + 1\ g > -V R
p= n() 3 s V% 0(€k + 2”0T23)2

+T*Pny. (22)

Using the equation for the number of particles in Egs. (14),
(18), and (19), we have that Eq. (22) can be rewritten as

32 3
u= nT23<1 + 2= ﬂ) + Sug, (23)
3 T
with
1 ’ €x
Sup=- >Ry (24)

\% k (Ek + 2n0T23)2 ’

in agreement with the zero-temperature result of Ref. [4].
Note that the beyond mean-field correction given by duy still
contains an ultraviolet divergency, which is not related to the
interaction and was thus not yet removed by the renormal-
ization of the latter. Rather its origin lies in the fact that we
have considered a S-correlated random potential. In second-
order perturbation theory, it changes the original chemical
potential w= . Without the random potential, to the new

value w=pae— —E ! Uk‘ . Thus, after averaging, we must
make the change n= ,Udbareﬂ p+Ry(1/V)E, "1/ €, which re-
moves the divergency. After renormalizing in this way, we
have

Sug = 6TPng, (25)

which corresponds to a shift for the macroscopic compress-
ibility d(Sug)/dn=Sx/xy=3ng/n with respect to the mean-
field value y,=T72%n/m of the Bogoliubov theory for a clean
system. Using the thermodynamic relation u=dJdF/JdN, we
can calculate the free energy F from Eq. (23). At T=0 this
coincides with the energy E and we find [1,4]

(E) 2mah’*n® 128 ( na’\'"? ,
\%4 m 15\ &

III. SUPERFLUID COMPONENT

In a Bose-Einstein condensate, random impurities consti-
tute a source of incoherent scattering which tends to localize
the condensate. As shown by Huang and Meng [1] the for-
mation of local condensates in the minima of the random
potential reduces the superfluid component of the fluid even
at zero temperature, where, in the absence of disorder, the
whole fluid would be superfluid [13]. For the sake of com-
pleteness and in order to propose a simpler derivation, we
rederive in this section the superfluid component in the pres-
ence of weak disorder [1,2,4] by extending the Bogoliubov
diagonalization method to a moving system. The superfluid
density n, is related to the total density by the relation

PHYSICAL REVIEW A 75, 063619 (2007)

ng=n-n,, (27)

where n,, is the density of the normal component of the fluid.
In order to calculate n,, we consider the action of Eq. (7)
when the gas is in motion. The moving reference system is
related to the laboratory system by a Galilean transformation
x'=x+ut and t'=t. The fields in the moving system have a
relative velocity v, with respect to those in the inertial frame.
They are related by the transformation W™*'(x',t')
=e MMt (x 1) and W' (x',1')=e" "V (x,7). Therefore,
in the new reference system, the action in Eq. (7) becomes

S[a*,a] = E [_ lﬁwn + ﬁk(ll - Vs) + € — /-Leff]alt,nak,n
k,n

1 "
+= ay ,Ukxrayr ,6,
V.
kk'.,n

D

208V,

nn'm

*
ak+q,n+mak’—q,n’_mak’,n’ak,n’

(28)

where the new chemical potential is defined as pu.gp=p
+muvs—mvf/ 2. In the broken symmetry regime, the action
in the new reference frame, up to the quadratic order in the
fluctuations fields, reads

O, 4* L
S9a,a ]=~hBucgngV + EﬁﬁnoV0V+ fBnoUy

+ 2 ,[— lh(l)n + ﬁk(u - Vs) + €k — Mesr t+ 2110V0]
k.n

172
i Ny r, %
Xay g, + (V) > (ay ,Ux + U_xay ;) 6,0
k.,n

1 ! * *
+ EnOVOE (g gy + Ak g —) - (29)
k.n

The latter action can again be diagonalized by the Bogoliu-
bov transformation described in Egs. (9)—(11). This is
achieved by replacing u— . in the definition of uy, vy, and
1 Q). and by defining the new shift variable z,; as

BT — v (G0)

Ay £ hik(u - v,

Performing the diagonalization, the functional integration
and the average over the disorder, we obtain the averaged
thermodynamic potential

1
(Q) = — pegoV + 2n0V0V+ 2 5 1n{1 e A tik(u=vyly

I
+ EE [ — (€ — pegr +2n0V0) ]
Kk

Mett + 19 Vo)
[fik(u—v)]*

—EII’lR (Ek_ (31)

(]
.

Expanding for small ik(u—-v,) to second order, we have
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1 1
<Q> = - ,(Leffn0V+ EngV0V+ 2 E ln(l - E_Bhnk)
k

| Y]
+ 52 [y — (& = tegr + 210V) ]
k

' (€ = Merr + 19 Vo)
- 2 noRy B
Kk iy
K2 e~ PO 26,
- +Rog—= |(u=v,)?,
% 3 Bz[e—ﬁhﬂk -1 ] 0o ﬁQi (ll V‘v)

(32)

where the term linear in u—v, vanishes as a consequence of
the symmetry ) =% _, of the Bogoliubov spectrum of Eq.
(11). Moreover, minimizing this thermodynamic potential
with respect to n,, we obtain the zero-loop result u.=nyV,,
which gives Q) = \ (€ +2 egp) . At this minimum, the mo-
mentum of the system can be calculated from the thermody-
namic relation

KUTV, pregr(u),u))

p=- (33)
u YAST
We find
1 e~ P 4¢
— = N 2 < 21,2 "%k
p=mVnv + 3% |:Bﬁ k [e_Bth— 1 + Rynphk ﬁﬂi
X(u=-vy), (34)

where we have used the thermodynamical relation n
=—(1/V)KQ)/ I and the identity du.y/ du=mv,. Therefore,
we can conclude that the density of the normal part of the
fluid moving with velocity u is given by [1]

w2 P 4
n,= ‘—/g gﬁekm + gnR. (35)
Note that in two dimensions the derivation of the normal
component due to the disorder is analogous, but the factor
1/3 in the formula for the thermodynamic potential in Eq.
(35) is replaced by a factor 1/2. After the integration in two
dimensions, we obtain

o P Rom?
== + s 36
n Vzk: 'Bek[eﬁmk— 17 87k (36)

in agreement with Refs. [2,14].

The depletion of the superfluid density due to the disorder
affects also the propagation of an external disturbance
through the system, because the collective motion of the su-
perfluid component is “hampered” by the component of the
condensate localized in the minima of the disorder potential.
In order to see this effect, we now calculate the corrections to
the velocity of sound induced by the disorder at zero tem-
perature. Let us assume that for weak disorder the dynamics
of the superfluid component of the gas can be described by
the phenomenological two-fluid hydrodynamic equations

[15]
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J
" + V(v +v,n,) =0,

9 +V( +l 2)—0 (37)
matvs M 2mvx =0,

where u is the chemical potential given in Eq. (23). How-
ever, in that expression, we shall neglect the second-order
Beliaev term due to the normal interactions in comparison to
the corrections due to the disorder, and we shall focus on the
latter. Then Egs. (37) represent a Landau “two-fluid” model
for the superfluid condensate and the localized nonuniform
condensate. What is somewhat unusual is that, in this case,
the normal component induced by the disorder is at zero
temperature and does not carry any entropy of the system.
Furthermore, we assume that for low frequency excitations,
only the superfluid component can react to the probe, while
the localized normal component remains stationary. Such a
situation is familiar from the propagation of the fourth sound
in ®He [16] which is expressed by the condition v,=0. If we
restrict ourselves to the linear regime, we can write n(f)=n
+6n(t) and p= o+ Su with Su=(du/ dn)dn. Then, Egs. (37)
give the equation of motion

méén—V[nsV<a—M5n)]=0. (38)
at an

From Egs. (19) and (25) we have that (du/dn)=T>5(1
+3ng/n). Moreover, from the result for the superfluid den-
sity in Eq. (27) we have n,=n(1-4ng/3n). Therefore, Eq.
(38) can be put into the form

&
gan—&vzﬁn:o, (39)

which exhibits a phonon dispersion Aw=cq. Within this di-
rect approach, the sound velocity is found to be czzcg(l
+5ng/3n) in agreement with Refs. [2,4]. Note that C%
=T?Bn/m is the mean-field value of the Bogoliubov theory
for the clean system. The derivation of the sound mode we
gave here is rather general and sufficiently simple to be gen-
eralized in order to calculate the effects of the disorder on the
frequencies of the collective modes in trapped gases [17].

IV. POPOV’S THEORY

At finite temperature the interactions of the thermal com-
ponent of the gas are described by the contributions to the
action beyond the quadratic order given in Eq. (8). In this
section we extend the Bogoliubov approach of Sec. II includ-
ing these fluctuations according to the scheme of the Popov
theory [18] which is designed for the temperature domain
k7> p. In that approximation the cubic and quartic contri-
butions are taken as

SO wVay, ) (40)

$¥a,a"] =
hﬁv k,n

and
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s 2 ’ %
5(4)[a,a 1= %/E ﬁ'VOak’nak’n, (41)
k,n

where the temperature-dependent total depletion 7
="' ) g is still to be determined. For our present ther-
modynamic considerations, we neglect the cubic terms fol-
lowing [18] and include the quartic term. The cubic term in
Eq. (40) only contributes in second and higher orders of V,,
and is taken into account by the introduction of the 728 ma-
trix below. The new action is still diagonalized by the same
Bogoliubov transformation, Eqs. (9)—(11), but with the dif-
ference that the chemical potential x has now to be replaced
everywhere by the new variable

= p =20V, (42)

and that the condensate density n, becomes strongly tem-
perature dependent. Performing again the functional integral
and the disorder average, the thermodynamic potential of Eq.
(13) reads

1 /1
(Q) == ungV+ =ngVoV+ 2= In(1 — e Ph)
2 K B
I ,
+ 52 [ — (&, — p' +2nVp)]
k

' (ex— m' +nyVy)
- > Rong———5 (43)
" O

Popov theory is equivalent to replacing in the contribution
néVO/ 2 to the pressure ()/V the bare interaction V,, by the
renormalized 7?% matrix and to adding the contributions
2noiT*B+>T? [18]. After these steps the averaged thermo-
dynamic potential can be rewritten as

1
(Q) = — ungV + =ngT*BV + 2noa T8 + > T°8
0 2 0 0
/1 -BhQ)
+ 2= In(1 — e P )
K B

1
+ 52 Oy - (6 — ' +2n,TP)]
k

€6 — ' +nyT*8
_E,Rono(k M 0 )
k

(44)
hQy

The equilibrium condition at fixed temperature is found by
minimizing the thermodynamic potential of Eq. (44) with
respect to n,. Using the modified Hugenholtz-Pines relation
w' =nyT?B, which fixes 7 according to Eq. (42) as 7
=[(u/T*®)—ngy)/2, we obtain instead of Eq. (20),
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40 [nya®
w' =noT*% + n0T23<— \/ = )
3 T

1 |: 26k + noTZB

+ T8 NHQ,) - N(ek)] + 25(%)

Vi hQy
mhkyT\*? | R €
T8 - =D 'Ry———— + T*%ny,
( 27Tﬁ2 V% 0 (€k + 2n0T23)2 "R
(45)

where ng is given by the same expression as in Eq. (19). In
the “high” temperature limit k57> n,T?%, the main contribu-
tion to the momentum integral containing the Bose distribu-
tion comes from the region €, <n,T>% and the Bose distribu-
tion can be approximated as N(x)=kg7/x. Therefore, Eq.
(45) can be rewritten as

40 |nya’ m* kg T
r_ TZB(] + — 0 ) _ 3TZB TzB 172
M no 3 - (l’l() ) 2t 3

3\ [ mkyT\ 32 1<,
S e

5 271%2 \% k 0 (Gk + 2n0TZB)2

+ TZBnR . (46)

In the limit of zero disorder Ry=0 this result reduces, of
course, to that of Popov [18]. The new equation of state is

1 KQ 8 N2 1 g +n T8
nz__sz_(m) LLsacn™ L
V du 3\ 7w V' h

1 ’ Rono

LA L L 47
\% Kk (Gk + 2n0TZB)2 ( )

This latter equation has the same form as the equation of
state of the Bogoliubov theory as given in Eq. (14) with Egs.
(18) and (19), but the domain of validity and the details of
the temperature dependence are, of course, different. In the
“high” temperature region kz7>n,T*® where the Popov
theory applies, we can neglect the quantum depletion of the
zero-temperature theory, and the thermal depletion n’
=(1/V)Z,/ N[ (g+nT?8) /0] can be simplified as

32T 3\ [ mkyT\ 32
" 2B\1/2 B 2 B
n __(nOTB)1 27Th3 +§<2) 27Tﬁ2 (48)
Therefore, Eq. (47) can be rewritten as
T\32 m¥ kg T
n=ny+ n(T—g> - (nOTZB)1/22—ﬂ_h3 + ng. (49)

The curve for the critical temperature 7. in the Popov theory
can be obtained by putting ny(7") equal to zero in Eq. (49).
We note that the contribution in Eq. (49) due to the disorder
vanishes when approaching the critical point because, ac-
cording to Eq. (19), we have ng % \ny(7 ). Therefore, we can
argue that even the presence of a random potential of the
kind under consideration here, the Popov approximation
does not shift the value of the critical temperature away from
that of an ideal Bose gas T(C). In the absence of disorder, the
Popov approximation of a dilute Bose gas describes a first-
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order phase transition: at the critical temperature 7 2 the con-
densate density ny(7) exhibits a discontinuous jump to a
finite value. The latter can be calculated analytically [20] as
a function of the scattering length a. It can be shown, that the
effect of the disorder is to suppress this discontinuity and that

the jump vanishes for R larger than some value E(')

Nevertheless, the normal-to-superfluid transition of the
liquid occurs at the temperature 7; defined as the temperature
at which the superfluid density n,=n—n, vanishes. By means
of Eq. (35) this condition can be expressed as

P 4
—Vg 3P pan g~ 3me=0 (50)
At “high” temperatures such that kz7,>n,T?%, the latter
equation can be approximated as

372

7.\*? 2 mkgT, 4
~ s = n "Bfs T
n—n( ?) —3(nOTzB)12 T +3nR. (51)

Therefore, Egs. (49) and (51) represent two coupled equation
for ny and 7. In the lowest order in the strength of disorder
and interaction we can approximate Eq. (49) with the ideal
gas result ng=n[1- (777 )], Substituting this in Eq. (51)
and neglecting there the second term on the right-hand side,
in the limit R)> (na’)!/, we obtain an equation for the criti-
cal temperature 7; as a function of the total density and the
strengths of the interaction and the disorder

4 1 Rym? 4
1= (TYT)2 = — | ——35— = =R} 2
=Tl 3 Vna8apt 37" (52)

Solving for 7; we find for the critical temperature where
superfluidity disappears when coming from lower tempera-
tures

TJT° = 1-(32127)R}>. (53)

This result coincides with Eq. (32) of Ref. [4]. Here it has
been derived assuming that near the critical temperature 7,
the interaction between the bosonic particles can be de-
scribed by the temperature independent 7?2 matrix. This is
consistent only if the critical temperature 7, is not too close
to the transition temperature T?. The reason is that near the
Bose-Einstein condensation point the quasiparticle interac-
tions acquire a strong temperature dependence [7,20,21]. As
pointed out in Ref. [4], the consistency condition is satisfied
when R)>(na®)'’®. In the opposite regime, when R
<(na®)"®, we will show in the next section that we have
T,=17., where 7 is the Bose-Einstein condensation tempera-
ture including disorder effects which depends linearly on R,,.
In that case, temperature effects on the particle-particle scat-
tering cannot be neglected and the two-body 7?2 matrix of
the Popov theory has to be replaced by the many-body T
matrix, which we shall do in the next section.

The failure of the Popov approximation in the regime
R} <(na*)"® has a specific physical reason. The Popov ap-
proximation, as considered here up to now, neglects the
Hartree-Fock contribution by which the presence of the im-
purities affects the scattering among two thermal particles.
This can be seen, for example, by calculating the relation
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between the chemical potential p and the total density n and
comparing it with the result of Lopatin and Vinokur in Ref.
[4]. Using Egs. (46)—(48), we find

3/2kBT
7

12’R

uw= TZBn TZB_( I)1/2

3\ [ mikT\ 2
o 3)(2223)
TG )\ 2

We observe that in comparison with the theory of Ref. [4] we
seem to miss in Eq. (54) the Hartree-Fock term
T*2Rym’kyT14mHhS. A corresponding contribution seems
also to be absent in the equation of state in Eq. (49) and in
the normal density component of Eq. (51). However, since
we are in the regime R)> (na’)"’%, the latter contribution is
in fact negligible and one obtains the value of 7, as indicated
in Eq. (53). In order to access also the regime R} < (na®)"’%,
in the next section, we will extend the Popov theory to the
many-body 7 matrix approximation. In this way we will find
results similar to the one of Lopatin and Vinokur but within
a gapless theory approaching the critical point from below.

Y(a+ 2#)2 G4)

V. MANY-BODY T MATRIX

In the vicinity of the critical temperature of Bose-Einstein
condensation, the interactions between the quasiparticles are
strongly renormalized by temperature effects and vanish at
the transition point for this reason [21]. For a clean system,
Bijlsma and Stoof [7] have shown that the quasiparticles
interaction is well described by the many-body T matrix 75,
In the presence of weak disorder, the many-body 7 matrix
continues to obey, in lowest order, the same formal Bethe-
Salpeter equation as in the absence of disorder [7]

TMB(k,k’,K;Z)zv(k_k’)+f _K")

2m)? Vik

X[ e ol? }
2—=hQ, —hQ_  z+hQ, + RO

2.2
uZvy

Z+hQ, - hQ_

22
u,v”
-———— |(N, =N
z—ﬁQ++ﬁQ_}( " _)}

X TMB(k" k', K;z), (55)

x(1+AQ+AL)+{

where N, =N(#(),) and N_=N(A{)_). The plus sign denotes
the momentum argument K/2+Kk”, and similarly the minus
sign denotes the argument K/2-Kk”. In the low-temperature
domain, where BEC experiments with cold atoms are always
realized, the momentum and energy dependence of the TM5
matrix can be neglected. This even applies to the domain
kg7.>kgT> p of sufficiently high temperatures where the
Popov approximation applies, to which we sometimes refer
as the “high”-temperature domain in this context. Then we
have
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dk
75(0,0,0;0) = V, — V,75(0,0,0:0) f 3
(2m)
1 }’loVQ
X —2—[1 + 2NGHEQ].
{2ﬁ9k+4(h9k)3}[ 2N

(56)

The integral on the right-hand side contains an infrared di-
vergency [22] caused by the well-known fact that the finite-
temperature theory does not properly account for the dynam-
ics of the phase fluctuations in the infrared limit [19].
However, in the “high” temperature limit na)\tzhs 1 the infra-
red divergent term must, in fact, be dropped. This follows
because at “high” temperatures the Bogoliubov spectrum
7Q)y deviates from €,—u’ only for a very small interval of
momenta around zero, where € <n,T??<nT?E. Therefore
this phononic part of the spectrum merely makes an asymp-
totically small contribution to all thermodynamic quantities.
Therefore, we can set u,=1 and v, =0 in Eq. (55). With this,
and after having eliminated the bare potential V,, by means of
the Lippmann-Schwinger equation for the 7?2 matrix, we
obtain

7V8(0,0,0;0) = 7%2(0,0;—2") — T%2(0,0;—21")

dk NAOY o o
Xf(sz—T (0,0,0:0).

7O,
(57)
Solving for TM5(0,0,0;0) we find [7,20]
725(0,0;— 24
TV5(0,0,0:0) = ( K~ di( FYTTONR

1+725(0,05- 2/ f— .

+ T | amy a0,
(58)

The many-body 7-matrix approximation in a dilute ultracold
Bose gas can now be obtained from the formulas of the
Popov theory as developed in the previous section just by
replacing [20] there the two-body T-matrix 722(0,0;-2u')
=T?8 by the temperature dependent many-body T-matrix
TV%(0,0,0:0). The excitation spectrum is thereby changed
to

7= \[a =+ i3k 0) P - [A2(k.0,)F, (59)
where the self-energies are given by

ﬁE 12= I’loTMB(O,O, 0 5 0) ,

ﬁzu =2nTMB(0,0,0,0) (60)

The condition w'=u—h3,=nyT"2(0,0,0;0) ensures the
spectrum to be gapless.

The Bose factor in the many-body 7 matrix of Eq. (58)
leads to a temperature-dependent scattering length, defined
as

ar= mT"5(0,0,0;0)/47h>. (61)

For temperatures not too close to the Bose-Einstein critical
temperature, where the usual mean-field Popov theory of the
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FIG. 1. (a) Temperature-dependent scattering length as a func-
tion of the rescaled temperature ’T/T? calculated numerically from
Eq. (58) (solid line) and from the analytic expression of Eq. (62)
(dashed line). The dotted line shows the asymptotic limit described
by Eq. (63) valid in the Popov region for temperatures not too close
to T ? (b) Temperature-dependent scattering length as a function of
the rescaled temperature 777 8 near 7 8 The lower line shows the
numerical result from Eq. (58) compared to the asymptotic expres-
sion given in Eq. (64) described by the upper line. In both pictures
the gas parameter of the Bogoliubov theory has been chosen such as
(na*)'3~0.01.

previous section is valid, the denominator in Eq. (58) repre-
sents a negligible correction. In that case, the many-body T’
matrix indeed reduces to the two-body temperature-
independent 72-matrix T>2=4m#h%a/m. However, approach-
ing the critical region near the Bose-Einstein transition, the
scattering between quasiparticles now becomes strongly tem-
perature dependent [7,20]. A more detailed insight can be
gained by considering the “high” temperature expansion of
Eq. (58) [20]. In that case, the latter reduces to a quadratic
equation which can be solved analytically. Using Eq. (61) we
find for the temperature-dependent scattering length

T\ T) 7)2 4o
°r:) T\ N\870)
+

(62)

ar=a

where 0=[2\7/¢(3/2)**](na®)"6. In Fig. 1 the curve re-
sulting from the “high” temperature expansion of Eq. (62) is
compared with the curve obtained from Egs. (58) and (61).
For temperatures not too close to the critical point, we have
(o771 Tg)z<4(n0/n) and the curve of Eq. (62) can be ap-
proximated by
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1=-2 \/7_7 ( 3)1/6 7 1 (63)
T TG T g |

while for temperatures just below the critical temperature Tg
the scattering length between quasiparticles becomes a uni-
versal function of the density and temperature given by

§(3/2)4/3 ﬂ

47 n*?’ (64)

ar
which vanishes at the critical temperature 7° [7,21] with the
same power as the condensate density. The two different
asymptotic regimes of the expression in Eq. (62) are also
shown in Fig. 1. Note that Fig. 1(a) also includes the zero-
temperature limit where the Popov approximation as well as
the many-body 7 matrix are infrared divergent. However,
this is an asymptotic small region because the condition of
validity of the Popov approximation defined by na)\fhs 1is
equivalent to impose the condition 777 °=[{(3/2)*3/4m]
X (na)"?,
By applying these results to the equation of state in Eq.
(49) the latter can be rewritten as

T 3/2 47Tﬁ2a7 1/2m3/2kBT
n=n0+l’l F — | Ny 277—ﬁ3

c

2

ng m
+Ro\| — >3-
0 ar87*h*

For a clean system neither the two-body nor the many-body
T-matrix theory induce a shift of the critical temperature [7].
In contrast to this, we find that in the presence of
o-correlated disorder the effects described by the many-body
T matrix induce such a shift of 7. This is illustrated in Fig.
2, where the solutions of the coupled equations (62) and (65)
for arand the condensate density n, are shown as function of
the temperature in absence and in presence of disorder. The
origin of the shift becomes evident when considering the
limit 7— 7T ? in Eq. (65). If we insert in that equation for the
temperature dependence of the condensate density that of an
ideal Bose gas, the term due to the disorder does not vanish
at 7 ? as it would in the simple Popov theory. This follows
because the temperature-dependent scattering length a; goes
to zero with the same exponent as the condensate density n,
and both effects cancel. Thus we obtain

m

(65)

n=n(TT %> + Ryn’kgT Y8 mH°, (66)

which is solved by

T.=TYUl-n), (67)

where =Ry kT 2/ 12mh%n=2m/[3{(3/2)%3dn'?] < 1.
This value differs by a factor of 1/2 from the Hartree-Fock
result found by Lopatin and Vinokur in Ref. [4] with a theory
coming from the normal phase above T,. The result of Ref.
[4] has been recently confirmed by Zobay in Ref. [6] by
means of a one-loop Wilson renormalization-group calcula-
tion. This latter method approaches the critical point from
above as well but takes into account critical fluctuations
which are nonperturbative in the interaction. The numerical
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no/n

ar/a

FIG. 2. The lower and the upper dashed lines describe the con-
densate density 7, and the scattering length a7 obtained by solving
self-consistently Egs. (62) and (65) in absence of disorder, i.e.,
when R=0. In this case, both quantities vanish at ’T:T? and no
shift of the critical temperature is induced [7,20]. The gas parameter
of the Bogoliubov theory has been chosen the same as in Fig. 1. The
solid lines show the solution for finite disorder. We see that the
temperature at which they vanish is shifted with respect to the criti-
cal temperature of the ideal gas. In order to make clearly visible the
effect we have considered in the figure the case R(’)=0.5. However,
for such a value the condensate depletion due to the disorder at zero
temperature is already ~0.4 of the total density. Note also that, in
contrast with Popov theory, for each value of R, the curve for ng
obtained from the many-body 7-matrix approximation exhibits a
second-order phase transition.

solution of the renormalization-group equations shows that
the critical fluctuations lead only to small corrections with
respect to the result of Ref. [4]. Note, however, that in con-
trast to Refs. [4,6], our TME-matrix theory approaches the
critical point from below. In our theory, the condition for the
spectrum to be gapless below the critical temperature is en-
sured by extending the prescriptions of the Popov method in
the presence of disorder. Therefore, assuming the phase tran-
sition as continuous, it is likely that the structure of the equa-
tion of state (65) is responsible for the different result. In
order to obtain a better understanding, it would be interesting
to derive the equation of state from the vertex function cal-
culated in a gapless approximation beyond the 75 matrix
developed here. However, this is a nontrivial task and is left
for a separate study. On the other hand, if this discontinuity
of the critical temperatures calculated from above and from
below would be confirmed, it would indicate the occurrence
of a first-order phase transition [5,23].

The many-body T-matrix approximation is also useful to
understand the dependence on the disorder of the superfluid
transition 7,. Equation (51) can be rewritten as

32 3R 2
nzn<£> _%[n TMB]I,zm_I%Ts+fR Lo
70 30 203 3 0N ap 87Kt

(68)

Equation (68) together with Egs. (62) and (65) evaluated at
7=, constitute a set of closed equations for 7, nojz=7, and
aq7=T, The self-consistent solution of the three coupled
equations is shown in Fig. 3. When R{> (na®)""®, we have
that 7, lies well below 7° 8 in the domain, where the many-
body T matrix is given essentially by the temperature inde-
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FIG. 3. The solid line indicates the critical temperature 7 of the
normal to superfluid transition as a function of the dimensionless
disorder parameter R, obtained by solving self-consistently Eq.
(62), Eq. (65), and Eq. (68) for (na®)"*=0.01. The upper dashed
line is obtained by approximating Eq. (62) with the asymptotic
solution of Eq. (64) which is valid when 7; =T for R, =< (na’®)"/°. In
contrast, the lower dashed line describes the regime Ré?(ncﬁ)” 6
where 7,<7_ and Eq. (62) can be approximated with Eq. (63). The
comparison between these three curves describes clearly how the
temperature effects in the many-body T"B-matrix determine the
crossover from the quadratic regime to the linear regime for the
dependence of 7,/ T? on the disorder coupling constant R. In ad-
dition, the short-dashed line shows the effects of neglecting the
self-consistency in the equation of state (65), where the condensate
density is approximated with the ideal gas result ng=n[1
~(7,/T°)>?]. For R, = (na’)"/° the short-dashed line coincides with
the analytical result of the Popov theory given by Eq. (53).

pendent 7?% matrix. In that limit 7, is given by Eq. (53) of
the Popov theory. However, when R} < (na®)"", one expects
T.<T ? and the temperature effects on the quasiparticles
scattering become important. In that case, we can use the
expansion of the many-body 7T matrix near the critical point
given in Eq. (64). From Eq. (68) to the lowest order in the
disorder and in the normal interaction this leads to 7}272
(1-4%/3), which is smaller than the critical temperature 7.
given in Eq. (67) due to the factor 4/3.

Therefore, we find that the presence of disorder shifts the
critical temperature for the superfluid transition below the
line of the Bose-Einstein condensation temperature. The shift
increases monotonically as a function of the disorder
strength R,. For R)=<(na’)'/¢ the shift is linear in R,. At
larger values of the disorder strength, where R}> (na’)'®, it
becomes quadratic in R,. The crossover between the two
regimes is described accurately in Fig. 3. Note that, in that
figure, the results obtained in the region Rj~ 1 have to be
considered as an extrapolation to the more complicate re-
gime of strong disorder [23,24].
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Moreover, the superfluid density can be calculated from
the relation ng=n-n, with the normal density given by the
right-hand side of Eq. (68) evaluated at temperatures 7<<7.
In contrast with the Bogoliubov approach of Ref. [1], our
theory includes important finite-temperature correlations be-
tween quasiparticles and we find that the superfluid density
decreases monotonically as function of the temperature. This
result is in agreement with the diagrammatic theory based on
the replica method developed in Ref. [4].

Here, we have not discussed the damping of the sound
due to the impurity scattering. This damping has so far been
studied only at zero temperature in Refs. [2,4]. The many-
body T-matrix theory developed here, neglects the finite life-
time of the quasiparticles and cannot describe damping phe-
nomena for this reason.

VI. CONCLUSIONS AND OUTLOOK

In conclusion, we have extended in this paper the pertur-
bative approach developed by Huang and Meng in Ref. [1]
for a homogeneous superfluid dilute Bose gas in the presence
of weak disorder. We have shown that such an extension to
finite temperatures is achieved via a suitable combination of
the mean-field Popov approximation and the many-body
T-matrix approximations. In particular this allows to make
contact with results of second-order perturbation theory at
finite temperature developed in Ref. [4] by means of the
replica method. For example, the shifts of the two different
critical temperatures for the appearance of a condensate den-
sity and of a superfluid density have here been calculated
when coming from the low-temperature side.

The theory could have other interesting applications. Us-
ing the notion of the quasi-condensate [18], Andersen ef al.
[19] have shown that the many-body T-matrix theory can
describe the thermodynamics of a clean two-dimensional
Bose gas near the Kosterlitz-Thouless superfluid transition,
and it seems plausible that this continues to be true also for
weak disorder. Therefore, the approach presented here could
be useful in order to study the long-standing problem con-
cerning the disorder-induced shift on the superfluid transition
temperature in a two-dimensional Bose gas.
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